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FOREWORD

You, the readers, have before you a book devoted to explaining how you
can improve your understanding of mathematics and how you can better solve
mathematical problems. In brief, its intention is that you learn how to do
mathematics and how to use mathematics. The. examples are designed for
those concerned with mathematics at the high school or early undergraduate
level.

We claim that this is a wonderful book and that its reissue is timely and
necessary. We do not believe that many would dispute this claim but
nevertheless we want to take this opportunity to establish its validity. Our
proposition then is that this book is eminently suitable for the needs of all
concerned teachers and interested students of mathematics at the levels
indicated above; and we will prove our proposition by contradiction!

If this book were not eminently suitable for your needs, it would have to fail
for one of the following reasons, all of which I will easily demonstrate to be
absurd! Let me then list eight purely hypothetical, but absolutely false,
charges and quickly refute each one!

1. It never was suitable. This assertion would be so ridiculous we scarcely
need to rebut it. This book had a tremendous success when it first appeared
and was found invaluable by teachers and students alike. It was—and is—a
most pleasant and interesting book to read, and it brought not only enlighten-
ment but joy to the reader.

2. Mathematics is no longer relevant. This assertion is equally ridiculous!
It is not mathematicians but the leaders of our society who are to be heard
most stridently proclaiming the importance of mathematical knowledge and
understanding to today’s citizens if we are to remain among the leading
nations of the world. We mathematicians would also point to the great
advantage to individuals in their own lives of being able to reason effectively
and solve quantitative problems.

3. The objectives considered have ceased to be crucial. This false view is
easily disposed of, but it may be that some could believe the view correct. For
it is sometimes thought that, with the availability of the hand-calculator and its
big brother, the computer, the use of mathematics is reduced to pushing
buttons and feeding in canned programs. This view would be quite false. It is
the drudgery that has been eliminated from mathematics by these modern
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vi FOREWORD

devices and not the need for thought. We assuredly still need to recognize
when a problem is suitable—and ripe—for mathematical treatment, and we
need to plan a strategy for tackling the problem; these utterly human tasks are
the ones with which Polya is concerned.

4. The methods described are now perceived, in many cases, not to be
the best or are very seriously disputed. This is a standard reason frequently
offered in justification for allowing a once valuable book to go out of print. It
does not apply in this case because the author is not concerned with slick
solutions but with the whole strategy of problem-solving. That strategy is so
closely related to the way human beings think—when they are thinking
effectively—that it is not going to undergo any dramatic changes. Polya
describes the methods that work for him and other successful problem-
solvers. As the old adage goes, ‘‘the proof of the pudding is in the eating.”’
5. The particular mathematical content has been superseded. The
mathematical content of this book is drawn from the standard precalculus
curriculum, that is, from arithmetic, algebra, and geometry, with some
elementary combinatorics. The mathematical material is not, of course,
developed systematically, since the author’s purpose is to exemplify
problem-solving strategies and principles with the aid of interesting and
intriguing mathematical questions. It is true that the availability of the hand
calculator is not assumed but, on the other hand, the nature of the problems
treated is not such as to make its availability essential. Polya shows you how
to think about a problem, how to look at special cases, how to generalize in
interesting and important directions and how to solve a problem. These skills
will never be superseded.

6. The content is well known. One wishes this were true, but it is not! The
content is not even well known to teachers, let alone to students. The
examples Polya gives carry a fresh illumination which must surely inspire any
reader. There is fascination in his description of the mathematical ideas, in his
elucidation of pedagogical principles, and in his own unique style of
exposition. There is nothing in this book that bears the stamp of staleness.
7. The content is now obvious. This assertion differs in an essential way
from the previous one. That claimed that the content has already been
conveyed to the reader from other sources. This claims that it does not need to
be conveyed because what the text is saying has now become obvious as a
result of a changing climate of thought in mathematical education. But this
assertion is just as wrong-headed as its predecessor! The changing climate
gives emphasis to the need to teach the art of problem-solving, of mathemati-
cal discovery; but we are very far from being a nation of skilled problem-
solvers and discoverers! So, far from rendering this book superfluous, our
current view of how to teach mathematics renders it absolutely crucial. The
world has caught up with Polya; and what he and his lifetime friend, Gabor
Szego, saw so clearly many years ago, long before this book was written, is
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now the cornerstone of the program of the National Council of Teachers of
Mathematics! in their campaign to imrove the quality of mathematics
education.

