ROOFS AND REFUTATIO

L X 1N 4 L 4 A

AN LIS

The Logic of Mathematical Discovery
IMRE LAKATOS

Edited by
John Worrall and Elie Zahar

CAMBRIDGE UNIVERSITY PRESS

CAMBRIDGE
LONDON * NEW YORK °* MELBOURNE



Published by the Syndics of the Cambridge University Press

The Pitt Building, Trumpington Street, Cambridge cB2 1rP
Bentley House, 200 Euston Road, London Nw1 2DB

32 East s7th Street, New York, Ny 10022, USA

296 Beaconsfield Parade, Middle Park, Melbourne 3206, Australia

© Cambridge University Press 1976

First published 1976
Reprinted with corrections 1977

Printed in Great Britain at the
University Press, Cambridge

Library of Congress Catologuing in Publication Data

Lakatos, Imre

Proofs and refutations

Bibliography: p.

1. Mathematics ~ Philosophy. 2. Logic, Symbolic and mathematical. I. Title.
QA8.4.134 SII’.3 75~32478

ISBN: 0 §21 21078 X (hard covers)

ISBN: 0 521 29038 4 (paperback)



CONTENTS

Editors’ Preface page ix
Acknowledgments xii
Author’s Introduction 1
CHAPTER 1
1 A Problem and a Conjecture 6
A Proof 7
3 Criticism of the Proof by Counterexamples which are Local
but not Global 10
Criticism of the Conjecture by Global Counterexamples 13
a. Rejection of the conjecture. The method of surrender 13
b. Rejection of the counterexample. The method of monster-barring 14
c. Improving the conjecture by cxceptlon-barrlng methods. Piece-
meal exclusions. Strategic withdrawal or playing for safety 24
d. The method of monster-adjustment 30
e. Improvmg the conjecture by the method of lemma-incorporation.
rroox-geﬁef&tﬁu theorem versus naive conjecture 33
Criticism of the Proof-Analysis by Counterexamples which
are Global but not Local. The Problem of Rigour 42
a. Monster-barring in defence of the theorem 42
b. Hidden lemmas 43
c. The method of proof and refutations 47
d. Proof versus proof-analysis. The relativisation of the concepts of
theorem and rigour in proof-analysis 50
Return to Criticism of the Proof by Counterexamples which
are Local but not Global. The Problem of Content 7
a. Increasing content by deeper proofs §7
b. Drive towards final proofs and corresponding sufficient and
necessary conditions 63
c. Different proofs yield different theorems 65



PROOFS AND REFUTATIONS

7 The Problem of Content Revisited page 66
a. The naiveté of the naive conjecture
b. Induction as the basis of the method of proofs and refutations 68
c. Deductive guessing versus naive guessing 70
d. Increasing content by deductive guessing 76
e. Logical versus heuristic counterexamples 82
8 Concept-Formation 83
a. Refutation by concept-stretching. A reappraisal of monster-
| I atnd AL tha mnmmnite AL meene A A wnlisbnss e Qa
vUdllil 15 - 414 VUL u1C LUIILCPLD Ul CILi1VUL 411U ICLULdLIV1L 03
b. Proof-generated versus naive concepts. Theoretical versus naive
classification 88
c. Logical and heuristic refutations revisited 92
d. Theoretical versus naive concept-stretching. Continuous versus
critical growth 93
e. The limits of the increase in content. Theoretical versus naive refu-
tations 96
9 How Criticism may turn Mathematical Truth into Logical
Truth 99
a. Unlimited concept-stretching destroys meaning and truth 99
b. Mitigated concept-stretching may turn mathematical truth into
logical truth 102
ANYY ATMMT N ~
CHAPTER 2
Editors’ Introduction 106
T Twnnoln‘-:r\ﬁ nf .'Lt,l, O Aniortiies 11aén "LA ‘anﬁfnn‘-]c- W e Axxres ’
4 d1dlididliVll Ul UIU JUulljiuilule 111LWU uiic 1 ClitlLl INNIIVUVVIL
m Cxr il D1 cm | P _ oz
Terms of Vector-Algebra. The Problem of Translation 106
2 Another Proof of the Conjecture 116
3 Some Doubts about the Finality of the Proof. Translation
Denccadizen anmd ehna Docnsbinliocs <ramceso elhha NTAcumsennlice A
LIULCUULT dllU UIC L)HYCIILIAINDL VOIODUD LUIC INULILLALIDU ﬂP_
proach to Definitions 119
APPENDIX 1
Another Case-Study in the Method of Proofs and Refutations
1 Cauchy’s Defence of the ‘Principle of Continuity’ 127
4 Qa ,1..1’ ..,mr ,J A Dennl Canaratad Neancnmt AL T Tailnmn
2 ociaci s roo01 atna C L 1UUITUC1ICLd4dLlCU \JUI‘.LCPL Ul VI1VU1111
Convergence 131
3 Abel’s Exception-Barring Method 133



4 Obstacles in the Way of the Discovery of the Method

of Proof-Analysis

APPENDIX 2

The Deductivist versus the Heuristic Approach

1 The Deductivist Approach

2 The Heuristic Approach. Proof-Generated Concepts

a. Uniform convergence

b. Bounded variation

c. The Carathéodory definition of measurable set

Bibliography
Index cf Names

Index of Subjects

CONTENTS

page

170






EDITORS PREFACE

H

i e TEa thaca <zra

110S¢ uuPUl tanit O1 tnese was tne
pubhcatlon of a modlﬁ d and extended version of his brilliant essay
‘Proofs and Refutations’, which appeared in four parts in The British
Journal for the Philosophy of Science, 14, 1963—4. Lakatos had long had a
contract for this book, but had held back publication in the hope of
amending and further improving the essay, and of adding to it sub-
stantial extra material. This work was conSidmably delay‘ed by the
diversion of his interests to the philosophy of physical science, but in
the summer of 1973 he finally decided to go ahead with the publication.
During that summer we each discussed plans for the book with him,
and we have tried to produce a book which, in the sadly changed circum-
stances, is as similar as possible to the one then pro_]ccted by Lakatos.
We have thus included three new items in addition to the original
‘Proofs and Refutations’ essay (which appears here as Chapter 1).
First we have added a second part to the main text. This concerns
Poincaré’s vector-algebraic proof of the Descartes-Euler conjecture. It

is based on chapter 2 of Lakatos’ s 1961 Cambridge Ph.D. thesis. (The

ﬂ)
C
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thesis becomes here appendix 1, which contains a further case-study in
the method of proofs and refutations. It is concerned with Cauchy’s
proof of the theorem that the limit of any convergent series of con-
tinuous functions is itself continuous. Chapter 2 of the main text and
appendix I should allay the doubt, often expressed by mathematicians
who have read ‘Proofs and Refutations’, that, while the method of
proof-analysis described by Lakatos may be applicable to the study of
polyhedra, a subject which is ‘near empirical’ and where the counter-
examples are easily visualisable, it may be inapplicable to ‘real’

mathematics. The third additional item (appendix 2) is also based on a
A ré N rhAasbar 4 r\'rT nlrn.-nn o & atwo TO- 100 f\]’\n11f A nr\ﬂoa 11an~a0 r\r]—\:n
k’dllr UL blldtﬂvbl J VUl JoudDdAlLUD O LILILJO1D. AL 10 AUVUUUL L11IU LU 13\4 ULCIILOD UL 111D
position for the development, presentation and teaching of mathematics.

ix



PROOFS AND REFUTATIONS

One of the reasons Lakatos delayed publication was his recognition
that some of this extra material, whilst containing many new points
and developments of his position, was in need of further consideration
and further historical research. This is particularly true of the material
(in appendix 1) on Cauchy and Fourier. We also are aware of certain
difhiculties and ambiguities in this material and of omissions from it.
We felt, however, that we should not change the content of what
Lakatos had written. As for elaborating on, and adding to, the material,

neither of us was in a position to supply the necessary long and de-
P P B NSRS R L Do d ol el ol Ve L O L
udiicQ LubLUlchu LIOXCAICIL., I'dCCQU LICIL WILIL UIC 4ILCLIIdLIVES UL 110U PUU"

lishing the material at all, or publishing it in an unfinished state, we
decided on the latter option. We feel that there is much of interest in
it, and hope that it will stimulate other scholars to extend and correct
it if necessary.

In general, we did not think it right to modify the content of
Lakatos’s material, even those parts of it about which we were con-
fident Lakatos had changed his position. We have therefore restricted
ourselves to pointing out (in notes marked with asterisks) some of

those things we should have tried to persuade Lakatos to change and
(whlrh nfren amounts to the same fhmo\ some of those pomtc we

aravans NaAvvaa vALL OR222L RAk2235 S aaaV

believe Lakatos would have changed in pubhshmg this material now.
(His intellectual position had, of course, changed considerably during
the thirteen years between completing the Ph.D. thesis and his death.
The major changes in his general philosophy are explained in his[1970].
We should mention that Lakatos thought that his methodology of

scientific research programmes had important implications for his

hilacnals, At .
PIIJJUDUPII.)’ UL llldb.llCllldleb.}

Our approach to matters of presentation has been to leave the
material which Lakatos had himself published (i.e. chapter 1 of the
main text) almost entirely unchanged (the only exceptions are a few

P rints and unambicuous minor sli c\ We }mve hnwaver rather

amwd Ladls —.---v- ~= 4 aaL iRV ~Svaiva

substantlally modlﬁed the previously unpubhshcd material - though,
to repeat, only in form and not in content. Since this may seem a rather
unusual procedure, perhaps a few words of justification are in order.
Lakatos always took a great deal of care over the presentation of any
of his material which was to be published, and, prior to publication, he

always had such material widely circulated amongst colleagues and
friends. for

n P A :ean rements. We are sure e I
1CIIUD, 1VUL L1l u

icism and improvements. we are surc tnat LhC
material here published for the first time would have undergone this

treatment, and that the changes would have been more drastic than
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those we have dared to introduce. Our knowledge (through personal
experience) of the pains Lakatos took to present his position as clearly
as possible obliged us to try to improve the presentation of this material
as best we could. It is certain that these new items do not read as well
as they would have done, had Lakatos himself revised the material
on which they are based, but we felt that we were close enough to
Lakatos, and involved enough in some of his previous publications, to
make a reasonable attempt at bringing the material up to somewhere

near his own high standards
XY o meem <rmmr sdmmcmd o Lo L1 il e e e B Lt
VWwC d1C VC )’ PlCdDCU LO 1ldVC 11dU L1IC UPPUILUIII y (R0 PIUUULC LIl
edition of some of Lakatos’s important work in the philosophy of

mathematics, for it allows us to discharge part of the intellectual and
personal debt we both owe him.
John Worrall
Elie Zahar



The material on which this book is based has had a long and varied
history, as is in part already indicated in our preface According to the
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(reprinted here as chapter 1), that work began life in 1958-9 at King’s
College, Cambridge, and was first read at Karl Popper’s seminar at the
London School of Economics in March 1959. Another version was
incorporated in his 1961 Cambridge Ph.D. thesis, on which the rest of
this book is also based. The thesis was prepared under the supervision
of Professor R. B. Braithwaite. In connection with it, Lakatos acknow-
ledged the financial assistance of the Rockefeller Foundation and that
he “received much help, encouragement and valuable criticism from
Dr T.]J. Smiley’. The rest of Lakatos’s acknowledgments read:

When preparing this latest version at the London School of Economics the
author tried to take note especially of the criticisms and suggestions of Dr
J- Agassi, Dr I Hacking, Professors W. C.Kneale and R. Montague, A
Musgrave, Professor M. Polanyi and J. W. N. Watkins. The treatment of the
exception-barring method was improved under the stimulus of the critical
remarks of Professors G. Pélya and B. L. Van der Waerden. The distinction
between the methods of monster-barring and monster-adjustment was sug-
gested by B. MacLennan.

The paper should be seen against the background of Pélya’s revival of
mathematical heuristic, and of Popper’s critical philosophvy
AL AL VIVIRL LAW ML AUVAWY SsaaNes a a vr’r\f‘- WV WA AvAwisa r-nlvuvr--} -

In preparing this book, the editors were helped by John Bell, Mike

Hallett, Moshé Machover and Jerry Ravetz, who all kindly read drafts
of chapter 2 and the appmdxces and produced helpful criticisms.

We should also like to acknowledgc the work of Sandra D. Mitchell
and especially of Gregory Currie, who carefully criticised our rework-
ing of Lakatos’s material.

] W.
E.Z.

Xil



AUTHOR’S INTRODUCTION

It frequently happcns

1
new method emerges t
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while the rest tends to bc 1gnorcd or even forgotten, its study dcsplsed
This situation seems to have arisen in our century in the Philosophy
of Mathematics as a result of the dynamic development of meta-
mathematics.
The subjcct matter of metamathematics is an abstraction of mathe-
ed bv formal svste

acca Uy 1VU11lidi Bybtclllb,

n the history of thought that when a powerful
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heories are repl
proofs by certain sequences of well-formed formulae, definitions by
‘abbreviatory devices’ which are ‘theoretically dispensable’ but
‘typographically convenient’.! This abstraction was devised by Hilbert
to provide a powerful technique for approaching some of the problems
of the methodology of mathematics. At the same time there are
problems which fall outside the range of metamathematical abstrac-
tions. Among these are all problems relating to informal (inhaltliche)
mathematics and to its growth, and all problems relating to the
situational logic of mathematical problem-solving.

I shall refer to the school of mathematical philosophy which tends to

matics with its formal axiomatic abstraction (and the

entify mathemat ith its formal axiomatic (and the
1.:1 1. £ 1. seh - - ) NN sotann lie
piiiosopny O1 matnematics witn m 6;31113;116md|,i€3} as tne LOl.lu.dlibL

school. One of the clearest statements of the formalist position is to be
found in Carnap [1937]. Carnap demands that (@) ‘philosophy is to be
replaced by the logic of science. . .’, (b) ‘the logic of scicncc is nothing
other than the logical syntax of the language of science. . .’, (c) ‘meta-

mathematics is the syntax of mathematical language’ (pp. xiii and 9
Or: vhilosophv of mathematics is to be replaced bv metamat el
L. Plul P y UL llldlllcllldt L D LU VUL ijldbcu v 111041114 L11C™

matics.
Formalism disconnects the history of mathematics from the philo-
sophy of mathematics, since, according to the formalist concept of

! Church {1956], I, pp. 76—7 Also cf. Peano

...... ML, 20 ace

[1910—1“, y P- IZ. 1105 15 a0l uucg“ p«‘h tO
. I58.

in Pascal [1659] cf. Lakatos [1962], p

]



PROOFS AND REFUTATIONS

mathematics, there is no history of mathematics proper. Any formalist
would basically agree with Russell’s ‘romantically’ put but seriously
meant remark, according to which Boole’s Laws of Thought (1854) was
‘the first book ever written on mathematics’.! Formalism denies the
status of mathematics to most of what has been commonly understood
to be mathematics, and can say nothing about its growth. None of
the ‘creative’ periods and hardly any of the ‘critical’ periods of
mathematical theories would be admitted into the formalist heaven,

where mathema..wl theories dwell like the serapmm, purged of all the
emmgmizatal o ~L sqam e s DBasea licas PN PO | M DR
llllPuflLlcs OL c¢ar Llll)’ UIICClL lt-)’. I'OLI11&1IdLD, ]. gll, ubudlly lchC

open a small back door for fallen angels: if it turns out that for some
‘mixtures of mathematics and something else’ we can find formal
systems ‘ which include them in a certain sense’, then they too may be
admitted (Curry [1951], pp. 56-7). On those terms Newton had to wait
four centuries until Pcano Russell, and Quine helped him into heaven
D_y_ IormaIISIHg tnc \JalCUIUS UlraC ls more Ior[unatc Dcnwartz SaVCG
his soul during his lifetime. Perhaps we should mention here the
paradoxical plight of the metamathematician: by formalist, or even by

deductivist, standards, he is not an honest mathematician. Dieudonné
ta"(c n]“mnf the ahcn]ntp nec tv lmanPA Oon anv mafhematnman u;lm

SANS = Vaaw HwSVavevew aalw it gl haliand 4 adidvaiwasaR vaaisaa b

cares for intellectual mtegrzty my italics) to present his reasonings in
axiomatic form ([1939], p. 225).

