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| STRUCTURE OF CONDENSED MATTERIN 3D

Several numbers at the beginning:

characteristic distance on an atomic scale is the angstrom 10-8 cm. The electrostatic energy at this scale
is of the order e?/(1 A) ~ 2.3x10" erg = 14eV = 1.6x10° K. o
The kinetic energy associated with localizing an electron in a box of side 1 A'is

hZ

1
(:) ~ 6.1 X 10" 2erg ~ 3.8 eV = 4.4 x 10*K
2m

A

These two energies are comparable and much larger than room temperature 300K ~ 0.025 eV. Thus
a large number of ions could form a very stable salt like NaCl with binding energy several eV per
atom.

In @ metal — the binding energy can be approximated by allowing some electrons to extend over the
whole solid — this lowers the kinetic energy by several eV per atom.

Two main effects — Coulomb attraction (or repulsion) and delocalization of quantum states of
free electrons
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I.1. Inter-atomic and inter-molecular bonds

Types of bonds and their energies:
covalent 4 - 6-10° J/mol,

metallic 2 - 4-10° J/mol,

jonic 2 - 4-10° J/mol,

hydrogen 0,2 - 0,3-10° J/mol,

van der Waals 0,04 - 0,08-10° J/mol

Usually, several types of bonds are present in a

solid. In graphite, for instance the strong covalent W
bonds give rise to carbon hexagons, the inter-plane
bonds are weak

bk =

————

% |
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Directional and non-directional bonds:

directional covalent bonds in the molecule CH,; the bonds between the molecules are non-
directional and weak (van der Waals bonds)
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Covalent bond

Overlap of atomic orbitals occupied by single electrons with opposite spins — semiconductors (Si,
Ge) and dielectrics (C-diamond) with the gaps 0.67 eV (Ge), 1.1 eV (Si) and 5.5 eV (C).

sp? hybridization in a C atom (electron configuration 1s22s%2p?)

-
Q- —
25 aptip, tip, 4 spd orbitals
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In methane;

In Si
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Hydrogen bond

Crystal structure of ice:

induced dipole moment of the hydrogen atom mediates the attractive interaction
between the oxygen atoms
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van der Waals bond

between molecules or neutral atoms |
repulsive
interaction
05 ........................................
77312 777\ 0 -~
u(r)=4uL[( ) —( ) s
r r I R S
;attractive;
interaction
-0.5¢ - _ .
0 0!5 1 1?5 é 2?5 3
r/rL
Equilibrium position:  du(r)
] P =0 = 1y, = 1.2Y/°
dr
Tmin

Attractive interaction: electrical interaction between permanent and/or temporary dipole moments
Electric field of a dipole moment o< =12 = the energy of the interaction o r~°

Repulsive interaction — due to the Pauli principle; the r-12 dependence is only empiric!
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H, molecule — electron density,

bonding orbital

H, molecule — electron density,

antibonding orbital

10
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Lattice energy

1
Potential energy of a lattice Up = fz u(Tjr)
IEY

For the Lennard-Jones potential we get

Up = duy g [(%)

1 n
Sp = Z (—> ) Sjk = Tjk/a
Sok

k=0

12

The lattice sum

a is the distance of nearest neighbors. From % = (0 Wweobtaina

da
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lonic bond

r\ +Q?
Empiric potential ~ u(r) = ugexp 15 ) dme,r

\

>
only for nearest neighbors

2
The lattice energy — ﬁ _4\ 4
Us 2 [zuB exp( T p dtega

The Madelung constant 5 _ _ Z sign(Qo Q%)

S
k%0 Ok

This sum is only conditionally convergent, i.e., its value depends on the summation order. The
summation over expanding cubes converges to the correct value. In rocksalt lattice f = +3.495

Cohesion eneray  y/c,y, = Usor — Ugas: Usor = Us + Usin
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M _ Energy of the molecule NaCl

0 024nm0.5 1 15 2
r {(nm)

v s

lont CI- je stabilnéjSi nez neutralni atom ClI. Pfipojenim elektronu k atomu Cl se uvolni energie
3.7 eV (elektronova afinita). Energie potfebna k odtrzeni elektronu od neutralniho atomu Na a
ke vzniku iontu Na* je 5.1 eV. Energie potfebna ke vzniku paru izolovanych iontll Na* a Cl- je
tedy 1.4 eV. Priblizime-li ionty k sobé, jejich energie klesa diky elektrostatické pfitazlivé sile. Je-
li vzdalenost iontu dostateéné mala, je celkova energie molekuly Na*Cl- zaporna a vznika
jontova vazba.

lontova kohezni energie krystalu NaCl na jeden par Na* Cl- je 7.8 eV, atomova kohezni
energie na par neutralnich atomt Na Cl je 7.8-5.1+3.6 eV=+6.3 eV
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Thermal expansion

For T>0 K| the equilibrium value of a corresponds to the minimum of free energy

oF

—| =0
da

F=U—TS =Ug+Fyy
eq

The vibration-induced part of the free energy follows from the Bose-Einstein statistics of phonons

F,..=k Tz +1 1 _ hwy

harmonic approximation: F;, does not depend on a
anharmonicity: with increasing a the bonds get weaker =

aFvib
da

<0

the Gruneisen constant

| y =
av
-0.5
0 05 i 1tf5 2 25 3
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Simple example of a nonlinear oscillator: Lennard-Jones (LJ) potential
12

X X0\
Ut =Uo [(?0) -2(3) ]
Equilibrium point is x,, U(xy) = —U,

Results of numerical simulations for Uy = 1, x, = 1:

3 T T T T 5
AVAAVARVAAVIRVAVARY
24 ox0=0_26
3.5
157 ORI DR 02
- AV VIRV VIR VIRV
= £ 25N\ 2O A /OO %018
‘;’ § (Vo ARAVAAVER VRV AV V)
0.5 2 IR 757014
= S O\ I\ NS
0 15 5% =0.1
o 0 Wi W A P . V. G W L.
1 S NS N NN R =
0.5 5X0=006
6% _=0.02
1 0
-15 1 I I I -05 1 I 1
0.7 0.8 0.9 1 1.1 1.2 1.3 0 1 2 3 4 5 6
X time

With increasing maximum displacement, i.e., with increasing total energy, the mean position x increases and the frequency
decreases
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With increasing temperature the mean inter-atomic distance increases = thermal dilatation

9 9
1.1} gl gl
) )
c 7 c 7
3 g g
~1.05 g6t g 6!
5 5
1 4 4
0 0.2 0.4 0.6 0 0.2 0.4 0.6 1 1.05 1.1
total energy total energy (X)

The coefficient of thermal dilatation is therefore connected with the decrease of the frequency of oscillations with increasing inter-
atomic distance — Griineisen parameter

aKr V dwy 1 U (x0)x0 + (d — D[U" (x0)x0 — U’ (x)]
y=—?-= =—0

C,p  wo oV  2d U (x0)x0 + (d — DU (x)
a...thermal dilatation coefficient

K ...isothermal bulk modulus

Cy ...heat capacity at constant volume V

d...dimension of the system

For the LJ potential: U"' (x,) = 72%, U'(xy) = —1512% >y = %(Jfor a 1D system (d = 1) ZrQq octahedron
0 0

Negative thermal expansion materials: U (x)xo > —(d — 1)U"" (x,)

Example: zirconium tungstate Zr(WO,),, « ~ —7.2 x 1076 K1 WO, tetrahedron

NTE is probably caused by correlated rotation of the ZrOg4 octahedra and WO,

tetrahedra :
https://commons.wikimedia.org/w/index.php?curid=15786797
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I.2. Crystal structure
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krystalografie_tutorial/obr/obr1-1.gif

natural quartz crystals

Siingots (single crystals)
(ON-Semi, Roznov p. R.)
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Nanocrystals — magic clusters:

Cygo fullerene

Magic clusters of Kr atoms with 13,
55, 147, 309, 561,... atoms.
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nematic liquid crystals (orientational order of
molecules)

IIK/’
WA

Mematic

smectic liquid crystals (position
order in one direction)

Smectic A

s
MY

////////////////

EEEEEEE
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Primitive lattice (prostorova mrizka)

RTl = n.aq + n,a, + n3a3,n1,2’3 € Z
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All unit cells of the primitive lattice have the same volume

Symmetry properties of primitive lattices:
» translation symmetry

* point symmetry

- inversion

- mirror symmetry

- rotation symmetry

All the symmetry elements of a primitive lattice create the space group of the lattice
Two subgroups:

- translation group (generated by the vectors R)

- point group

Introduction to Solid State Physics,
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Examples of elements of point symmetry

1-fold, 2-fold, 3-fold, 4-fold and 6-fold rotation axis: 1,2,3,4,6
mirror plane: m
inversion: |

Combination of point symmetry operations — inversion axes

POVWOY @&

-~
N,
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Standard (Schoenflies) notation:

E = Identity

C,, = rotation through 27t/n

o= reflection in a plane

o, = reflection in a "horizontal" plane
o, = reflection in a "vertical" plane
o, = reflection in a "diagonal” plane

| = inversion

S,, = improper rotation through 27t/n, which consists of a rotation by 2n/n followed by a reflection in
a horizontal plane

iC,, = n compound rotation-inversion, which consists of a rotation followed by an inversion.

Schoenflies | Hermann-Mauguin

rotation ', n
rotation-inversion 1O, n
mirror plane o m

horizontal reflection

plane L to n — fold axes Oh n/m
n — fold axes in
vertical reflection plane Tv nim
two non — equivalent
vertical reflection planes v fumT
Introduction to Solid State Physics, 25
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Proper Rotations

Improper Rotations

International Schoenflies International Schoenflies

111

o B P ||| -

2l
o

So
T
Sg 1
Se
Sy!
Sy
Sy
Ss
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All point symmetries of a cube, the 3-fold axis is the inversion axis 3

KR
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7 point groups of primitive lattices exist (the holoedric groups)

Cubic
Tetragonal
- >
t Trigonal
Hexagonal
Orthorhombic

Monoclinic

Triclime

Introduction to Solid State Physics,
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Simple and centered lattices

simple primitive lattice — a unit cell exists with a full point symmetry
centered primitive lattice — all unit cells have lower point symmetry than the full lattice

System Angles and Dimensions Lattices n System
Triclinic azb#c. a=p=y P (primitive)
Monoclinic a#b#c, a=y=90"%3 P (primitive)

I (body centered)

Orthorhombic a#b#c, o=p=y=90° P (primitive)
C (base centered)
I (body centered)

F (face centered)

Tetragonal a=b#c, o=p=y=90° P (primitive)

I (body centered)

Cubic a=b=c, a=p=y=90° P (primitive)
I (body centered)

F (face centered)

Trigonal a=b=c, 120°=0=p=y=290° R (thombohedral primitive)

Hexagonal a=bzc, a=p=90°, y=120° R (thombohedral primitive)
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SYMMETRY ELEMENTS

System Minimum symmetry elements
Cubic Four 3 -fold rotation axes
Tetragonal One 4 - fold rotation (or rotation - inversion) axis
Orthorhombic Three perpendicular 2-fold rotation (or rotation = inversion) axes
Rhombohedral One 3 -fold rotation (or rotation - inversion) axls
Hexagonal One & -fold rotation (or rotation - inversion) axis
Monoclinic One 2- fold rotation (or rotation - inversion) axis
Triclinic None

Introduction to Solid State Physics,
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Cubic P (SC)

L]

Tetragonal P

QOrthorhombic P Ortherhombic C Orthorhombic F
@ O O
Monoclinic P Monoclinic |
Triclinic Trigonal R Trigonal and Hexagonal P (HCP
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L Byt
L ey

Basis Lattice = Crystal
The point group of a crystal lattice is a subgroup of a holoedric group; 32 subgroups exist = 32
crystallographic classes

230 space groups of crystal lattices

non-primitive symmetry operations:
- glide planes
- SCrew axes
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crystallography point groups

The 32 Point

Groups and Their Symbols

Svstem Schoenflies Hermann-Mauguin svimbol Examples

symbol Full Abbreviated
Triclinic 951 1 1

C;, (Sa) 1 I AlxSi0g
Monoclinic C2v,(C1h), (S1) | m m KNO2

Ch 2 2

Cgh 2 J.-“;':"]“1!. 2 f T
Orthorhombic Cay 2mm miamn

D5, (V) 222 222

Doy, (Vi) 2/m2/m2/m | mmm I, Ga
Tetragonal Sy 4 4

Cy 4 4

Cap 4/m 4/m CaWQOy

Clyw 4mm dmm

Dy 422 42

Dyp, 4/m 2/m 2/m | 4/mmm TiOz,In, 3 — Sn
Rhombohedral | O3 3 3 Aslg

C3i, (Se) 3 3 FeTiOs

Cay am am

D+ 32 32 Se

ng SZ/m 3m Bi, .ﬂLE, Sb .ﬂng 03
Hexagonal Cap, (S3) 6 6

Chg 6 6

Cgh 6 f-m 6 f s

Dgh 62m 62m

Cou 6mm GBrmm Zn0), NiAs

Dg 622 62 CeFg

Dgp, 6/m2/m2/m | 6/mmm Mg, Zn, graphite
Cubic T 23 23 NaClO3

Th 2/m3 m3 FeSo

Ty 43m 43m ZnS

O 432 43 3-Mn

Oy, 4/m 3 2/m mam NaCl, diamond, Cu

version 2




222 32 422 622

32 point groups
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CC BY-SA 3.0, https://commons.wikimedia.org/w/index.php?curid=922694
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THE NONCUBIC CRYSTALLOGRAPHIC POINT GROUPS®

SCHOEN- | 1r : j : ORTHO- : mic | INTER-
FLIES HEXAGONAL |TETRAGONAL| TRIGONAL RHOMEIC MONOCLINIC [ TRICLI NATIONAL
Cg Cy G Cy (&1
“ \f 5 & -
6 4 3 2 1
Ce. Ca. & Cay
OBJECTS WITH THE SYMMETRY OF THE FIVE CUBIC CRYSTALL: 4 pever
POINT GROUPS® ALLOGRAPHIC Co {neven)
nm
(nodd)
o Gmm 4mm im 2mm
h
Cen Can Cay
E @ % n/m
6/m 4lm 2/m
Co =
Cin Cyp (2)
6 m _
n
Ss Ss 52
T
4 (Cy) 3 (%)) 1
D D,
¢ * n22
D, g (n even)
* n2
odd
622 422 (iorlt)
D, D Dy (nmm)
6h 4k 2h n22
mmm
(n/mmm)
6/ mmm 4fmmm (V) 2fmmm
Dy,
Dy
T
{n even)
62m 5
Daa Dy (3m) o
(n odd)
Dpg -
7 s 32
(Vo) 7 42m 3




R Figure 3.3: Schematic dia-
. gram for the symmetry oper-
R ations of the group Tj.

Symmetry Operatic_ms of Td _
e [dentity
e 8 (3 about body diagonals corresponding to rotations of :I:%"rr
e 3 (5 about z,y, z directions

e 6 54 about z,y, z corresponding to rotations of =7

6 o4 planes that are diagonal reflection planes
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i Figure 3.4: Schematic for
” _____________ o the symmetry operations of
i R S the group O.

The symmetry operations are: E; 8C5; 3C, = 3C,%, 6C, and 6C,. To get O, we combine these
24 operations with inversion to give 48 operations in all.
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SCrew axis

possible screw axes:
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glide plane

A
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Close-packed structures
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3" layer, hep stacking 3 layer, foc stacking
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fcc structure

W KT KT o b Ak A Ak
A AL A A.T.T.T.f'n . .
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hcp stacking
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fcc stacking
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fcc primitive lattice, one atom in
the lattice point (Al, for instance)

fcc primitive lattice, two identical
atoms in the lattice point (Si, for
instance)

fcc primitive lattice, two different
atoms in the lattice point (GaAs
(left), NaCl (right)

Introduction to Solid State Physics,
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s (bec lattice) CsCl (simple cubic with a 2atom-base)

o=:#:=o

—4=—0

Mg (hcp lattice) GaN (wurtzite = hcp with a 2atom base)
Introduction to Solid State Physics, 48
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BaTiO, — perovskite structure (almost simple cubic)
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Graphite (graphene)

¢

NN

Bernal stacking (ABAB)

50
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1.3. Crystallographic directions, crystallographic planes

= =

——
=

(hkl) L[hkl] only for cubic crystals!!! ..
Miller indices

o1



(100)

(100)
(110) (111) (002)

\ / x_.a"j

Note:

(100), (100) . (200), (300) are parallel
(111),(222), (333) are parallel

(100), (010), (001) are orthogonal and 1n some crystal systems may
be 1dentical

Introduction to Solid State Physics,
version 2
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Note: h, k and 1 are always integers

- uw'=1.v'=3. w'=2

h=1/1=1

N k=1/3
/ (11/31/2)7?
Multiply by 6
b (623)
I — —
d
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version 2



For hexagonal crystals, usually 4 Miller indices are used

(1010) c

TN
a3 \x\

The miller indices of crystallographic directions and planes are always defined with
respect to a simple lattice!!

Example — GaN:

olar se::rnlpnlar nonpolar
P surtace surface

[1120] [1100]

a2 @Ga ON O
[ooo11<—l

[1120]

[1100]

Introduction to Solid State Physics,
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I.4. Reciprocal lattice

Reciprocal lattice is a primitive lattice, the basis vectors of which are

a; - b] = 27T5ij

A1x aly A1z
A =| qx a2y azz

A3y A3y A3z

~ —~ T
B=2n(A1)

Properties:

- lattice reciprocal to a reciprocal lattice is the original lattice

- primitive lattice and its reciprocal lattice belong to the same syngony
- (hkD)_L [hKkI]* always!

-V* = 83V

- the net plane distance d;,;; = 2m/|hby + kb, + lb;]|

Introduction to Solid State Physics,
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A mathematical discursion - periodic functions in 3D

Periodic function in 3D primitive lattice
f(r) == f(r + R),R — n1a1 + nzaz + n3a3,n1,2,3 € Z
can be expressed by a Fourier series in reciprocal lattice
— igr — i d3 —igr
fr)= ) fye 'fg_VC rf(r)e
9 Ve

Special cases:

f(r) = zv(r_ R),U €L, = fg = % J d3r v(r)e—ig'r

c
R Es

f(r) = 25(3)(,« —R) = f, = 1 . Zeig-r _ ch(g(s)(r_ R)
R R

W
9

Introduction to Solid State Physics,
version 2

56



1.5. Brillouin zones

2D reciprocal lattices:

Introduction to Solid State Physics,
version 2
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Reciprocal lattice to a fcc lattice, the 15t Brillouin  Reciprocal lattice to a bec lattice, the 13t Brillouin
zone zone
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bce

fcc

real space reciprocal space

Introduction to Solid State Physics,
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Higher Brillouin zones:

2D square lattice:

fcc lattice:

18t zone 2" zone

Introduction to Solid State Physics,
version 2
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The Wigner-Seitz cell

The 1%t Brillouin zone is the Wigner-Seitz cell of the reciprocal lattice

Wigner-5eitz cell

Introduction to Solid State Physics,
version 2
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BCC lattice Simple cubic lattice

Introduction to Solid State Physics,
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1.6. Stereographic projection

Introduction to Solid State Physics,
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The Wulff chart
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(113)

® (102
(.)

Standard projection of a cubic T (101) 1y
crystal, surface (100) — (1},1) ¢ (li.l)
(131) —(201) (131)
(%11)0(311) o
010 120)(110§210 100 210§110)(120 010
(010) (.)(.I 31)1( )3(111.)(.) (010)
(131) ( 0()"’03 _asb
(1{1) (101) (11}1)

113 (125) 113
(.~) (.h)

(012
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I.7. Elements of x-ray diffraction

Assumptions:

+ elastic scattering = &; = &, |K;| = |K|

» kinematical scattering = 15t Born approximation

+ far-field limit = Fraunhofer approximation:  ,ix|R—r|  ,iKIR R

e T Ky = K—
PR

IR—7| ~ |R|

Q =Ky - K,

Introduction to Solid State Physics,
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Scattering of x-rays by a free electron

/ elastic (energy is conserved) — Thomson scattering
scattering processes

~ inelastic (energy is not conserved) — Compton scattering

From a quantum description it follows that scattering of x-rays from free electrons is always inelastic.
Elastic scattering from a free electron exists only in a classical limit (classical electrodynamics)

Elastic (Thomson) scattering

The primary wave is plane and monochromatic:

EOS ES Eo(r’ t) — Eoe—l((l)t—KOr)
/ A A The scattered wave is spherical and monochromatic with the
A o iy : same frequency:
/Eb(;; /gG) Tel )
3o E(Rt) = - IR — 7| sin [Ey (T, t)]delayed
scattering plane g Obse/ré -
E(R,t) = —E, T el ISin(p p—i(Wt—KoT) ,iK|R-T]|

—-r

1 in S polarization
cos 20 in P polarization
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Scattering from a single atom

IKR

p(r)
—e

f d3rp(r)el@”

l

J

/

Fourier transformation of the electron density of an atom — atomic form-factor
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The scattered intensity is proportional to the Fourier transformation of the electron density:

E(Q) = AE, j dBrp(rye=ieT

p() = ) pe(r - RIAR)
R

E
EQ) = 4727 (@ ) 07(@ - )
9

. J _/
Y v

structure factor geometrical factor

Maximum of the geometrical factoris for @ = g

o

Bragg diffraction condition

|lg| = 2K sin®g = 2d;,;sin0g = A

Introduction to Solid State Physics,
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Structure factor of simple and centered 2D

direct lattice

square lattices, forbidden diffractions

bravais.exe

Introduction to Solid State Physics,
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1.8 Quasicrystals

Structures with a perfectl long-range order but no translational symmetry
Description projection from a 5 or 6-dimensional primitive lattice to 3D space

Example — 1D quasiperiodic Fibonacci chain

7 = 0%

7 g quasiperiodic sequence of Land S

/ segments
=

SRS
S S SIS

http://www.jcrystal.com/steffenweber/JAVA/jfibo/jfibo.html
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Fibonacci multilayer: F = ABAABABAABAAB...