8. The book is too expensive for those who would benefit from having it.
A mere reissue of the original edition might have led to this charge. The
publishers are to be congratulated on bringing the original two volumes
together into one volume and in making available a soft-cover edition. The
separation of the text material into two volumes was justified at the time of
original publication, since it avoided undue delay in the appearance of a much
awaited book. There is no case for it today. This book is surely worth its
present price to anyone genuinely interested in mathematics.

Thus there can be no possible argument against reissuing this book—and
overwhelming arguments in favor of doing so. You, the reader, will surely
share my enthusiasm for this wonderfully stimulating, wonderfully contempo-
rary work, written by a man whose youthful approach to new discoveries in
mathematics, or any other fields, has never deserted him. Polya succeeds
better than almost anybody else in conveying, on the printed page, the
excitement he himself feels in the intellectual adventures he so vividly
describes. We are privileged and fortunate to be able to share the adventure
with him.

The reader’s attention should be drawn to two features of this new edition.
The bibliography has been updated by Professor Gerald Alexanderson and the
index has been expanded by Professor Jean Pedersen. Thus, while the text
remains Polya’s original, this new edition is, in every sense, a text for our
times.

Case Western Reserve University PETER HILTON
Cleveland, Ohio

Battelle Human Affairs Research Center
Seattle, Washington

'An Agenda for Action, Reston, VA. (1980).






PREFACE

A method of solution is perfect if we can foresee
from the start, and even prove, that following
that method we shall attain our aim.

LEIBNITZ: Opuscules, p. 161.

1. Solving a problem means finding a way out of a difficulty, a way around
an obstacle, attaining an aim which was not immediately attainable. Solving
problems is the specific achievement of intelligence, and intelligence is the
specific gift of mankind: solving problems can be regarded as the most
characteristically human activity. The aim of this work is to understand this
activity, to propose means to teach it, and, eventually, to improve the
problem-solving ability of the reader.

2. This work consists of two parts; let me characterize briefly the role of
these two parts.

Solving problems is a practical art, like swimming, or skiing, or playing the
piano: you can learn it only by imitation and practice. This book cannot offer
you a magic key that opens all the doors and solves all the problems, but it
offers you good examples for imitation and many opportunities for practice: if
you wish to learn swimming you have to go into the water, and if you wish to
become a problem solver you have to solve problems.

If you wish to derive the most profit from your effort, look out for such
features of the problem at hand as may be useful in handling the problems to
come. A solution that you have obtained by your own effort or one that you
have read or heard, but have followed with real interest and insight, may
become a pattern for you, a model that you can imitate with advantage in
solying similar problems. The aim of Part One is to familiarize you with a few
useful patterns.

It may be easy to imitate the solution of a problem when solving a closely
similar problem; such imitation may be more difficult or scarcely possible if
the similarity is not so close. Yet there is a deep-seated human desire for
more: for some device, free of limitations, that could solve all problems. This
desire may remain obscure in many of us, but it becomes manifest in a few
fairy tales and in the writings of a few philosophers. You may remember the
tale about the magic word that opens all the doors. Descartes meditated upon a

ix



X PREFACE

universal method for solving all problems, and Leibnitz very clearly formu-
lated the idea of a perfect method. Yet the quest for a universal perfect method
has no more succeeded than did the quest for the philosopher’s stone which
was supposed to change base metals into gold; there are great dreams that
must remain dreams. Nevertheless, such unattainable ideals may influence
people: nobody has attained the North Star, but many have found the right
way by looking at it. This book cannot offer you (and no book will ever be
able to offer you) a universal perfect method for solving problems, but even a
few small steps toward that unattainable ideal may clarify your mind and
improve your problem-solving ability. Part Two outlines some such steps.