Under the present dominance of formalism, one is tempted to
paraphrase Kant: the history of mathematics, lacking the guidance of
philosophy, has become blind, while the philosophy of mathematics,
turning its back on the most intriguing phenomena in the history of
uxathcuut Cs, nas OCCOoINC em

‘Formalism’ is a bulwark of ioglcal positivist philosophy. Accoralng
to logical positivism, a statement is meaningful only if it is either
‘tautological’ or empirical. Since informal mathematics is neither
‘tautological’ nor empirical, it must be meaningless, sheer nonsense.?

1 Russell [1901]. The essay was republished as chapter s of Russell’s [1918], under the
title ‘ Mathematics and the Metaphysicians’. In the 1953 Penguin edition the quotation
can be found on p. 74. In the preface of his [1918] Russell says of the essay: ‘Its tone is

'\nv’"“v avw ad ey tha fart that tha aditnr haooad ma ¢4 mala tha artisla Cag wasrmansina
P“ y UAP‘N“\:“ Uy (2 ¥iw™) La\-t Lllﬂl ‘-‘l\r \.ulI.UL U\.ss\'u 1A% LU llidDny LiiLV al tl\:‘\' 4> LuilidiiLliv

as possible”.’

2 According to Turquette, Godelian sentences are meaningless ([1950], p. 129). Turquette
argues against Copi who claims that since they are a priori truths but not analytic, they
refute the analytic theory of a priori ([1949] and [1950]). Neither of them notices that the
peculiar status of Gddelian sentences from this point of view is that these theorems are
theorems of informal mathematics, and that in fact they are discussing the status of
informal mathematics in a particular case.

2



INTRODUCTION

The dogmas of logical positivism have been detrimental to the history
and philosophy of mathematics.

The purpose of these essays is to approach some problems of the
methodology of mathematics. I use the word ‘methodology’ in a sense
akin to Pélya’s and Bernays™ ‘heuristic’* and Popper’s ‘logic of dis-
covery’ or ‘situational Jogic’.2 The recent expropriation of the term
‘methodology of mathematics’ to serve as a synonym for ‘meta-
mathematics’ has undoubtedly a formalist touch. It indicates that in

formalist philosophy of mathematics there is no proper place for
methodology qua logic of discovery."‘ According to formalists, mathe-

1 Pélya [1945], especially p. 102, and also [1954], [19624]; Bernays [1947], esp. p. 187
2 Popper [1934], then [1945], especially p. 9o (or the fourth edition [1962], p. 97); and also

[1957], pp. 147 ff.
3 One can illustrate this, e.g. by Tarski [1930a] and Tarski [1930b]. In the first paper Tarski
uses the term ‘deductive sciences’ explicitly as a shorthand for ‘formalised deductive
sciences’. He says: ‘Formalised deductive c'liscipiines form the field of research of meta-
mathematics r Odglu'y' in the same sense in which apaucu entities form the field of research
in geometry.” This sensible formulation is given an intriguing imperialist twist in the
second paper: ‘The deductive disciplines constitute the subject-matter of the methodo-
logy of the deductive sciences in much the same sense in which spatial entities constitute
the subject-matter of geometry and animals that of zoology. Naturally not all deductive
disciplines are presented in a form suitable for objects of scientific investigation. Those,
for example, are not suitable which do not rest on a definite logical basis, have no precise
rules of inference, and the theorems of which are formulated in the usually ambiguous
and inexact terms of colloquial language — in a word those which are not formalised.

n conseguence ta tha Aicr‘nccinﬂ nr

Mat nmquﬂpmohrq] 1nvnchnmf|nnc ara canfinad 1
A& A Adr \r\llla\r\iu\rll LA L2 2

AVALVIGiiAGviiViiAG LIV G LAVLSUigaliUils gl L

formalised deductive disciplines.” The innovation is that while the first formulation
stated that the subject matter of metamathematics is the formalised deductive disciplines,
the second formulation states that the subject-matter of metamathematics is confined
to formalised deductive disciplines only because non-formalised deductive sciences are
not suitable objects for scientific investigation at all. This implies that the pre-history of
a formalised discipline cannot be the subject-matter of a scientific investigation — unlike
the pre-history of a zoological species, which can be the subject-matter of a very
scientific theory of evolution. Nobody will doubt that some problems about a mathe-
matical theory can only be approached after it has been formalised, just as some problems
about human beings (say concerning their anatomy) can only be approached after their
death. But few will infer from this that human beings are *suitable for scientific investi-
gation’ only when they are ‘presented in “‘dead” form’, and that biological investiga-
tions are confined in consequence to the discussion of dead human beings — although, I
should not be surprised if some enthusiastic pupil of Vesalius in those giorious days of
e&i'l'y' andLUllly, thll lhc PUWC[ fu} ficw lllCLllUd O1 d BCLL!UII Clucxscu, hdd ldcuuﬁcd
biology with the analysis of dead bodies.

In the preface of his [1941] Tarski enlarges on his negative attitude towards the
possibility of any sort of methodology other than formal systems: ‘A course in the
methodology of empirical sciences...must be largely confined to evaluations and
criticisms of tentative gropings and unsuccessful efforts.” The reason is that empirical
sciences are unscientific: for Tarski defines a scientific theory ‘as a system of asserted
statements arranged according to certain rules’ (ibid.).

2
J



PROOFS AND REFUTATIONS

discover in a formalised theory? Two sorts of things. First, one can
discover the solution to problems which a suitably programmed Turing
machine could solve in a finite time (such as: is a certain alleged proof
a proof or not?). No mathematician is interested in following out the
dreary mechanical “method’ prescribed by such decision procedures.
Secondly, one can discover the solutions to problems (such as: is a
certain formula in a non-decidable theory a theorem or not?), where
one can be guided only by the ‘method’ of ‘unregimented insight and

UL fun

6 .
N ~xxr ..L L] l ,J........,...'- e hatizran +l i nlicin AL o smn~lai o
INOW tnis Di€aK aiterinative bpetween tnée rationaiisinn Or a iniacnine
and the irrationalism of blind guessing does not hold for live mathe-

matics:! an investigation of informal mathematics will yield a rich
situational logic for working mathematicians, a situational logic which
is neither mechanical nor irrational, but which cannot be recognised
and still less, stimulated, by the formalist philosophy.

T]‘\n ]110 nv-x nf mnfl«amn‘-'no NN r] Ql-\n ]r\ncn nrm ann‘-;nn! r];nnr\tvnvﬂn
4 11V 1110VVUL y V1Ll 11iAalliviliailil) daliu vy Lusu. O1 IMauiciiadviCail u.I.DL«UVbLy,
1 .1 1 1 2

i.e. the phylogenesis and the ontogenesis of mathematical thought,
cannot be developed without the criticism and ultimate rejection of
formalism.

But formalist philosophy of mathematics has very deep roots. It is
the latest link in the long chain of dogmatist philosophies of mathe-
matics. For more than two thousand years there has been an argument
between dogmatists and sceptics. The dogmatists hold that - by the
power of our human intellect and/or senses — we can attain truth and
know that we have attained it. The sceptics on the other hand either
hold that we cannot attain the truth at all (unless with the help of

mvstical PYnPrmnrp\ or that we cannot k now if we can attain it or that

22 UVAYSS LA PN LAVAINN ) wasiisw ¥ AMLANS v wiraa B aa

1 One of the most dangerous vagaries of formalist philosophy is the habit of (1) stating
somethmg - rightly — about formal systems; (2) then saying that this applies to ‘ mathe-
matics * - this is again right if we accept the identification of mathematlcs and formal

ratarrcs f2a) aishannitantly writh o qtirrantitiniie chiff 3o masning 11cing tha tare Somatha
L \J) auu)\.\iu&lltly, wll-ll -3 DuLLCPuuUuD Siif L 111 lllbulllls’ u)llls L1iIV LUl1iix llld\,llb"

’
in the rdmarv senge. So Omne savs (f <1l. n R"}\ that ‘this reflects the charac-

s5= wes = v 7 -1 r- Detuiaadd TESSE S esSTEEYE wesw adaiad

terxstxc mathematical situation; thc mathematlcxan hits upon his proof by unregimented
insight and good fortune, but afterwards other mathematicians can check his proof’.
But often the checking of an ordinary (informal) proof is a very delicate enterprise, and
to hit on a ‘mistake’ requires as much insight and luck as to hit on a proof: the discovery
of ‘mistakes’ in informal proofs may sometimes take decades - if not centuries.

2 Both H. Poincaré and G. Pélya propose to apply E. Haeckel’s ‘ fundamental biogenetic
law’ about ontogeny recapitulating phylogeny to mental development, in particular to
mathematical mental development. (Poincaré [1908], p. 135, and Pélya [1962b].) To
quote Poincaré: ‘Zoologists maintain that the embryonic development of an animal
recapitulates in brief the whole history of its ancestors throughout geologic time. It
seems it is the same in the development of minds. . .For this reason, the history of
science should be our first guide’ (C. B. Halsted’s authorised translation, p. 437).

4
4



INTRODUCTION

we have attained it. In this great debate, in which arguments are time
and again brought up to date, mathematics has been the proud fortress
of dogmatism. Whenever the mathematical dogmatism of the day got
into a ‘crisis’, a new version once again provided genuine rigour and
ultimate foundations, thereby restoring the image of authoritative,
infallible, irrefutable mathematics, ‘the only Science that it has pleased
God hitherto to bestow on mankind’ (Hobbes [1651], p. 15). Most
sceptics resigned themselves to the impregnability of this stronghold of

dogmatist epistemology.! A challenge is now overdue
T ~fhare AL thic racacctizdsr il Alhallac on o n PR I, ,..A..'A,J Y PPN LY
111C COILC O1 UID Ldbc"bluuy Wil blldllCIlgC matnemniaticas 101 maiisin,

but will not challenge directly the ultimate positions of mathematical
dogmatism. Its modest aim is to elaborate the point that informal,
quasi-empirical, mathematics does not grow through a monotonous
increase of the number of indubitably established theorems but through
the incessant improvcmcnt of guesses by speculation and criticism, by
trlé 10gic OI PfOOIb ai‘lu rcrutaﬁOi‘lS 0111(..(:, nowe'v'c‘:r metamatnemati

is a paradigm of informal, quasi-empirical mathematics just now in
rapid growth, the essay, by implication, will also challenge modern
mathematical dogmatism. The student of recent history of meta-
mathematics will recognise the patterns described here in his own field.

The dialogue form should rcﬂcct the dialectic of the story; it is
meant to contain a sort of rationally reconstructed or ‘distilled’ history.
The real history will chime in in the footnotes, most of which are to be taken,

therefore, as an organic part of the essay.

1 For a discussion of the role of mathematics in the dogmatist-sceptic controversy, cf.
my [1962].



The dialogue takes place in an imaginary classroom. The class gets
interested in a PROBLEM: is there a relation between the number of
it Y7 01 v 1 . 1.1 1 ... .1

VEIUCEs v, 1€ Nuimopcr o1 Cagcs L ana ul€ nuIinocer Ol 1acCCs 17 Ol POly-
hedra — particularly of regular polyhedra — analogous to the trivial
relation between the number of vertices and edges of polygons, namely,
that there are as many edges as vertices: V' = E? This latter relation

cn_a]w]cc us to {‘IQQQI‘FV nnlvannc 9(‘(‘01‘(‘“’10‘ to h m}wr {\F P(']O'PQ ((\l"
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vertices): triangles, quadrangles, pentagons, etc. An analogous relatlon
would help to classify polyhedra.

After much trial and error they notice that for all regular polyhedra
V—E+F = 2.1 Somebody guesses that this may apply for any poly—
hedron Whatsoever Others try to falsify this conjecture try to test it in

anv different wavs —- it holds oood. The results corroborate the con-
many difterent ways -1t holds good. 1he resuits corroborate th
inntiien and ciigogect that 1+ ~nild ha sanns, s d Te o ~s A-L;.. PR Sy alene elaa
jecture, ana suggest tnat it could oe provea. 1t is at tnis point — aiter tne
1

First noticed by Euler [17584]. His original problem was the classification of polyhedra,
the difficulty of which was pointed out in the editorial summary: ‘While in plane
geometry polygons ( figurae rectilineae) could be classified very easily according to the
number of their sides, which of course is ailways equal to the number of their angles,
in stereometry the classification of polyhedra (corpora hedris planis inclusa) represents a
much more difficult problem, since the number of faces alone is insufficient for this
purpose.’

The key to Euler’s result was just the invention of the concepts of vertex and edge: it was
he who first pointed out that besides the number of faces the number of points and lines
on the surface of the polyhedron determines its (topological) character. It is interesting
that on the one hand he was eager to stress the novelty of his conceptual framework, and
that he had to invent the term ‘acies’ (edge) instead of the old ‘latus’ (side), since latus

e nl e LY L. IS NSO E S | ‘L, atll
was a POlngH OICCpL WilIC 1IC wanu::u a POIyllCUIdl one, on tne (hCI' nana ne sti
M

I'A"A'hll(l Q‘]‘\A oy ‘nnnu us cn’u’uc /nn] r‘ nr\rr]A\ fnr ]euc nn-nf=‘ Ir 7,
AWwVGRiiiveE: Viiw \-\rlll u' BEPD IVIWKHD \avx.lu a.llsl\'/ ANJL LiiO tl\lll‘.\p Lll\\p LAY

recently generally acccpted that the priority of the result goes to Descartes The ground
for this claim is a manuscript of Descartes [c. 1639] copied by Leibniz in Paris from the
original in 16756, and rediscovered and published by Foucher de Careil in 1860. The
priority should not be granted to Descartes without a minor qualification. It is true that
Descartes states that the number of plane angles equals 2¢ + 2a — 4 where by ¢ he means
the number of faces and by a the number of solid angles. It is also true that he states that
there are twice as many plane angles as edges (latera). The conjunction of these two
statements of course yields the Euler formula. But Descartes did not see the point of
doing so, since he still thought in terms of angles (plane and solid) and faces, and did not
make a conscious revolunonary change to the concepts of o-dlmcnsmnal vertices,
1-dimensional edges and 2-dimensional faces as a necessary and sufficient basis for the full

topological characterisation of polyhedra.

6



A PROBLEM AND A CONJECTURE

stages problem and conjecture — that we enter the classroom.! The teacher
is just going to offer a proof.

2. A Proof

TeAcHER: In our last lesson we arrived at a conjecture concerning
polyhedra, namely, that for all polyhedra V—E+F = 2, where V is
the number of vertices, E the number of edges and F the number of

faces. We tested it bv various methods. But we haven’t vet nroved it

Ao Ce YV M VRORLAS A V) O Adrav wvaiSveSe vV was va r&vvv\» Awve

found a proof?

PupiL SigMa: ‘I for one have to admit that I have not yet been able
to devise a strict proof of this theorem. ..As however the truth of it
has been established in so many cases, there can be no doubt that it holds
good for any solid. Thus the proposition seems to be satisfactorily
demonstrated.’® But if you have a proof, please do present it.

TeacHER: In fact I have one. It consists of the fullowmg thought-
experiment. Step 1: Let us imagine the polyhedron to be hollow, with
a surface made of thin rubber. If we cut out one of the faces, we can
stretch the remaining surface flat on the blackboard, without tearing it.
The faces and edges will be deformed, the edges may become curved,
but ¥ and E will not alter, so that if and only HV—-E+F = 2 for the
original polyhedron, V—E+F = 1 for this flat network — remember
that we have removed one face. (Fig. 1 shows the flat network for the
case of a cube.) Step 2: Now we triangulate our map - it does indeed
look like a geographical map. We draw (possibly curvilinear) diagonals

in those (possibly curvilinear) polygons which are not already (possibly

c"r‘vul inear) triangles By drawing each diagcnal we increase both E
1 o1 . | . n 1 1.
and F by one, so that the total V—E+ F will not be altered (fig. 2).