Peak positions:

. . ot
kinematical o = N . o (SRA)
Q:...pq o t,-i + Tfﬁ' (1” + !}'T} T {q:>prf

Self-similarity: (p+q7) - T=pr+qri=q+(p—q)-T

GaAs/AlAs Fibonacci multilayer (superlattice) structure and X-ray reflectivity

[ & ] i
B =
D : L
B g [
=
g L
]
_ = 001F
B = -
A ] o001 L
substrate
0.0001

0 02 04 06 08 1 1.2 14 16 1.8 2
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-

Penrose tilings |

£
r

'l VSV B

two types of tiles, no translational
periodicity, seflsimilarity

~

4"..

wh
T
£

!

\

http://www.jcrystal.com/steffenweber/JAVA/jtiling/jtiling.html

&

3
»”

Types of QCs:

* quasiperiodic in 2 dimensions (octagonal, decagonal, dodecagonal)
* quasiperiodic in 3 dimensions (icosahedral)
* incommensurately modulated structures

Icosahedral point group I,

Reg u |ar icosahed ron (d Vacetistén) Public Domain, https://commons.wikimedia.org/w/index.php?curid=642240
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Fourier transformation of the atomic positions (x-ray diffraction)

octagonal

decagonal dodecagonal

Introduction to Solid State Physics,
version 2
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Examples of icosahedral quasicrystals

The electron density can be expressed as the
Fourier sum:

1 :
o(r) = ch eged”
g
In a usual crystal:

- g = g1b1 + g2b, + g3bs3, g123€N
Single-grain sample of a quasicrystaline compound AIPdRe ; : .
http:/?wwwg.stanford.edu/group/fisher/researcf%uasicrystaIs.htmI ln an |Cosahedra| quaSICryStal'

6
gzzgnzn:gnEN» grEnEE6*
n=1

g is obtained from g by projection into E5™, all
possible g’s fill densely the reciprocal space E3”

Quasicrystal of an AlCuFe alloy displaying an external

form consistent with their icosahedral symmetry
http://lwww.answers.com/topic/quasicrystal
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lll. RESPONSE OF A CONDENSED BODY TO AN EXTERNAL IMPULSE

lIl.1. General description — Kramers Kronig relation

External force: F(t) (we neglect the space variables, we assume a scalar force)
Reaction of the system: x(t)

We assume a linear response:

t fo'e}
x(t) = Jdt’a(t —tHF(t) = j dt'a(t —t)F(t") if a(t) =0fort <0

After Fourier transformation

x(w) = a(w)F (w)

The functions x(t), F(t) are real, function a(w) is a complex function of a complex variable o:

(0 0)
a(w) = f dta(t)e® te "t w = o' + iw"
0
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o(®) is analytic for ”>0. The singularities of a(w) exist only in the lower half-plane ®<0. Let us
consider the function a(w)

w — Wy

This function is analytic in the upper half-plane except for m=w,, where it has a singularity. Let us
integrate this function over a closed loop

0 Wy

Inside this loop, the function is analytic, thus the integral is zero:
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wo—0 0 A

=§dw a(w) _ j dw a(w) +ifdg0a(a)0+5ei‘p)+ f dw a(w) s

w — Wy w — Wy w — Wy
—-A T wo+6

+if doa(wy + Ae'?)

Now we perform the limits lim lim and we obtain

6%0 A—+o00
a(w a(w a(w
ina(a)o)zpfda) ( lf dw () Jd (@)
W — Wy 6—>0 — Wy
— 00 (1)0+5
The Kramers-Kronig relations are
1 a’'(w 1 r a (w
a'(wg) =—P de ( ),a”(a)o) =——P jda) (@)
T W — Wy T W — Wy
Example: orientation polarization
(©) = —2— = o'(w) ) (@) =
= = = =
O T T Y T T (2 Y T T (0?2
singularityinw = —i/t
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Example: atomic polarization

) Ze?
a(w) = =
m(wi — w? — iyw)
Ze*(wi — w? Ze*yw
a’(a)) — ( 0 ) ,a”(a)) — 14

m[ (wg — w?)?+(yw)?] m[ (wg — w?)?+(yw)?]

. L _ .Y A
Singulariies in @ = lzi\/wo (2)
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lll.2. Response to an electric field

Summary of basic quantities
1
Polarization P = Vz Pj = goxE
J

Relative permittivity (dielectric constant) e = 1 + y

The connection of E with the external field E,;:

¥ + F F+ ¥+ + + ¥+ ¥ |

sphere: Njj, =

1
_§5jk

E is the macroscopic field in the sample

E=E,+E,

1 .
Elj - jkPk']’k = X,),Z

€0

Depolarization factors:

R -1 0 O
flat disc: N=<O 0 O)
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The local field acting on an atom E; : p=aE;

The Lorentz formula for the local field:

C+ + + + + + + + + |

EL=E0+E1+E2+E3

E; = 0 (symmetry), E, = E
0

E, =F+ P

L= 380
The Clausius-Mossotti relation (called Lorentz-Lorenz
formula if we replace e(w) by n?(w)) [Ludvig Lorenz,
Hendrik Lorentz]

Electric displacement

e-=1 N
£+2_a3£0

D =¢cyE+ P =ceyE
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Polarizability o is a microscopic
quantity. Its value depends on the X
polarization mechanism.

Possible polarization mechanisms:
1.Orientation polarization

2.lonic (displacement) polarization
3.Atomic polarization

Orientation polarization

Orientation of permanent electric moments in an external field. Let us assume that a molecule has a
permanent dipole moment p. The interaction energy with the local field E, is

(c::—p'EL

Let us consider a system of non-integrating permanent dipoles. The mean value of the component of
p parallel to E is

f dzpop”epllEL/(kBT) fozn d(p foﬂ: di Sinﬁp cos epllEL cos9/(kgT) r pEL
<p"> - f dzpoepIIEL/(kBT) N fozn ng fon d9 sin 9 ePIEL cos I/ (kpT) - P kBT
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1
where L(x) = cothx — X is the Langevin function

Lix)

0 5 10 15 20
X

Typical values: p ~ 10~%° Cm (displacement of 1e by 0.6 A)
E; ~ 107 V/m or smaller

at room temperature x = 0.02 and we can replace the Langevin function by L(x) =~ x/3 and

( )zPZEL a ~ pZ
PIl ™ 35T kT

Roughly,%go ~ 10728 3
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For such large polarizabilities the Clausius-Mossotti relation is not correct. From this relation it follows:

o Na 5
g=—0
, Na
€0
o Na
Example: liquid water p =~ 0.62 X 1072°Cm, N ~ 4 x 10%8m~3 therefore —~ 12
0

~ 80
at 300K. Thus, a negative value of € follows. Experimental value ©

The Lorentz formula for the local filed is not valid for a material with polar molecules

Response of a system of polar molecules to a time-dependent electric field
, , dP 1
Debye relaxation equation: — = —((P) — P)
dt
The time-averaged value of the polarization {(P) = y(0)&oE, x(0) = y(w = 0)

For a monochromatic primary wave E(t) = Eoe‘i‘“t we assume P~e 't and the stationary

. 0 . 0
solutionis  P(t) = EOX(' ) Eje 9T = g(w) =1+ X()
1—iwt ° 1-iwt
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from the simple model:

experimental results (water):

The complete optical spectrum of liquid water measured by inelastic x-ray scattering

Hisashi Hayashi, Noboru Watanabe, Yasuo Udagawa, and C.-C. Kao

PNAS 2000:97:6264-6266: originally published online May 30, 2000
doi:10.1073/pnas. 110572097

Fig. 2. Real (&,) and imaginary (g;) parts of the dielectric function of liquid
water fromthe pressnt work. Closad squares:ey was calculated from the index
of refraction.

Introduction to Solid State Physics, 86
version 2



Displacement polarization — see Chap. V

Atomic polarization

Exact calculation — quantum mechanical perturbation method, here only a simple classical model:
Z electrons are uniformly distributed in a sphere of radius r, X is a displacement of the nucleus from
the centre of the sphere. The restoring electric field generated by the electrons is

A\ 3
oo le ) ___ze
 4megx? Amegr3 *
The applied filed E, is balanced by E
4mreyr3 ;
X = o E, > p=~Zex =4neyr°E;}

— T'3 ~ 10—30m3

atomic polarizability yr——
0

by approx. two orders smaller than the orientation polarizability
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Tasre III, Comparison of electronic polarizabilities, aw of the
alkali-halides, taken from Tahle I, with as+am, taken from
Table II, (a) for A=D; (b) for A= cw, First line o, Second line
watom. ﬁ]l values are in AS,

F Cl Br I
(a) A=D L measured
T T B
989 i A5 )

Na 1.186 3.360 4,560 6721 simulated

1.053 3.308 4, 566 0,839
K 1.966 4,272 5.508 7.790

1.981 4 297 5495 7.767
Eb 2.572 4 856 G.147 8,532

2.623 4939 6,137 8.409
Cs 3.664 6,419 7497 0,952

3.970 6.295 7.493 0,765

PHYSICAL REVIEW VOLUME 92, NUMBER 4

Electronic Polarizabilities of Ions in Crystals™®

NOVEMBER 15,

Jack R, TessmMant awp A, H. Kauwn, Department of Physics, University of California, Berkeley, California

Witriam SwockLEy, Bell Telephone Laboratories, Murray Hill, New Jersey

AND

(Received August 10, 1953)
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m’)

—30 3

Polarizahility (L/4TE (in units of 10

Atomic Polarizahility versus Atomic Mumber (First 4 Periods)

50
45
+ K
40 -
35
30 -
26 4 o Li , Na
*
20 -
*
15 T *
* *
10 - * . Ga
* *
*
5 * * . .t .
* +* * .
He Ne e WA . - -t e Kr

D b el * _". S — — T T T T

0 10 15 20 25 0 36 40

Atomic Number
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Response of a system of non-interacting atoms to a time-dependent electric field

The equation of movement of the sphere filled with electrons with respect to an immobile nucleus:
7%e?

Zmx + Zmyx + x = ZeE et

4mreyr3

Stationary solution
e .
X = E e ot
m(wy? — w? — iwy) °

Resonance frequency

) 702 \1/?2
@o = Arear3m

Polarizability 702
“ m(wy? — w? — iwy)
Na
Permittivity €= ﬂ its static value:  ¢£(0) = 8N +3
3 — Na - S T3 TN
€0
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3_
Re(e)

2 L

8static
'] »
0
-1 1
0 0.5

n2(w) = [n, (@) + ik@)]? =1+ y(@) =1+ Z

‘Uo]
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Combination of the Lorentz model with the Lorentz-Lorenz formula

3 T T o T T T T T T T 3 T T T T T T T T T
[ B = 20%107%r1s
25+ [ .,.-ﬂ', - 251 -
[/ [
/ | / \ [\ b = 20x10°%r/s
Vs I. / |I II \ fﬁ".
2t e . | . 2t 1 .
| | | [
’ . | i
- . || |'
B I ' | - 3 1sf \ \ i
| = | \
| I| \ \
| \
u@___,__‘/"-.‘_l\l |I I| \'\
— \ W b2 = 2x10°%r/s i | [ h
1 X ) '.\ I| — 1k { II Y Y -
\ Wl f...-—-'_'_'—_'_'_ — | \
-\\'IT\“J L ::_:_______;_____-_ == | II| \ \\.
- I'\Il .'.’!___ P -.-_.___,.- _.' IIII \ \
05l 1 . L [ s 4
/ 03 | b =2x107%s \
1 ! 1 1 ! ! 1 1 ! - - y/ \\\ \a-__
0 e —— ———— I — ————.
o 1 2 3 4 5 & 7 8 9 10 % = 2 3 2 5 & ; 8 g 10
(a) w-Tls x10'® (b) w-Tls x10"

Fig. 1. Angular frequency dependence of the real (a) and imaginary (b) parts of the complex
index of refraction for a Lorentz model dielectric with (green curves) and without (blue curves)
the Lorentz-Lorenz formula for two different values of the material plasma frequency.

K. E. Oughstun and N. A. Cartwright, Optics Express 11, 1541 (2003)
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IV. MEAN-FIELD THEORY

IV. 3. Spontaneous ordering of electric moments - Ferroelectric state

Is a spontaneous polarization possible?
We have found

P =¢cy¥E =E

a
1_3_80

Thus, if Na = 3&, we obtain P # 0 for E = 0

Another hypothetic example — an 1D chain of ions with alternating charges

Introduction to Solid State Physics,
version 2

93



Equation of motion:

d*u; Q;Q Q;Q
] j<n j¥n
G Kt =20)+ Y
(e T (i + 11— 2u) + 4mey(x; — x,)? 4neo(x] — X,)>2
n<j
dzu Q Qn(un u Q Qn(u _u')
S
m Gt~ Koo = 2) = e |3 S =
J
We assume a solution in the form of a plane wave
uj~e—i(wt—jka)
and we obtain the dispersion relation
1-— cos(]ka) e?

mw* = 2K[1 — cos(ka)] + 24 z( 1)/

j3 A 2n80a3

A wave vector k exists, for which ® = 0 — a weak phonon —> spontaneous polarization
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25

0 05 1 15 2 25 3

B - .cos(jx) —1
F) = ;(_D] -
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The most common ferroelectric material — BaTiO,

~—
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Lattice parameters and permittivity of BaTiO,

4.030

4.020

4.010

w 4
Xs] =
0 =]
[=] =]
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The Landau theory of phase transitions

Variables: P (polarization), T
Helmholtz free energy F(P,T)
oF

The equilibrium conditon ~ 5p
eq

Due to the inversion symmetry

Tl
I
F(P,T) =F(0,T) + C2P2 + C4P4 + C6P6 4 ...

Cr = b(T - TC)

up to P%,c, > 0:

P
Spontaneous polarization
P,=P ple— T
s req 2¢, T
TC
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Gibbs free energy with an external electric field:
®=F—EP=F(0,T) + c;P? + c,P* + c4P® + - — EP
0o

3P =0=>F = Zb(T _ Tc)Peq + 4C4P€CI3

eq

Dielectric susceptibility:

1 _oF = 2b(T —T.) + 12¢,P,,>
cox 0P E=0— c Caleq
Therefore:

T>T = 1 1
X e 2b(T = T,)

T <T 1 1 L

X = — =
X e ab(T, — T) =
Phase transition of the 2" order
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Upto P%,c, < 0,cc > 0: oF

=0 =2b(T —T*)P + 4c,P3 + 6¢.P°

JdP
eq
1
= Peqz = 3_ l—C4 + \/C42 — 3C6b(T - T*)]
Ce
R | =T
=1 ., _ The critical temperature:
’ | T.=T"+ 4"
./ \J =T+ 3,
R
P A
Phase transition of the 15t order
. does not diverge at T, T
TC
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Gibbs free energy with an external electric field:

® = F — EP = F(0,T) + ¢;P? + c,P* + c4P® + -+ — EP |

=2

7L 3 g
a_P =0=>E=2b(T— T*)Peq + 4C4Peq + 6C6Peq _
eq
Dielectric susceptibility: Bs 05 :
1 _OE = 2b(T — T*) + 12¢,P,,* + 30c:P,,*
80)(_0P E:O_ Caleq Coleq
Therefore:
T>T, = ! !
X e 2b(T —T7)
1
T<T.yxy=

bcg

Introduction to Solid State Physics,
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PHYSICAL REVIEW VOLUME 172, NUMBER 2 10 AUGUST 1968 JO
Dielectric, Thermal, and Pyroelectric Properties of 4 [©]
Ferroelectric LiTaO, x
A. M, Grass _u:j'
Bell Telephone Laboratories, Murray Hill, New Jersey 2 g
(Received 4 March 1968) wv
0 | | 1 I | | 1 |
25
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X /
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0 \ | | L %) I ! 1
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¥16. 3. Temperature variation of dielectric constant x and
&~ for LiTaO;.
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Fig. 4.5-47 SbSL «. and 1/« versus T
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o

pd
T: T, T
Temperature, T — Temperature, T =~
Phase transition of the 2" order Phase transition of the 1t order
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lll. RESPONSE OF A CONDENSED BODY TO AN EXTERNAL IMPULSE

lll. 4. Response to an external magnetic field

Basic quantities

Magnetic moment of a current | in a loop with the area S:

e b
m=1§ = —?T[R = —ezme,b =m,v X R
eh
magnetic dipole moment induced by an orbital moment of electron: ™ML = — 2m, L

magnetic dipole moment induced by a spin moment of electron: mg = —gougS

h —-24 =5
= ~ 9.724 x 107%*] /T = 5.788 X 107°eV/T
2m,

the Bohr magneton:  up

electron g-factor: gy = 2.0023 = 2

Introduction to Solid State Physics,
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Macroscopic quantities:
1
Magnetizaton M = Vz m;
J

oM

Susceptibility: M = yH, y = Pl

Magnetic induction: B = uo(H+ M) = uH, u = puo(1 + x)

o Zn Mne_gn/(kBT) 1 agn
| average: = -~ "V oB
Statistical average: (M) S e—En/epT) , My, V 0B

Free energy: 7 = e F/(kpT) = Z e ~En/(kpT)
n
0(M) o(M) 0%F

Susceptibilty again: y = S Mg T Hogp:

Introduction to Solid State Physics,
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Comment: CGS units:

magnetic induction B (magnetic flux density): SI: 1 Tesla (T) = kg s A"
CGS: 1 Gauss (G)=104T

magnetic intensity H: Sl: 1A/m
CGS: 1 Oersted (Oe) = 1034 A/m = 79.5775 A/m
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Interaction of electrons with an external magnetic field

Non-relativistic Hamiltonian of a free electron without spin in an external magnetic field

=

(electron charge is —e)
2m,

The vector potential of the field is A: B = rotA, divA = 0
— 1
We can choose A = —>(r x B)

The spin term in the Hamiltonian:  H¢ = —mg. B

We obtain for the Hamiltonian

2
p;* + ug(L + goS). B+8me ZZ(@ +9;°)
J

Perturbation theory (up to the 2" order and 2" power of B):
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e? |ugB. n|L+gOS|m)|

02 = B {nll + 908ln) + o <n|2-<»@ +37)n+ ), e

\ m#+n
linear term QUadratlc terms /

Langevin diamagnetism
lons with fully occupied shells: L|0) = $|0) = 0 in the ground state

Energy shift of the ground state:

Y o2
— 2 o 2 2 A2
Ago _8meB <O|Z](X] +y] )|O> 12meB <0|ZJTJ |0>
. : - Hoe? N
Diamagnetic susceptibility: = — —7
g ptibility: o V (r*)
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Properties:
* v is a constant, independent of field strength;
* induced by the external field;
« always negative because of Lenz rule;

* always present in an external field, however often covered by the positive
paramagnetic susceptibility;

« for atoms with closed shells, the Langevin diamagnetism is the only magnetism
available;

* v is proportional to the area of an atom, important for chemistry;
* all noble metal atoms are diamagnetic

» temperature independent.
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Examples for Langevin Diamagnetism:

He | -1.9 x 10°%m®/mol

Xe | -43 x 10°cm*mol

Bi | -16 x 10°cm/g

cu | -1.06 x 10°cm’/g

Ag | -2.2x10°cm’/g

Au | -1.8x10°m’/g

The Langevin diamagnetism does
not depend on temperature

Introduction to Solid State Physics, 111
version 2



Diamagnetic levitation — a diamagnetic material moves in an inhomogeneous magnetic field in the
direction of negative gradient of B. The condition of levitation is

dB

g
B—> —
dz_uop)(

Water levitates at B Z—lj > 1400 T?/m, graphite levitates at B Z—f > 375T?/m

Pyrolytic graphite Alive frog levitates inside a 32 mm diameter vertical bore of a solenoid in a
By en:User:Splarka - English Wikipedia, Public Domain, magnetic field of about 16 T

https://commons.wikimedia.org/w/index.php?curid=1004783 By Lijnis Nelemans - English Wikipedia, CC BY-SA 3.0,
https://commons.wikimedia.org/w/index.php?curid=1004796
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Diamagnetism can exhibit spatial anisotropy in crystals

Example: Li;N

'_2 a LI3N

-t T£150K }

100° 80° 60° 40° 20° 20° 40° 60° 80° 100°

-— ) —e
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Ground state of an ion with a partially occupied shell

orbital quantum number | of the electrons in the partially occupied shell, the maximum
possible number of electrons in the shellisn = 2(21 + 1)

The degeneracy of the state with n electrons in the shell is removed by the LS-coupling. The state
of the shell is described by the quantum numbers

L,LZ,S,SZ,Wherei =L+55S= Zﬁ‘j,i = Zij
J J

The Hund rules: 2G4 1
Term
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1. The term with the maximum multiplicity lies lowest in energy = S has a maximum

possible value

E:G 1"':‘,-
(Singlets)
e ,
. S=1 s
Triplets .
Hund's (Triplets)
rule #1
Spin-spin
interaction
Why is triplet
lower?