3. I wish to call heuristics the study that the present work attempts, the
study of means and methods of problem solving. The term heuristic, which
was used by some philosophers in the past, is half-forgotten and half-
discredited nowadays, but I am not afraid to use it.

In fact, most of the time the present work offers a down-to-earth practical
aspect of heuristic: I am trying, by all the means at my disposal, to entice the
reader to do problems and to think about the means and methods he uses in
doing them.

In most of the following chapters, the greater part of the text is devoted to
the broad presentation of the solution of a few problems. The presentation
may appear too broad to a mathematician who is not interested in methodical
points. In fact, what is presented here are not merely solutions but case
histories of solutions. Such a case history describes the sequence of essential
steps by which the solution has been eventually discovered, and tries to
disclose the motives and attitudes prompting these steps. The aim of such a
careful description of a particular case is to suggest some general advice, or
pattern, which may guide the reader in similar sitwations. The explicit
formulation of such advice or such a pattern is usually reserved for a separate
section, although tentative first formulations may be interspersed between the
incidents of the case history.

Each chapter is followed by examples and comments. The reader who does
the examples has an opportunity to apply, clarify, and amplify the methodical
remarks offered in the text of the chapter. The comments interspersed between
the examples give extensions, more technical or more subtle points, or
incidental remarks.

How far I have succeeded I cannot know, but I have certainly tried hard to
enlist the reader’s participation. I have tried to fix on the printed page
whatever modes of oral presentation I found most effective in my classes. By
the case histories, I have tried to familiarize the reader with the atmosphere of
research. By the choice, formulation, and disposition of the proposed
problems (formulation and disposition are much more important and cost me
much more labor than the uninitiated could imagine) I have tried to challenge
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the reader, awake his curiosity and initiative, and give him ample opportunity
to face a variety of research situations.

4. This book deals most of the time with mathematical problems. Non-
mathematical problems are rarely mentioned, but they are always present in
the background. In fact, I have carefully taken them into consideration and
have tried to treat mathematical problems in a way that sheds light on the
treatment of nonmathematical problems whenever possible.

This book deals most of the time with elementary mathematical problems.
More advanced mathematical problems, however, although seldom referred
to, led me to the conception of the material included. In fact, my main source
was my own research, and my treatment of many an elementary problem
mirrors my experience with advanced problems which could not be included
in this book.

5. This book combines its theoretical aim, the study of heuristics, with a
concrete, urgent, practical aim: to improve the preparation of high school
mathematics teachers.

I have had excellent opportuity to make observations and form opinions on
the preparation of high school mathematics teachers, for all my classes have
been devoted to such teachers in the last few years. I hope to be a
comparatively unprejudiced observer, and as such I can have but one opinion:
the preparation of high school mathematics teachers is insufficient. Further-
more, I think that all responsible organizations must share the blame, and that
especially both the schools of education and the departments of mathematics
in the colleges should very carefully revise their offerings to teachers if they
wish to improve the present situation.

What courses should the colleges offer to prospective high school teachers?
We cannot reasonably answer this question, unless we first answer the related
question: What should the high schools offer to their students?

Yet this question is of little help, you may think, because it is too
controversial; it seems impossible to give an answer that would command
sufficient consensus. This is unfortunately so; but there is an aspect of this
question about which at least the experts may agree.

Our knowledge about any subject consists of information and of know-how.
If you have genuine bona fide experience of mathematical work on any level,
elementary or advanced, there will be no doubt in your mind that, in
mathematics, know-how is much more important than mere possession of
information. Therefore, in the high school, as on any other level, we should
impart, along with a certain amount of information, a certain degree of
know-how to the student.