Step 3: From the triangulated network we now remove the triangles
one by one. To remove a triangle we either remove an edge - upon
which one face and one edge disappear (fig. 3(a)), or we remove two
edges and a vertex — upon which one face, two edges and one vertex
disappear (fig. 3(b)). Thusif V—E+F = 1 before a triangle is removed,

! Euler tested the conjecture quite thoroughly for consequences. He checked it for prisms,
pyramids and so on. He could have added that the proposition that there are only five
regular bodies is also a consequence of the conjecture. Another suspected consequence
is the hitherto corroborated proposition that four colours are sufficient to colour a map.

The phase of conjecturing and testing in the case of V- E+ F = 2 is discussed in P6lya

(frnc 41 vol. 1. the first five sections of the third chanter tn. 2¢—41). Pdlva stonned here

LEFOAgs ¥ ae 2y widL L2200 Al VH SULRAURLS Ui VAL Lillle Vilapiviiy pPre JO TR e A Ve SV P Ye 22Vat,

and does not deal with the phase of proving — though of course he points out the nced for
aheuristic of * problems to prove’ ([1945], p. 144). Our discussion starts where P6lya stops.
2 Euler ([17584], p. 119 and p. 124). But later ([1758b]) he proposed a proof.

ly J
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PROOFS AND REFUTATIONS
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(a) Fig. 3. (b)

it remainis so after the triangle is removed. At the end of this procedure
we get a single triangle. For this V—E+F = 1 holds true. Thus we

have bmved our conjecture.!
Prorr Der e Van ckonld

& VKAl UJ-J L‘ A VW J11

conjectural about it any more.

PupiL ArpHA: I wonder. I see that this experiment can be performed
for a cube or for a tetrahedron, but how am I to know that it can be
performed for any polyhedron? For instance, are you sure, Sir, that
anry polyhedron, after having a face removed, can be stretched flat on the
blackboard? I am dubious about your first step.

I'UPIL DblA nre Y()u sure [ﬂat ln Inangulatmg [ne map one WIU alwa}’s
get a new face for any new edge? I am dubious about your second step.

PupiL GAMMA: Are you sure that there are only two alternatives — the

disappearance of one edge or else of two edges and a vertex — when one drops
the trmnalpc one by one? Are vou even sure that one is left with a cmolp

(st Sand View « L2 S VYOai2 3520 2l L d ARG Al - SitR

triangle at the end of this process? I am dubious about your third step.?
TeAcHER: Of course I am not sure.

! This proof-idea stems from Cauchy [18134].

* Delta’s view that this proof has established the ‘theorem’ beyond doubt was shared by
many mathematicians in the nineteenth century, e.g. Crelle [1826-7], 2, pp. 66871,
Matthiessen [1863], p. 449, Jonquieres [1890a] and [1890b]. To quote a characteristic

passage: ‘After Cauchy s proof, it became absolutely indubitable that the elegant

walaalce YT n maaman1tas 2 AT il 0 VLTl Sl e Realae sbasn J Sae weman
ICLIdUOIL ¥V + 1 = D‘r" dPPllc& U 411 SOOI 0L PUl llwld, Ju)t as LWer Statca in I AY D 1
1811 all indecision should have d!cahnparprl * Tonauidres ernnn] DD, ITI-12

all n should ha sappear jongueeres | 18904;, pp. ITI-I2,
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:_ »

3 The class is a rather advanced one. To Cauchy, Poinsot, and to man er excellent

mathematicians of the nineteenth century these questions did not occ
L
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A PROOF

ArrHA: But then we are worse off than before! Instead of one
conjecture we now have at least three! And this you call a ‘proof’!

TrACHER: I admit that the traditional name ‘proof” for this thought-
experiment may rightly be considered a bit misleading. I do not think
that it establishes the truth of the conjecture.

DELTA: What does it do then? What do you think a mathematical

proof proves?

TeacHER: This is a subtle question which we shall try to answer
later. Till then I propose to retain the time-honoured technical term
¢ £ Lmn o sl e clis maiaslasesass e PP 9 ’ o

P‘I‘OOL IOr a tnougni —-experiment — or quau-w&pci“ ient — ivnu,n :uggc.\u
a decomposition of the original conjecture into subconjectures or lemmas, thus
embedding it in a possibly quite distant body of knowledge. Our
‘proof’, for instance, has embedded the original conjecture - about
crystals, or, say, solids - in the theory of rubber sheets. Descartes or
Euler, the fathers of the original conjecture, certainly did not even

dream of this.2
1 Thought-experiment (deiknymi) was the most ancient pattern of mathematical proof.
It prevailed in pre-Euclidean Greek mathematics (cf. A. Szab6 [1958]).

That conjectures (or theorems) precede proofs in the heuristic order was a commone-
place for ancient mathematicians. This followed from the heuristic precedence of
‘analysis’ over ‘synihesis’. (For an excellent discussion see Robinson {1936].) According
to Proclos, ‘.. .it is. . .necessary to know beforehand what is sought’ (Heath [1925], 1,
p. 129). ‘They said that a theorem is that which is proposed with a view to the demon-
stration of the very thing proposed’ ~ says Pappus (ibid. 1, p. 10). The Greeks did not
think much of propositions which they happened to hit upon in the deductive direction
without havmg previously guessed them. They called them porisms, corollaries, incidental
results springing from the proof of a theorem or the solution of a problem, results not
directly sought but appearing, as it were, by chance, without any additional labour, and
constituting, as Proclus says, a sort of windfall (ermaion) or bonus (kerdos) (ibid. 1, p. 278).

Yo vand im tha adistaeial summaryv o Tiilaw femel ml ¢hat neithemntianl thaneaemas Sezcmcnn

YW 1vau lll. Ul CGitoria: suimimn dl.y 1o Lcuct L1 /70U /] tlidal dLilUliliClildl WuIcouLeiln wWel1C

discovered long before their truth has been confirmed by rigid demonstrations’. Both
¢

the Editor and Euler use for this process of discovery the modern term ‘induction’

instead of the ancient ‘analysis’ (ibid.). The heuristic precedence of the result over the
argument, of the theorem over the proof, has deep roots in mathematical folklore,
Let us quote some variations on a familiar theme: Chrysippus is said to have written to
Cleanthes: ‘Just send me the theorems, then I shall find the proofs’ (cf. Diogenes Laertius
[¢. 200], VIL 179). Gauss is said to have complained: ‘I have had my results for a long

time; but I do not yet know how I am to arrive at them’ (cf. Arber [1945], p. 47), and
Riemann: ‘If only I had the theorems! Then I should find the proofs easily enough.’
(Cf. Holder [1024], p. 487.) Pdlya stresses: ‘ You have to guess a mathematical theorem
before you prove it’ ([1954], vol. 1, p. vi).

The term ‘ quasi-experiment’ is from the above-mentioned editorial summary to Euler
[1753]. According to the Editor: ‘As we must refer the numbers to the pure intellect
alone, we can hardly understand how observations and quasi-experiments can be of usein
investigating the nature of the numbers. Yet, in fact, as I shall show here with very good

ransane tha mecnartias AF tha mismbace bacwrn tadasr hava hoae smactly disravarad ke
£€asons, il tn.uyu.u\.a O1 ¢ nUmoclis Kinowin Luucy nave ofen mosuy GisCoOVIICa oy

observation. ..’ (PSlya’s translation; in his [1954], 1, p. 3 he mistakenly attributes the
quotation to Eulcr).

Q
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PROOFS AND REFUTATIONS
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TeacHEr: This decomposition of the conjecturc suggested by the
proof opens new vistas for testmg The decomposn ion d ploys the

cism has more argets. We

- A

COH_]CCturc ona WIUC[ IrUIlt, SO tuat our cCri1 t
now have at least three opportunities for counterexamples instead of
one!

GAMMA I have alread expressed my dislike of your third lemma

blhtlcs athcr we remove an edge or we remove two edges
vertex). I suspect that other patterns may emerge when removin
triangle.

TEACHER: Suspicion is not criticism.

Gamma: Then is a counterexample criticism ?

Tracuer: Certainly. Conjectures ignore
they cannot ignore counterexampxes.

THETA (aside): Conjectures are obviously very different from those
who represent them.

GaMMA: I propose a trivial counterexample. Take the triangular
network which results from performing the first two operations on a
cube (fig. 2). Now if I remove a triangle from the inside of this net-
work, as one might take a piece out of a jigsaw puzzle, I remove one
triangle without removing a single edge or vertex. So the third lemma
is false — and not only in the case of the cube, but for all polyhedra
except the tetrahedron, in the flat network of which all the triangles

omQ .

are boundary triangles. Your proof thus proves the Euler theorem for
o epeeabado . .. . I..A- e Liiniss thhne I TR0 — A £aw +ha
tne tetranearomn. out we air €aqy Rinew tnat v —Cc+r = 2 10f ti

tetrahedron, so why prove it?

TEeACHER: You are right. But notice that the cube which is a counter-
example to the third lemma is not also a counterexample to the main
conjecture, since for the cube V—E+F = 2. You have shown the
poverty of the argument —the proof-but not the falsity of our
conjecture.

ArpHA: Will you scrap your proof then?

TeacHer: No. Criticism is not necessarily destruction. I shall
improve my proof so that it will stand up to the criticism.



PROOF AND LOCAL COUNTEREXAMPLE
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Fig. 4.

refutes a lemma (without necessarily refuting the main conjecture),
and I shall call a ‘global counterexample’ an example which refutes the
main conjecture itself. Thus your counterexample is local but not

global. A local, but not global, counterexample is a criticism of the
hrngf ]‘s t not nF thP rnmPrr'_rei

Al At

GAMMA: So, the conjecture may be true, but your proof does not
prove it.

TEACHER: But | can easily elaborate, and improve the proof, by replac-
ing the false lemma by a slightly modified one, which your counter-
example will not refute. I no longer contend that the removal of any

riangole ﬂa”nmg one nf flqp fwo P tterns mgn!;oner] but rnprp]v f]'\ at af enrh
l-

ln mn;-a’ Af 1anan l\A Yy /1 ar 4. An,n [n”nann
14 i [31%4

ne remova, oy any ooutia
one of these patterns. Coming back to my thought—expenment all that
I have to do is to insert a single word in my third step, to wit, that
‘“from the triangulated network we now remove the boundary triangles
one by one’. You will agree that it only needed a trifling observation
to put the proof right.!

GaMmma: I do not think your observation was so trifling; in fact it
was quite ingenious. To make this clear I shall show that it is false. Take
the flat network of the cube again and remove eight of the ten triangles
in the order given in fig. 4. At the removal of the eighth triangle,

which is certainly by then a boundary triangle, we removed two edges

1 1 J o

.
r-] nn vartay — fl‘\
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two disconnected triangles 9 and 10.

TeacHer: Well, I might save face by saying that I meant by a
boundary triangle a triangle whose removal does not disconnect the
network. But intellectual honesty prevents me from making sur-
reptitious changes in my position by sentences starting with ‘I meant

> so I admit that now I must replace the second version of the
1 Lhuilier, when correcting in a similar way a proof of Euler, says that he made only a

‘trifling observation’ ([1812-13a], p. 179). Euler himself, however, gave the proof
up, since he noticed the trouble but could not make that ‘trifling observation’.

11



PROOFS AND REFUTATIONS

triangle-removing o p eration with a third version: that we remove the
triangles one by one in such a way that —E+F does not alter.
Kaeea: 1 generously agree that the lemma corresponding to this
operation is true: namely, that if we remove the triangles one by one
in such a way that V—=E+F does not alter, then V'—E+F does not
alter.
TeacHER: No. The lemma is that the triangles in our network can

be so numbered that in removmg them in the right order V — E+F will not

at all ?1 Your orlgmal thought-experiment gave the instruction:
remove the triangles in any order. Your modified thought-experiment
gave the instruction: remove boundary triangles in any order. Now
you say we should follow a definite order, but you do not say which
and whether that order exists at all. Thus the thought-experiment
breaks down. You improved the proof-analysis, i.e. the list of lemmas;
but the thought-experiment which you called ‘the proof’ has dis-
appeared.
RHO: Only the third step has disappeared.

KApPPA: Mnrpnvpr did you improve rhplemmn ?Your first two simplc

andas i da aAvalsivI Y Seale NS s S SaA0 a2 .

versions at least looked tr1v1a11y true before they were refuted; your
lengthy, patched up version does not even look plausible. Can you
really believe that it will escape refutation?

TeAcHER: ‘Plausible’ or even ‘trivially true’ propositions are usually
soon refuted: sophisticated, implausible conjectures, matured in
criticism, might hit on the truth.

OmeGa: And what happens if even your ‘sophisticated conjectures’
are falsified and if this time you cannot replace them by unfalsified

ones? Or, if you do not succeed in improving the argument further by
local patching? You have succeeded in getting over a local counter-
example which was not global by replacing the refuted lemma. What
if you do not succeed next time?
TeacHER: Good question — it will be put on the agenda for to-
mMOorrow.
1 Cauchy thought that the instruction to find at each stage a triangle which can be
removed either by removing two edges and a vertex or one edge can be trivially carried

out for any polyhedron ([18134], p. 79). This is connected with his inability to imagine a
polyhedron that is not homeomorphic with the sphere.

ot
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PROOF AND GLOBAL COUNTEREXAMPLE
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ArpHA: I have a counterexample which will falsify your first lemma -
but this will also be a counterexample to the main conjecture, i.e. this
will e 2 olabal catnterexammnle ac well
111 VC d slUUdl CUULILCLICAd IIPIC dd vwwilll

TeacHeR: Indeed ! Interesting. Let us see.

ArpHA: Imagine a solid bounded by a pair of nested cubes - a pair
of cubes, one of which is inside, but does not touch the other (fig. ).
This hollow cube falsifies your first lemma, because on removing a

face from the inner cube, the polyhedron will not be stretchable on to

n ﬂlnna N A 1171]] 1%+ l‘\plh N ramnua a Nro r\m fl'\a n1ifar t‘l‘l“\n 1nol-nnr]
a tlldllb 4 NYUL Vviil iy ll\rltl WU LLVIIIVU YL a La\,\, LAVULL 1V UULLL VU UL 1114l
1 . C i TS R ¢4 . -~ em Ll Lo L 11 1

$1a€s, 10r €acn cuo€ v —Cc+r = Z, 50 udt 10r ui€ noiuow cube

TeacHER: Good show. Let us call it Counterexample 1.! Now what?

(a) Rejection of the conjecture. The method of surrender

GamMma: Sir, your composure baffles me. A single counterexample
refutes a conjecture as effectively as ten. The conjecture and its proof
have completely misfired. Hands up! You have to surrender. Scrap the
false conjecture, forget about it and try a radically new approach.

TEACHER: I agree with you that the conjecture has received a severe
Plc But it is untrue that the nmnf

N o atnor n nv-aa
i1, LUL JJ.U \,1115, y vu 45 tU
¢

my earlier proposal use the word proof for a ‘thought-experi-
ment which leads to decomposition of the original conjecture intoe

1 This ("mmtprprnmnlp 1 was first noticed hv Lhuilier (f’rRr?—r 'uﬂ p. TnA\ But Gergonne

23 120LILCLE VY LAl t3 St

the Editor, added (p 186) that he lnmself noticed thls long before Lhulher s paper. Not
so Cauchy, who published his proof just a year before. And this counterexample was to
be rediscovered twenty years later by Hessel ([1832], p. 16). Both Lhuilier and Hessel
were led to their discovery by mineralogical collections in which they noticed some
double crystals, where the inner crystal is not transiucent, but the outer is. Lhuilier
acknowledges the stimulus of the crystal collection of his friend Professor Pictet ({1812-
13a], p. 188). Hessel refers to lead sulphide cubes enclosed in translucent calcium
fluoride crystals ([1832], p. 16).