The S=1 state is

*.* symmetric upon
exchange of electrons

Since "I";_pin"l"spam must be anti-symmetric,
then "i"EpaEE must be anti-symmetric to
obey the Pauli exclusion principle.

Electrons have

2 _ Higher energy
greater probability 7 _ ..
@ G‘ each other. withS=0

Symmm"c Probability must

o to Zero at

| Wy |2 origin since Y Lower energy
A ch anges Sign' S0 associated
less opportunity  with S = 1

for electrons to be
close together.

Anti-symmetric
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2. For a given multiplicity, the term with the largest value of L lies lowest in energy.

FI
. 1
S:'El ::.-
(Singlets) .. e
a
Fl
3
S=1 .-:_.-

(Triplets) . =
Orhit-orbit
interaction

Hund's
Why is higher rule #2

angular momentum

state lower in energy?

Introduction to Solid State Physics,

High L, electrons Low L, some
orbiting same electrons

direction to add orbiting in opposite
to L value, direction to reduce

the L value.

)

For large L value, some or all of the electrons are orbiting
in the same direction. That implies that they can stay a
larger distance apart on the average since they could
conceivably always be on the opposite side of the
nucleus. For low L value, some electrons must orbit in
the opposite direction and therefore pass close to each
other once per orbit, leading to a smaller average
separation of electrons and therefore a higher energy.
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3. For atoms with less than half-filled shells, the level with the lowest value of J lies lowest in
energy.

— - '
S=0) oo D 1|:|.2
; (Singlets) . e 1
; - F
; 3
apdd [ e
N e g =L
S=1 Ll D Azt
— riplets 3
Hund's (Thplets) - F i
rule #1
Spin-spin Orbit-orbit Spin-orbit
— Interaction interaction [ qund's | INteraction
Why Is triplet Why is high rule #2
lower? y Is higher -
angular momeanium :':1;'-":] II:rI?nwa:ﬁ:::: fumn
i 7
state lower in energy” <tats lowar in
anargy’
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Sequence with which

the arbitals fill with electrons ;d ElementS by Ol'bital
+» H I
7 He 18 [y Only the first 36 clements are shown
/
/ 2;
g i 152 [ m
// Be 1s5°2¢* [y [y 2
/7 X Vv Z
4 B 1522 2p,! 1] m 1
C 1526 2p' 2py! (][] (1]
N 1s22¢ 2p 2 2p,' [W1] ||
0 1220202, %, [1] (1] WA
F 152262 207 20" 20 ML) [LM[ ]
/ Ne ‘I.r:Z\EZp‘:Zp_\.:Ip,f [1L] (L] [j)fa
T 3s
Z@' Na [Ne]3s' [ [ WA (1
7 Mg INel3e oicioc oo
/ = 3p! = “l: .
SGye A1 INel3s 3p [ [ A @) [
[ s Nepss 3 [ [ i [y [
[ ey [ (] (ujfulfu] (] (A
S [Nej3s* 3p! 1) [ WA @) [E0E]
Cl [Nel3s*3p° 1] () A [ s
Ar [Nel3s* 3 (] [ i (W] i
£ |
T 45
K [Af] 4 [ @ MEED [ @A [
Ca [Ar)4s° [y [ i [ iy [
3d
Sc [Ar] 3d' 45 [ [ WEEd @ MEE) [ G
Ti [Af)3d° 48 [ A WA [ EE] [ A0
vV [Ar] 34 4s [ [ mfEY [ ffdi] [ EE0
Cr [Ar]3d° 45! [ [ i [ EE B EEOEE]E
Mn [Ar] 3d° 45° [u] (] ulfw)fe) (o] [wifu)fe) (] GOE]A]EIGR]
| F [Af] 3 47 [ [ Ef @) i) B EEOE0ER]
Co [Ar] 3d" 4s* [y [ A [ R B EEIEER
Ni [Ar] 3d% 452 [ @ WEE [ EE] [ EEEEE]
Cu |Ar] 34" 45! [ [y ey [ Wm0 g
Zn [Ar]) 34" 451 [ @ e [ EE) [ A EE
4p
Ga (A 3¢ 4 4p' ] () WA [ 1 [ [ 1] [
l/ Ge (A 3d0a 4[] [ Ay [ | ] [ [3 ] [
|ty (6l o) il () ) ) ) B
| ose [Ag3avas ot [ [ A [ ) [ 1] [
| omre (Adadas et [ [ WA (@) [fdi [ 1] [
[ ke adsdvast 0[] [ i) @) fm) [ W] [
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d-shell (I = 2)

nfl,=2 1, 0 -1, =2 S | L= |BE] J SYMBOL
] I 12 2 3/2) 2Dy
y, l ! 1 g 2 s 3F,
3 R 3| 3 Japf TES e
4 ! ! l ! Y, ? o 5D,
5 1! ! ! L 3 3/2 0 5/2 °Ssi2
6 by T ) T 1 2 2 4 ) Dy
7 1 | 1 1 32 3 92, _ “Foia
8 [ SR i 1 1 3 4 Sy e A
9 ) ) 0 I} 1 1/2 2 5/2, Ds;,
10 o i n [} I 0 0 0 'So
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f-shell (I = 3)
n|l,=3 2 1 0—-1-2 -3 S | L=|ZL] J
| l 12 3 572 ) 2Fs,
) [ 1 5 4 ‘H,
3 i R 3/2 6 992V, _ iy _ | Ten
2 Lol L 2 ¢ 137 =18l ey,
5 !l L 1 1 | 5/2 5 5/2 6H5;2
6 I A A A A 3 3 0 | F,
7 T TS| TR 7/2 0 7/2 ®S72
8 T A O O 3 3 6 ) Fg
9 SN N Y N N I | 5/2 3 15/2 ®°Hys;2
10 (T A O T 2 6 T *Ig
11 [ S | 3/2 6 15/2 A ysp
12 (£ N T A T 1 5 6 3H,
13 (o T T | 1/2 3 72 ) *Fap2
14 (S S N N« N 0 0 0 1S,
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Magnetic moments of ions with partially filled shells

1. Let] = 0:
Then (0|, + go5,|0) =0
|If we suppose that only the ground state is occupied, we obtain
~ ~ 2
N < |(n|L, + g0S,|0)]
= v+ 2Up? _z
n

negative positive

van Vleck paramagnetism (a weak effect)

A
H
S S m i.e. J+S will precess fast about J, and J will
2.Let] #0: L precess much slower about H. Thus, for
magnetism only the time average component of the
Complication!l L+2S magnetisation m, parallel to J counts.
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Wigner-Eckart theorem:
(]LS]Z|Z:Z + gogz |]LS]z’> — g(]» Lr S)]Z5]Z]Z,

Landé factor

g(,L,S) =1 +]U+ D-LL+1)+SES+1)

2](J+ 1)

The full magnetic moment of the shellis . = —ug (L + goS)
Its component parallel to Jis Ay, = —gug]

The potential energy of the shell in an external magnetic field € = gugBJ,
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Paramagnetic susceptibility
J

NOF N B
o—F/(kpT) — Z e-onsls/ta) = _NOF_N 1, (guB] )

VoB V kgT
Jz=—]
o : 2] +1 2] +1 1 1
The Brillouin function B, (x) = 27 Coth< 2 x) — 2—]coth (Z x)
1 |
08 — J=1r
— J=1
_ 06} 4l
=, — J=5/2
- J=3
0.4}
0.2}
% 2 4 5 8 10
X
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Examples

Magnetic moment (Bohr magnetons/ion)

7.00

6.00

5.00

=

3.00

E

1.00}

11 IS P e e e I
T 7 3+ ]

Aé(g)‘ s=4 @)y m _

& _
£ :
x S=3 (Fe3t) I -
,.———0"'___0_—-—-0__ o —

o 1.30°K _
a 2.00°K
x  3.00°K -
o 421°K ]
- Britlouin functions
{Eq. 23) -
[ | W I
20 30 40

B/T in kG deg !
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Asymptotic behaviour:

N
saturatedvalue. T - 0orB - co: M — V‘WB]

small arguments of the Brillouin function:

N
T > oorB —>O:M—>V(gu3)2

Paramagnetic susceptibility:

N +1) C
X = ;uo(gug)zj(] ) _

3kgT T

The Curie law

JU+1)
3kyT

Introduction to Solid State Physics,
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Magnetic moments of ions in a condensed system

The Curie law

(.queff)Z
3kgT

N
X—Vlio

3d ions:
Example: FeCl, with ionicity Fe*** Atomic Fe has the electronic configuration 3d®4s2, in the

compound the configuration is 3d®, i.e. the 6 electrons in the d-shell are left.
Level scheme for the d-shell according to Hund’s rule:

—_

i S
P .
0o T— L S:4x§:2,L:2:>]:L+S=4
1 ——
2 —H—
— Spectroscopic term for Fe?*: 5D,
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4x5+2x3—2x3_3

Expected g; value: 2
2X4X5 2

g=1+
from which we calculate the effective moment p, s = 2\/2_0 ~ 6.7
Considering only J = S, then p_+4.9.

Experimental value: p 4~ 5.4
= closer to J= Sthento J=L+S

In most cases of transition metal ions, the orbital moment appears to be quenched.
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CALCULATED AND MEASURED EFFECTIVE MAGNETON NUMBERS p FOR
THE IRON (34) GROUP IONS”

ELEMENT BASIC GROUND-
(AND ELECTRON STATE CALCULATED? p
IONIZATION) CONFIGURATION TRM (J =S8) (J = |L + S{)  MEASURED¢p
T 3dt D2 1.73 1.55 —
VA 3dt 2pEs 1.73 1.55 1.8
V3+ 3d? 3F, 2.83 1.63 2.8
Ve 3d3 *Fi 3.87 0.77 3.8
Cr3+ 34 *Fipa 3.87 0.77 37
Mn** 3d3 AF 32 3.87 0.77 40
Cr* 3d* 2D 4.90 0 4.8
Mn?+ 3d4 3D, 4.90 0 50
Mn?* 3d® St 5.92 5.92 59
Fe3* 3d° €S53 592 5.92 59
Fe?* 3d° > o 4.90 6.70 54
Co?* 3(]7 4F9’r2 387 6.54 4.8
Ni?* 348 *F, 2.83 5.59 32
Cu?* 3d° D52 1.73 3.55 19
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Magnetic moments of 3d transition metal ions as a function of electrons in the d shell

—HEl—0p j calculated
—@— P calculated
Py €Xperimental

. ,/'*\
5 ,‘/"‘/ e \

/

37 /\

21 \

: /' N

peff
N
|

1
H

L] L] I
0 2 4 6 8 10

Electrons in the d shell
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Example of the Slater-Pauling curve

25F

. bece
—_ [ localised
= 0 = Heusler
8 “Yl % FeCo
g | A FeCr
g 1.5 _ v FeV
ﬁ-' -
= : CUIMIISI
g 1.0 Co MnAl
2 : CDICI‘GH
g 05/
o i
>

0.0}

fee
itinerant ]
*  FeCo ;
© FeNi -
NiCo |
NiCu
CoCr 1
NiCr -
Ni

6 7 8 9

Valence electrons per atom n,,
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What is the reason for orbital quenching in transition metal ions?

*3d electrons take part in chemical binding (i.e. FeCl,, FeF,);

*The 3d electrons are subject to strong crystal electric fields (CEF) of the neighbouring ions;
The CEF lifts the 2L+1 degeneracy of the d" - electrons;

Lifting of degeneracy leads to an energy splitting of the d-shell:

spherical symmetry < octhahedral symmetry

A is the CEF splitting between orbitals of different symmetry; Orbital angular moments
of non-degenerate levels have no fixed phase relationship;

The time average expectation value for the orbital moments is then <L>=0; L is not a
good quantum number.
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e

free ion

with 5 degenerate
energy levels

&~

' -~

o

Ts B

g
On
splitting in
an octahedral
crystal field

EPR

d,2 (A;)

- % dxy (BZQ)

b % ﬁ dxz’dyz (Eg)

D4
Jahn-Teller splitting

with axial elongation
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CALCULATED AND MEASURED EFFECTIVE MAGNETON NUMBERS p FOR

RARE EARTH IONS®
ELEMENT
(TRIPLY  BASIC ELECTRON GROUND-STATE
IONIZED}  CONFIGURATION TERM CALCULATED? p MEASURED® p
La 41° ) 0.00 diamagnetic
Ce 41! 2Fs)2 2.54 24
Pr 4f* Wl 3.58 3.5
Nd 413 *lg2 3.62 3.5
Pm 4f* A 2.68 —
Sm af3 ®Hs,; 0.84 1.5
Eu 4f1° Fo 0.00 3.4
Gd af7 88/ 7.94 8.0
Tb 4f® UFe 9.72 9.5
Dy af® ®H,s); 10.63 10.6
Ho 4f1° W 10.60 104
Er 4f11 512 9.59 9.5
Tm 4112 SH 7.57 73
Yb 4113 2Fap 4.54 4.5
Lu 4114 is 0.00 diamagnetic
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peff

O Frr N W » 01 O N © ©

=
o B

Effective magnetic moments of rare metal ions

electrons in 4f shell
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IV. MEAN FIELD THEORY

IV.4. Spontaneous ordering of magnetic moments

Types of the magnetic ordering:

b — /I N\
/SN~ \
— ~ N N\
N -
<N\ o

paramagnetic

\
I
1
I
\

ferromagnetic

Introduction to Solid State Physics,
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ACEERERENA R
!

T
I ) } T } 1 ) [ { [ f [ some types of the ferromagnetic ordering
KBV Nt TR

tirir it

e P
- o

e s NP F e

some types of the antiferromagnetic ordering

IR AFIR BN A AP A
Pobab e b by bt

some types of the ferrimagnetic ordering
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SELECTED FERROMAGNETS, WITH CRITICAL
TEMPERATURES 7. AND SATURATION

MAGNETIZATION M, SELECTED ANTIFERROMAGNETS, WITH CRITICAL
MATERIAL 1, (K) M, (gauss)® TEMPERATURES 7,
Fe 1043 1752 MATERIAL 7.(K) MATERIAL 7. (K)
Co 1388 1446
Ni 627 510 MnO 122 KCoF, 125
Gd 293 1980 FeOQ (wistite) 198 MnF, 67.34
Dy 85 3000 CoO 291 FeF, 7R.4
CrBr, 37 270 NI1O 600 CoF, 37.7
fu,Maal 200 323 RbMnF, 54.5 MnCl, b
G, fetal ) 9 KFeF, 115 VS 1040
Cu,MnlIn 500 613 KMnF 88 3 C
EuO 77 1910 3 : T 3
fdunis 3:35 [é% Source: F. Kelfer. Handbuch der Physik, vol. 18, pt. 2, Springer, New York, 1966.
MnBi 670 675
Gddl, 22 550
AUT = O(K) SELECTED FERRIMAGNETS, WITH CRITICAL
TALT = . 5 R
Source: F. Keffer, Handbuch der Physik. vol. 18, pt. 2, Springer, TEMPERATURES 7. AND SATURATION
New York, 1966: P. Heller, Rep. Progr. Phys., 30, (pt. II), 731 (1967). MAGNETIZATION M,
MATERIAL T. (K) M, (gauss)®
Fe;0, (magnetite) 858 510
CoFe,0, 793 475
NiFe,0, 858 300
CuFe,0, 728 160
Hematite Fe, O, is a weak antiferromagnetic below 250K, canted MoFe,0, 573 560
antiferromagnetic (or weakly ferromagnetic) between 250K and Y Fe,0,, (YIG) 560 195
48K, above 948K paramagnetic
8 P ) “ At T = O(K). ;
Source: F.Kefier. Handbuch der Physik, vol. 18, pt. 2, Springer, New York,
1966.
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The reason of the ordering cannot be the magnetic dipole interaction — too weak!!

‘ ’ vyménna interakce (piekryv orbital()
. ‘ magneticka dipolova interakce

Exchange interaction can explain the ordering

We assume a 2-electron system, we neglect the spin-dependence of the hamiltonian. The non-
perturbed hamiltonian is

. h?
Hy(ry,ry) = T om (A + A7) + V(ry,r) |Y(ry, 13) = EY(ry,13)
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The wave function (with spin variables)
W(ry, s1,72,52) = P, 1r2)x(51,52)

The non-perturbed hamiltonian
2

. h
Hy = — %(Vi +V3) +V(ry) +V(ry)

Perturbance _ e?
H' =

dmeg|ry — 1,
We consider two one-electron eigenstates of Hy:
Hoy;(N=Ep;(r), j=ab

The energy level is 4 times degenerated. We choose the following eigenfunctions:

§=0,8. =0:¥; =3[v, (v, (1) +wv,(r)v,(r)][als)B(s,) —als,)B(s,)]
§=1S, =1:¥, =5y, (v, (n) - v, (K)v, (1)]als)als,)
§=1S.=0:¥, =3[v, (W), () — v, (m)v, (1)][als )B(s,) +als,)B(s,)]
S=LS, =-1:¥, =5y, )y, (1) - v, (5)v, (1)]B(s)B(s,)
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The 18t iteration, perturbation theory — shifts of the energies:

E, = (¥ [ |¥,) = E,—J,j=1,2.3 E, = (¥ |H

P)=E,+J

E,= [0 [d°n, [y, ()P F () PL 3= [ A% [ dny, () v, () 1, (1) . ()

J is the exchange integral. From one 4times degenerated level, one non-degenerated (singlet) and
one 3times degenerated (triplet).

Region of
destructive
Region of interference

Ol

interference
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Numerical calculations: H, molecule

o
»
|

4 Experimental

2%

o
.
|

H1s H1s

Energy (E; — Ejq Ry

©
N
I

0.2+

the singlet state has lower energy than the triplet = the singlet state
(antiferromagnetic) is bonding, the triplet state (ferromagnetic) is antibonding
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Bethe-Slater curve — the dependence of the exchange integral on the interatomic distance for 3d
metals

Ferromagnetic — the exchange integral is positive

A Co

E aFe _
0 Y Fe T ¢ T ¢ a/’r
Mn
Cr Antiferromagnetic — the exchange integral is negative
By Zureks - Own work, CCO, https://commons.wikimedia.org/w/index.php?curid=9788329
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Direct exchange — important in 3d metals

Indirect exchange: mediated by the spins of
conduction electrons — important in 4f metals

et
bt d

_ ?‘{fi" Lz n]d

oA
\f:: \/ A 0 \//‘\V

RKKY interaction (Ruderman-Kittel-Kasuya-Yosida)
2k.rsin(2k,r)—cosRk,.r)

J oC
RKKY (2 kFr)4 | | | | |
. 0 5 10 15 20 25
If J >0, prefer triplet state or FM 2%y
If J <0, prefer singlet state or AF
d-orbital d-orbital
Super-exchange interaction: T p-orbital l
)y (1
O
Ni Ni
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Ferrimagnetism:  Typical example - Fe,0, = (Fe2*0)(Fe¥,0,)
Magnetite crystal structure (inverse spinel)

Layers at heights 0,a/4, a/2, 3a/4 @ A Atheight a/8 above layer A .. tetrahedral sites
2- .
0o @8 B ...octahedral sites
Introduction to Solid State Physics, 144

version 2



The Fe?* ion (3d®) has m = 4z while the Fe3*ion (3d°) has m = 5pg

The B-O-B bond angle is 90 deg, the A-O-A angle is 80 deg and the A-O-B angle is 125 deg.
The super-exchange interaction is therefore strongest across the A-O-B bond, so that magnetic
moments on A sites anti-align with those on the B sites.