What is know-how in mathematics? The ability to solve problems—not
merely routine problems but problems requiring some degree of indepen-
dence, judgment, originality, creativity. Therefore, the first and foremost
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duty of the high school in teaching mathematics is to emphasize methodical
work in problem solving. This is my conviction; you may not go along with it
all the way, but I assume that you agree that problem solving deserves some
emphasis—and this will do for the present.

The teacher should know what he is supposed to teach. He should show his
students how to solve problems—but if he does not know, how can he show
them? The teacher should develop his students’ know-how, their ability to
reason; he should recognize and encourage creative thinking—but the
curriculum he went through paid insufficient attention to his mastery of the
subject matter and no attention at all to his know-how, to his ability to reason,
to his ability to solve problems, to his creative thinking. Here is, in my
opinion, the worst gap in the present preparation of high school mathematics
teachers.

To fill this gap, the teachers’ curriculum should make room for creative
work on an appropriate level. 1 attempted to give opportunity for such work
by conducting seminars in problem solving. The present work contains the
material I collected for my seminars and directions to use it; see the ‘‘Hints to
Teachers, and to Teachers of Teachers’’ at the end of this volume, pp.
209—-212. This will, I hope, help to improve the mathematics teacher’s
preparation; at any rate, this is the practical aim of the present work.

I believe that constant attention to both aims mentioned, the theoretical and
the practical, made me write a better book. I believe too that there is no
conflict between the interests of the various prospective readers (some
concerned with problem solving in general, others with improving their own
ability, and still others with improving the ability of their students). What
matters to one type of reader has a good chance to be of consequence to the
others.

6. The present work is the continuation of two earlier ones, How to Solve It
and Mathematics and Plausible Reasoning; the two volumes of the latter have
separate titles: Induction and Analogy in Mathematics (vol. 1) and Patterns of
Plausible Inference (vol. 2). These books complete each other without
essential overlapping. A topic considered in one may be reconsidered in
another, but then the treatment is different: other examples, other details, or
other aspects are offered. And so it does not matter much which one is read
first and which one is read later.

For the convenience of the reader, the three works will be compared and
corresponding passages listed in a cumulative index at the end of the second
volume of this book, Mathematical Discovery.

7. To publish the first part of a book when the second part is not yet
available entails certain risks. (There is a German proverb: ‘‘Don’t show a
half-built house to a fool.’’) These risks are not negligible; yet, in the interest
of the practical aim of this work, I decided not to delay the publication of this
volume; see p. 210.
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This first volume contains Part One of the work, Patterns, and two chapters
of Part Two, Toward a General Method.

The four chapters of Part One have more extensive collections of problems
than the later chapters. In fact, Part One is in many ways similar to a
collection of problems in analysis by G. Szegd and the author (see the
Bibliography). There are, however, obvious differences: in the present
volume the problems proposed are much more elementary, and methodical
points are not only suggested but explicitly formulated and discussed.

The second chapter of Part Two is inspired by a recent work of Werner
Hartkopf (see the Bibliography). I present here only some points of
Hartkopf’s work which seem to me the most engaging, and I present them as
they best fit my conception of heuristics, with suitable examples and
additional remarks.

8. The Committee on the Undergraduate Program in Mathematics sup-
ported the preparation of the manuscript of this book by funds granted by the
Ford Foundation. I wish to express my thanks, and I wish to thank the
Committee also for its moral support. I wish to thank the editor of the Journal
of Education of the Faculty and College of Education, Vancouver and
Victoria, for permission to incorporate parts of an article into the present
work. I also wish to thank Professor Gerald Alexanderson, Santa Clara,
California, and Professor Alfred Aeppli, Zurich, Switzerland, for their
efficient help in correcting the proofs.