-
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PROOFS AND REFUTATIONS

subconjectures’, instead of using it in the sense of a ‘ guarantee of certain
truth’, you need not draw this conclusion. My proof certainly proved
Euler’s conjecture in the first sense, but not necessarily in the second.
You are interested only in proofs which ‘prove’ what they have set
out to prove. [ am interested in proofs even if they do not accomplish
their intended task. Columbus did not reach India but he discovered
something quite interesting

example (1f it is not global at the same t;m‘,) is a criticism of the proof,
. ~ A ~rnttantisen A ovlalhal anccsmbnmasramatala to o msmtdr mreaan ~L el o
but not fth\, conjecture — a g1o0ai1 countcrexa npi€isaCr iticisimi o1 tie

conjecture, but not necessarily of the proof. You agree to surrender as
regards the conjecture, but you defend the proof. But if the conjecture
is false, what on earth does the proof prove?

GamMA: Your analogy with Columbus breaks down. Accepting a
global counterexample must mean total surrender.
(b) Rejection of the counterexample. The method of monster-barring
DertAa: But why accept the counterexample? We proved our con-
jecture — now it is a theorem. I admit that it clashes with this so-called
‘counterexample’. One of them has to give way. But why should the
theorem give way, when it has been proved? It is the ‘criticism’ that
should retreat. It is fake criticism. This pair of nested cubes is not a
polyhedron at all. It is a monster, a pathological case, not a counter-
example.

Gamma: Why not? A polyhedron is a solid whose surface consists of
polygonal faces. And my counterexample is a solid bounded by poly-

oonal faces.
o

Troarurn: T af 11
A JSAANLARLILIN ¢ AJGC NV

Derta: Your definition is incorrect. A polyhedron must be a
surface: it has faces, edges, vertices, it can be deformed, stretched out
on a blackboard, and has nothing to do with the concept of ‘solid’.
A polyhedron is a surface consisting of a system of polygons.

TeACHER: Call this Def. 2.2

:
DEeLTA: So really you showed us tw

2]
)

a
“wa

1 Definition 1 occurs first in the eighteenth century; e.g.: ‘One gives the name polyhedral
solid, or simply polyhedron, to any solid bounded by planes or plane faces’ (Legendre
[1809], p. 160). A similar definition is given by Euler ([17584]). Euclid, while defining
cube, octahedron, pyramid, prism, does not define the general term polyhedron, but

occasionally uses it (e.g. Book XII, Second Problem, Prop. 17)
\

4 i ,
2 We find Definition 2 implicitly in one o _]onquiercs papers read to the French Academy
against those who meant to refute Euler’s theorem. These e papers are a thesaurus of
monster-barring techniques. He thunders against Lhuilier’s monstrous pair of nested

I4
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PROOF AND GLOBAL COUNTEREXAMPLE

Fig. 6
completely inside the other. A woman with a child in her womb is
not a counterexample to the thesis that human beings have one head.

ArpHA: So! My counterexample has bred a new concept of poly-

hedron. Or do you dare to assert that by polyhedron you always
meant a surface?

TeAcHER: For the moment let us accept Delta’s Def. 2. Can you
refute our conjecture NOw if by polyhcdron we mean a surface?
ArpHA: Certainly. Take two tetrahedra which have an edge in

common (fig. 6(a)). Or, take two tetrahedra which have a vertex in
common (Fo- 6”)“ anh fhme fwmq are rnnnerreﬂ ]’\nfh rnanlrnfe

one smgle surface. And, you may check that for both V—E+F = 3.

TeacHER: Counterexamples 2a and 2b.!

DELTA: I admire your perverted imagination, but of course I did
not mean that any system of polygons is a polyhedron. By polyhedron
I meant a system of polygons arranged in such a way that (1) exactly two
polygons meet at every edge and (2) z't is possible to get from the inside of any

M’\’ nnnnnn l-’,cn J Asaar ~é lc Lan 1 wna1én ‘nlncrln 7] N oo Aaaas

Put]guu to tne insiae 0j uh)" oiner Pu;]guu Uy G rouie wnidn never crosses un[

eage at a vertex. Your first twins will be CXCIUCICCI Dy tl'lC Ill'St criterion

in my definition, your second twins by the second criterion.
TEACHER: Def. 3.2

R T Arn o ~em Lo ~£ 2o P | ad..
cupes. OuLll a bysicux lb no y a puxyuc Oon out a Pdll Or ulbul ict puxyucul’a cdin

independent of the other. . A polyhedron, at least from the classical point of view,
deserves the name only if, before all else, a point can move continuously over its entire
surface; here this is not the case. .. This first exception of Lhuilier can therefore be dis-
carded’ ([1890b], p. 170). This definition — as opposed to Definition 1 — goes down very
well with analytical topologists who are not interested at all in the theory of polyhedra
as such but only as a2 handmaiden for the theory of surfaces.

1 Counterexamples 2a and 2b were missed by Lhuilier and first discovered only by Hessel
([x832], p. 13).

2 naﬁnu'h'ou 3 Flrs turns un to kean out f\lr;nfnfrohnr‘rq n Mn‘unc (Mt86¢1 n 22 We find
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{d
his cumbersome definition reproduced in some modern textbooks in the usual authori-

tarian ‘take it or leaveit’ way; thestory of its monster-barring background - that would
at least explain it - is not told (e.g. Hilbert and Cohn-Vossen [1956], p. 290).
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PROOFS AND REFUTATIONS

ArpHA: I admire your perverted ingenuity in inventing one defini-
tion after another as barricades against the falsification of your
pet ideas. Why don’t you just define a polyhedron as a system of
polygons for which the equation V~E+F = 2 holds? This Perfect
Definition. .

Karpa: Dey‘ pl

ArLPHA:. ..would settle the dispute for ever. There would be no need
to investigate the subject any further.

H]
Derta: But there isn’t 2 theorem in the world which couldn’t be
Vol PS¥ ol B I
14dDI11ICQU D J1LOILMLCLD

TeAcHER: I am sorry to interrupt you. As we have seen, refutation
by counterexamples depends on the meaning of the terms in question.
If a counterexample is to be an objective criticism, we have to agree
on the meaning of our terms. We may achieve such an agreement by
deﬁning the term where communication broke down. I, for one,
alan t aCImC pOl‘y‘I‘learOi‘l I aSSIiI‘ﬂt‘:a ]amularuy' with the c,oncept, i.€.
the ablllty to dlStlngUISh a thing which is a polynedron from a thmg
which is not a polyhedron — what some logicians call knowing the
extension of the concept of polyhedron. It turned out that the extension
of the concept wasn ’t at a]_l nbvmm dm’imtmm are ﬁ'eauentlv nronmpd

and argued about when counterexamples emerge. 1 suggest that we now
consider the rival definitions together, and leave until later the dis-
cussion of the differences in the results which will follow from choosing
different definitions. Can anybody offer something which even the

most restrictive definition would allow as a real counterexample?
Karra: Including Def. P?

Teacruer: Excluding Def. p.

GAMMA: I can. Look at this Counterexample 3: a star-polyhedron - I

shall call it an urchin (fig. 7). This consists of 12 star-pentagons (fig. 8).
It has 12 vertices, 30 edges, and 12 pentagonal faces — you may check
it if you like by counting. Thus the Descartes-Euler thesis is not true
at all, since for this polyhedron V—E+F = —6.2

1 Definition P, according to which Eulerianness would be a definitional characteristic of
polyhedra, was in fact suggested by R. Baltzer: ‘Ordinary polyhedra are occasionally
(following Hessel) called Eulerian polyhedra. It would be more appropriate to find a
special name for non-genuine (uneigentliche) polyhedra’ ([1862], vol. 2, p. 207). The
reference to Hessel is unfair: Hessel used the term ‘Eulerian’ simply as an abbreviation
for polyhedra for which Euler’s relation holds in contradistinction to the non-Eulerian
ones ([1832], p. 19). For Def. P see also the Schlifli quotation in footnote 2 below.

2 The ‘urchin’ was first discussed by Kepler in his cosmological theory ([1619], Lib. II,
XIX and XXVI, on p. 72 and pp. 82-3 and Lib. V, Cap. 1, p. 293, Cap. IlI, p. 299 and
Cap. IX, XLVII). The name ‘urchin’ is Kepler’s (‘ cui nomen Echino feci’). Fig. 7 is copied

16
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PROOF AND GLOBAL COUNTEREXAMPLE

E
A
C 8
~/ \
A D
Fig. 7. Kepler’s star-polyhedron, each Fig. 8,

face shaded in a different way to show

T RPN Y L.l el
wWiiicii Luausxca ociong to tne same

pentagonal face.

DEeLTA: Why do you think that your “urchin’ is a polyhedron?

GaMMA: Do you not see? This is a polyhedron, whose faces are the
twelve star-pentagons. It satisfies your last definition: it is ‘a system of
polygons arranged in such a way that (1) exactly two polygons meet
verv edee. and (2) it i

t every edge, and (2) it is possible to get from every polygon to every
Athe P ygon WltﬂOUt €ver CfOSSlng a vertex Of tI ne POIYHCGI'OH,.
DEeLTA: But then you do not even know what a polygon is! A
star-pentagon is certainly not a polygon! A polygon is a system of edges
arranged in such a way that (1) exactly two edges meet at every vertex, and
(9\ fhp p/]moc have no anfc in common p'rrpnt fhp vertices.

TEACHBR. Let us call this Def. 4.

GamMa: I don’t see why you include the second clause. The correct
definition of the polygon should contain the first clause only.

TEACHER: Def. 4.
GamMA: The second clause has nothing to do with the essence of a

e n i d

%3

polygon. Look: if I lift an edge a little, th star-pentagon is already
2 solveon even in VOUr sehse Vo imacine a solveon to be drawn in
d PUI)’&U 1 CVUIL 111 yuuL SCIDC., 1UVUU 11l dslllc d P 1)’5011 LU UC Ul 1 11l

chalk on the blackboard, but you should imagine it as a wooden
structure: then it is clear that what you think to be a point in common
is not really one point, but two different points lying one above the

from his book (p. 79) which contains also another picture on p. 293. Poinsot indepen-
dently rediscovered it, and it was he who pointed out that the Euler formula
did not apply to it ([1810], p. 48). The now standard term ‘small stellated dodeca-
hedron’ is Cayley’s ([1859], p. 125). Schlifli admitted star-polyhedra in general, but
nevertheless rejected our small stellated dodecahedron as a monster. According to him
‘this is not a genuine polyhedron, for it does not satisfy the condition V~-E+F = 2°

([1852], § 34)-
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PROOFS AND REFUTATIONS

other. You are misled by your embedding the polygon in a plane -
you should let its limbs stretch out in space!*

DErLtA: Would you mind telling me what is the area of a star-
pentagon? Or would you say that some polygons have no area?

GaMMAa: Was it not you yourself who said that a polyhedron has
nothing to do with the idea of solidity? Why now suggest that the
idea of polygon should be linked with the idea of area? We agreed that
a polyhedron is a closed surface with edges and vertices - then why not

aoree that a hn]vann 1€ clmhlv 2 r‘]ncpr] clirvyve xnf]'\ vertices Rnf ncvnn
aal\r\r VAACA Y & rvll 6\.’1‘- AV Ulllbr‘-l G WAV JIUWNE WLEL ¥V W VYV AVAL V WA VAW o AV AL ]\J“
ctinlr ¢~ wratie 1doa T At xrilling #a Aafinn ¢ha avnn AL A ctnmnnlirana 2
SUCA O yOutl 1Gla 1 diil 1LY QCLUIC UWIC dICd UL 4 5idi=pOlygoill.

TeAcHER: Let us leave this dispute for a moment, and proceed as
before. Consider the last two definitions together — Def. 4 and Def. 4.

1 The r]nnnrp whether n]vgon should be defined so as to include cmr_Pnlvgnpc or not

~viavd i pIOLOLES L RO R0 lulbi i

(Def. 4 or Def. 4°) is a very old one. The argument put forward in our dialogue - that
star-polygons become ordinary polygons when embedded in a space of higher dimen-
sions — is 2 modern topological argument, but one can put forward many others. Thus
Poinsot defending his star-polyhedra argued for the admission of star-polygons with
arguments taken from analytical geometry: °...all these distinctions (between *ordi-
nary” and “star ’-polygons) are more apparent than real, and they completely disappear
in the analytical treatment, in which the various species of polygons are quite inseparable.

To the edge of a regular polygon there corresponds an equation with real roots, which
51mu1taneously yxelds the edges of all the regular polygons of the same order. Thus it is
not possible to obtain the edges of a regular inscribed heptagon, without at the same
time finding edges of heptagons of the second and third species. Conversely, given the
edge of a regular heptagon, one may determine the radius of a circle in which it can be
inscribed, but in so doing, one will find three different circles corresponding to the three
species of heptagon which may be constructed on ‘the given edge; similarly for other
polygons. Thus we are justified in giving the name “polygon” to these new starred
figures’ ([1810], p. 26). Schrider uses the Hankelian argument: ‘The extension to
rational fractions of the power concept originally associated only with the integers has
been very fruitful in Algebra; this suggests that we try to do the same thing in geometry
whenever the opportunity presents itself. . .” ([1862], p. 56). Then he shows that we may
find a geometrical interpretation for the concept of p/g-sided polygons in the star-
polygons.

2 Gamma’s claim that he can define the area for r—polygons is n t a bluff. Some of those

: - e A s

sta.
Aloane anloa @
Ulyguill dulviu l lUULCllL Uy PULLI 15 1Or'war

the case of regular star—polygons We may take he area of polygon as the sum of the
areas of the isosceles triangles which join the centre of the inscribed or circumscribed
circle to the sides. In this case, of course, some *portions’ of the star-polygon will count
more than once. In the case of irregular polygons where we have not got any one
distinguished point, we may still take any point as origin and treat negatively oriented
triangles as having negative areas (Meister [1771], p. 179). It turns out — and this can
certainly be expected from an ‘area’ — that the area thus defined will not depend on the
choice of the origin (Mébius [1827], p. 218). Of course there is liable to be a dispute with
those who think that one is not justified in calling the number yielded by this calculation
an ‘area’; though the defenders of the Meister~Maobius definition called it “the right
definition’ which ‘alone is scientifically justified’ (R. Haussner’s notes [1906], pp. 114~
15). Essentialism has been a permanent feature of definitional quarrels.
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PROOF AND GLOBAL COUNTEREXAMPLE

Can anyone give a counterexample to our conjecture that will comply
with both definitions of polygons?
ArpHA: Here is one. Consider a picture-frame like this (fig. 9). This

is a polyhedron accoifd;ngJ to any of the deﬁmtlons hlthj:rto pr(jpfsed

an o] <

lVUIlC[IIC 6 >S —y_
that V~E+F =

TEACHER: Counterexample 4.1

BETA: So that’s the end of our conjecture. It really is a pity, since
it held good for so many cases. But it seems that we have just wasted
our time.

ArpHA: Delta, I am flabbergasted. You say nothing? Can’t you
define this new counterexample out of existence? I thought there was
no hypothesis in the world which you could not save from falsification
with a suitable linguistic trick. Are you giving up now? Do you agree
at last that there exist non-Eulerian polyhedra? Incredible!
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c .
But I am gradually losmg interest in your monsters. I turn in disgust
from your lamentable ‘polyhedra’, for which Euler’s beautiful
theorem doesn’t hold.2 I look for order and harmony in mathematics,
but you only propagate anarchy and chaos.® Our attitudes are ir-
reconcilable.