There are two principal arrangements of the 8 divalent and 16 trivalent metal ions onto the 8
tetragonal A sites and 16 octahedral B sites of the spinel structure. The first, called normal spinel
has divalent metal ions on A sites and ftrivalent ions on B sites. This is sometimes written
(M21)[M3*]0,, where the brackets indicate the A() and B[] sites. Inverse spinel has half the
trivalent ions on A sites, the other half on B sites, and all the divalent ions also on B sites. This
can be written as (M**)[M2*M3*]0,. Most simple ferrites (such as Fe;0,) have this inverse spinel
structure. In this case, the anti-ferromagnetic superexchange interaction between ions on sites A
and B is such that the magnetic moments of the trivalent ions (e.g. Fe?*) anti-align.

Ferromagnetic double exchange interaction Resulting spin alignment
R e FEEES
™ g Ferromagnetic Antiferromagnetic _SHB
‘ ‘1 T 14“8 (double exchange) SHBM
o Fe?* Fe3* Fe3*
Fe* Fe3t
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The Heisenberg spin hamiltonian

Phenomenologically constructed operator acting on the spin wave function having the same
eigenvalues and eigenfunctions as the full hamiltonian. o
Let us assume a 2-spin systems with the effective spin operators S, ,S,

The following formulas hold: 3
22 — —
Sixi(8)=5;(5; +1)x;(s;)= ZXJ'(SJ ) since S, , =
. oA 3
SZX(Sl’Sz )=[S,+S, |2 x(51,8, )= (§+281-Sz )x(51:S;)

Therefore, él.ézxz—%X(S:O), S,.S,x = +%X(S:1)

N

We defne  H = %(Es +3E, )—(E; —E; )S,.S, =const—2J S,.S,

and Hox(S=0)=Egx(S=0), Hyx(S=1)=E, x(S=1)

The Heisenberg hamiltonian for a spin system I-AIS = —Z Jii éi S j
i# ]
With an external magnetic field: I-AlS = —Z Jii éi .éj — g,uBZ B.éj
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The Weiss theory of molecular field

The terms in the Heisenberg hamiltonian containing S(R):

], = _é(R){ D IR-R)S(R' )+ gug B}z ~0ug S(R).Bq

R'#R

The mean-field approximation: we replace S(R”) by its average value — we neglect fluctuations.
On the spin in point R, the foIIowing effective filed is acting

By =B+ JR-R" ) S(R")
¥ Oug Fg;e < >
ZJ( R)
where <§> V.M We obtain B, = B+ Au,M /1— R=0
N gg N 1o(gu )’
Equation for the spontaneous magnetization M = M O(KM;M )
where N guSB
M. (B/T)=—0gu.SB,| ==8=—
o ) Vv Qug J( KT ]
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Numerical solution: ‘ M=Beff/(Ap)

M / M=M,(Beff
» Beff
A non-zero solution exists if oM, 1 oM, ‘ 1 1C_ 1
= = X =z
OBy Mo OHurly Ko Mo T A,
T<T,=AC

The critical (Curie) temperature:

_ N (gug)’ _S(5+4Y)
T =—n, % S(S+DA = % > J(R)

C
V B B R0

Introduction to Solid State Physics,
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For T>T, we define the susceptibility

oM oM 0H,
0H oH, oH

X

: C
Since Yo = —
T

_ e
we obtain %= T The Curie-Weiss law

Numerical example:
L=0,J=5=1/2, g=2: 2
Vi,

if N/V ~ 9.10% m3, we obtain C = 1K, A = 1000
The exchange integral: > J ~zJ  and we obtain J ~ 0.03 eV

Introduction to Solid State Physics,

version 2
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Spontaneous magnetization for T<T.:
for small x, the Brillouin function behaves as B, (x) ~ Ax — Bx’

From :MO(AM;M)

we obtain M oc (T, —T)"*  Experimental values for all materials: M o (7. —T)?, B~ 0.35

Susceptibility above T.: the mean field theory predicts o< (T—7,)™
Experiment (Fe+0.16%W):

5

x<c(T-TI.)",y~1.33

T \\.,.. Critical fluctuations at T are important!

o X

3

| | l ] l | | ?
002 005 01 02 05 10 20 5 10 1520
T-T: (K)
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Mean field theory for antiferromagnets — the Néel model

Possible cubic antiferromagnetic structures:

(;—»
c—>
o>

i‘ | é | o | complication in case of fcc:
A R @4 1 theorientations of spins in a given
éo 4 @ 1@ A coordination sphere is not constant!
Pl 'if‘,::ffQ t/&é"i """ \
& j oot ©
bce fcc
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Two sublattices with opposite spins:
BeAif = “O(H_%’MB)ﬁBfﬁ‘ =W, (H —AM ;)

Mean-field approach:

By By
MA :MOLTE}MB :Mo( Tﬁj

high temperatures: M- CBZ% M. — CB;
A~ B T
ZTHO ZTHO

and hence

M, + EM 2= <

2T 2T
M, + k—CMA S

2T 2T

M
M=M,+My=—S g y=2__C
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Spontaneous magnetization follows from the equation analogous to the ferromagnetic case:

M M
MA:M()[MO}; AJ’MB:MO(MO};—, Bj

since M, =—M,.

susceptibility below and above the Neel temperature:
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Ferromagnetic domains

Exchange interaction = parallel ordering of spins
Dipole interaction = antiparallel ordering of spins
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decreasing the dipole exchange energy
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Structure of a domain wall Neél wall Bloch wall
TtZ=s0didy) Tt taevidll]

such a wall costs less energy than an abrupt wall

Energy of an abrupt wall per spin pair oc JS*

Energy of a wall with the thickness of n spins  oc nJS” cos(nt/ n) = JS*(n—n* /(2n))

no magneic field applied
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Magnetisation of Fe, Ni and Co single crystals along different crystallographic directions. For a
sufficiently large magnetising field, the saturation magnetisation Ms is always reached, however
this occurs for a much smaller field when oriented along the <100> direction for Fe, Co, or <111>
direction in Ni (easy axis).

Magnetisation anisotropy energy for cubic crystals

_ 2 .2 2 2 2 .2 2 .2 .2
E = Kl(ocloc2 + 0505 + 050l )+ K,ajosos +- -

Where o, , 5 are the direction cosines between the magnetisation vector M and the <100>

crystallographic axes
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Something about multiferroics:

(a) MuItiferroic (b)

Ferromagnetic

Magnetically
Polarizable

Magnetoelectric

IOP PUBLISHING JOURNAL OF PHYSsICS: CONDENSED MATTER
J. Phys.: Condens. Matter 20 (2008) 434220 (13pp) doi:10.1088/0953-8984/20/43/434220

Multiferroics and magnetoelectrics:
thin films and nanostructures
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high-order terms

However: o;;

and ferromagnetic materials

2

< XHXII

Free energy:

F(E, H) - F[j — P;-SE; — M?H; — %EDEUEIEJ — %ﬁ-gf_{”H;Hj

_%ﬁUREe‘HIHk—%}’UkH;'EjEk—"' (1)

with £ and H as the electric field and magnetic field
respectively. Differentiation leads to the constitutive order
parameters polarization

OF
PE H) = —— = P +s05;, E, @
e Hk+y@+ @)

aind magnetization

/
dF
Mi(E, H) = — 570 = M} + o H @

+@ (3)

m
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i.e., the magnetoelectric effect can only be large in ferroelectric
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Typlcal multiferroic material Multiferroic BiFeOs3 films: domain structure and

polarization dynamics

F. Zavaliche , S. Y. Yang, T. Zhao, Y. H. Chu, M. P. Cruz, C. B. Eom &R.
Ramesh

To cite this article: F. Zavaliche ,S. Y. Yang , T. Zhzo, Y. H. Chu ,M. P. Cruz , C. B. Eom &
R. Ramesh (2006) Muliiferroic BiFeO3 films: domain structure and polarization dynamics, Phase
Transitions, 79:12, 991-1017, DOI: 10.1080/01411590601067144

To link to this article: https://doi.org/10.1080/01411590601067144
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Figure 1. The unit cell of BiFeOs; (001) viewed along different directions. (a) three-
dimensional representation, (b) unit cell viewed along the pseudocubic (111) direction parallel
with the Fe displacement (polarization axis), (c) a view along a pseudocubic (110) axis
perpendicular to the polarization direction.

Introduction to Solid State Physics, 159
version 2 159



Ferroelastic = Rotation of Ferroelectric = No Rotation
Magnetization Plane Magnetization Plane

oe%o?

»_®
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P

Figure 3. Schematic illustration of coupling between ferroelectricity and antiferromagnetism in BiFeO;. Upon electrically switching BiFeO;
by the appropriate ferroelastic switching events (i.e., 71° and 109° changes in polarization) a corresponding change in the nature of
antiferromagnetism is observed.
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Magneto-electric multiferroics = ferromagnetic + ferroelectric

* Ferromagnetic:

LA
e

« Domains:

AL

*Ferroelectric:
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Non-volatile data-storage! '
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\) Ferroelectricity independent of magnetism
» Boracites: Ni,B,0,.l, Ni,B,0,.,Cl, Co,B,0..l, ...
» “Doped” multiferroics: Pb(Fe,;3W,,,)04, Pb(Fe,,;Nb,,5)0,, ...
+ “Lone pair” ferroelectrics: BiFeQ,, BiMnO,, ...

* “Geometric” ferroelectrics
+ proper: BaMF, (M=Mn, Fe, Co, Ni)

« improper: YMnO,, HoMnOQ,, ... (hexagonal manganites) YMnO,
Y¥) Ferroelectricity induced by ... w
 ...magnetic order: TbMnO,, TbMn,0;, Ni,V,04, CuFe0,, CoCr,0,,...

+ ...charge order”: LuFe,0,, Pr, ,Ca MnQO, (?)

TbMn, O,

One multiferroic is not necessarily equal to
another multiferroic !
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AV jans | Wwwscercemagorg SCIENCE VOL 299 14 MARCH 2003

Epitaxial BiFeO, Multiferroic Thin
Film Heterostructures

J.Wang,? J. 8 Neaton,®t H Zheng,’t V. Nagarajan,’ 5. B. Ogale*
B. Uy, D. viehland,* v. vaithyanathan, * D. G. schiom,*
U. V. Waghmare,® N. A. Spaldin K. M. Rabe,?
M. Wuttig,' R. Ramesh?**

Polarization (;Clcm?)
&8 822

60 -0 <20 0 20 40 €0
Electric Field (MV/m)

« ferroelectric below T.= 1100 K
« antiferromagnetic below T, = 600 K
» Controversial results about the “spontaneous polarization”:

1970: P = 6 uC/cm’ (single crystals)
Teague et al., Solid State Comm. 8, 1073

2003: P = 60 uC/cm? (thin films) Wang et al., Science 299, 1719

Large P: Effect of strain, defects, impurity phases, ...
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Exchange bias coupling to a ferromagnet:
&

—
FEA4FM
—

——— —

| — effective electric-field switching of magnetization .

Resitancs

Yolipge

Magnetoelectric RA M
Bibes/Barthelemy, Hature Materials 7, 425 (2008)
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Exchange bias demonstrated recently

:
for BiFeO,/CoFeB heterostructures: f;:: ) : 0 R
Bea et al., PRL 100, 017204 (2008) £ “‘J[ — -
é o REVEOMES B —
=0 -1 5 (009) 10 20 200 -100 7 (009, 100 2ce

“Electric field control of local
ferromagnetism using a
magnetoelectric multiferroic”,
Chu et al., Nature Matenrials 7,
478 (2008)

Incoming X-ray  Net magnetization of
direction Cofe feature
‘ '\VA VA\
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Magnetic nanoparticles
The magnetic properties are affected by size and magnetic anisotropy

Assembly of magnetic clusters (each comprised of many ferromagnetically aligned elemental
moments) acting independently — Superparamagnetic material

A Magnetization e Ferromagnetisme

s Paramagnetisme

M- M

Superparamagnetism

M.
>

) f Magnetic Field

The transition between the superparamagnetic and ferromagnetic states depends on the cluster size

e

4 Single Domain <—— Multi-Domain

/ T\
// \

’:
/

Coercivity (Hc)

1 'l 1ze i
Nanoparticle Size
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Relaxation theory:

In a nanoparticle, the magnetic moment has usually only two stable orientations antiparallel to each
other, separated by an energy barrier. The stable orientations define the magnetic easy axis of the
nanoparticle. At finite temperature, there is a finite probability for the magnetization to flip and
reverse its direction. The mean time between two flips is called the Néel relaxation time

KV
T = TgeXp kB_T

V is the particle volume and K is the magnetic anisotropy energy density. Let us assume that the
measurement takes time 7,,,. If T «< t,,, the particle will flip many times during the measurement
and in zero field the average moment is zero = superparamagnetic state. If T > t,,, the particle
will not flip = blocked state.

In a usual experiment t,, is constant and temperature is varied. The sample transforms from the
blocked state to a paramagnetic state at the blocking temperature Ty, in which T = t,,

KV

TB -
kBln (_TTm)
0
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o | it gt i '; s N Zero field_ cooled (ZfC)/fieId cooled (FC) measurements of FeBQ4
£ 10LH=50e e e ] particles infiltrated into porous silicon, carried out at a small applied
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Petra Granitzer and Klemens Rumpf: Magnetic Nanoparticles Embedded in a Silicon Matrix, Materials 2011, 4, 908-928; doi:10.3390/ma4050908
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Magnetization of porous silicon (pore-diameter ~50 nm, pore-distance ~50 nm) with embedded magnetite nanoparticles of 5 nm in size. This sample
exhibits no magnetic anisotropy between the two magnetization directions perpendicular (full line) and parallel (dotted line) to the surface; (b) Zero

field/field cooled magnetization of porous silicon with the same morphology with infiltrated 5 nm magnetite nanoparticles shows a blocking temperature

(TB) of about 10 K Introduction to Solid State Physics, 165
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V. CHARGE CARRIERS, ELECTRIC CURRENTS

V.1. Electrons in metals

The Drude model .
Density of the electron gas
— _ Pm
o llr’j—e(Z,—Z) n= NAZ 7
1 = =]
n~10”+10” cm™
-elZ,-2)" Density of an ideal gas at room temperature

= 19 -3
\ : = n=N,/V,=27x10" cm
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FREE ELECTRON DENSITIES OF SELECTED METALLIC ELE-

. MENTS*
The mean dlstancg between thg — 2 (02 em?) A =
electrons — the radius of an equivalent ST : o = T
sphere Na (5K) 1 2.65 208 393
K (5K) 1 1.40 2.57 486
1 Rb (5 K) 1 1.15 2.75 5.20
Aot =2 Cs (5K) 1 091 298 5.62
3T, Cu 1 8.47 1.41 267
Ag 1 5.86 1.60 302
Au 1 590 1.59 3.01
Be 2 24.7 099 1.87
Mg 2. g.61 1.41 2.66
Ca 2 4.61 1.73 3.27
Sr 2 3.55 1.89 3.57
Ba 2 3.15 1.96 3.71
Nb i 5.56 1.63 3.07
Fe 2 17.0 1.12 2.12
Mn (x) 2 16.5 1.13 2.14
Zn 2 13.2 1.22 2.30
Cd 2 9.27 1.37 2.59
Hg (78 K) 2 8.65 1.40 2.65
Al 3 18.1 1.10 2.07
Ga 3 154 1.16 2.19
In 3 11.5 1.27 241
Tl 3 10.5 1.31 2.48
Sn 4 i4.8 1.17 2.22
Pb 4 13.2 1.22 2.30
Bi 5 14.1 1.19 2.25
Sb 5 16.5 1.13 2.14
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The basic assumptions:

1. The electrons in the gas are free = no forces act on the electrons between the collisions
(we neglect the electrostatic interaction with the ions)

2. The electrons in the gas are independent = we neglect the electron-electron interactions

3.  The collisions of the electrons are instantaneous events altering abruptly the electron
velocities; the velocity after collision does not depend on the velocity before it

4.  The electron gas is in a thermodynamic equilibrium with its surroundings; the distribution of
the velocities of electrons obeys the Maxwell-Boltzman statistics (classical statistic)

The probability than an electron experiences a collision in time dt is dt/t
7 is the relaxation time

DC electrical conductivity of a metal

o—

vdt
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Time-averaged velocity of an electron in an external electric field

A

Vv
ek el
v L ) =—E
m m
vV t
The Ohm law in a differential form: Electron mobility:
) ne’t _ __ea
j=oE,c= " (v)=HE, .
Mean free path /=1 <v2>
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ELECTRICAL RESISTIVITIES OF SELECTED ELEMENTS?

DRUDE RELAXATION TIMES IN UNITS OF 10 ' SECOND-*

ELEMENT 77K 273K 373K (~p—/z)—3—7ﬂ

(p/T)z73, ELEMENT 71K 273K 373K
Li 1.04 8.55 12.4 1.06 Li 73 0.88 061
Na 0.8 4.2 Melted Na 17 32
K 1.38 6.1 Melted K 18 41
Rb 2.2 11.0 Melted Rb 14 28
Cs 4.5 18.8 Melted Cs 8.6 21
Cu 0.2 1.56 2.24 1.05 Cu 21 21 1.9
Ag 0.3 1.51 2.13 1.03 Ag 20 40 28
Au 0.5 2.04 2.84 1.02 Au 2 3.0 2.1
Be 28 53 1.39 Be 0.51 0.27
Mg 0.62 3.9 5.6 1.05 Mg 6.7 1.1 0.74
Ca 1.43 5.0 1.07 Ca 22 1.5
Sr 7 23 Sr i.4 044
Ba 17 60 Ba 0.66 0.19
Nb 3.0 15.2 19.2 0.92 Nb 21 0.42 0.33
Fe 0.66 8.9 14.7 121 Fe 32 0.24 0.14
Zn 1.1 5.5 7.8 1.04 Zn 24 0.49 0.34
Cd 1.6 6.8 cd 2.4 0.56
Hg 5.8 Melted Metted Hg 0.71
Al 0.3 245 3.55 1.06 Al 6.5 0.80 0.55
Ga 2.5 13.6 Melted Ga 0.84 0.17
In 1.8 8.0 12.1 111 In 1.7 0.38 0.25
Tl 17 15 22.8 1.11 Tl 0.91 0.22 0.15
Sn 2.1 106 158 1.09 Sn 1.1 0.23 0.15
Pb 4.7 19.0 27.0 1.04 Pb 0.57 0.14 0.099
Bi 35 107 156 1.07 Bi 0.072 0.023 0.016
Sb 8 39 59 L11 Sh 0.27 0.055 0.036
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Temperature dependences of the resistivity
of metals

Temperature dependence of the conductivity of
a metal and a semiconductor
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Time-evolution of the averaged electron momentum p = m<v>

pt+dt)y=[p(t)+ th](l — gj + dt .0
T T

d—p:—£+F

ds T

.. EXPERIMENTAL THERMAL CONDUCTIVITIES AND LORENZ NUMBERS
Thermal conductivity of an electron gas  ©F SELECTED METALS

273K 373K
The Wiedemann-Franz Law ELEMENT K x/aT K x/aT
(watt/cm-K)  (watt-ohm/K?)  (wattjcm-K) (wati-ohm/K?)
K Li 0.71 222 x 1078 0.73 243 x 1078

L =—=const Na 1.38 212
ol K 1.0 2.23
Rb 0.6 2.42

Cu 3.85 2.20 3.82 2.29

. Ag 4.18 2.31 4.17 2.38

L is the Lorenz number Au W 732 31 236

Be 23 2.36 1.7 242

Mg 1.5 2.14 1.5 2.25

Nb 0.52 290 0.54 278

Fe 0.80 261 0.73 2.88

Zn 113 2.28 1.1 2.30
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Thermal Conductivity, &, (W m™ K1)

Thermal conductivity

450

Silver
400 -
Copper
300
Aluminium

200

Brass

100 -
| Platinum

I
Type 304 stainless steel ron ]
_._-——'_'_-___——_

| | 1
D200 © 200 400 600 80D

The temperature dependences
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This law was explained within the Drude model:

The density of the heat flow Jo =—kVT

The one-dimensional model:

v

A A X
v v

high T low T

Jo ® %nv[f(T(x—vr))—E(T(x+vr))]

since <v§> = <v§> = <v22> = §<v2>, n o =Cr we obtain in 3D: i, = —%vzrcVVT, K= %vzrcV
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1 3
since ¢, :%nkB and —mv” = EkBT we obtain

kK 3

2
L= = E(k—B) ~1.11x107° WQ/K? factor 2 is missing!!!
e

Thermoelectric figure of merit: ZT= S?/L=TS?c/x

Including the lattice

Temperature (°C)