Zurich, Switzerland GEORGE PoLya
December 1961






PREFACE TO THE SECOND VOLUME

The present second volume follows the plan, and attempts to carry into
effect the intentions, indicated in the preface to the first volume. The index at
the end of this volume refers to both volumes; moreover it contains references
to selected parallel passages of my related books, which may be of service, I
hope, to interested readers.

The Committee on the Undergraduate Program in Mathematics supported
the preparation of the manuscript of this second volume by funds granted by
the National Science Foundation. I wish to express my thanks to the
Committee for their support and encouragement. I wish to thank also the
Publisher for courteous help and the careful printing.

The last chapter of this book was dedicated to Charles Loewner on the
occasion of his seventieth birthday; I wish to reiterate here the expression of
my high esteem and of my feelings of friendship.

Zurich, Swirzerland GEORGE PoLya
October 1964

PREFACE TO THE CORRECTED
PRINTING

The text of the first printing is reprinted here with a few minor changes. An
appendix is added which contains 35 problems with solutions. These
problems supplement various chapters in both volumes of the work; their
numbering indicates where they should be inserted between the problems of
the first printing.

Stanford University GEORGE PoLYA
June 1967

Xv



PREFACE TO THE COMBINED
EDITION

I wish to thank Gerald Alexanderson, Peter Hilton, Dave Logothetti, and
Jean Pedersen, who in their kindness to me and in their devotion to the subject
matter sacrificed so much of their time to make the printing of this one volume
version possible.

Palo Alto, California GEORGE POLYA
November 1980

A POSTSCRIPT TO HIGH SCHOOL
TEACHERS

It was not my intention in writing this book to produce a text that would be
used and followed sequentially at the elementary level, as is done with most
textbooks. Instead I have endeavored to present sequences of interesting and
worthwhile problems. The presentation seeks to emphasize the natural
development of the subject and prepares students to ask more questions on
their own.

It is my hope that high school teachers will use this book as a reference
book in the following way:

1. Look up in the table of contents or index the topic you plan to teach your
students.

2. Study the development and problems presented on that topic in these two
volumes.

3. Devise a plan that will be appropriate for your students, following as much

as possible the Ten Commandments for Teachers on page 116 of Volume

II.

Carry out your plan.

Evaluate the progress of your students. Don’t forget to include in this

evaluation the enthusiasm your students have for learning more math-

ematics!

bl e
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HINTS TO THE READER

Section 5 of chapter 2 is quoted as sect. 2.5, subsection (3) of section 5 of
chapter 2 as sect. 2.5(3), example 61 of chapter 3 as ex. 3.61.

HSI and MPR are abbreviations for titles of books by the author which
will be frequently quoted; see the Bibliography.

Iff. The abbreviation * iff * stands for the phrase * if and only if.”

t. The sign 1 is prefixed to examples, comments, sections, or shorter
passages that require more than elementary mathematical knowledge (see
the next paragraph). This sign, however, is not used when such a passage
is very short.

Most of the material in this book requires only elementary mathematical
knowledge, that is, as much geometry, algebra, * graphing ™ (use of co-
ordinates), and (sometimes) trigonometry as is (or ought to be) taught in
a good high school.

The problems proposed in this book seldom require knowledge beyond
the high school level, but, with respect to difficulty, they are often a little
above the high school level. The solution is fully (although concisely)
presented for some problems, only a few steps of the solution are indicated
for other problems, and sometimes only the result is given.

Hints that may facilitate the solution are added to some problems (in
parentheses). The surrounding problems may provide hints. Especial
attention should be paid to the introductory lines prefixed to the examples
(or to certain groups of examples) in some chapters.