1 We find Counterexample 4 too in Lhuilier’s classical [1812-134], on p. 185 — Gergonne
again added that he knew it. But Grunert did not know it fourteen years later ([1827])
nor did Poinsot forty-five years later ([1858], p. 67).

% This is paraphrased from a letter of Hermite’s written to Stieltjes: ‘I turn aside with a
shudder of horror from this lamentable plague of functions which have no derivatives’
([1893]).

3 “Researches dealing with. . .functions violating laws which one hoped were universal,
were regarded almost as the propagation of anarchy and chaos where past generations

had sought order and harmony’ (Saks [1933], Preface). Saks refers here to the fierce
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PROOFS AND REFUTATIONS
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(a) Fig. 11. (b)

ArpHA: You are a real old-fashioned Tory! You blame the wicked-
ness of anarchists for the spoiling of your ‘order’ and ‘harmony’, and
you ‘solve’ the difficulties by verbal recommendations.

TeacHER: Let us hear the latest rescue-definition.

ArpHA: You mean the latest linguistic trick, the lates n
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battles between monster-barrers (like Hermite!) and refutationists that characterised in
the last decades of the nineteenth century (and indeed in the beginning of the twentieth)
the development of modern real function theory, ‘ the branch of mathematics which deals
with counterexamples’ (Munroe [1953], Preface). The similarly fierce battle that raged
iater between the opponents and protagonists of modern mathematical logic and set-
theory was a direct continuation of this. See also footnotes 2, p. 22, and 1, p. 23.
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PROOF AND GLOBAL COUNTEREXAMPLE

DEeLtA: I do not contract concepts. It is you who expand them. For
instance, this picture-frame is not a genuine polyhedron at all.

ArpHA: Why?

DELTA: Take an arbitrary point in the ‘tunnel’ - the space bounded by
the frame. Lay a plane through this point. You will find that any such
plane has always two different cross-sections with the picture-frame,
making two distinct, completely disconnected polygons! (fig. 10).

ALPHA: So what?

DEeLTA: In the case of a
1

e sl . 1L, .1, - 1 maa bt are sl ‘L,.M.. s 4,.,1‘.,“.

in Space tnere wiii ve at ieast one plar € wnose cross-seciion wiin ine poiyneéaron
will consist of one single polygon. In the case of convex polyhedra all
planes will comply with this requirement, wherever we take the point.
In the case of ordinary concave polyhedra some planes will have more
intersections, but there will always be some that have only one
(ﬁg 11, (a ) and (b)). In the case of this picture-frame, if we take the
POln[ in the tunnel, all the Pl& 1ies will have two cross-sections. How
then can you call this a polyhedron?

TeacHer: This looks like another definition, this time an implicit
one. Call it Def. 5.t

ALPHA: A series of counterexamples, a matching series of definitions,
definitions that are alleged to contain nothing new, but to be merely
new revelations of the richness of that one old concept, which seems
to have as many ‘hidden’ clauses as there are counterexamples. For all
polyhedra V—E+F = 2 seems unshakable, an old and ‘eternal’ truth.
It is strange to think that once upon a time it was a wonderful guess,

full of challenge and excitement. Now, because of your: weird shifts of

0- ]n + r] o 2V Ye Y
uleaning, it [1aS Turneg intc a tlUU

-1
111

/1T

aogma \ e eaves [I’le Classroom)

DEeLTA: I cannot understand how an able man like Alpha can waste
his talent on mere heckling. He seems engrossed in the productlon of
monstrosities. But monstrosities never foster growth, either in the
world of nature or in the world of thought. Evolution always follows
an harmonious and orderly pattern.

1 Definition 5 was put forward by the indefatigable monster-barrer E. de Jonquiéres to get
Lhuilier’s polyhedron with a tunnel (picture-frame) out of the way: ‘Neither is this
polyhedral complex a true polyhedron in the ordinary sense of the word, for if one
takes any plane through an arbitrary point inside one of the tunnels which pass right
through the solid, the resulting cross-section will be composed of two distinct polygons

rnmn]prp]v unconnected with each other: this can occur in an ordinarv nn]vhp{]rnn for

CULLPALINA Yy WMAICUIIAIVEINS VWAl Datil Utdivdy valld Ll USOel 1AL sid Vaksidialy Ui yadmaaL aUs

certain positions of the intersecting plane, namely in the case of some concave polyhedra,
but not for all of thcm’ ([1890b] pp. 170-1). One wonders whether de Jonqm res has
noticed that his Def. 5 excludes also some concave spheroid polyhedra.
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PROOFS AND REFUTATIONS

GAMMA: Geneticists can easily refute that. Have you not heard that
mutations producing monstrosities play a considerable role in macro-
evolution? They call such monstrous mutants ‘hopeful monsters’. It
seems to me that Alpha’s counterexamples, though monsters, are
‘hopeful monsters’.1

DertA: Anyway, Alpha has given up the struggle. No more
monsters nOw.

Gamma: I have a new one. It complies w'th all the restrictions in

a
ds, but V—E+F = 1. Thi
t has 3 faces (the top, the ‘uottom and the jac
cles) and no vertices. It is a polyhedron accordmg to your
deﬁnition (1) exactly two polygons at every edge and (2) it is possible
to get from the inside of any polygon to the inside of any other polygon
by a route which never crosses any edge at a vertex. And you have to
accept the faces as genuine polygons, as they comply with your
requirements: (1) exactly two edges meet at every vertex and (2) the
edges have no points in common except the vertices.

DEertA: Alpha stretched concepts, but you tear them! Your ‘edges’

are not edges' An edge has two vertices!
TI-‘A(‘T—I‘R‘D T)pf 6?

Al BNt s BN

Wh

GAMMA : But why deny the status of ‘edge’ to edges with one or
possibly zero vertices? You used to contract concepts, but now you
mutilate them so that scarcely anything remains!

DEeLTA: But don’t you see the futility of these so-called refutations?
‘Hitherto, when a new polyhedron was invented, it was for some

practical end; today they are invented expressly to put at fault the
et £

.......... ~L A £oale o atnd Ama mazra ---I rom L,..M Ayt ..,..
lCdbUlllllgb Or1 our ld.LllClb, ana onnc ncveér wiii 5 t IrOoili tincin dll)’ Lu. 5

more than that. Our subject is turned into a teratological museum
where decent ordinary polyhedra may be happy if they can retain a
very small corner.”

AN ¢4 JRPU, | PP o A e e

* “We must not IOIgC[ tnat wnat appcars (0-03)’ as a monster w1u DC {O~-II1OITOW UIC Orlblﬂ
of a line of special adaptations...I further emphasized the importance of rare but
extremely consequential mutations affecting rates of decisive embryonic processes which
might give rise to what one might term hopeful monsters, monsters which would start
a new evolutionary line if fitting into some empty environmental niche.’ (Goldschmidt
[1933], pp. 544 and s547). My attention was drawn to this paper by Karl Popper.

2 Paraphrased from Poincaré ([1908], pp. 131-2). The original full text is this: ‘Logic
sometimes makes monsters. Since half a century we have seen arise a crowd of bizarre
functions which seem to try to resemble as little as possible the honest functions which

ny !\nv"\n'\a cantinnity hie no darivarivac
Alu.ut.y, Ul pliiiaps LU VUL iU Ullivalivig,

ese strange functions which are the
most general, those one meets without seeking no longer appear except as particular

case. There remains for them only a very small corner.

etc. Nav more, Frnm the lo glcnl poin
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PROOF AND GLOBAL COUNTEREXAMPLE

GamMmA: I think that if we want to learn about anything really
deep, we have to study it not in its ‘normal’, regular, usual form, but
in its critical state, in fever, in passion. If you want to know the normal
healthy body, study it when it is abnormal, when it is ill. If you want
to know functions, study their singularities. If you want to know
ordinary polyhedra, study their lunatic fringe. This is how one can
carry mathematical analysis into the very heart of the subject.! But

even if you were basmally right, don’t you see the futility of your
ad l!nr mpf]'\nr] IF \]r 11 want to dra‘xr a I\nrrlprhhe b

examples and monsters, you cannot do it in

TeacHER: I think we should refuse to accept Delta’s strategy for
dealing with global counterexamples, although we should congratulate
him on his skilful execution of it. We could aptly label his method
the method of monster-barring. Using this method one can eliminate any
counterexample to the original conjecture by a sometimes deft but
arw"a‘y's aa noC feucnnlti()‘rl UI Ulc pol‘y'ncur()i‘l, of its ucn‘ning terims, or
of the defining terms of its defining terms. We should somehow treat
counterexamples with more respect, and not stubbornly exorcise them

by dubbing them monsters. Delta’s main mistake is perhaps his
dnom;mst hms in the interpretation of mathematical nrnnf he thmkq

TTOTTTT T T T T I TTTTTTETETTTTTTTT LT T T T oTTT T

that a proof necessarily proves what it has set out to prove. My interpre-
tation of proof will allow for a false conjecture to be ‘proved’, i.e. to
be decomposed into subconjectures. If the conjecture is false, I certainly
expect at least one of the subconjectures to be false. But the decom-
position might still be interesting! I am not perturbed at finding a
counterexample to a ‘proved’ conjecture; I am even willing to set out

roaxra rn]ca n(\h;o/\f11ro'
w BLUVD d iLdion \.«UIJJ&\/LLH-\«

.I.HETA 1 Clon t IOUOW you
Karpa: He just follows the New Testament: ‘Prove all things; hold

fast that which is good’ (1 Thessalonians §: 21).

T anatAfmva virham A o, "- 3 e W ad & exrao w amenna sasen ~btanl am e ba_daes
L4 AVLIVIVIULLV WIILLL 4 1IV VWY 1U l.l.b IULL ven t A2 S Y it Was L dUILLIV ldbub g, \.\J‘Ud’
they are invented expressly to put at fault the reasonings of our fa thers, and one never

will get from them anything more than that.

‘If logic were the sole guide of the teacher, it would be necessary to begin with the
most general functions, that is to say with the most bizarre. It is the beginner that would
have to be set grappling with this teratologic museum. ..’ (G. B. Halsted’s authorised
translation, pp. 435~6). Poincaré discusses the problem With respect to the situation in
the theory of real functions — but that does not make any difference.

1 Paraphrased from Denjoy ([1919], p. 21).



PROOFS AND REFUTATIONS

(c) Improving the conjecture by exception-barring methods. Piecemeal
exclusions. Strategic withdrawal or playing for safety
BETA: I suppose, sir, you are going to explain your puzzling remarks.
But, with all apologies for my impatience, I must get this off my
chest.

TEACHER: Go on.

(ALPHA re-enters.)

’
Bera: | |nd sOome ashects n( | )P]fo < aronmentec u"v ‘\1 t 1 ]‘mvp
et Sl A bB» - A& oL A Urvku A e W AVEE J “A&MAA‘-VIAVU UAL&] , -~ e - ALSS V W
s b bhalisera thae ¢hinea 30 4 wnnamnnalla ],,\mn] t~n thnses Té srnvsr
COI1IIC WO DLCIICVT Uldl UICIC 1D d 1CddOIIdDIC ACLIICE 1O uICill. It 110w

seems to me that no conjecture is generally valid, but only valid in a
certain restricted domain that excludes the exceptions. I am against
dubbing these exceptions ‘monsters’ or ‘pathological cases’. That
would amount to the methodological decision not to consider these as
interesting examples in their own right worthy of a separate investiga—
tion. But I aimn dlbU dg“ nst }‘ terin wuméi‘éxaﬁipw ’ it uguuy dduuta
them as examples on a par with the supporting examples, but somehow
paints them in war-colours, so that, like Gamma, one panics when
facing them, and is tempted to abandon beautiful and ingenious proofs
altogether. No: they are just exceptions.

SicMA: I could not agree more. The term ‘counterexample’ has
an aggressive touch and offends those who have invented the proofs.
‘Exception’ is the right expression. ‘There are three sorts of mathe-
matical propositions:

‘1. Those which are always true and to which there are neither
restrictions nor exceptions, e.g. the angle sum of all plane triangles is

always equal to two right angles
¢ ) IR J.g I ERSURRUUURIY i PRSPV SN, | 1 not --
4Z. L11105C WIlICI1 ICSU OIl SOIINC 14iSC Prln IPIC anda so cannot be¢

admitted in any way.

‘3. Those which, although they hinge on true principles, neverthe-
less admit restrictions or exceptions in certain cases. ..’

Epsiton: What?

SiMA: ‘.. .One should not confuse false theorems with theorems
subject to some restriction.” As the proverb says: The exception proves
tne rule.

EpsitoN (to Kappa): Who is this muddlehead? He should learn
something about logic

Karpa (to EpsiLoN): And about non-Euclidean plane triangles.
Norma T anrl i+ nm‘\nvvnno:nn o~ Lntrn *~ v\-p\rl:nt Q-LAG - O-L:n r]; nnnnn
1LELTAL 1 TinaG iU emoarrassing to nave to preaict tnat in tnis aiscus-



PROOF AND GLOBAL COUNTEREXAMPLE

sion Alpha and I shall probablv be on the same side. We both argued

on the b 13 nFa nrnnncmnn S hmna mther true or Fa]cp anr] Amnormar]

va S hat o Salddnd

only on whether the Euler theorem, in particular, is true or false. But
Sigma wants us to admit a third category of propositions that are ‘in
principle’ true but ‘admit exceptions in certain cases’. To agree to a
peaceful coexistence of theorems and exceptions means to yield to
confusion and chaos in mathematics.

ArpHA: D’accord.

E'T!A . T r]:tl At YXTArE & 1 ArdAara PN
41 UIU 11Ul Vvdlll LU 11IL0LLCL0 VWIILLL Ll
1

of Delta, but now I think it may be profitable if I briefly explain the
story of my intellectual development. In my schooldays I became - as
you would put it — a monster-barrer, not as a defence against Alpha-
types but as a defence against Sigma-types. I remember reading in a
periodical about the Euler theorem: ‘Brilliant mathematicians have
put forward proofs of the general validity of the theorem. Neverthe-
less it suffers exceptions. . .it is necessary to draw attention to these
exceptions since even recent authors do not always recognise them
explicitly.”* This paper was not an isolated exercise in diplomacy.
Although in geometry textbooks and lectures it is always pointed

t is always pointe
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I
Ad AL

qu
[ !

I‘\ 111 ] f]ﬁp(\f‘Pm /L F _— E 2 1¢ en I-\ art
42 U Ivw L

vva . A L2 BRIV LANZ A2 T Y I 4

f'f
1 94 \.

tion” in some cases, or ‘‘does not seem to be valid”, one does not
learn the real reason for these exceptions.’”? Now I looked at the
‘exceptions’ very carefully and I came to the conclusion that they do
not comply with the true definition of the entities in question. So the
proof and the theorem can be reinstated and the chaotic coexistence of
theorems and exceptions vanishes.

ALPHA: olgma s chaotic position may serve as an explanation for
your monster-barring, but not as an excuse, let alone a justification.
Why not eliminate the chaos by accepting the credentials of the
counterexample and rejecting the ‘theorem’ and the ‘proof”?

? Hessel {1832], p. 13. Hessel rediscovered Lhuilier’s ‘exceptions’ in 1832. Just after sub-
mitting his manuscript he came across Lhuilier’s [1812-134]. He nevertheless decided not
to withdraw the paper, most of whose results thus turned out to have already been
published, because he thought that the point should be driven home to the ‘recent
authors’ ignoring these exceptions. One of these authors, by the way, happened to be
the Editor of the Journal to which Hessel submitted the paper: A. L. Crelle. In his
[1826-7] textbook he ‘proved’ that Euler’s theorem was true for all polyhedra (vol. 2,
pp. 668-71).

2 Matthiessen ([1863], p. 449). Matthiessen refers here to Heis and Eschwexler s Lehrbuch
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PROOFS AND REFUTATIONS

Eta: Why should I reject the proof? I cannot see anything wrong
with it. Can you? My monster-barring seems more rational to me
than your proof-barring.