2 2
S To-el S 10-2 1 L ? L L L L 50|O L L L L 1O|OO 1
ZT - == K 3 Big.ssSbg 12
Kel + Klatt L 1 + tlatt —_ BizTez7Seos
Kel ‘Tx AngmeTezo
t{ ZT=21
o 3 _
2 1073, _ -
- ] Ce N
o ] SiGe  zr24]
3 1zr=01 ]
2 l T SrTipsNbo2Os (3D)
10" ———————— et
0 500 1000 1500

Temperature (K)

From H. Ohta, Materials Today 10, 44 (2007)
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AC conductivity of a metal - optical properties of an electron gas

E(t) =Re(E(w)e™)

We suppose the solution of the time-evolution equation for p in the form  p(#) = Re( p(@)e‘i“’f )
p(®)

(the Fourier transformation of the equation)  —1wp(®) = B eE(m)
2
If j(z)=Re(j(w)e™™) weobtain Jj(®)=c(0)E(®), o(w)= %ZM, G, = ”;T

But:
+ can we neglect the magnetic force? Yes, since F,,, / fy =v/c
« can we neglect the space inhomogeneity of the electric field? Only if / << A If this is not fulfilled,

a non-local approach must be used

OB oD

The Maxwell equations: rotE = 7 rotH = P +j,divD=p,divB=0,B=u,H, D=¢,;E
Two models: o’
1.electrons invacuum: e=1,620 —AE(0)=— E(®)+iopn,cE(m)
& 2
. . ®
2. a homogeneous continuum without free charges: €>1,6=0 —AE(®) = —&(0)E(®)
.o(o 1 o©
Thus: €(®)=1+1 ( ):>8((D)=1+ R
0Eg, og, | -107
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The plasma frequency: S ne
N
€,M
2_2 2
T ™, T - L
-1-—2 + P normal-incidence reflectivity
el 2_2 1 2_2
l+o't o(l+o't7)
2
Long relaxation times: 5 _
: e(w) —1
8(60)—)1—& R(o)= )
2 e(w) +1
o
2 14
15} 1.2
T > @)
1t L w =3)
;‘Eo.s
2os 8
& 06}
0
0.4}
05 0.2
-1 .
0 . 2 25 3
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Metal Valeney N wp/2m Ap

( lu'-*"-‘- m~3)  (10'*Hz) (nm)
Li (TTK) 1 4.70 1.05 154 1=
Na (5K) 1 2.65 l.46 205 e T T T T T T T T T —
K (5K) 1 1.40 1.06 282 T
Rb (5K) 1 1.15 0.96 312 'E — free electrons Ay
Cs (5K) 1 0.91 0,56 330 E‘r i
Cu 1 8.47 261 115 p 03
- =
Ag | 5.86 2.17 138 @ - Al
Au 1 2.90 2.18 138 o
Be 2 24.7 4.46 67
Mg 2 8.61 2.63 114 - - ! -
Ca 2 4.61 1.93 156 0 2 10 15 20
Al 3 15.1 3.82 T4 Photon energy (eV)
The plasma frequency is the frequency of free oscillations of the electron gas
o . .. Op . .
Continuity equation  divj = > = div j(®) =10p(m)
- : .. c(®
The Gauss law: div E =2 = div j(e) =2 ()
€, €,
The frequency of the charge eigenoscillations is
. 0™
1+1 ( ):O:>c0:o)p(forr—>oo)
0E,
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Simple interpretation of the plasma frequency

elektronovy plyn

gvramé sila

nepohyblivé ionty

The force from the cations acting on a single free electron :
2

F=-Xx—o
€o

Equation of movement of the electron

d’x ne’
m—-+ X=0
dt® ¢,
The resonance frequency
n€2
o =" = o cn
me,

The dispersion relation for the electromagnetic field
in the electron gas

2
c’k? ),
e(@)=—F=1-—
Q) @
k=0 -
p 0 .
0 1 2 3
kclcnp
An evanescent wave for ® < ® »
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Electron energy loss spectroscopy

a b
ficZiB Zero loss
(~10 meV)
Detector - Inner-shell loss 4— |nner-shell loss
Direct Beam of atom A
— of atom B
HAADF Detector \
Scattered Beam
Post-Specimen :\j\f% A
Lenses ! A & |
- L =
o e — >
Sample \ ; Energy loss (eV)
\ : EE_LS I
3l Objective Lens A EELS : EXELFS
Plasmon :

Aberration
Corrector

cFEG ZLP

Condenser
(~300 meV)

Lenses | Conduction bands

Electron Gun

Hachtel, Jordan A., Scientific Reports | (2018) 8:5637 | Potential
DOI:10.1038/s41598-018-23805-5
Atom A atom B ALOM A Atom B
http://www.globalsino.com/EM/page4780.htm|
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Classical Hall effect HALL COEFFICIENTS OF SELECTED ELEMENTS
IN MODERATE TO HIGH FIELDS®

T B METAL VALENCE —1/Rnec

L 1 0.8

Na 1 1.2

K 1 1.1

.0

F Rb 1 1

/ Cs 1 0.9

Cu 1 1.5

Ag | 1.3

Au 1 1.5

|I Be 2 -02

| Mg 2 —-04

In 3 —0.3

Al 3 —0.3
- : 1
eE, =F =eBv, j=nev=E_, =RjB,R=——
ne

using the equation of movement :1_1) __P.r F__ee-eP«B
t T m

Stationary state: ap, =0, p,=0 We obtain E, =— 1B =Rj,B
dt g ne

The sign of the Hall constant R depends on the sign of the charge carriers

Introduction to Solid State Physics, 184
version 2



Electric conductivity is a tensor Vi OV, = _ € E, where ®, = ﬁ
_— T m m
Jm - can En
Vy
—+o\V, =-—E,
T m
Vv
2 =-_"E,
T m
(@) o, ,.T
Then ©Ox =0 > == = — =GOy

:—’(5
Yo l+ (1) Y

The longitudinal conductivity is independent
from the field B, however it has been
discovered in 1930’s that above a critical
field B, oscillations in c,, appear in 2D
systems — Shubnikov deHaas effect (SdH).
Stair-case dependence of the Hall
resistance r=r,,=U,/l on B in 2D systems
is explained by the quantum Hall effect
(QHE)

Introduction to Solid State Physics,
version 2
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The Sommerfeld model

Obvious discrepancy: the Wiedemann-Franz law can be explained withing the Drude model (except
the factor 2) but the thermal capacity for one electron (3/2 kg) is too high!!

Explanation: Fermi-Dirac statistics instead of the classical Maxwell-Boltzmann statistics
all the other assumptions of the Drude model are still valid

The ground state of an electron gas

Independent and free electrons = an one-electron problem
2

—;—Vzw(r)= Ey(r)
m

How to choose the boundary conditions? We do not consider the surfaces, we investigate only the
bulk properties. Therefore we choose periodic Born-von Karman boundary conditions

VX, y,z2)=y(x+L,y,z)=y(x,y+L,z) =y(x,y,z+ L)
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: 1 .
plane-wave solution v, (r) = We”‘ "V =L3is the volume of the Born-von Karman region

From the boundary conditions, the possible values of k follow:

k =2—nn

Yoy.z 7 vyzo My are itegers

The one-electron eigenstates create a simple cubic lattice in reciprocal space with the lattice
parameter 2m/L

The energy eigenvalues h?k?
Ek -
2m

The functions ,(r) are the eigenfunctions of velocity and momentum with the eigenvalues

hk
Vg = E:Pk = hk
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In the ground state, all the single-electron states with lowest possible energy are occupied by 2
electrons with opposite spins. The occupied states occur in a sphere, the radius of which is the
length of the wave vector of the highest-energy occupied state (the Fermi radius)

or k.

_On/4)"” 192

Neo. ink;
2£ 3

L

=k, =(3n°n)"”

ke is in the order of few A

v

N

The Fermi energy:

The Fermi velocity:

rS
E hzk;?l 50.1 eV
F=™ om ~ (T_S)z
ap
6 : 3k, T
hkp 4.2x10°m/s  Forroomtemperature: v, >>
vF = m =~ & m
ap
4
The Fermi temperature: & _ - 7~ S82x107K
F BYF 2
(rs /aB)
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FERMI ENERGIES, FERMI TEMPERATURES, FERMI WAVE VECTORS, AND
FERMI VELOCITIES FOR REPRESENTATIVE METALS"®

ELEMENT r,/q, Ep T: ke Up
Li 325  474eV 551 x 10°K 112 x 108cm™!  1.29 x 10® cmy/sec
Na 393 324 377 092 1.07
K 4.86 2.12 246 0.75 0.86
Rb 5.20 1.85 2.15 0.70 0.81
Cs 562 1.59 1.84 0.65 0.75
Cu 2.67 7.00 8.16 1.36 1.57
Ag 3102 549 6.38 1.20 1.39
Au 301 5.53 6.42 1.21 140
Be 1.87 143 16.6 1.94 225
Mg 2.66 7.08 8.23 1.36 1.58
Ca 3.27 4.69 544 1.11 1.28
Sr 357 393 4.57 1.02 [.I8
Ba 371 164 4.23 098 1.13
Nb 307 5.32 6.18 1.18 1.37
Fe 212 11.1 13.0 1.71 1.98
Mn 214 109 127 1.70 1.96
Zn 2.30 9.47 10 1.58 1.83
Cd 259 147 8.68 1.40 1.62
Hg 2.65 7.13 8.29 1.37 1.58
Al 207 117 136 1.75 2.03
Ga 219 104 12.1 1.66 1.92
In 241 8.63 10.0 1.51 1.74 .
Tl 2.48 8.15 9.46 1.46 1.69
Sn 222 102 118 1.64 1.90
Pb 2.30 947 110 1.58 [.83
Bi 2.25 9.90 11.5 1.61 1.87

214 109 12.7 1.70 196
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The total energy of the ground state of the electron gas is

h2k? L \* h2k? h2k;
E=2 ~2 | &k(5) 5=
z J A"k 21w/ 2m VlOnzm

k<kp

Mean energy per one electron 5

EIN=2

In the Drude model we obtained
E/N =3k, T <<3k,T,

States of an electron gas at T > 0K

The Fermi-Dirac statistics:

Probability of finding an electron in an one-electron state i of a N-electron system at temperature T:

f= |
P GEmRT ]
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The chemical potential follows from the normalization condition:

3=

1 — 0K
— 300K
—— 3000 K
0.8f
~ 0.6}
0.4}
0.2f
O 1 1 L 1
0 5 10 15 20 25 30
E (eV)
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For T>0 we obtain -~ » _ Hor &, <p thus Im, ,u=E.
0 for £, > p

Let us calculate again the total energy of an electron gas

4
E= 22](}‘@" ~ 4—7_€,J.d3kﬁc£k
k

Since f(k)=f(E(k)) E= VTdfj 2(E)f(E)E

m omE 3 n [(E\Y?
where E) = _ (= . :
g(E) @ 7 2E, ( EF> is the energy density of one-electron states
(&) = number of states with the energies € (E,E+dE) t 9(%)
s Ve
Introduction to Solid State Physics, 192

version 2



Two-dimensional electron gas:
How many one-electron states have the energy between E and E+dE?

coccce il QR oy ) 2mkdk mLZdE ) 1dN m
424 4 N = = = =—=—== = const.
S ‘e (2m/L)? mh? J [2dE  mh?
B :
:tt\ E—
CCLLLLLL TR L -u
Co0OooOooOOCOCCECOCEOCEPEOEOCECCVOLOUO LI “I SR SR S Sl Sl ¥ g
5! oD
low b 3D
dimensional = 2D
structures k5
: : : 1D
One-dimensional electron gas:

2dk 2Zm 1dN  v2m energy
L dE = g(E) = -

dN = 2—— = —
(2m/L) ThVE LdE mhVE
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Back to the calculation of the total energy in a 3D gas:

normalization: _ % = I dEg(E) f ()
0

The integrals for E and n can be calculated only numerically. If the temperature is not too high,
one obtains:

u=—~-nk, I (k T) g(E,),

W~E, 1_1 TCkBT
3\ 2E;

specific heat of the electron gas is

ou T’ KgT 1 2
= — | =—_2_nk. = T,v==(mk E Y~m*
[aTjn 2 g e =T 3(7c s ) g(E)~m

within the Drude model

3
e, = Znk, >>c,
2
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SOME ROUGH EXPERIMENTAL VALUES FOR THE COEFFICIENT
OF THE LINEAR TERM IN T OF THE MOLAR SPECIFIC HEATS
OF METALS, AND THE VALUES GIVEN BY SIMPLE FREE
ELECTRON THEORY

FREE ELECTRON ¥ MEASURED Y RATIOA
SRS (in 10~% cal-mole~1-K~?2) (m*/m)

Li 1.8 42 23
Na 26 3.5 13
K 4.0 47 1.2
Rb 4.6 58 1.3
Cs 53 7.7 L5
Cu 1.2 1.6 L3
Ag 1.5 1.6 1.1
Au 1.5 1.6 1.1
Be 1.2 0.5 042
Mg 2.4 32 1.3
Ca 36 6.5 1.8
Sr 43 8.7 20
Ba 47 6.5 14
Nb 1.6 20 12
Fe 1.5 12 8.0
Mn 1.5 40 27
Zn 1.8 1.4 0.78
Cd 23 1.7 0.74
Hg 2.4 50 2.1
Al 22 30 1.4
Ga 24 1.5 0.62
In 29 43 1.5
Tl 31 3.5 1.1
Sn 33 4.4 13
Pb 3.6 70 19
Bi 43 0.2 0.047
Sb 39 1.5 0.38
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Consequences to the transport properties:

mean free path [ = VT >> ] Prude

2 Drude 2
the Wiedemann-Franz law: & _ 7T (kB j - (L) _3 ( ky j
ol 3 ol

Only the electrons at the Fermi surface do contribute to the electric or heat transport.

m<v>/h "

> |«

(v) << vy
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Pauli paramagnetism of free electrons

Spin magnetic moment of electron: Mg = —Q, 15 S .

g <€) \

In an external magnetic field B the magnetic spin moments are either parallel or
antiparallel to B. The interaction energy with the magnetic field is

E=—-m..B=Fg,1;S.B=+21;S.B

Resulting magnetization: M ... = gougS(Ny —N; ) = pg (N, —ny)

Populations of spin-ups and spin-downs:
Er —1gB

nT_n¢:§ j dEQ(E) ~ 9(E, )1 B

Er —HgB
Mpara = Hng(EF)B = Ho“zsg(fp)H
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Pauli susceptibility

External magnetic field interacts also with the orbital magnetic moment of electron, leading

xX= “o“zsg (E)

to a diamagnetic contribution (Landau diamagnetism)

M,,=—=M Paramagnetic
S susceptibility [10-5]

so that the total suceptibility is Eeo 47120
2 , N Pt 26

x—guousg(ﬂip) = Holla - " o5
Cs 5.1

The susceptibility is independent of the temperature, Al 2.2
paramagnetism of atoms is temperature dependent Li 14
Mg 12

Na 0.72

1
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V.2. Electrons in a periodic crystal field

Electron gas in a periodic crystal field — the electrons are independent but not free = the many-
particle wave function is a direct product of one-particle wave functions

N
Y(r,s,....,1y,8y) :H\V(rj)X(Sj)
j=1

We do not consider the spins, i.e. we solve the one-particle Schroedinger equation

hZ
_%Alp(r) + U(r)yY(r) = EY(r)

The potential energy is periodic, i.e.

U(r)=U(r+R), R=na, +n,a, +n,a,
It can be expressed in the form of the Fourier series

U(r)= ZUgeig'ra g=gb +g,b,+g;b,
g
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The solution of the Schroedinger equation is the Bloch wave
\ljnk (r) — elk.runk (r)9 unk (r) — Zunkgelg.r o \llnk (r + R) — elk.R\I!nk (r)
usually, £ €1* BZ, n s a positive integer (index of the energy band)

Proof of the Bloch theorem:
Let us define the translation operator le/,(r )=y(r+R)
Then TRﬁw = TRElp — ETRlp;

hZ

ATy = — %Al/)(r +R)+ U+ R)yY(r+R) = ETzy(r)

and therefore '|°R'|°R, :'fR+R,, ['|°R H]=0
The Bloch waves are the eigenfunctions of 'fR and H simultaneously
Hy=Ey, Tey=c(R)y

1X

Then c(R+R')=c(R)c(R') and we can always write c(a;) = e’™ and

c(R)=e"" k=xb, +x,b,+x,b,

and thus T=c(R)y=e*Ry qed.
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Born-von Karman boundary conditions
w(r)=w(r+Na)=w(r+N,a,)=y(r+N;a,)
The Born-von Karman region contains N;N,N, unit cells

3 m.
Possible values of kare k=) "b, F]

j=1 j

Usually, we choose k from the 15t BZ. If we choose k from the 2" BZ, for instance, then
k=k'+g k'el* BZ

and Wnk'(r) = eigf\""nk (l") = eik‘runk (,,)eig-r - eikfl/l'nk (l")

If we do not choose k from the 15t BZ, then we do not need the band index n.

The number of one-electron states in the 15t BZ equals the number N, N,N; of the unit cells in
the Born-von Karman region

Introduction to Solid State Physics, 201
version 2



Putting the Bloch wave into the Schroedinger equation, we obtain

- h?
Hitnie(r) = |5 — (=1V + k)*+U (1) | tpe (1) = Ep (R)un (1)

The solutions of this equation are indexed by the band index n. (k.p method)
If we allow k to range through all the k -space, for given n,
E,(k+g)=E,(k),V,,. ., (r)=y,(r) (repeated band scheme)

Comments:

1
1. hkis the pseudo-momentum v, (k) = P Vi E, (k)

2. the mean velocity of the electron in state nk is

This is a contradiction to the Drude model, in which the mean velocity is zero!!
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Fermi surface

Insulators, intrinsic semiconductors: completely filled and completely empty bands at 0K
Metals: partially filled bands at 0K

Equation of the Fermi surface: & (k) =E,

Density of states

Total energy of the electron gas

E=2) > fuE <k>~— > [ &k [, (k) = Vj dE f(E)g(E)E

n kelBZ n 1BZ

The density of states g () = Z g (E) = Z— j I’k SV(E-E (k))
47

1BZ

number of states in band » with the energies & € <£, E + d£>
VdE

g,(E)=
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1* Brillouin
zone

1
g (E)NE=_— [d'S| k]
Sy (E)
d’s
Vi, (k)]

gn(f)i%IS |

S, (E)

f V,E (k)=0 | the slope dgg (%) diverges — van Hove singularity
E

Bands diagram and density of states of Silicon

£,(8) !
......_::‘:/-
| D\> dl
‘t T t 1 tepoints Density of states
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How to solve the one-electron Schroedinger equation?
Several methods, we discuss

1. Nearly-free electron method

2. Tight-binding method

Nearly-free electron method

We look for the solution of the Schroedinger equation in the form of the Bloch wave
\If(”) _ eik.ru(r) _ Zugei(k+g).r

We express the potential energy using thi, Fourier series
U(r)=> U,e*"

We obtain an infinite system of linear algebraic equations for the coefficients u:

hZ
2 § —
<2m|k+g| B > 9temgr =

This system can be solved, if we limit the number of terms in the expression for y(r)
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The simplest case — empty lattice U, =0

The condition for the existence of a non-trivial solution « .7 0

hZ
= — 2 ke lstBZ
E4(k) 2m|k+g| ,k € 1st

i ' i
3" Bz 2Mpz 14 BZ 2 pz 3By
1D case - periodic chain of atoms: i i i |
s s :
all bands are non-degenerated § §
k
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/L1987
1% B7

k—>l[100] | | | k—>l[111]

3D case — cubic lattice; some bands are degenerated
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pty lattice



=N W N

Electrons per unit cell

fcc empty lattice — the numbers of the dots in the lines denote the degeneracy
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Another simple case: cosine-like potential

U 1Gx -1Gx 27[ .
1D case: U(x)=U, cos(Gx)ZTO(eG +e¢ ),Gz— Seminar
a
SX Sy
<
k g( k)
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band
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band
Forbidden band|
Allowsd'Band . & N, NI IR IR~
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Peierls distortion

the total energy is reduced!!