The reader who has spent serious effort on a problem may benefit from
the effort even if he does not succeed in solving the problem. For example,
he may look at some part of the solution, try to extract some helpful in-
formation, and then put the book aside and try to work out the rest of the
solution by himself.

xvii



xviii HINTS TO THE READER

The best time to think about methods may be when the reader has
finished solving a problem, or reading its solution, or reading a case
history. With his task accomplished and his experience still fresh in mind,
the reader, in looking back at his effort, can profitably explore the nature
of the difficulty he has just overcome. He may ask himself many useful
questions: *“ What was the decisive point? What was the main difficulty ?
What could I have done better? I failed to see this point: which item of
knowledge, which attitude of mind should I have had to see it? Is there
some trick worth learning, one that I could use the next time in a similar
situation? ” All these questions are good, and there are many others—
but the best question is the one that comes spontaneously to mind.
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PART ONE

PATTERNS

Each problem that I solved became a rule
which served afterwards to solve other problems.

DESCARTES : (Euvres, vol. VI, pp. 20-21; Discours de la Méthode.

If I found any new truths in the sciences,

I can say that they all follow from, or depend on,
Sive or six principal problems which I succeeded
in solving and which I regard as so many battles
where the fortune of war was on my side.

DESCARTES: op. cit., p. 67.






CHAPTER 1

THE PATTERN OF
TWO LOCI

1.1. Geometric constructions

Describing or constructing figures with ruler and compasses has a
traditional place in the teaching of plane geometry. The simplest con-
structions of this kind are used by draftsmen, but otherwise the practical
importance of geometric constructions is negligible and their theoretical
importance not too great. Still, the place of such constructions in the
curriculum is well justified: they are most suitable for familiarizing the
beginner with geometric figures, and they are eminently appropriate for
acquainting him with the ideas of problem solving. It is for this latter
reason that we are going to discuss geometric constructions.

As so many other traditions in the teaching of mathematics, geometric
constructions go back to Euclid in whose system they play an important
role. The very first problem in Euclid’s Elements, Proposition One of
Book One, proposes “to describe an equilateral triangle on a given finite
straight line.” In Euclid’s system there is a good reason for restricting
the problem to the equilateral triangle but, in fact, the solution is just as
casy for the following more general problem: Describe (or construct) a
triangle being given its three sides.

Let us devote a moment to analyzing this problem.

In any problem there must be an unknown—if everything is known, there
is nothing to seek, nothing to do. In our problem the unknown (the thing
desired or required, the quaesitum) is a geometric figure, a triangle.

Yet in any problem something must be known or given (we call the given
things the data)—if nothing is given, there is nothing by which we could
recognize the required thing: we would not know it if we saw it. In our
problem the data are three ‘““finite straight lines” or line segments.

3
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Finally, in any problem there must be a condition which specifies how
the unknown is linked to the data. In our problem, the condition specifies
that the three given segments must be the sides of the required triangle.

The condition is an essential part of the problem. Compare our prob-
lem with the following: “Describe a triangle being given its three altitudes.”
In both problems the data are the same (three line segments) and the
unknown is a geometric figure of the same kind (a triangle). Yet the
connection between the unknown and the data is different, the condition
is different, and the problems are very different indeed (our problem is
easier).

The reader is, of course, familiar with the solution of our problem.
Let a, b, and ¢ stand for the lengths of the three given segments. We lay
down the segment a between the endpoints B and C (draw the figure
yourself). We draw two circles, one with center C and radius b, the other
with center B and radius c; let 4 be one of their two points of intersection.
Then ABC is the desired triangle.

1.2. From example to pattern

Let us look back at the foregoing solution, and let us look for promising
features which have some chance to be useful in solving similar problems.

By laying down the segment a, we have already located two vertices of
the required triangle, B and C; just one more vertex remains to be found.
In fact, by laying down that segment we have transformed the proposed
problem into another problem equivalent to, but different from, the origi-
nal problem. In this new problem

the unknown is a point (the third vertex of the required triangle);

the data are two points (B and C) and two lengths (b and ¢);

the condition requires that the desired point be at the distance b from
the given point C and at the distance ¢ from the given point B.