TeAcHER: This debate showed that monster-barring may get a more
sympathetic audience when it stems from Eta’s dilemma. But let us
come back to Beta and Sigma. It was Beta who rechristened the
counterexamples exceptions. Sigma agreed with Beta. . .

BetA: I am glad that Sigma agreed with me, but I am afraid that
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false ones.
Thls last pe can be 1mproved into true propositions by adding
restrictive clause which states the exceptions. I never attrlbute to
formulae an undetermined domain of validity. In reality most of the
formulae are true only if certain conditions are fulfilled. By determin-
ing these conditions and, of course, pinning down precisely the mean-
'1g of the terms I use, I make all uncertainty uisappear 1 So, as you see,
I do not advocate any sort of peaceful coexistence between unimproved
formulae and exceptions. I improve my formulae and turn them into
perfect ones, like those in Sigma’s first class. This means that I accept the
method of monster-barring in so far as it serves for finding the domain
of validity of the original conjecture; I reject it in so far as it functions as a
linguistic trick for rescuing ‘nice’ theorems by restrictive concepts.
These two functions of Delta’s method should be kept separate. I
should like to baptise my method, which is characterised by the first
of these functions only, ‘the exception-barring method’. 1 shall use
it to determine precisely the domain in which the Euler conjecture
holds.

. I3 . . « Y
TrAcHER: What is the ‘precisely determined domain’ of Euler

polyhedra you promised? What is your ‘perfect formula’
BetA: For all polyhedra that have no cavities (like the pair of nested
cubes) and tunnels (like the picture-frame), V—E+F = 2.
TEACHER: Are you sure?
BETA: Yes, I am sure.
TrACHER: What about the
BerA: I am so !
’

‘multiple structure V—E +F = 2.2

! This is from Cauchy’s introduction to his celebrated [1821].

2 Lhuilier and Gergonne seem to have been sure that Lhuilier’s list had enumerated all the
exceptions. We read in the introduction to this part of the paper: ‘One will easily be
convinced that Euler’s Theorem is true in general, for all polyhedra, whether they are
convex or not, except for those instances that will be specified. ..’ (Lhuilier [1812-134],
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PROOF AND GLOBAL COUNTEREXAMPLE

TEACHER: I see. [ agree with your policy of improving the conjecture
instead of just taking or leaving it. I prefer it both to the method of
monster-barring and to that of surrender. However, I have two
objections. First I contend that your claim that your method not only
improves, but ‘perfects’ the conjecture, that it ‘renders it strictly
correct’, that ‘it makes all uncertainties disappear’ is untenable.

BEerA: Indeed?
TeAcHER: You must admit that each new version of your conjecture
nt

is or 1y an ad hoc elimination of a counterexample which has just
A 1144 ILA“ ‘7’\“‘ l‘""ml\]l\ f\“ hﬂﬂ*ﬂl‘ ﬁ‘l‘l‘ﬂf\ 372N k] A\rﬁll!r]n
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polyhedra with cavities. When you happe to notice a picture-frame,
you exclude polyhedra with tunnels. I appreciate your open and
observant mind; to take notice of these exceptions is all very well, but
I think it would be worth while to inject some method into your blind
groping for ° exceptlons It is good to admit that ‘All polyhedra are

n|1]ar11\ﬂ ’ 1 (\n xr n nsnﬁl-vnfn Rt 111111r n-1 na ¢ Al] h(\l‘r]-\al]"ﬁ 117 0- ~i1d
4sUilliail 1D J.uy 11jCCiluiiL. AJuUlL .l.l.y 5 VO 4al1 t}uxyll\,uxa Yvillilivun
cpias 1...1 n

cavities, CUIIIICIS anda whnat not are cul crlan’ the status OI a tneorem l:nat
is not conjectural any more? How can you be sure that you have
enumerated all exceptions?

Bera: Can you give one that I did not take into account?

ArpHA: What about my urchin?

GamMmA: And my cylinder?

TeacHER: I do not even need a concrete new ‘exception’ for my
argument. My argument was for the possibility of further exceptions.

BetA: You may well be right. One should not just shift one’s
posmon Whenever a new counterexample turns up. One should not

should occur, it may then begin to be pronounced with such exceptions
as occur.”? Let me think. We first guessed that for all polyhedra
V—E+F = 2, because we found it to be true for cubes, octahedra,
pyramids, and prisms. We certainly cannot accept ‘this miserable way

p- 177). Then we read again in Gergonne’s comment: ‘. . .the speciﬁed exceptions which

A ha tha Anler that ~Ane Amasse LA £ Fe-P% ey 1-09\ R.. Lart T hasiline sssicend ¢hin
séém to De thne oniy oncs tnat can occur. .. \10iG. p. 1069). Dut lllJubb LRier missea ine

twintetrahedra, which were nnlv noticed twenty years later Iw Hessel (f'rR:ﬂ\ That some lead-

S%5}3) =2:av

ing mathematlcmns even mathematlcxans w1t:h a hvely interest in methodology like
Gergonne, could believe that one could rely upon the exception-barring method, is
noteworthy. The belief is analogous to the ‘method of division’ in inductive logic,
according to which there can be a complete enumeration of possible explanations of a
phenomenon, and therefore if we can eliminate all but one by the method of experi-
menium crucis, then this last one is proved.

1 1. Newton [1717], p. 380.
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PROOFS AND REFUTATIONS

of inferring from the special to the general’.! No wonder exceptions
cropped up; it is rather surprising that many more were not found
much earlier. To my mind this was because we were mostly occupied
with convex polyhedra. As soon as other polyhedra entered, our
generalisations did not work any more.? So instead of barring excep-
tions piecemeal, I shall draw the borderline modestly, but safely:
All convex polyhedra are Eulerian.® And I hope you will grant that this

has nothing conjectural about it: that it is a theorem.
GamMma: What about mv rv]lnr]pr? It is convex!

sniVaivasas AARY KUY 2245 AARANSN A V win e
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TeACHER: Let us forget about the cylinder for the moment. We
can offer some criticism even without the cylinder. In this new,
modified version of the exception-barring method, which Beta
devised so briskly in answer to my criticism, piecemeal withdrawal

has been replaced by a strategic retreat into a domam hoped to be a

trOnghold of the conjecture. You are playing for safety. But are you
1 ? -

as safe as you claim to be? You still have no guarantee that there will
not be any exceptions inside your stronghold. Besides, there is the
opposite danger. Could you have withdrawn too radically, leaving lots
of Eulerian Dolvhedra outside the walls? Our original conjecture might

1 Abel [18264]. His criticism seems to be directed against Eulerian inductivism.

3 This too is paraphrased from the quoted letter, in which Abel was concerned to eliminate
the exceptions to general ‘theorems’ about functions and thereby establish absolute
rigour. The original text (including the previous quotation) is this: ‘In Higher Analysis
very few propositions are proved with definitive rigour. One finds everywhere the miserable
way of inferring from the special to the general, and it is 2 marvel that such procedure leads
only rarely to what are called paradoxes. It is really very interesting to look for the
reason. In my opinion the reason is to be found in the fact that analysts have been mostly
occupied with functions that can be expressed as power series. As soon as other functions enter ~
which certainly is rarely the case — one does not get on any more and as soon as one starts
drawing false conclusions, an infinite multitude of mistakes will follow, all supporting
each other...’ (my italics). Poinsot discovered that inductive generalisations ‘often’
break down in the theory of polyhedra, just as in number theory: ‘ Most properties are
individual and do not obey any general laws’ ([1810], § 45). The intriguing characteristic
of this caution towards induction is that it puts down its occasional breakdown to the
fact that the universe (of facts, numbers, polyhedra) of course contains miraculous
exceptions.

This again is very much in keeping with Abel’s method. In the same way Abel restricted

alhAse & - Tor sha A~ ¢ha
the dcmmu uf aUSpCCs ;h\.uu.un about functions to PO'WCI.-acuca i tne atuxy o1 tne

Euler conjecture this restriction to convex polyhedra was fairly common. Legendre, for
instance, after giving his rather general definition’of polyhedron (cf. footnote 1, p. 14),
presents a proof which on the one hand certainly does not apply to all his general
polyhedra, but on the other hand applies to more than convex ones. Nevertheless, in an
additional note, in fine print (an afterthought after having stumbled on exceptions never
stated ?), he withdraws, modestly but safely, to convex polyhedra ([1809], pp. 161, 164,
228).
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PROOF AND GLOBAL COUNTEREXAMPLE

have been an overstatement, but your ‘perfected’ thesis looks to me
very much like an understatement; yet you still cannot be sure that it
is not an overstatement as well.

But I should also like to put forward my second objection: your
argument forgets about the proof; in guessing the domain of validity
of the conjecture, you do not seem to need the proof at all. Surely
you do not believe that proofs are redundant?

BeTA: I have never said that.

Teacuer: No, you did not. But you discovered that our proof did
not prove our original conjecture. Does it prove your improved con-
jecture? Tell me.

Bera: Well..

Eta: Thank you, sir, for this argument. Beta’s embarrassment
clearly displays the superiority of the defamed monster-barring method.
For we say that the proof proves what it has set out to prove and our

answer is unequivocal. We do not allow wayward counter rexamples
to dest oy respectable proofs at liberty, even if they are disguised as
¢

meek ‘exceptions’.

Beta: I do not f d it embarrassing at all that I have to elaborate,
nnnnnnnnnn — 1|nA POy nco- — Mnarnrl- v ey mnﬁLnAn]nnv, ~ o O-L,. nc»:m.-‘...-
IIILPLUVC, dlill C CUDdC lllc, 11 FC{ICDL 111)’ 111C L1 UUUIUS)’ Ull L1IC DLILIIIUL
of criticism. My answer is this. I reject the original conjecture as false

because there are exceptlons to it. I also reject the proof because the
same exceptions are exceptions to at least one of the lemmas. (In your
terminology this would be: a global counterexample is necessarily also
a local counterexample.) Alpha would stop at this point since refuta-
tions seem to satisfy his intellectual needs completely.. But I go on. By
suitably restricting both conjecture and proof to the proper domain, I
1 Many working mathematicians are puzzled about what proofs are for if they do not

prove. On the one hand they know from experience that proofs are fallible but on the

other hand they know from their dogmatist indoctrination that genuine proofs must be
infallible. Applied mathematicians usually solve thxs dilemma by a shamefaced but firm

Cali o sl o e o Ll 41 aticiaiis are ¢ co ~? A PR PO 'nA__‘_
DCIIC' tnat tne proois o1 tie P”IC mamemaiulur (2) dLC OIll PlCtC y A11Q bU rea }’ PIUV rurc
athematiciane hawever Irnr“xy hattar — thav have ciich racnact anlv far the ‘camnlata
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proofs’ of logicians. If asked what is then the use, the function, of their ‘incomplete
proofs’, most of them are at a loss. For instance, G. H. Hardy had a great respect for the
logicians’ demand for formal proofs, but when he wanted to characterise mathematical
proof ‘as we working mathematicians are familiar with it’, he did it in the following
way: ‘ There is strictly speaking no such thing as mathematical proof; we can, in the last
analysis, do nothing but point;. . .proofs are what Littlewood and I call gas, rhetorical
flourishes designed to affect psychology, pictures on the board in the lecture, devices to
stimulate the imagination of pupils’ ([1928], p. 18). R. L. Wilder thinks that a proof is
‘only a testing process that we apply to suggestions of our intuition’ ([1944], p. 318).
G. PSlya points out that proofs, even if incomplete, establish connections between
mathematical facts and this helps us to keep them in our memory: proofs yield a
mnemotechnic system ([1945], pp. 190-1).
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PROOFS AND REFUTATIONS

perfect the conjecture which will now be true, and perfect the basically
sound proof which will now be rigorous and will obviously contain no
more false lemmas. For instance we saw that not all polyhedra can be
stretched flat onto a plane after having a face removed. But all convex
polyhedra can. I can rightly call my perfected and rigorously proved
conjecture a tneorem. 1 state 1t again: All convex polyhedra are Eulerian.
For convex polyhedra all the lemmas will be manifestly true and the
proof, Which was not rigorous in its false generality, will be rigorous

for the restricted domain of convex nnlvherlra So, er I have answered

your questi

TEACHER. So the lemmas, which once looked manifestly true before
the exception was discovered, will again look manifestly true...
until the discovery of the next exception. You admit that ‘All poly-
hedra are Eulerian’ was guesswork; you admitted just now that ‘All
polyhedra without cavities and tunnels are Eulerian’ was also guess-
work; why not admit that ‘All convex po
guesswork once again!

BeTA: Not ‘guesswork’ this time, but insight'

TeAcHER: I abhor your pretentious ‘insight’. I respect conscious
guessing, because it comes from the best human qualities: courage and

modesty.
BeTta: I proposed a theorem: ‘All convex polyhedra are Eulerian.’

You offered only a sermon against it. Could you offer a counter-
example?

TeacHER: You cannot know that I shall not. You improved the
original conjecture, but you cannot claim to have perfected the con-

jecture, to have achieved perfect rigour in your proof.
Bera: Can you?

Al

TeACHER: I cannot either. But I think that my method of improving
conjectures will be an improvement on yours for I shall establish a
unity, a real interaction, between proofs and counterexamples.

BeTA: I am ready to learn.

(d) The method of monster-adjustment
HO: S
TeACHER: By all means.
RHO: I agree that we should reject Delta’s monster-barring as a
general methodological approach, for it doesn’t really take ‘monsters’
seriously. Beta doesn’t take his ‘exceptions’ seriously either, for he

merely lists them and then retreats into a safe domain. Thus both

[
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PROOF AND GLOBAL COUNTEREXAMPLE

these methods are interested only in a limited, privileged field. My
method does not practise discrimination. I can show that ‘on closer
examination the exceptions turn out to be only apparent and the Euler
theorem retains its validity even for the alleged exceptions’.!
TEACHER: Really?
ArrHA: How can my counterexample 3, the ‘urchin’ (fig. s), be
an ordinary Eulerian polyhedron? It has 12 star-pentagonal faces. ..
RHo: I don’t see any ‘star-pentagons’. Don’t you see that in actual

fact this polyhedron has ordinary triangular faces? There are 6o of them,

Te n]o’\ Lnn nn nzlnn,n nnrl A wrarticae lto “DI‘]AI" r~ no-nn‘-n-;ﬂf;n 2 TLA
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12 ‘star-pentagons’, their 30 ‘edges’ and 12 ‘vertices’, yielding the
‘characteristic’ - 6, are only your fancy. Monsters don’t exist, only
monstrous interpretations. One has to purge one’s mind from perverted
illusions, one has to learn how to see and how to define correctly what

one sees. My method is therapeutic: where you - erroneously ‘see’
T fnﬁrl-\ vo

o L W tn rar
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example. I adjust your monstrous vision. .
ArPHA: Slr, please explain your method, before Rho brainwashes us.4

h |

Matthiessen {1863].

[T
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with 60 triangular faces, 90 edges and 32 vertices — ‘un hexacontaédre sans épithéte’ — was
put forward by the staunch champion of the infallibility of the Euler theorem, E. de
Jonquitres ([18904], p. 115). The idea of interpreting non-Eulerian star-polyhedra as
triangular Eulerian polyhedra does not however stem from Jonquiéres but has a dramatic
history (cf. footnote 4 below).

3 Nothing is more characteristic of a dogmatist epistemology than its theory of error.
For if some truths are manifest, one must explain how anyone can be mistaken about

them, in other words, why the truths are not manifest to everybody. According to its
particular theory of error, each dogmatist epistemology offers its particular therapeutics
to purge minds from error. Cf. Popper [1963a], Introduction.