= spontaneous metal to insulator transition (visible at low temperatures)

Lattice points

0—0—0—0—0—0—0—0

a8 '@ '@ @ iTam iTa i oa s

: ; ' : : : : Lattice
: : distortion
AN AU AN

® @ O_O @, @, @ @
Form a pair

a a a+d a-o

e © o o o o o e o e o e o e o
-nla Y na -ta -n2a 5 n2a wa

Wavevector k Wavevector k

(b)

electron density

orlglnal
(uniformly spaced)
ion positions
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Atomically resolved STM topographies (10 nm x 10 nm) of doped NbSe,, showing a hexagonal
lattice and triangular impurities. (a) Topography taken at temperature below the CDW transition.
The CDW is well defined and has a three-atom periodicity. (b)Topography taken at a temperature
above the transition temperature. Above the transition the long-range phase coherence is broken
and the CDW is pinned to impurities.

http://hoffman.physics.harvard.edu/research/STMresearch_replaced_2014_06_12.php
Anjan Soumyanarayanan et al., PNAS 110,1623-1627 (2013).
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3D case - simple cubic lattice:

Ur)= %[COS(GX) +cos(Gy)+cos(Gz)], G = 2_75
a

The crystal field removes the degeneracy

15 0 05
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Along the line in the 1st Brillouin zone: /

4

""""""""" <7 NN S
| RS

i —
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Neighborhood of a boundary of the Brillouin zone

We consider only 2 terms in the series W(r) = e*"u(r) = Zugei(’”g)-r
8

Semi
WeputU,=0and U _=U* eminar
2
- 2 _ * —
<2m Kl E) Uo + Ugtg =0 We investigate the neighborhood of the
52 boundary of the 15t BZ:
<%|k+g|2—E>ug+Uguo=0 kz_g/z
We obtain
E(k) = L[, (k) + Ey(k + g)] £ [ E, (k) — E, (k + )+ | U, I
where
h2k?
Eq (k) = om
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At the Brillouin zone boundary
I ‘\E
hZ g\ ' |
| /. Vi (k) ~ — (k + E) if By (k) = Eo(k + g) | o
20 -. / |
| Y A 21V
e | AT
= F 0§ F&
G=4t

-g/2 | k

At the Brillouin zone boundary, the gradient of the energy is parallel to the boundary
= the iso-energetic surfaces are perpendicular to the Brillouin zone boundaries

The eigenfunctions: Iy, () Poc] cos(gr/2) | for £ =E,(g)+ U,
v, (1) Poc]sin g/ 2) P for & = &,(2)~U,
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Qualitative construction of the Fermi surface — 2D quadratic lattice Seminar

1 ;  © | © | ©
N k,=—~2nZ Z=ln=1 | | |
a o - :

) 4 dh

/4

///'\\
-

Z=2,n=1 Z=2,n=2
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Z=4,n=1

X X X X

Z=4,n=3 !XX! Z=4n=4 ®

XX

/Z=4,n

=2
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Fermi surfaces, 3D lattices

bec lattice fcc lattice

1stBZ

2" BZ

3 BZ

(a) (b)
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21 BAND 3rd BAND 4™ BAND

N /
Ny g

VACENCE 2
@ http://lampx.tugraz.at/
VALENCE 4 \
fcc lattice, the Fermi surfaces for Z=1,..,4.
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Examples of Fermi surfaces:

Alkali metals: The radius of the Fermi sphere in bcc alkali metals is
less than the shortest distance from the center of the zone to a zone /
face and therefore the Fermi sphere lies entirely within the first Brillouin /~
zone. The crystal potential does not distort much the free electron %
Fermi surface and it remains very similar to a sphere.

\/

The noble metals: The Fermi surface for a single half-filled free cu
electron band in an fcc Bravais lattice is a sphere entirely contained

within the first Brillouin zone, approaching the surface of the zone

most closely in the [111] directions, where it reaches 0.903 of the /\§
distance from the origin to the center of the hexagonal face. For all -y
three noble metals therefore their Fermi surfaces are closely related \ /]
to the free electron sphere.
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The cubic divalent metals: With two electrons per primitive cell,
calcium, strontium, and barium could, in principle, be insulators. In the
free electron model, the Fermi sphere has the same volume as the first
zone and therefore intersects the zone faces. The free electron Fermi
surface is thus a fairly complex structure in the first zone, and pockets
of electrons in the second. The question is whether the effective lattice
potential is strong enough to shrink the second-zone pockets down to

zero volume, thereby filling up all the unoccupied levels in the first zone.
Evidently this is not the case, since the group Il elements are all metals.

Calculations show that the first Brillouin zone is completely filled and a
small number of electrons in the second zone determine the non-zero
conductance.
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Trivalent metals: The Fermi surface of aluminum is close to that of the free electron surface for
fcc cubic monoatomic lattice with three conduction electrons per atom. The first Brillouin zone is
filled and the Fermi surface of free electrons is entirely contained in the second, third and fourth
Brillouin zones. When displayed in a reduced-zone scheme the second-zone surface is a closed
structure containing unoccupied levels, while the third-zone surface is a complex structure of
narrow tubes (see above). The amount of surface in the fourth zone is very small, enclosing tiny
pockets of occupied levels. The effect of a weak periodic potential is to eliminate the fourth-zone
pockets of electrons, and reduce the third-zone surface to a set of disconnected "rings" (above).
Aluminum provides a striking illustration of the theory of Hall coefficients. The high-field Hall
coefficient should be 4 fle(n, —ny)],

where n, and n;, are the number of levels per unit volume enclosed by the particle-like and hole-
like branches of the Fermi surface. Since the first zone of aluminum is completely filled and
accommodates two electrons per atom, one of the three valence electrons per atom remains to
occupy second- and third-zone levels. Thus n,3 +n,(3) = n/3

On the other hand, since the total number of levels in any zone is enough to hold two electrons
per atom, we also have  n,® +n,;,® =2n/3 =2 n,® —n,® = —n/3

Thus the Hall coefficient should have a positive sign and yield an effective density of carriers a third
of the free electron value

From https://unlcms.unl.edu/cas/physics/tsymbal/teaching/SSP-927/index.shtml
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Comparison of the results of the Kroning-Penney model (blue) with the nearly-free electron
method (red) with various numbers of the plane-wave components; U, = 5eV, a = onm,
b =0.1nm, only the lowest bands are shown

2 T T T 2 L T == w—

I Iy hete T |
15 ¢ 1 15+ 7 1
M
o e —— o ]
T 1) LB
w I ——— | w . —— |

05} . 05 —m—mmm ™ —/——————— 1

0 0
-0.5 0 05 -0.5 0 05
k (1/nm) k (1/nm)
2 : : : 2
15} 7 1 151 7
ﬂ ————m
- e — - R —
3 1 3 1
w e ——— w e —
I R
o5} b —— —— | o5 L — ———— ||
0 0
-0.5 0 05 -0.5 0 05
k (1/nm) k (1/nm)
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Tight-binding

Allowed band5<

e

method

2s quantum stats

Forbsdden band

x 15 cuantum state
T ———
/

Lattice constant

Conduction bands
from the p antibonding
orbitals

Conduction bands from
the s antibonding
orbitals

14

Valence band from p
bonding orbitals

Valence band from s
bonding orbitals

Evolution of the atomic s and p orbitals into valence
and conduction bands in a semiconductor with
tetragonal bonds (after Yu & Cardona)

The eigenstates of an isolated atom lying in origin:

I/'iatgon (T) = ELon (T)

If the crystal hamiltonian H differs from H,, at distances, where ¢,(r)= 0, then a superposition of
functions ¢,, centered around different atoms is a good approximation of a full solution. In order to
keep the translation symmetry (the Bloch wave!!) we perhaps could choose

V() =2.8"%p,(r-R)
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A better choice that accounts also for degenerated atomic levels, is
v, (r) = ZR:e‘k'Ran(bn (r-R)=|k)= ZR:e""Ran |Rn)
where b, are unknown constants. This function obeys the Bloch theorem.
We also denote H=H_+4U(r) and H|k) = E(k)|k)

The Ritz variation method; we minimize the functional

<k |:| k> ;bnbmHnm
E(K) = = -
<k‘k> anbmsnm
The condition for the minimum is af* _ n,m
ob

From which we get z bulHpm — E(K)Spm] = z b,A,m(k) =0 foreach m (free index)
n n

We have denoted

A () = )" ek EFO[(Rm|B[Rn) — EGR)(R'mIRn)] = N )" %R [(Rm||0n) — £ (e)(Rm|0m)]
R R/ R
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Anm (k) = N{Eqr — EWD][8nm + anm ()] = Brnm — Ynm (k)3

where

HaclR1) = Eq¢ IRN) () = ) ei*R(Rm|0n)
R+0

B = —(0m|AU|On)  Yam(K) = — z ekR(Rm|AU|On)
R+0

Special case: a s-band only one term in the sum an

Then

B+ylk)
1+ a(k) ~

= const — Tpao e* Ry (R)

£ = &, — €., — B —y(k) = const + Z ekR(R|AU|0) =

R+0
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Simplification: we include only the nearest neighbors in the sum Z
R+0

Since the nearest neighbors are crystallographically equivalent,
E(k) = const —¥ Ypecnn) elk-R

effective mass in point I':
hZ
B 2ya?

%

m

Simple cubic lattice: (k) = E —p—2y[cos(k,a)+cos(k,a)+ cos(k,a)]

r

r kx M
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feclattice:  E(k) = E, —B —4y[cos(k,a/2)cos(k,a/2)+cos(k,a/2)cos(k.al2)+
+cos(k.a/2)cos(k.al?2)]

effective mass in point I": ' ——
hZ
me= 2ya?
z &

Introduction to Solid State Physics, 230
version 2



a p-band: three terms in the sum b,

The dispersion relation:
det[Aym (k)] = det{[Eqr — ER)][Enm + anm(k) — Bam — Ynm(K)} =0

we choose  |On) = x,f(r),x, = x,y,z %

simple cubic lattice, nearest neighbors only:

((0,0,0)p,|AU|(a, 0,0)p,) = ¥1,{(0,0,0)p, ,|AU|(a, 0,0)p,,,) = v>

Then from symmetry it follows:

Y. 0 0 Y, =2[y,cos(k.a)+7v, COS(kya) +7, cos(k,a)],
By=Boy,v;= 0 v, 0 v, =2[y, cos(k,a) +v, cos(k,a) +7, cos(k.a)l,
0 0 v, Y. =2[y, cos(k.a)+v, cos(k,a)+v, cos(k.a)]

The 3-fold degeneracy is removed: £, _(k)=E, —B-v, .
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Graphene:

Each C atom has a free p, orbital [R), the orbitals p, and p, are used in the sp? hybridized bonds

The LCAOQ test function can be written in the form

k) = ) e [e;|R) + c,|R + )

R
where d = (a, + a,)/3 is the position of the 2" atom in the cell

For the unknown coefficients ¢, , we obtain the equations

( e —E(k) —t [1 + exp(—ik.a,) + exp(—ik. az)]> (cl) _ 0
—t [1 + exp(ik.a,) + exp(ik.a,)] c—E(k) C2/)

where & = (0[|AU|0),t = —(0|AU|d)
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therefore

V3 1 1 2
E(k)=¢+t |1+ 4cos Tkxa cos Ekya + 4 |cos Ekya

18t Brillouin zone
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Another example - MoS,:
MoS,: direct bandgap, large mobilities, spin-valley correlations due to LS coupling

Lattice: 1BZ: DFT calculation:
y
v 40
M 2.0 I
s - direct ban %gap

Let r; denote the Mo atom location in the ith unit cell.
Following Cappelluti and collaborators [27, 28], we consider
a tight-binding model with five d orbitals in the Mo atom,
namely,

|l'!‘:_ d{)) = |d3:3—r3>v |1';: dl) = |dxz__‘2}.
Iri: da) = |dyy). Irids) =|dy). |riids) =|d,y;).

and six p orbitals for the S atoms, three for the top 7 (+) and E Ridolfi etal., J. Phys. Cond. Mat. 27,365501 (2015)

three for the bottom b (—) layers,
i+ 812:p) = 1py"). o+ 812:p) = 157,

i+ 61.:p3) = |Pf~fb>-
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S

2

— % .| i——— o
1.0 3
(N —— ;

' Q K M r
Comparison between the band structures obtained with
the DFT-HSEO6 (blue squares) and with the optimized

tight-binding model using the parameters from the CB-
VB optimization (red circles) near the gap region.

3.0 3% < E

% 2.0 g :
1.0 34— ’ :
003

' Q K M r
Comparison between the band structures obtained with
the DFT-HSEOG6 (blue squares) and with the optimized

tight-binding model using the parameters from the VB
optimization (red circles) near the gap region.
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Group IV semiconductors: from the Cardona textbook:

2
or L
3 -
T 2t
> x, ==
; -4 r Elmin
fu
i
Ll
-8
-10 | Ly
~-12 F
L I
12 0.8 0.4

Density of states
< [states/eV atom]

Fig. 2.24. The valence band structure and density of states (see Sect. 4.3.1 for definition)
of Si calculated by the tight-binding method (broken curves) and by the empirical pseu-
dopotential method (sofid lines) [2.19]

o 1 LL.—a r —12
5 -? N L5~ B 8 E
= - =3
= &
ﬁg ~ T L'k_’ B —4 QE
o \ ¥
& E ~ = Ly 0 E
O L]
L3’1-" [sa}
3 "a 1 - 14
=1
=
; -% ~ Ly - -8
foe K
= -12
L r X KU r L A T A X KU b} r L I X KU r
{a) LCAO Bands {b) True bands (¢} Free-electron bands

Fig. 2.25. A comparison between the band structure of Ge calculated by (a) the tight-binding method. (b) the empirical pseudopotential
method, and (¢) the nearly free electron model [Ref. 2.18, p. 79]
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Stoner model for band ferromagnetism

° I Spin-dependent electron energies

£, (k) = E(k _%M

N — o
[ a
ir s-electrons
O i
- /"///,.4 Py
o
Z 7 o
v

Energy (eV)

| = E(K) - A

Ei(k)zf(k)+%(n¢—;nT)l (k) + A

| |...Stoner parameter describing the electrostatic
o £ 0 repulsion of the electrons with opposite spins in the
| same state (the Hubbard model)

| | ! Difference in electron populations
‘ n,—n —ELA—EQ(E )A
B YT e 270

+« Density of states —

At T=0K, the criterion for ferromagnetic ordering is I.g(Eg)>1

Where g(E;) is the density of states normalized per one electron
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4
3
~ 2
bce Fe is ferromagnetic, g
fec Ni is ferromagnetic &
z 4
= 3
2
1

Calculated magnetic properties of binary alloys between Fe, Co, Ni, and Cu

P. James
Condensed Matter Theorv Group, Physics Department, Uppsala University, S-75121 Uppsala, Sweden

O. Eriksson
Condensed Marter Theorv Group, Physics Deparmment, Uppsala University, S-75121 Uppsala, Sweden
and Theoretical Division and Center for Materials Science, Los Alamos National Laboratory, Los Alanos, New Mexico 87545
B. Johansson and I. A. Abrikosov

Condensed Matter Theorv Group, Physics Department, Uppsala University, S-75121 Uppsala, Sweden
(Received 11 May 1998)
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Fe: weak ferromagnet

bee Fe

spin up

density of states [eV"' spin” atom |

spin down

45 5.0 25
energy [eV]

Co: strong ferromagnet

hep Co

spin up

0.0

0.8

density of states [eV" spin”atoni”]

=1.6

spin down

=10.0

T T T T T
=1.5 =5.0 =2.5

energy [eV]

0.0

T
25

version 2
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Comment on electron-electron interactions

Many-particle wave function W(ry, s4, ..., 'y, Sy) IS a solution of the many-particle Schroedinger

equation
1y e
|T] _rkl

N
ﬁLP=E ——Alp Ze? E
. [ € |R—r]|
]:1 -';tk 1

It is impossible to solve this equation and one has to find suitable approximation(s). One possible
approximation is to replace the electron-electron interaction term by an effective potential:

U(r) — Lon(r) + Uel(r) = —Ze? 2 der/ Q(r’)

[r—17|
N

where o(r) = —e z [Y; (r)|? isthe charge density calculated from the one-electron wave
j=1
functions. From this we obtain the one-electron Schroedinger equation (the Hartree equation):

R—7|

Ille( I?

hz
_%Ajlpj(r) + Uion(r)l/)j(r) + ezjdgr’ |T' T'|2 l/)]( r) = ¢ l/)J(r)

This equation is nonlinear and can be solved by iterations. The equation contains a non-physical

termj = k. _ : :
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In the Hartree equation, the many-electron wave function is replaced by a product of one-electron
wave functions

N
LP(Tl, S1, -, Ty SN) - 1_[1,01(1”], S])
j=1

However, this function does not obey the Pauli principle. The simplest generalization of the Hartree

approach is the Slater determinant obeying the Pauli principle
1t electron in position (7, s,)

Y1(ry,51) ,@Vh(rN—p Sn-1) Y1(rn,sy)
Y, (ry,51) 2(T2,52) "'1/{_2_(7'N—1:SN—1) Yo (ry, Sy)

Yn(ry,s1) Yu(rasz) ---1/;1;1(rN—1»SN—1) Yn(ry, Sn)

‘P(rl, S1y TN SN) —

The Slater determinant is used for the calculation of mean energy:

(¥[|H|w)

€)= )

From the condition of minimum mean energy the Hartree-Fock (HF) equation follows:
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Electron-electron Coulomb repulsion

2

_%Ajlp]’(‘r) + Uion(r)lpj(r) + |2 j d37

I 2GRl
T | i)

k=1

N %, '
M s W)

r—17|

AN

Electron-electron exchange interaction

The nonphysical terms j = k cancel mutually. Relatively simple solution of the HF equation exists
only for free electron gas, see specialized lectures on many-particle theory.

Introduction to Solid State Physics, 237
version 2



V. 3. Electrons in external fields — quasiclassical approximation
Bloch electrons in an external field — how to describe their motion?

The Bloch electrons are described by a stationary solution of the Schroedinger equation, their velocity is
1
vn(k) = ﬁ ViEn (k)

The interaction with the crystal field does not lead to an energy dissipation.
In the following we do not consider the collisions (i.e. T — )

In the quasiclassical approximation, the external
field is described classicaly. This is possible, if

the wave packet describing a Bloch electron is e

much smaller than a characteristic size of the HT!’;HHHHHIHHH\ ! QLLLL L O by =

external field (wavelength). On the other hand, a2

the wave packet is much broader than the crystal — b— Spread of wave packet

unit cell (thus, the crystal field is described using e

a quantum approaCh)' s Wavelength_o_f applied field ™
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Basic assumptions of the quasiclassical approach:
1. The band index n is constant (inter-band transitions are not considered)
2. Equations of motion:

= v (K) = 2 V()

hk = —e[E(r,t) + v, (k) X B(r,t)]

3. The wave vector Kk is defined within an additive reciprocal lattice vector g

Consequence for the transport properties: A filled band remain filled during the motion
The electric current density:

L =—e f d3k4 gthEn(k)
filled

The contribution of a fully filled band j, =0
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The contribution of a partially filled band:

L= —e jd3k4 3thE (k) = —ejd3k4 37

filled W Y, empty

1 ., 11

J

I hd
=0 Holes

Equation of the hole motion:

hk = —e[E(r,t) + v, (k) X B(r,1)] (the same as for an electron)

Close to an extremal value of &, (k)
hZ
E (k)~E, (k)+Alk—k,| we denote = =4

m* is the effective mass
h(k — ko)

m*

Then wv,(k) =

Local minimum in k, = positive effective mass — electron
Local maximum in k, = negative effective mass - hole

We can also define a positive hole effective mass, then the hole charge is positive
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In a general case — effective mass tensor

1 02E, (k)
=4
Dk = £32 5 ok,

k=k0

and the equation of motion is

m(k)‘;—‘t’: +e[E +v_(k)xB]

Electron in an external magnetic field

Equations of movement. The energy and the component of k along H

, 1 are constant during the motion
T =vy(k) = 7 ViEn (k)

hk = —ev, (k) X B(r,t)
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& = const
k_'j/ const

open orbit in a repeated zone scheme:

E increases

H®

electron orbit
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& decreases

hole orbit
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Quasiclassical electron trajectory in direct space:

the component of the position vector perpendicular to B:

r, =r—B°(B°r),7r, =7 —B°(B".7) = B® x (+ x B?)

The equation of motion:

B° x (hk) = —eB® X (i* x B) = —eB7,

After integration: A
r(t) —r(0) = _EBO X (k(t) — k(0))

A . Z A
k. =
; /,/ /, k{ y;
0 27
Ll
k. X
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: fdt Janfa] =]
t, K ) IVkE(k)xBI
FE+AE dk hz 041,
k “eB), ""AE  eB OE
E t,

Period of the movement around a closed orbit;
B h2 0A
~ eBOE

For a free electron:;

5 2m 5 2mm
A=rnki=n|-—SE—-k;|=>T=

h? eB
cyclotron frequency: ¢, = eB
m
eB
cyclotron frequency of the Bloch electrons: W, = o
C

the cyclotron effective mass depends on the effective mass tensor m* and on the direction of H
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Cyclotron Resonance (CR) in Ge

In general, effective mass are anisotropic,
For Ge, constantenergy surfaces near band edge are spheroidal
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eB
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MAGNETIC FIELD IN OERSTEDS

G. Dresselhaus et al., Phys. Rev. 98, 368 ({1955)

https://slideplayer.com/slide/5261837/

236
version 2



Quantization of the cyclotron orbits

Beyond the quasiclassical approximation!!
Free electrons in a homogeneous magnetic field:

1 o —
— (B — eM)P(r) = Ep(r)

The electron spin is not considered.
The magnetic field: B =(0,0,B) = A=(-yB,0,0)

We assume the wavefunction in the form

y(x,y,z) =g y)
h? d?g 1 hk h2k?
Then — Tmwiv'io =E'o v = ZX = F — z
2mdy’2+2mwcy go (pry y+ eB ) E Zm

Harmonic oscillator equation. The eigenenergies are

E(k)—h2k2+h +1
n\) = om T\,
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There are about 10* levels up to E (for the magnetic field of about 1 T).

energy bands

g(E)

10

density of states
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de Haas-van Alphen effect: the inverse susceptibility oscillates in magnetic field as the field
intensity is increased. The period of the oscillation is

ALl %) = 2re | (hS)

where S is the area of the Fermi surface normal to the direction of B

A detailed de Haas—van Alphen effect study of the
overdoped cuprate TI;Ba;CuOg.;

P M C Rourke', A F Bangura', T M Benseman®, M Matusiak?,

J R Cooper?, A Carrington' and N E Hussey'*

New Journal of Physics 12 (2010) 105009 (29pp)
Received 23 July 2010

Published 29 October 2010

Online at http://www.njp.org/
doi:10.1088/1367-2630/12/10/105009
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Figure 3. FFTs of torque data between 38 and 45T (38.5 and 45T for (d)) at
T =04K for (a) TIHIOKa, (b) TI10Kb, (¢) TI26K (¢ ~ 0° configuration) and
(d) TI26K (@ ~ 45° configuration). High-field portions of the corresponding
background-subtracted raw data for each sample are shown in the insets.
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This is similar to Shubnikov-de Haas effect (oscillation of o, in 2D systems in magnetic field)
and to the quantum Hall effect: 1

= —— nisinteger
pxy nez' g

—
20F )
[ y / fractional QHE: e
[ X 7
=L /_
n= — _ 1?__—_ —
_ = 2
= 654 3 2 1 =115 =
S L { %
S0k V 213 |35 1/2 37| |25 ] =
i yeamm EIE] I A B Ty a9 1| | | 410
! S o Jos
05F gf—”/_ ?fg.f;ﬂa ]
e M I‘;{? F 400
_Amhﬂh 1 mn L 1
0, A 16
magnetic field B[T]
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Longitudinal Rxx and transverse Rxy magnetoresistance versus magnetic field at 50mK,
AlGaN/GaN heterostructure. The inset shows the low field part of the SAHO after normalization by
the low field resistance value, R0, and the fit of the SAHO amplitude. The arrowmarks the magnetic
field corresponding to v="7. W Knap et al 2004 J. Phys.: Condens. Matter 16 3421
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The difference of the neighboring levels

ehB

En1(kz) = En(ky) = —— =

SN S

The period is given by
_ h20A h%A,.1—A4A,
" eBJE eBE,,, —E,

The Lifshitz-Onsager quantization rule:

AEn () k) = (n+ 1) 2228

h

extremal «
area
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Anomalous Hall effect

The anomalous Hall effect AHE occurs in solids with broken time-reversal symmetry, typically in a
ferromagnetic phase, as a consequence of spin-orbit coupling. Sometimes it could be much larger

than the normal Hall effect.

See Nagaosa N. et al., Rev. Mod. Phys 82, 1539 (2010).

~n

o
w
Q
o

°
(]

(-ey) volt cm /omp x 1077
S

Hall Electric Field per Unit Current Density

Magnetic Induction B  kilogauss

FIG. 1. The Hall effect in Ni (data from Smith, 1910). From
Pugh and Rostoker, 1953.

a) Intrinsic deflection

Interband coherence induced by an
external electric field gives rise to a

A—
velodty contribution perpendicular to
the field direction. These currents do
nat sum to zero in fermmagnets.

d{;:}- oE Electrons have an anomalous velocity perpendicular to
— = . the electric field related to their Berry's phase curvature
dt hok
5)
o

P

The electron velocity is deflected in opposite directions by the opposite
electric fields experienced upon approaching and leaving an impurity.
The time-integrated velocity deflection is the side jump.

c) Skew scattering

b) Side jump

Asymmetric scattering due to
the effective spin-orbit coupling

2
R

of the electron or the impurity.

FIG. 3. (Color online) Illustration of the three main mecha-
nisms that can give rise to an AHE. In any real material all of
these mechanisms act to influence electron motion.
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Electron in an external electric field

1 :
Equations of movement: v =1 = Evke(k), hk = —eE

We consider a 2D square lattice. The tight-binding band structure is
E(K) = £, —B—2y[cos(k,a) +cos(k,a)]

Therefore  v(t) = z%y [sin(ky ()a), sin(k,, (£)a)]; k() = k(0) — eEt/h
1400

1200

0 500 1000
k_(1/nm) x (nm)

The Bloch oscillations, it generates THz electromagnetic waves
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RAPID COMMUNICATIONS

PHYSICAL REVIEW B VOLUME 51, NUMBER 23 15 JUNE 1995-1

Bloch oscillations at room temperature

T. Dekorsy, R. Ott, and H. Kurz
Institut fiir Halbleitertechnik, Rheinisch-Westfilische Technische Hochschule Aachen, D-52056 Aachen, Germany

K. Kohler
Fraunhofer-Institut fiir Angewandte Festkorperphysik, D-79108 Freiburg, Germany
(Received 10 March 1995)

T T T

= 1. -2, 31V
E\.‘) 1.0k 1.7V 25V 3 |
2.5 . , . F:
S
L
0.5¢ g
2.0F .%‘
c
o
=
1.5} 0.0 1 1 I !
to o 2 4 6 8 10 12
S Frequency (THz)
© 10} 3
E FIG. 3. Fourier transform of the time-domain data at —1.7 V,
2 —2.5V, and — 3.1 V reverse bias.
05t 2
' 10 r T
o
ool 13V = 8t ¥ ]
: ] T ’FI
I L L I t ;,-?
00 02 04 06 08 10 z sf PO S 1
Time Delay (ps) § I—'?i
o .
o 4r
FIG. 2. Extracted oscillatory contributions from TEOS data at w
different reverse bias voltages applied. 2 . .
-1 -2 -3 -4
Voltage (V)

FIG. 4. Frequency of Bloch oscillations versus voltage applied
to the superlattice. The straight line is a linear fit to the data with a
slope of 2.1 = 0.3 THz/V.

Introduction to Solid State Physics,
version 2

260



Quasiclassical description of the scattering of electrons

Sources of scattering:

» scattering from impurities and structure defects
» scattering from thermal vibrations

» electron-electron scattering (less important)

Simple description of the scattering (as used in the Drude and Sommerfled models) using the
relaxation time is not correct. Let us make it better now.

The same assumptions as in the semikinematical approach: the band index n is constant, the
electron spin is preserved during the scattering process, and the collisions are localized both in
direct (r) and reciprocal (k) spaces.

ded*k'
We denote W,,. ——— the probability of scattering of an electron with the wave vector k into
a3k’ in dit 8™

We define the non-equilibrium distribution function g,(r,k,t) so that g,(r,k,t) d3rd3k/(4=3)
equals the number of electrons in time t and in element d3rd3k
In equilibrium g’ (r, k,t) = f(E,(k)) (f is the Fermi-Dirac distribution function)
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Total probability per unit time of scattering of an electron with the wave vector k is (we omit the
variables r and t)

(k)
Let us calculate the changes of the non-equilibrium distribution functions due to collisions

[l -2k

Due to the scattering from the state k

dg(k)j _ 8k _ d3k'W L ok
( out (k) ( )I kk[ g( )] scatte‘:-r*%

dt

Due to the scattering into the state k

1= g g (k)

(dg(k)j _g'(k)
dt ), (k)

Total change of the distribution function

(dg(k)j _g'(k)—g(k) _ d3k‘
dr Ji ©(k)

5 WD = g ()] =Wy g ()1 - gk}
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If the relaxation time approximation is not fulfilled, the time development of the non-equilibrium
distribution function cannot be reconstructed. Instead, we can calculate the distribution function in time
t+dt from its value in time t.

In the quasiclassical approximation, the electron in point (r,k,t) was also in point

F(r, t)dt
——— t—dt
e
if no collisions occurred in this time interval. Therefore, without collisions

F(r, t)dt
grkt) =g (r—v(k)dt,k _Fwode dt)

(r —v(k)dt, k —

h

With collisions

F(r, t)dt
grkt) =g <r— v(k)dt, k —%,t _ dt) +

dg(r, k,t dg(r, k,t
g( ) it + g k,t) it
dt dt .
out 1n

Expanding the distribution function, we get the Boltzmann transport equation

dg 1 dg g(k) — g°(k)
— V —F.V,g=|—F = —
oc T VI T RTVid (dt)t t (k)
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Scattering from impurities:
21 5 ,
Wikr = r |Vier' |76 (E(k) — E(k'))

Where

1 . , 1 . ,
Vige = (K|V|K') = Vz el(k—k ).ankk, — Vz e1(k—k )-Rn(uklv(r)luk,)
n

n

is the matrix element of the perturbation potential due to the impurity atoms, the sum runs over the
impurity atoms, u,(r) is the periodic part of the Bloch wave.

Finally, we obtain the collision integral in the form

(dg(k)

dt jmt > %ﬂiIdSE Vi I” (9(k") - g(Kk))

i.e., it is proportional to the density n, of the impurities
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Matthiessen rule

Two independent sources of scattering (impurities and thermal vibrations):
w=w+w?
In the relaxation-time approximation
1 1 M, 2
—=—F—=p=p  +
0 T T PTP TP

If the relaxation time depends on K, this formula is not valid, even in the relaxation-time approximation

O T T T T 717 T 1T T

Beyond this approximation

'S
L=

L]
o

p=> p(1) + p(2)

ha
o

Relative resistance 104 R/R ypek

—
[a]
3

a | ] l ! I | | ! !
4 B 8 10 12 14 16 18 20 22
Ternperature {°K)

Fig. 13.10. Resistance of sodium below 20°K, as measured on three specimens by
MacDonald and Mendlessohn [Proc. Roy. Soc. (London) A20%, 103 (1950)).
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Kondo effect — scattering of conduction electrons from magnetic impurities due to a strong

coupling of the itinerant electron spins with the spins of fixed impurity atoms.
From the theory it follows the following temperature dependence of the specific resistivity:

Resistance/Resistance(T=0 Celsius) x 16000
\ (from W.J. da Haas and G.J. van den Berg,

o(T) = po + aT? + cl %+ bTS eiiicpeteis
/ \ 300: ljzwrsmpemnne resistivity of
from Fermi liquid properties from phonons  ze

240
220

L= Temperature T (K)

Kondo term

1 The Kondo effect in metals and in quantum dots

a b
2¢%/h
. From L. Kouwenhoven and L.

5 o g . $ Glazman, Physics World 33 (2001)
é ~ g ~0.

! : i

T——
temperature temperature

(a) As the temperature of a metal is lowered, its resistance decreases until it saturates at some residual value (blue). Some metals become superconducting at a
critical temperature (green). However, in metals that contain a small fraction of magnetic impurities, such as cobalt-in-copper systems, the resistance increases
at low temperatures due to the Kondo effect (red). (b) A system that has a localized spin embedded between metal leads can be created artificially in a
semiconductor quantum-dot device containing a controllable number of electrons. If the number of electrons confined inthe dot is odd, then the conductance
measured between the two leads increases due to the Kondo effect at low temperature (red). In contrast, the Kondo effect does not occur when the dot contains
an even number of electrons and the total spin adds up to zero. In this case, the conductance continuously decreases with temperature (blue).

Kondo, Jun (1964). "Resistance Minimum in Dilute Magnetic Alloys". Progress of Theoretical Physics. 32: 37
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V. 4. Semiconductors

The width of the energy gap smaller than approx. 3 eV.
The density of the electrons in the conduction band is proportional to exp[—E, /(2k,T)]

For &, = 4 eV and room temperature we obtain exp[-E, /(2k,T)] =107

For £,=0.25eVitis exp[-E, /(2k,T)]~ 107

ENERGY GAPS OF SELECTED SEMICONDUCTORS

E, (LINEAR
MATERIAL kg Es EXTRAPOLATION PR
(T = 300 K) (T = 0K) ! DOWN TO
T0T = ()
Si 1.12eV 1.17 1.2 200K
Ge 0.67 0.75 0.78 150
PbS 0.37 0.29 0.25
PbSe 0.26 0.17 0.14 20
PbTe 0.29 0.19 0.17
InSb 0.16 0.23 0.25 100
GaSbh 0.69 0.79 0.80 75
AlSb 135 1.6 1.7 80
InAs 035 043 0.44 80
InP 13 1.4 80
GaAs 14 1.5
GaP 22 24
Grey Sn 0.1
Grey Se 1.8
Te 0.35
B 1.5
C (diamond) 5.5
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Direct gap: Indirect gap:

A A

E E

ah

v

vb

Close to the extrema of the bands, the energy can be approximated by
hZ
E(k) = E, + 72(1« i—ko)) ()7 (ky—koy)  electrons
jl

h? _
E(O = By == ) k()i holes
Jl
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Ey= 5464556
Frp=T3274eV
Ero =6 meV

\
&
<>

|
£ A Wave vactor
5014/\\\%&}« holes
Split-oft bend ‘ Light holes

a=3.567A, Eg=5.46eV
mL=1.40m, mT=0.36m
mLH=0.70m, mHH=2.12m
mS0=1.06m
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X

Fig. 4.1-25 Band structure of diamond
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Energy 300 K E?:1.12 ey
E =208V
E=12eV
£,=0044 eV
E,=34eV
E,=42eV

* E <111>
Wave vector
E, t——ﬂ Heavy holes
\ Light holes
Split-off band

a=5.431A, Eg=1.12eV S e
mL=0.98m, mT=0.19m

mLH=0.16m, mHH=0.49m Fig.4.1-26 Band structure of silicon

mS0=0.24m
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Figure 3. (color online) Fermi surfaces of electron doped silicon under
compressive strain (left), no strain (middle) and tensile strain (right). On the
Fermi surfaces the absolute value of the group velocities are plotted in units of
0.08 - 10°m/s. As reference the band structure on two high symmetry lines is
given below. The doping corresponds to additionally 0.01 electrons per unit cell
which causes carrier densities of 6.25 - 1019 cm—3.

N. F. Hinsche et al. J. Phys.: Condens. Matter 23 (2011) 295502
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a:5.657A’ Eg:0,67ev Wave vector k
mL=1.6m, mT=0.08m Fig. &4.1-27 Band structure of germanium
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Fig. 4.1-88 Band structure of gallium arsenide
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Fig. 4.1-87 Band structure of gallium nitride
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Fig. 4.1-114 Band structure of indium nitride
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W. Porod, D.K. Ferry, Phys. Rev., B27, 2587 (1983).
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Density of carriers in a homogeneous semiconductor

we denote: n, p, the densities of electrons in cb and of holes in vb, respectively, g.(E), 9,(E) are
the densities of states, f() is the FD distribution function. Then

n(T)= [dE g (£)f(E),

p.1)= [dEg (B)I- (D))= [dE g (D)

Numerically complicated — we do not know u(T). Simplification: non-degenerated semiconductor:

Then

E.—u>>k,Tand u—E, >>k,T

! < E- “) ifE > E
exp <EkBTM) +1 kBT

1 —_

— zexp(— >ifE<Ev
eXp (HkBTE) + 1 kBT
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and e 1(2m.ksT\>?
n.(T) = N.(T)e k8T ,N.(T) = f dEg.(E)e~(E=Ec)/(kT) — Z(CTZB>
T
Ec
Ey
Ey—pt 1(2myksT\>"*
p,(T) = P,(T)e" k8T ,P,(T) = j dE g, (E)etE-En)/(ksT) = Z(vTZB>
T
‘conservation law” 7n_p, = N Pe "
a special case: intrinsic semiconductor
T o —E,/
nC = pv = ni — NCPVe Eg (ZkBT)
the chemical potential:
P
W =€, +5E, +3k;TIn| —
NC
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Semiconductor with impurities (extrinsic semiconductor)

LEVELS OF GROUP V (DONORS) AND GROUP III (ACCEPTORS)
IMPURITIES IN SILICON AND GERMANIUM

GROUP III ACCEPTORS (TABLE ENTRY IS §, — §,)

B Al Ga In Tl
Si 0.046 eV 0.057 0.065 0.16 0.26
Ge 0.0104 0.0102 0.0108 0.0112 0.01

GROUP V DONORS (TABLE ENTRY IS §. — &)

P As Sb Bi
Si 0.044eV 0.049 0.039 0.069
Ge 0.0120 0.0127 0.0096 —

ROOM TEMPERATURE ENERGY GAPS (E, = &, — §,)

Si 1.12eV¥
Ge 0.67eV

The impurity levels are affected by:
1. screening of the electric field of the impurity ion
2. small effective mass of the free carriers
%
The binding energy of an electron to the impurity ion & = Rizm—, R =13.6eV
e m
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We denote N,, N the concentrations of the donor and acceptor impurities
Np,P, are the densities of electrons on the donor level and holes on the acceptor level, respectively

o S ® o &, : :
3 7y T ? \ Electric neutrality:
O—o0 73 _
P p,+ N/ =n+N,
— e 0O E,

mean densities of the electrons and holes on the impurity levels:

The donor level:

The level population: (€, —uN,
pop N £ Z N o Ei7hN)/ksT)
J
0 0 n =N, v Mo
D D Ze—(fj—uN,-)/(kBT) 1 a(Ep-w/ksT) | q
117 Tp : 2
J

1 Ep
2 2Fp
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The acceptor level:

The level population: N z Z N o E T
’ N
4 4 Z o EN)T) L o (-E)/ksT)
11 Ty - ?
14 T
2 0

For simplicity, we consider a semiconductor with a single donor level only — the n-type

~E, [(kyT)

The conservation law n.p =N _Pe is still valid

ND
ze(H—fD)/(kBT) +1

Electric neutrality: n =p +N, N =p, =

Special case: low temperatures: p, << N, =>n. = p,,

N o EhT) _ Np .
c - 2o =Ep)(ksT) | q = equation for u
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Solution: 1 W or N o
H:kBT]n ZeED(B ) 1+87De(fc_fp)(3 )_1

c

if, in addition 8%6%‘%)“"3“ >>1 then

N
h=4(E, +E,)+3h,TIn L

c

and n, = %NCNDG—(‘EC—‘ED)/(szT)

if, in addition S&e(EC‘ED)/("BT ) <<1 then
C ND
u:£0+kBTh17 and n, = N,

C

Special case: high temperatures n, = p, + N,

2 2
then n, =n—"+ND = n, _;NDEH 1+4 niz J
n, N,

n=€ +k,Tln Np |1y 1+4—N65e‘£g“k8”
2N. N2
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Charge carrier density and Fermi level vs. temperature

for n-type doped Ge

http://www.nextnano.com

Electron density in Ge vs. temperature for different acceptor densities N,

283
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p-n junction
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a n-type and a p-type semiconductors are in contact in a thermodynamic equilibrium = pis
constant thorough the sample

Quasiclassical approximation: for a given energy band, the hamiltonian is
g =g (B) -
By = Ey(3) = o)
The electrostatic potential must be a slowly varying function
e[p(x +a) — ()] < Eg

We restrict us to the equilibrium case, then

n.(x)=N.(T) CXP{— = _ZP(TX) _M} p,(x)=F(T) exp{— “_f;:Te(P(X)}

The potential is determined self-consistently using the Poisson equation
1
-V = - p(X)

p(x) = N} (x) = N (x) 1, (x)+ p, ()}, Nj(x) = N, No(0) = N,
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The potential difference  A¢p = @(0) —(@(—©) can be estimated as follows

Far from the junction at the n-side, the density of the free electrons approx. equals the density of

the donor atoms (we assume all donor atoms are ionized):

n, ()~ N, =N, eXp{— E, —eq(®) _“}

k,T
—E, +ed(—
and similarly p,(—0) =~ N, =P exp {_ p—E, +ed( 00)}
KT
NN
thus eAQ=E, +kBT1n£ ]\I;CPVAJ

(N, /N 2ee,Ad

depleted zones of thicknesses d,, d;  d = \/ N TN
| A + D €

numerically ~ 102+ 104 A.