¢ Poinsot certainly was brainwashed some time between 1809 and 1858. It was Poinsot
who rediscovered star-polyhedra, first analysed them from the point of view of
Eulerianness and stated that some of them, like our small stellated dodecahedron, do not
comply with Euler’s formula ([1810]) Now this same Poinsot states categorically in his
[1858] that Euler’ sformula ‘is not om‘y‘ true for convex pory‘ncura, but for any pmyncaron
whatsoever, including star-polyhedra’ (p. 67 — Poinsot uses the term polyédres d’espéce
supérieure for star-polyhedra). The contradiction is obvious. What is the explanation?
What happened to the star-polyhedral counterexamples? The clue is in the first casual-
looking sentence of the paper: ‘One can reduce the whole theory of polyhedra to the
theory of polyhedra with triangular faces.” That is, Poinsot-Alpha was brainwashed and
turned into Poinsot-Rho: now he sees only triangles where he previously saw star-
polygons: now he sees only examples where he previously saw counterexamples. The

self-criticism had to be surreptitious, cryptic, because in scientific tradition there are no

mattoarne ntrn-lnl\]n :nr arti~nlatine e"hl\ \n\‘fA_rnrAc ﬂnp alen won I‘AFQ did l‘\A ever come
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vision?
The change of vision need not always operate in the same direction. For example,
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PROOFS AND REFUTATIONS

TeAcHER: Let him go on.

RHO: I have made my point.

GaMMA: Could you enlarge on your criticism of Delta’s method?
Both of you exorcised ‘monsters’. ..

RuO: Delta was taken in by your hallucinations. He agreed that
your urchin has 12 taces, 30 edges and 12 vertices, and 1s non-Eulerian.
His thesis was that it is not a polyhedron either. But he erred on both
counts. Your ‘urchin’ is a polyhedron and is Eulerian. But its star-

H
polyhedral interpretation was a misinterpretation. If you don’t mind,
Y J ;c "t tha :mhriﬂl- A‘. fLA |11~t~1\| 72 = s | A,ﬁ]"l\ir (e 2 eaa uzJ Lrl‘n :l-n
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distorted imprint on a sick mind, twisting in pain.

Kappa: But how can you distinguish healthy minds from sick ones,
rational from monstrous interpretations ?2

RHO: What puzzles me is how you can mix them up!

SIGMA Do you really think, Rho, that Alpha never noticed that his

11 Il\‘. ht\l‘r]‘\nll"f\ﬂ) nr ﬁ

0-1~1 Aoy r\|1vﬂn
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fives in the same plane and surround a regular pentagon hiding -
like their heart — behind a solid angle. Now the five regular triangles
together with the inner heart — the regular pentagon - form a so-called
“pentagramma’” that according to Theophrastus Paracelsus was the

sign of health...”

J. C. Becker in his [18694] - fascinated by the new conceptual framework of simply-
and muitiply-connected domains (Riemann {1851]) — allowed for ring-shaped polygons
but remained blind to star-polygons (p. 66). Five years after this paper — in which he
claimed to have brought the problem to a ‘definitive’ solution — he broadened his
vision and rernomced emr-nn]vo'nna] and crar-nn]vhedra] patterns where he nrmnn __]y

saw only tnangles and trlangular polyhedra ([1 874])
1 This is part of a Stoic theory of error, attributed to Chrysippos (cf. Aetius [c. 150],
IV.12.4; also Sextus Empiricus [c. 190], I. 249).

According to the Stoics the ‘urchin’ would be part of external reality, which pro-
duces an imprint upon the soul: the phantasia or visum. A wise man will not give
uncritical assent \synkaiainesu or adsensus ) toa pnama.sm unless it matures into a clear and
distinct idea (phantasia kataleptike or comprehensio), which it cannot do if it is false. The
system of clear and distinct ideas forms science (episteme). In our case the imprint of the
‘urchin’ on Alpha’s mind would be the small stellated dodecahedron, while on Rho’s
mind it would be the triangular hexacontaeder. Rho would claim that Alpha’s star-
polyhedral vision cannot possibly mature into a clear and distinct idea, obviously since
it would upset the ‘proved’ Euler formula. Thus the star-polyhedral interpretation
would fail and the ‘only’ alternative to it, namely the triangular interpretation, would

become clear and distinct.
2 Thie i¢ 2 etandard Scentic criti icism nf fhc

S c
This is a standard Sceptic criticism of the Stoic c
from phantasia kataleptike (e.g. Sextus Empiricus [c. 190], I. 405).

3 Kepler [1619), Lib. II. Propositio XXVI.

w
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PROOF AND GLOBAL COUNTEREXAMPLE

RHO: Superstition !

SicMA: And so for the healthy mind the secret of the urchin will be
revealed: that it is a new, hitherto undreamt-of regular body, with
regular faces and equal solid angles, the beautiful symmetry of which
might reveal to us the secrets of universal harmony. ..}

ArpHA: Thank you, Sigma, for your defence which again convinces
me that opponents are less embarrassing than allies. Of course my
polyhedral figure can be interpreted either as a triangular polyhedron
orasa cfnr—nn]vhedrnn Tam w1"mo' to arh_ 11_‘ bgth 1nterprctauo ¢

s a star hedron. Iam willing to ad
ar. ..
Karpa: Are you?
DEeLTA: But surely one of them is the true interpretation !
ArpHA: I am willing to admit both interpretations on a par, but one
of them will certainly be a global counterexample to Euler’s conjecture.
Why admlt only the interpretation that is well-ad_]usted to Rho’s

"‘C3

(e) Improving the conjecture by the method of lemma-incorporation. Proof-
generated theorem versus naive conjecture

TEACHER: Let us return to the picture-frame. I for one recognise it as a
genuine global counterexample to the Euler conjecture, as well as a
genuine local counterexample to the first lemma of my proof.

GamMA : Excuse me, Sir — but how does the picture-frame refute the
first lemma?

TeacHER: First remove a face and then try to stretch it flat on the
blackboard. You will not succeed.

ArpHA: To help your imagination, I will tell you that those and

u] v those nn]v]'u:r]rn "11‘ l’\ vO

those polyncdra wi you

property that, after a face is removed, you can stretch the remaining
part onto a plane.

It is obvious that such a “spherical’ polyhedron is stretchable onto
a plane after a face has been cut out; and vice versa it is equally obvious
that, if a polyhedron minus a face is stretchable onto a plane, then you

ca 1 Hn te 1Into a snhere I-mvp fl'\
A ALLLAAGS VW ALAWNS o uraav&v ALGS V W wa.

u.

can benﬂ it Intoaro nr] vase wl'm‘h Vnn cant _hgn cover Wlth thg rmcc-
ing face, thus getting a spherical polyhed"‘". But our picture-frame

t
can never be inflated into a sphere; but only into a torus.
TeacHER: Good. Now, unlike Delta, I accept this picture-frame as
a criticism of the conjecture. I therefore discard the conjecture in its
original form as false, but I immediately put forward a modified,

1 This is a fair exposition of Kepler’s view.

2?
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rood for ‘simple’ polyhedra, i.e. for those which, after having had a
face removed, can be stretched onto a plane. Thus we have rescued
some of the original hypothesis. We have: The Euler characteristic of
a simple polyhedron is 2. This thesis will not be falsified by the nested
cube, by the twintetrahedra, or by star-polyhedra - for none of these
is ‘simple’.

So while the exception-barring method restricted both the domain
of the main conjecture and of the guilty lemma to a common domain
of safety, thereby accepting the counterexample as criticism both of the

main conjecture and of the proof, my method of lemma-incorporation
l‘ln]’lﬁ]{]Q fhf‘ nrnnr hl]f rf‘d“(’f‘( f]’\f‘ Anmmn nf. f]’IP mﬂ"’]_ cCO lf‘(’fler tn
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the very domain of the guilty lemma. Or, while a counterexample
which is both global and local made the exception-barrer revise both
the lemmas and the original conjecture, it makes me revise the original
conjecture, but not the lemmas. Do you understand ?

ArpHA: Yes, I think I do. To show that I understand, I shall refute

]

4

TeacHer: Then you may still not understand my method. But let
us have your counterexample.

ArrHA: Consider a cube with a smaller cube sitting on top of it (fig.
12). This complies with all our definitions - Def. 1, 2, 3, 4, 4, 5-
so it is a genuine polyhedron. And it is ‘simple’, in that it can be
StfetCIlCU on to tne Pldn.C 1nu5, accora Iig to your IIIOUIIICU con-
_]CCtllI’C, its Euler characteristic should be 2. Nonetheless it has 16
vertices, 24 edges and 11 faces, and its Euler characteristic is 16 —24
+11 = 3. Itis a gobal counterexample to your improved conjecture
and, by the way, also to Beta’s first exceotlon-barrmg theorem.

5
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structure’, is not Eulerian.



PROOF AND GLOBAL COUNTEREXAMPLE
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O O
(c)

(a)
Fig. 13.

DELTA: Let us call this crested cube Counterexample 6.1

Mg ~vrom - Liowran Lalaifond cnor Samnon g IR SRS L.ie <raze
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have not destroyed my method of improvement. I shall re-examine the
proof, and see why it broke down over your polyhedron. There must
be another false lemma in the proof.

BEera: Of course there is. I have always suspected the second lemma.
It presupposes that in the triangulating process, by drawing a new
diagonal edge, you always increase by one the number of edges and of
faces. This is false. If we look at the plane network of our crested
polyhedron, we shall find a ring-shaped face (fig. 13(a)). In this case
no single diagonal edge will increase the number of faces (fig. 13(b)) : we

need an increase of two edges to increase the number of faces by one
(fig. 13(c))

N\ TINTY)T

TEeACHER: My congratulations. I certainly must restrict our conjec-
ture further. ..

Bera: I know what you are going to do. You are going to say
that ‘Simple polyhedra with triangular faces are Eulerian’. You will take
triangulation for granted; and you will turn this lemma again into a
condition.

1 Counterexample 6 was noticed by Lhuilier ([1812-134], p. 186); Gergonne for once
admits the novelty of his discovery! But almost fifty years later Poinsot had not
heard of it ([1858]) while Matthiessen ([1863]) and, eighty years later, Jonquieres ([1890b])
treated it as a monster. (Cf. footnotes 4, p. 31, 2, p. 38.) Primitive exception-barrcrs of
the nineteenth century listed it as a curiosity together with other exceptions: ‘As an
example one is usually shown the case of a thrce S1ded pyramid attached to a face of a
tetrahedron so that no edges of the former coincide with an edge of the latter. ““ Oddly
enough, in this case V'~ E+ F = 3” is what is written in my college notebook. And that
ended the matter’ (Matthiessen [1863], p. 449). Modern mathematicians tend to forget
about ring-shaped faces, which may be irrelevant for the classification of manifolds but
can become relevant in other contexts. H. Steinhaus says in his [1960]: ‘ Let us divide the
globe into F countries (we shall consider seas and oceans as land). Then we shall have
V+F = E+2, whatever the political situation may be’ (p. 273). But one wonders
whether Steinhaus would destroy West Berlin or San Marino simply because their
existence refutes Euler’s theorem. (Though of course he may prevent seas like the Baikal
from falling completely in one country by defining them as lakes, since he has said that
only seas and oceans are to be considered as land.)
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PROOFS AND REFUTATIONS

TeAcHER: No, you are mistaken. Before I point out your mistake
concretely, let me enlarge upon my comment on your method of
exception-barring. When you restrict your conjecture to a ‘safe’
domain, you do not examine the proof properly, and, in fact, you do
not need to for your purpose. The casual statement that in your
restricted domain all the lemmas will be true whatever they are, is
enough for your purpose. But this is not enough for mine. I build the

very same lemma which was refuted by the counterexample into the
cture. SO rhar I ]'mve to cn ot it and nrmnlate lt S Prcqscly as

o)
Q
6?

on the ba .
lemmas “thus will be 1ncorporated in my improved conjecture. Your
method does not force you to give a painstaking elaboration of the proof,
since the proof does not appear in your improved conjecture, as it
does in mine. Now I return to your present suggestion. The lemma
which was falsified by the rlng—shaped face was not —as you seem to
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condition. Calling the faccs which satisfy it ‘simply-connected’, I can
offer a second improvement on my original conjecture: ‘For a simple
polyhedron, with all its faces simply-connected, V—E+F = 2.” The reason
for your rash mis-statement was that your method did not teach you
careful proof-analysis. Proof-analysis is sometimes trivial, but some-
times very difficult indeed.

Beta: I see your point. I should also add a self-critical note to
your comment, for it seems to me to reveal a whole continuum of
exception-barring attitudes. The worst merely bars some exceptions
without looking at the proof at all. Hence the mystification when we
have the pmof on the one hand and the exceptions on the other. In
the mind of such primitive exception-barrers, the proof and the
exceptions exist in two completely separate compartments. Some
others may now point out that the proof will work only in the re-
stricted domain, and thereby claim to dispel the mystery. But their
‘conditions’ will still be extraneous to the proof-idea.! Better exception-

1 ¢, ..Lhuilier’s memoir consists of two very distinct parts. In the first the author offers an
original proof of Euler’s theorem. In the second his aim is to point out the exceptions to
which this theorem is subjected.” (Gergonne’s editorial comment on Lhuilier’s paper in
Lhuilier’s [1812-134], p. 172, my italics.)

M. Zacharias in his [1914-31] gives an uncritical but faithful description of this
compartmentalisation: ‘In the 19th century, geometers, besides finding new proofs of
the Euler theorem, were engaged in establishing the exceptions which it suffers under
certain conditions. Such exceptions were stated, e.g. by Poinsot. S. Lhuilier and F. Ch.
Hessel tried to classify the exceptions. ..’ (p. 1052).
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PROOF AND GLOBAL COUNTEREXAMPLE

barrers will glance quickly at the proof and gain, as I did just now, some
inspiration for stating the conditions which determine a safe domain.
The best exceptlon-barrers do a careful analysis of the proof and, on
this basis, give a very fine delineation of the prohibited area. In fact
your method is, in this respect, a limiting case of the exception-barring
method. . .

IotA: ...and it displays the fundamental dialectical unity of proof

and refutations.
TEACHER: | hnpe that now

exception-barrers improved it too, but improving was independent of proving.
Our method improves by proving. This intrinsic unity between the ‘logic of
discovery’ and the ‘logic of justification’ is the most important aspect of the
method of lemma-incorporation.

Beta: And of course I now understand your previous puzzllng

remarks about your not being perturbed by a conjecture being both
¢ 1? d o Loa T 1 _Loiie cmiiae wxri H ) LR PO PN Y i A
PIOVCG ana rerutca ana aoout )’Uul Wllllllgllcbb tO P‘. vC CVvCll 4

false conjecture.

KArpA [aside]: But why call a “proof” what in fact is an ‘improof’?

TeacHER: Mind you, few people will share this willingness. Most
mathematicians, because of ingrained heuristic dogmas, are incapable
of setting out simultaneously to prove and refute a conjecture. They
would either prove it or refute it. Moreover, they are particularly
incapable of improving conjectures by refuting them if the conjectures
happen to be their own. They want to improve their conjectures without
reﬁttationr never by reducing falsehood but by the monotonous increase of

pvnwmfpc This is pe ]1 DS r]'m lmr](o-rnnnﬂ to f]'m apvroach nF the best
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sort of exception-barrers: they start by ‘playing for safety’ by devising
a proof for the ‘safe’ domain and continue by submitting it to a thorough
critical investigation, testing whether they have made use of each of
the imposed conditions. If not, they ‘sharpen’ or ‘generalise’ the first

modest version of their theorem, i.e. specify the lemmas on which the

proof I1mges, and incorporate them. For instance,

ac banv m r f\"ml‘] [ 7-N b]ﬂ
LY LUlie uldaie L
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theorem All convex polyhedr are Eulerian’, postponing non-convex
instances for a cura posterior; next they devise Cauchy’s proof and then,
discovering that convexity was not really ‘used’ in the proof, they

T
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PROOFS AND REFUTATIONS

|
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(a) () (©)

Fig. 14. Three versions of the ring-shaped face: (a) Jonquiéres,
(b) Matthiessen, (c) the ‘untrained eye’.

build up the lemma-incorporating theorem! There is nothing
heuristically unsound about this procedure which combines provisional
exception-barring with successive proof-analysis and lemma-incorpora-
Bera: Of course this procedure does not abolish
pushes it into the background: instead of directly criticising an over-
statement, they criticise an under-statement.
Teacuer: I am delighted, Beta, that I convinced you. Rho and
Delta, how do you feel about it?
RHO' I for one certainly think that the pr
o

) NSO S ST U [
11 CLILICISINL, IU Ullly

faces’ is a Pbcuuopi‘t‘)mc 1. It stems from a monstrous in c‘:i‘pi‘c‘: tation of
what constitute the faces and edges of this soldering of two cubes into

one — which you called a “crested cube’.