A
The field strength in the depleted region is roughly ®  ~10°+107 V/m

d,+d,

Introduction to Solid State Physics,
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Rectification effect of a p-n junction

the depletion layer has much smaller carrier density = much smaller electric conductivity
If we apply an external voltage V, the potential difference across the depletion layer is

Ap(V)=Ap(0)-V | l"_‘-’i Wl
i i i | ¥
and the width of the depletion layer is el T
Ap(V ; ! %
d, (") =d, (0).[1- 22 —
Ap(0) - |
(@) |
The carrier currents across the junction: | "”, (Foiward bias
1. the generation current of the minority carriers — independent of V U x

2. the recombination current of the majority carriers — depends on V

j (V) o e—e[A(p(O)—V]/(kBT)
rec

Equilibrium for V = 0:

|
|
|
|
|
i
i
® |
i
|
I
|
|
1

]r};c(o) :jgen9 jreec(o) :jgeen

therefore

JV) = (e + e 1)
,(c) !
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E 4

Reverse bias

Forward bias

-1?(-‘,?51 o th)
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F d
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N +\
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-50maA i . F
- - Germanium 3w Germanium
Zener i 0.7v Silicon
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(A Y Current

Comparison of I-V Characteristics
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Bipolar junction transistor
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npn bipolar junction transistor
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—' NP [N I—
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F IE h IE ‘ IC
1II""IrEEE 1II""IrCEE
1 |11}
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| | o ) hawemegen S
. mAa e redglon
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B E — Ol <7 R’ g Iz = 100UA
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VI. ELEMENTARY EXCITATIONS IN SOLIDS - PHONONS, MAGNONS

VI.1. Classical theory of a harmonic crystal

Basic assumptions:
1. The mean positions of the atoms corresponds to the Bravais lattice sites (= no diffusion
assumed)

2. The amplitude of the atomic oscillations is much smaller than the inter-atomic distance (=
harmonic approximation is applicable)

We denote u(R,t) the displacement of the atom in the site R. The potential energy of the crystal is

U=1> o(R+u(R,t)- R-u(R',1))

R=R'

Due to the assumptions:

U3 o(R)+3 ) [u(R)—u(R)L.VO(R—R')+

R+0 R#R'
+4 2 [(u(R) ~u(R) V' o(R-R)=U, +U,,,
R#R'
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The harmonic part of the potential energy is

Upn =4 30, (R =11, (R0, (R~ RO, (R) =1, (R), () = =20

The components of the matrix ¢ can be calculated ab-initio by a exact quantum-mechanical
approach or using empirical potentials. In these calculations, the adiabatic approximation is
used (i.e., the role of the electrons is neglected).

Normal modes of an one-dimensional monoatomic lattice
JooJtl X

_a Y%

Assumption: harmonic interaction of nearest neighbors:

2 82(P
T Ox

X=a
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aUharm
au]'

Equation of movement:  Mii; = — = K(ujsq + U1 —24),j=1,..,N

Periodic Born-von Karman boundary conditions:

Uy () =u(t)

i.e., the nearest neighbors of atom N are the atoms N-1 and 1

N-1 N 1 2 3
We seek the solution of the equations of movement in the form
u, (1) o< g (k)
: : ikNa 21
Possible values of k: "™ =1=k =m—
Na

We choose N values of k from the 1%t Brillouin zone: m e {~-N/2,—-N/2+1,...N/2-1}
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We obtain the dispersion relation

o(k) = 2\/% sin( 1 ka)|

N/2 possible frequencies and N normal modes

K
the group velocity Vv, = a\/ﬂ cos(; ka)

K sin(Z k
the phase velocity v = aW/ v sin(; ka)

1
ska

(ﬂ(k)

-0.5

0

kal(2m)

0

0
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0.2 L Kn ~ 1/n2 i
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0 | | | | |
0 05 1 1.5 2 25 3 35
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_

Comment on transversal oscillations ‘T ﬂr Tu, ‘r u., ‘* N
—a ]+l |

Harmonic part of the potential energy (I is the length of free spring):
2
Uharm = % KZ(\/(ujﬂ _uj)2 + a2 - I)
j

Equation of movement (approximation of small displacements):

aUharm a—1
Muj = — auj = KT(ujH + U1 — Zuj),] =1,..,N
Effective stiffness constant

[0} L

maxL

a—I
K; =K T <K oL
-'m’elt 0 'nlf’a
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Normal modes of an one-dimensional diatomic lattice

J Jtl

The harmonic part of the potential energy:
Usarm = %KZ(uj,l _uj,Z)z +%G2(uj,2 _uj+1,1)2
J J
The equations of movement (we assume the same masses of the atoms but different force constants):

Myiljy = —K (w1 — uj2) — G(w1 —wj-12)
Mzuj,z = _K(u]"z - uj'l) - G(uj'z - uj+1,1),j = 1, vy N

We seek the solution of the equations of movement in the form

U (1) = ule—i(wt—kja) i ) =u, o i(oi—Hja)
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Thenwe obtain  (p7, v2 — K — G)u, + (K + Ge™*a)u, = 0
(K + Ge™ )uy + (Myw? — K — G)uy =0

and the dispersion relation is

2=t el s (K + G)2—8 MM KG(1 — cos(ka))
2M1 M, B (M; + My)?

two frequencies for a given k = two frequency branches

Ratio of the amplitudes (for M; = M,):

optical branch

K L _

uz . K_I_Gelka M \/\ |

— =+ 2I(+G
B M

Uy |K + Getka| ~~

acoustic branch

-0.5 0 0.5
(ka)/(27)
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The lower (acoustic) branch:  around k=0: U, U, U;, RU,

around k = m/a: U Ru,, U, ~—u,,, (ifK>G)
The upper (optical) branch: aroundk=0: U =-U,, U, RU,,,
around k = m/a: U~ Uy, U R—U (if K> G)
acoustic:
k=0 __A_f S

k=mnla__J J H
Q—» -H-O—*(./ o> \)"_’
1'/£,+11 u1+12
optical:
B j +1
k=0 L Lo X
—>—0—0>—~0—6>—~0—
U, u, Upry Uy
_ ' +
k=nla J ,LL

—O—»—d—(_/4—o\_j—>Lo—>—<—(_)—»

]+] 1
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Three atoms in a molecule, 1D chain, longitudinal polarization

2 T T T T \ T T
L8} ﬁ/#.» «~© O
141
1.2 1

3 1] /4—0 O Q"

08 l
04
021

. ‘ . . ‘ . .

4 3 2 -1 0 1 2 3 4

/A’a
) 6 <©
one acoustic branch, two optical branches
Introduction to Solid State Physics, 301

version 2



3D-case

Pb

Frequency [THz]

80

80 [ fco—Pb !
r I1 -
~ 0r g ¥ 5k 3l
I R AN
E; 50 C / g 4 "-‘ ﬁ-. ‘ ]
g 4 [ . / \ ’;’} X AT 1 | 3 acoustic branches, 3(p-1) optical
T a0l J //T \‘ / E\\ *'.I f .
S a0l ]/ A 1 | branches, p is the number of atoms
10 b/ \l/ in the primitive unit cell
0 —8=—~ TR e

Figure 1. LDA phonon dispersions (solid lines) for fcc-Pb calculated
at the theoretical lattice constant compared to inelastic neutron
scattering data (solid diamonds) at T = 100 K [1]. A FR-PP with 5d,
6s and 6p valence electrons and an 8§ x 8 x § Fourier interpolation
grid have been used.
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BaTiO3 in cubic symmetry has several instabilities:

1. FerroElectric (FE) instability at " (0,0,0) reciprocal point
2. AntiFerroElectric (AFE) instability at X (0.5,0,0)

3. AntiFerroDistortive (AFD) instabilities at M (0.5,0.5,0)
and R (0.5,0.5,0.5)

4. Freezing in the eigenvector at I (0,0,0), reduces

the symmetry to Tetragonal (P4mm)
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Weak phonons in B-Ti
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R.E. Lechner: Diffusion Studies of Solids by Quasielastic Neutron Scattering, DOI: 10.1007/3-540-30970-5_3
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VI.2. Heat capacity of a crystal lattice

The classical approach:

The energy density of a lattice

i IdFE o~ E/ksT
Uu=— ,
V J‘dr o~ E/ksT

dl’ = d3uld3u2 .. .d3uNd3P1d3P2

G, e
u :—?—lnjdfe PE B =1/(k,T)

The total energy of the lattice is

_Z p(R ) +U, +Up, = ZP(R)

+— Z[U (R)=u; (R)]e, (R=R)[u, (R)-u, (R)]

R;tR

Let us make the substitution  U(R) =B ?U(R), p(R) =B *p(R)
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Then

Jare™ = e+ [[]du(R)d’ p(R) exp{—z P Y0, (R0 (R~ R')UK(R')}

2 R=R'

and the entire integral is independent of temperature.

Therefore
1 a Ueq
U=———(-BU, —3NInp+const)= +3nk,T
V OB \%
and

ou .
C, = (—j = 3nkg the rule Dulong-Petit
oT )
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The quantum-mechanical approach:
1 9, | z z 1 b (k
u= V aﬁ n eXp ﬁ (n 2) (1)5( )

where n ) is the quantum number of a harmonic oscillator in the state \ks>

the sum Z is calculated over all possible values of the quantum numbers n( )

Z exp< B Z(Tl + )hws(k)> - z 1_[ exp <—,3 Z(n,(fs) + %)hws(k)> _
Lok ks
1_[ [Z exp ( —p Z(n(l) n %)hws(k)ﬂ _ D 13_-[?_(1;;,;) S/(Zk |

We obtain

1 1 !
— Vz how(k) [ns(k) + E] ,ns(k) = eBhws(k) _ 1
ks

The Bose-Einstein statistics
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Exact calculation of c,: 1D monoatomic chain

Specific heat capacity per one atom:

2 %_1
2
. l h 2 Wy,
NkaT® S50 |exp (hwn> !
n=-— T
kgT
15x10‘23
B e
1.25}
1 L
€
S
o 0.75}
Py
05
0.25 Opa= 101571
0 1 1 1 1
0 2000 4000 6000 8000 10000

T(K)
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1
k) —1

. . , 1 1
Calculation of ¢, in 3D case: u = Vz how, (k) [ns(k) + E] ,ng(k) = Ty
ks

1. High temperatures:  Bhw,(k) < 1

2
and LI 1—§+X—+O(x3)
exp(x)—-1 X 2 12

h* 1
Finally we obtain cy = 3nkp [1 T 120k, T)23N Z(ws(k))zl
S

CV A

classical limit

v
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2. low temperatures:  Bhwy(k) > 1

Then only the lowest-frequency modes contribute to the specific heat (long-wave acoustic phonons)

3 0
cy = ZJd k ees (k) because ®, (K) = ke, (k°)
oT 8n3 hkcs(k0)> 1
kgT for long-wave acoustic phonons
2172 kgT 3 1 1 d?k° 1
Then ~— — 3 where — ==
v~ 5 ke ( he > < c? 3ZI an [c,(KOF
CV A
________ cassicalfmt
/{ T
-
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3. Whole temperature range, the Einstein model:

5 hw
| 5 hw XP\k,T
assumption — all phonons have the same frequency ® ¢y = nkpg T
" e () - 1]
B

4. Whole temperature range, the Debye model:

assumptions — all phonons have the same phase velocity ® = c|k|

—the 1BZ is replaced by a sphere of radius k

T Yo x'e”
¢, =9"k3[®—Dj _([ dx 1) @, is the Debye temperature

kBGD = thD = h(,l)D

Introduction to Solid State Physics, 311
version 2



<
O
|

=
o0
T

=
“
T

<
N
|

o
=
I

o
2
1

— Debye
|

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2

T/ ®E,D

0 | | | | | | | |

Introduction to Solid State Physics, 312
version 2



30

20

10

¢y (J/mol K)

A
Si
- iV(J/mOl K)
2.5
0
0 25 50
T (K)
0 100 200 300 400 500
T (K)

Introduction to Solid State Physics,
version 2

313
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Magnetic transitions influence the heat capacity:

20 8
)
= &8
2
o
15F ¢
< [ o
(]
< 10 ) . .
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- i &
o sl Temperature ‘(_.-: _____ (1) B=0
o (2) B=4T
s 4 (3) Calculated
0 phonon contribution
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|
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Temperature (K)

FIG. 2 (color online). The experimental heat capacity of MnSi
at B=0 (1) and B=4 T (2) and the calculated phonon con-
tribution (3).

week ending

PRL 105, 236403 (2010) PHYSICAL REVIEW LETTERS 3 DECEMBER 2010

Lost Heat Capacity and Entropy in the Helical Magnet MnSi

Sergei M. Stishov,l'”" Alla E. Petrm-‘zl,l Anatoly A. Shikov,> Thomas A. Logmssu,] BEyvaz I Tsaev.*
& y 2 y
Biirje Johansson,” and Luke L. Daemen®
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Density of phonon states:

calculation of the mean value of quantity Q depending on frequency:

1= 200, (0% 3 [k 0o, () = [do g(@)0() =

s 1BZ| 0

= g(0) = #Z [ &k 30—, (k)
s 1BZ|

— 1D

5t — 2D
_ _ , — 3D
monoatomic 1D, 2D or 3D cubic lattices,  _ 4
a direct calculation: 2,
2_
1 -
0 // | |
0 0.2 04 06 0.8 1
olo
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The Debye model, density of phonon states:

3w° /(2n’c’) foro<m
gp(®)= N
0 foro=>m,

phonon dispersion relation and density of states in Si

Wavenumber 7 (cm™!)
600 A

400

200

r K X r L X W i DOS
Wave vector ¢
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IV. 6. Interaction of a ionic crystal with light - polaritons

Polarizability of an ionic lattice — relative displacement of cations with respect to anions in an
external electric field. Equations of movement of the positive and negative sublattices

Miity = —K(uy —u_) + eEpq long-range electrostatic interaction
M_ii_=—-Ku_ —u,)—eE;,, between the ions is included in E;,.

long-wave phonons are assumed (k << 1BZ) = all the ions of the same kind have the same
displacements

Equation for the relative displacement

.. .. . e K M,M_
W=y~ =g Broe =W M= 30
Amplitude of the stationary solution
ek, —_, K E, is the amplitude of E, .

w, = , O
" M@ -0) M

The amplitude of the dipole moment of one molecule is p,= ew, and the polarizability is
2

_Po _ €
o= _ —2 2
E, Mo -o)
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How to include the polarizability of the ions (electron polarizability)?
The resonant frequency of the electrons is roughly

ho, oc100+-1000eV
while  7® ~ho, oc 10100 meV
Since M = 10% m,, both polarizabilities are comparable at frequencies close to ®
Intuitively: 2

e
a=0, +0_+——
' M(®> —o’)

“‘Static” case  ® << ® << @,

e0)-1 1
e(0)+2 3g,V,

2
e
(Oh To_+ M—Ezj See the Clausius-Mossotti equation

High-frequency case ® << ® << ®,

S(OO) -1 _ 1 (O(,+ + O(,_)
g(0)+2  3eV.
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Since glw)-1 1 e’
= o, +0 +————
g(w)+2 gV, M (®° - o’)

we obtain

g(o0) —&(0) 2 —2&(0)+2

e(®) = €(0) + O; = O 2(0)+2

€ e e -
ol
0 0.5 1 15 2 25 /e 3
T
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Frequency gap for o, <@ <®, = total reflection of ligh

With absorption

g(w) = g(o0) + 82(00) —£(0)
o) .o
— —1+iy—
o®F ©;

Reflectivity of light at normal incidence

2
1—+/e
1+\E

R=
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Figure 4. Imaginary (a) and real (b) parts of the complex dielectric function of WZ InAs
as a function of incident photon energy for polarizations in the xy plane and along the
z-axis. The results for ZB InAs are included for comparison.
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Long-wave optical phonons

we assume that all equivalent ions have the same displacements.

The Maxwell equations
D=¢,E+P, divD=0,
rotE = —% ~0 (electrostatic approximation)

we restrict ourselves to cubic crystals, where ¢ is a scalar = D||E||P; we assume plane

monochromatic waves.
KD\ fDO\
JE+=1E,e*"
\P) LI)O J
Then

dvD=0=kD,=0=D,=00rD,E,P L k

TotE =0=>kxE,=0=E,=00rD,E,P | k
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Longitudinal optical phonon:
P|lk=D=0=¢=0

Transversal optical phonon:

Plk=F=0=¢g=w

Lyddane-Sachs-Teller formula (LST):

2
O,

_£(0)

2
Oy

~ g(o0)

Dispersion relation for phonons/photons for small k

M=

ck

Je(o)

—> 0

2

_1
2

2
W +

frequency w

frequency o,

o, ot
o) Y

(ko)’
g(e0)
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collective excitation - polariton
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IV. 7. Magnons

The Heisenberg hamiltonian ~ Hg = — z]ijfi.fj — gugB z Sz
i#j J
The ground state of the Heisenberg hamiltonian is |0) =] [|.S),. , in which all spins are parallel to
R the external field

What is the first excited state? Let us consider the state, in which in a given position R the value of
S, is S-1 (instead of S) 1 .
R) =——=S_(R)|0

IR) 755 (R)|0)

We have denoted S, =S(R) + i§y (R) the creation and annihilation operators

S+(R)S)R =S FSHE +1£S,)IS, + 1)g

‘R> is NOT an eigenvector of the Heisenberg hamiltonian.

Let us express an eigenvector of the Heisenberg hamiltonian as a linear combination of the states ‘ R>
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|f the exchange integrals depend only on the distance R — R’ , an eigenstate of the Heisenberg
hamiltonian can be expressed as a linear combination

k)= ﬁ ZR: ¢"*|R), k €1BZ spin wave — magnon

Let us calculate the corresponding eigenvalue of energy
Hs|k) = E(k)|k)

We obtain _
E(K) =%, +gugB+SY J(R)(1-e )
R

Since J(R) = J(—R) we obtain for zero field
E(K) -, =25 J(R)sin*(k.R/2)
R

Forsmallk, E(K)—%, oc k® For an antiferromagnet E (k) oc k
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The total spin of the state \k> is NS — 1. The probability of finding a reduced spin value in point R

(k| R) = ~

2

1

Z e—ik.R'<R'

RV

R> = const.

1
N

S. V. Halilov et al. Europhys. Lett. 39, 91 (1997). M. Guarise et al. Phys. Rev. Lett. 105, 157006

Lnergy (meV)

(2010)

o~

\

Magnon energy (eV)

ferromagnetic a-Fe

. 1
P N O 1

(m,0) (0,0 (2, m2)
Magnon dispersion in antiferromagnetic
Sr,CuO,Cl,
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Let us calculate the mean value of the correlation of the transversal components of the spins
(K|S (R)S.(R")|k) where S, (R)S.(R")=S,(R)S,(R)+S,(R)S,(R"

We obtain  (k|S . (R)S, (R)|k) = ?V—Scos[k. (R—R')]

P
+4
e Sy
L i
.-:fi::%::---\"a_ --T--
1‘:--5_\ i
! N
JUES—
PR
= e, N
| .-'.: \
."-_ﬁ-_.\-"- )
o o
T EIII
5;."‘ {f
1
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Magnon statistics:
The mean number of magnons with the wave vector k in the unit volume of sample

n(k) = L

o[ 2] s

1
The mean value of magnetizaton M (T)=M (0){1 v Z”(k)}

kelBZ

for small T only the lowest magnon states are occupied, therefore

Q

> n(k)~ v _[dsk{exp(ZSZJ(R)sinz(k.RIZ)/(kBT)J—l}

kelBZ (275)3 E

*
3

N (2V) jd%{exp(SZJ(R)(k.R)z /(2kBT)j—1}
7T R

3
Es

Using the substitution k =q./KsT  we find
-1
M (T) = M (0) {1—I\ILS(kBT)3’2 _[ d’q {exp(%z J (R)(q.R)Zj—l} }: M (0) (1—const.T3’2)
= R

The Bloch T3/2-law
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F. Holtzberg et al., J. Appl. Phys. 35, 1033 (1964)
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SATURATION MAGNETIZATION. Tmismu/gr)

o= x|
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Gdy(SbeBi;_;}3 compounds compared with the 7% law (solid
lines). For Gd metal o./2 has been plotted.
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Even for nanoparticles

JOUENAL OF APPLIED PHYSICS VOLUME 95, NUMBER. 11 1 JUNE 2004

Bloch’s law for epitaxial ultrathin dot arrays with uniaxial
magnetic anisotropy

W. Kipferl,‘“] M. Dumm, P. Kotissek, F. Steinbauer, and G. Bayreuther
Institut fir Experimentelle und Angewandte Physik, Universitat Regensburg, 93040 Regensburg, Germany
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