TEACHER: Exp]ain

Ruo: The ‘crested cube’ is a polyhedron consisting of two cubes

TEACHER I don’t mind.

Ruo: Now you misinterpreted ‘soldering’. ‘Soldering’ consists of
edges connecting the vertices of the bottom square of the small cube
to the corresponding vertices of the top square of the large cube. So

there is no ‘ring-shaped face’ at all.
BeTA: The ring-shavned face is there! The

M alans it « haeal

tau\ii‘s apotut arc not tnerc:
RHO: They are just hidden from your untrained eyes.?

1 This standard pattern is essentially the one described in the classic of Pélya and Szegé
[1927], p. vii: ‘One should scrutinise each proof to see if one has in fact made use of all
the assumptions; one should try to get the same consequence from fewer assumptions

. .and one should not be satisfied until counterexamples show that one has arrived at
the boundary of the possibilities.’

2 This ‘soldering’ of the two polyhed1a by hxdden edges is argued by Jonquiéres ([1890b],

ey TrT_2) Wy avitiae and fi1innale l-\u manctar_ndivies_
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r—polyhcdra, The first proponent of using monster-

theorem was Matthiessen [1863]. He uses monster-



PROOF AND GLOBAL COUNTEREXAMPLE

BETA: Do you expect us to take your argument seriously ? What I
see is superstition, but your ‘hidden’ edges are reality?

RHO: Look at this salt crystal. Would you say this is a cube?

BETA: Certainly

RHO: A cube has 12 edges, hasn’t it?

BETA: Yes, it has.

Ruo: But on this cube there are no edges at all. They are hidden.

They appear only in your rational reconstruction.

BFTA I shall think about this. One thing is clear. The Teacher
ey r] ™Y nnrni rl 17 -\ ¢.44 fl"i mr at nr] ]Anf]o [ 72y t‘nffnlhh' r]
Criticisea iiiy ViiLLiIiwW G LV ulau iiiy meuinoca 18aas 1o J.l.auu-)’, aiiu

also for forgettmg about the proof. These criticisms apply just as much

to your ‘monster-adjustment’ as to my ‘exception-barring’.
TeAcHER: Delta, what about you? How would you exorcise the

ring-shaped face?

DEectA: I would not. You have converte
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hird lemma? 1 propose a four tn, an
polyhedra are Eulerian, which are (a) simple, (b) have each face 51mply-
connected, and (c) are such that the triangles in the plane triangular
network, resulting from stretching and triangulating, can be so
numbered that, in removing them in the right order, V- E+ F will not
alter until we reach the last triangle.” I wonder why you did not pro-
pose this at once? If you really took your method seriously, you would

=

adjustment consistently: he succeeds in displaying hidden edges and faces to explain
away ecverything that is non-Eulerian, including polyhedra with tunnels and cavities.
While Jonquieres’ soldering is a complete triangulation of the ring-shaped face,
Matthiessen solders with economy, by drawing only the minimal number of edges that

-o\] * b‘»\n ‘.qnn 1ntA o1 mﬂ]‘v nnnnnrl-nrl Q1 1"\= nrac {‘:n T4\
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Matthiessen is remarkably confident about his method of turning revolutionary
counterexamples into well-adjusted bourgeois Eulerian examples. He claims that ‘any
polyhedron can be analysed in such a way that it corroborates Euler’s theorem. ..’. He
enumerates the alleged exceptions noted by the superficial observer and then states:
‘In each such case we can show that the polyhedron has hidden faces and edges, which,
if counted, leave the theorem V- E+F = 2 untarnished even for these seemingly
recalcitrant cases.’

The idea that, by drawing additional edges or faces, some non-Eulerian polyhedra
can be transformed into Eulerian ones, stems however not from Matthiessen, but
from Hessel. Hessel illustrates this point with three examples using nice figures
([1832], pp. 14-15). But he did not use this method to ‘adjust’ but, on the contrary, to
‘elucidate the exceptions’ by showing ‘rather similar polyhedra for which Euler’s law
is valid’.

1 This last lemma is unnecessarily strong. It would be enough for the purpose of the proof
. 1 2 £,
lar
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PROOFS AND REFUTATIONS

have turned all the lemmas immediately into conditions. Why this
‘piecemeal engineering’ 1

ArpHA: Tory turned into revolutionary! Your suggestion strikes
me as rather Utopian. For there aren’t just three lemmas. Why not add,
with many others, conditions like ‘(4) if 1+1 = 2°, and ‘(s) if all
triangles have three vertices and three edges’, since we certainly use
these lemmas? I propose that we turn only those lemmas into conditions
for which a counterexample has been found.

GAMMA: This seems ta
expect counterexamples, i.e. which are not obviously, indubitably true.

Derta: Well, does our third lemma strike anyone as obvious?
Let us turn it into a third condition.

GaMMA: What if the operations expressed by the lemmas of our
proof are not all independent? If some of the operations can be per-

rr\rm r‘ +fm ) 4 I’\P that the ract ninct narpccnn"u ]'\p f\]-\]p N 1‘\:: nor r\rvnpr]
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order of deletzon of tnangles in the resulting flat network such that V—E+F
will not alter. If there is, then incorporating the first lemma into the
conjecture would exempt us from incorporating the third.

DELTA: You claim that the first condition implies the third. Can
you prove this?

EpsiLoN: I can.?

ArpHA: The actual proof, however interesting, will not help us in
solving our problem: how far should we go in improving our con-
jecture? I may admit that you have the proof you claim to have - but

that will only decompose this third lemma into some new sub-
lemmas q}'\nn]r:l we now turn these into conditions? Where should

ANV ARLALAARIS WAL NS LsANS 4ANS VY VA AA waALwONW LAvNTs v 4 Nsa VV AAvaNw Ja

we stop ?

Karpa: There is an infinite regress in proofs; therefore proofs do
not prove. You should realise that proving is a game, to be played
while you enjoy it and stopped when you get tired of it.

EpsiLon: No, this is no game but a serious matter. The infinite
ot be

ress can be halted bv triv "v true lemmas. which need n
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1 The students are obviously quite knowledgeable about recent social philosophy. The
term was coined by K. R. Popper ([1957], p. 64).
3 Actua.lly, such a proof was first proposed by H. Reichardt ([1941], p. 23). Also cf.

B. L. van der Waerden [1941]. Hilbert and Cohn-Vossen were satis ned that the truth
AL asnsinte nasnetine 10 Yancer - con? Tranal Taslich senmalisine ana)\
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PROOF AND GLOBAL COUNTEREXAMPLE

GamMa: This is just what I meant. We do not turn into conditions
those lemmas which can be proved from trivially true principles.
Nor do we incorporate those lemmas which can be proved - possibly
with the help of such trivially true principles - from previously
specified lemmas.

ArpHA: Agreed. We can then stop improving our conjecture after
we have turned the two non-trivial lemmas into conditions. In fact I
do think that thls method of improvement, by lemma-incorporation,

is flawless. It seems to me that it not only improves but perfects th

.......... A an o et atha ~ . ~ b
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" is to show
conclusively that a certain clearly stated assertion is true, or else to show
that it is false’.! The real aim of a ‘problem to prove’ should be to
improve — in fact, perfect — the original, ‘naive’ conjecture into a genuine

¢ h ’
theorem .
Nt : ‘ATl lvhad Filarian?
uur nat "6 conjecture was i POJ."ueui'a arc Luicrian .
1 C

The monster-barring method defends this naive conjecture by
reinterpreting its terms in such a way that at the end we have a monster-
barring theorem: ‘All polyhedra are Eulerian.” But the identity of the
linguistic expressions of the naive conjecture and the monster-barring
theorem hides, behind surreptitious changes in the meaning of the
terms, an essential improvement.

The exception-barring method introduced an element which is really
extraneous to the argument: convexity. The exception-barring theorem

‘All convex polyhedra are Eulerian.’
The lemma-incorporating method relied on the argument - i.e. on

the proof — and on nothing else. It virtually summed up the proof in the
lemma-incorporating theorem: ‘All simple pol"uedra with simply-con-
’

nected faces are Eulerian.
This shows that (now I use the term ‘proving’ in the traditional
sense) one does not prove what one has set out to prove. Therefore no
proof should conclude with the words: ‘Quod erat demonstrandum.’®
BETA: Some people say that theorems precede proofs in the order
PI'()VC it. UtIlCtb Gcny [Hlb, aIlCJl Clalm tnat diSLUVny PIULCCdb by
drawing conclusions from a specified set of premisses and noting the
interesting ones — if you are lucky enough to find any. Or, to use a
delightful metaphor of a friend of mine, some say that the heuristic

! Pélya ({1945], p- 142).
3 This last sentence is from Alice Ambrose’s interesting paper ([1959], p. 438).

4
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PROOFS AND REFUTATIONS

‘zip fastener’ in a deductive structure goes upwards from the bottom -
the conclusion — to the top - the premisses,! others say that it goes
downwards from the top to the bottom. What is your position?
ArpHA: That your metaphor is inapplicable to heuristic. Discovery
does not go up or down, but follows a zig-zag path: prodded by
counterexamples, 1t moves trom the naive conjecture to the pre-
misses and then turns back again to delete the naive conjecture and
replace it by the theorem. Naive conjecture and counterexamples

r]n not ahhpar
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TeACHER: Very good. But let us add a note of caution. The theorem
does not always differ from the naive conjecture. We do not necessarily
improve by proving. Proofs improve when the proof-idea discovers
unexpected aspects of the naive conjecture which then appear in the
theorem. But in mature theories this might not be the case. It is certainly
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the latter.

K aPpA [aside] : Mature theories can be rejuvenated. Discovery always
supersedes justification.

SieMaA: This classification corresponds to mine! My first type of
propositions was the mature type, the third the growing type. ..

GAMMA [interrupts him]: The theorem is false! I found a counter-
example to it.
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(a) Monster-barring in defence of the theorem

GaMMA: I have just discovered that my Counterexample s, the cylinder,
refutes not only the naive conjecture but also the theorem. Although
it satisfies both lemmas, it is not Eulerian.
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JOKC, not a COUHICICXEIIHPIC NO SCrious matncinaticCian will takc tne

cylinder for a polyhedron.
Gamma: Why didn’t you protest against my Counterexample 3, the
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PROOF-ANALYSIS AND GLOBAL COUNTEREXAMPLE

urchin? Was that less ‘crankish’ than my cylinder 2! Then of course you
were criticising the naive conjecture and welcomed refutations. Now
you are defendmg the theorem and abhor refutations! Then, when a
counterexample emerged, your question was: what is wrong with the
conjecture? Now your question is: what is wrong with the counterexample?

DeLTA: Alpha, you have turned into a monster-barrer! Aren’t you
embarrassed 22

(b) Hidden lemmas

Arntfn L] T ~ Yy T W\l\‘r ]‘\l\“’ l‘\anr\ " R ol }
Liiron. i aiii. 1 iiidy ave ol a rasin. vet me

possible types of counterexamples We ave already discussed the first,
which is local but not global -it certainly would not refute the
theorem.? The second, whlch is both global and local, does not require
any action: far from refuting the theorem, it confirms it. Now there
may be a third type, which is global but not local. This would refute
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have to admit that it is a global counterexample: V—E+F = 1. But
is it not of the second harmless type? I bet it does not satisfy at least one
of the lemmas.

Gamma: Let us check. It certainly satisfies the first lemma: if I
remove the bottom face, I can easily stretch the rest on to the black-

board.

ArpHA: But if you happen to remove the jacket, the thing falls into
two pieces!

GAMMA' So what? The first lemma required that the polyhedron
e. ‘after having had a face removed, it can be stretched

H
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start by removing the jacket. What you are claiming is that the
cylinder should satisfy an additional lemma, namely that the resulting
plane network also be connected. But who has ever stated this lemma?

1 The urchin and the cylinder were discussed above, pp. 16 and 31.

3 Monster-barring in defence of the theorem is an important pattern in informal mathe-
matics: ‘What is wrong with the examples in which Euler’s formula fails? Which
geometrical conditions, rendering more precise the meaning of F, V, and E, would
ensure the validity of Euler’s formula?’ (Pdlya [1954], 1, exercise 29). The cylinder is
given in exercise 24. The answer is: ‘...an edge...should terminate in corners...’
(p. 225). PSlya formulates this generally: ‘ The situation, not infrequent in mathematical
research is this: A theorem has been already formulated but we have to give a more
precise meaning to the terms in which it is formulated in order to render it strictly

~nvvrant? fo ec)

LULLVLL \P- ))}-
3 Local but not global counterexamples were discussed on pp. 10-12.
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PROOFS AND REFUTATIONS

ALPHA‘ Everybody has interpreted ‘stretched’ as ‘stretched in one
piece’, ‘stretched without tear’...We decided not to incorporate the
third lemma because of Epsilon’s proof that it followed from the first
one.! But just have a look at that proof: it hinges on the assumption
that the result of the stretching is a connected network ! Otherwise for
the triangulated network V' —E+ F would not be 1.

GAMMA: Why then didn’t you insist on stating it explicitly?

ArPHA: Because we took it to be stated implicitly.

u, for one, certainly did not. For yor

aaaaaaaaaaa ettt 4 Sease 2aVUW

¢

snnylc stan e
into a ball - so accordlng o your interpretatio
first lemma.

ArrHA: Well.. .But you have to agree that it does not satisty the
second lemma, namely, that ‘any face dissected by a diagonal falls into two

pieces’. How will you triangulate the circle or the jacket? Are these

faces simply-connected ?

GAMMA Of course tﬂcy are.

ArpHA: But on the cylinder one cannot draw diagonals at all! A
diagonal is an edge that connects two non-adjacent vertices. But your
cylinder has no vertices!

GaMMA: Don’t get upset. If you want to show that the circle is not
simply-connected, draw a diagonal which does not create a new face.

ArrHA: Don’t be funny; you know very well that I cannot.

GAMMA: Then would you admit that ‘there is a diagonal of the
circle that does not create a new face’ is a false statement?

ArrHA: Yes, I would. What are you up to now?

GAMMA: Then you are bound to admit that its negation is true,
namely, that ‘all A?Gfmm.ls of the circle create a new Lace’, or, that

&“ll&\rl] 9 b-ll.ula CAAL \,&Lﬂsv A

‘the circle is simply-connected’.

ArrHA: You cannot give an instance of your lemma that “all diagonals
of the circle create a new face’ — therefore it is not true, but meaningless.
Your conception of truth is false.

Karpa [aszde] First they quarrelled about what is a polyhedron,
1e negation of the lemma

was false! Or cana proposition A meamngless while Not-A is meaning-
ful and false? Your conception of meaning does not make sense!

1 2
See p. 40. See p. 33.

3 Gamma’s vacuously true statements were a major innovation of the nineteenth century.
Its problem-background has not yet been unfolded.
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PROOF-ANALYSIS AND GLOBAL COUNTEREXAMPLE

Mind you, I see your difficulty; but we can overcome it by a slight
reformulation. Let us call a face simply-connected if for all x, if x is
a diagonal then x cuts the face into two’. Neither the circle nor the jacket
can have diagonals, so that in their case, whatever x is, the antecedent
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