This condition consists of two parts, one concerned with b and C, the
other with ¢ and B. Keep only one part of the condition, drop the other
part; how far is the unknown then determined, how can it vary? A point of
the plane that has the given distance b from the given point C is neither
completely determined nor completely free: it is restricted to a “locus™; it
must belong to, but can move along, the periphery of the circle with
center C and radius 5. The unknown point must belong to two such loci
and is found as their intersection.

We perceive here a pattern (the “pattern of two loci’’) which we can
imitate with some chance of success in solving problems of geometric
construction:
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First, reduce the problem to the construction of ONE point.

Then, split the condition into TWO parts so that each part yields a locus
for the unknown point; each locus must be either a straight line or a
circle.

Examples are better than precepts—the mere statement of the pattern
cannot do you much good. The pattern will grow in color and interest
and value with each example to which you apply it successfully.

1.3. Examples

Almost all the constructions which traditionally belong to the high
school curriculum are straightforward applications of the pattern of two
loci.

(1) Circumscribe a circle about a given triangle. 'We reduce the problem
to the construction of the center of the required circle. In the so reduced
problem

the unknown is a point, say X;
the data are three points A4, B, and C;
the condition consists in the equality of three distances:

XA = XB = XC
We split the condition into two parts:

First XA = XB
Second XA = XC

To each part of the condition corresponds a locus. The first locus is the
perpendicular bisector of the segment AB, the second that of AC. The
desired point X is the intersection of these two straight lines.

We could have split the condition differently: first, X4 = XB, second,
XB = XC. This yields a different construction. Yet can the result be
different? Why not?

(2) Inscribe a circle in a given triangle. 'We reduce the problem to the
;:onstruction of the center of the required circle. In the so reduced prob-
em

the unknown is a point, say X;

the data are three (infinite) straight lines a, b, and c;

the condition is that the point X be at the same (perpendicular) distance

from all three given lines.

We split the condition into two parts:

First, X is equidistant from a and b.

Second, X is equidistant from a and c.



6 PATTERNS

The locus of the points satisfying the first part of the condition consists
of two straight lines, perpendicular to each other: the bisectors of the angles
included by a and b. The second locus is analogous. The two loci have
four points of intersection: besides the center of the inscribed circle of the
triangle we obtain also the centers of the three escribed circles.

Observe that this application calls for a slight modification of our
formulation of the pattern at the end of sect. 1.2. 'What modification?

(3) Given two parallel lines and a point between them. Draw a circle that
is tangent to both given lines and passes through the given point. 1If we
visualize the required figure (it helps to have it on paper) we may observe
that we can easily solve a part of the problem: the distance of the two given
parallels is obviously the diameter of the required circle and half this dis-
tance is the radius.

We reduce the problem to finding the center X of the unknown circle.

Knowing the radius, say r, we split the condition as follows:

First, X is at the distance r from the given point.
Second, X is at the distance r from both given lines.

The first part of the condition yields a circle, the second part a straight
line midway between, and parallel to, the two given parallels.

Without knowing the radius of the desired circle, we could have split
up the condition as follows:

First, X is at the same distance from the given point and the first given
line.

Second, X is at the same distance from the given point and the second
given line.

Splitting the condition into these two parts is logically unobjectionable
but nevertheless useless: the corresponding loci are parabolas; we cannot
draw them with ruler and compasses—it is an essential part of the scheme
that the loci obtained should be circular or rectilinear.

This example may contribute to a better understanding of the pattern of
two loci. This pattern helps in many cases, but not in all, as appropriate
examples show.

1.4. Take the problem as solved

Wishful thinking is imagining good things you don’t have. A hungry
man who had nothing but a little piece of dry bread said to himself: “If I
had some ham, I could make some ham-and-eggs if I had some eggs.”

People tell you that wishful thinking is bad. Do not believe it, this is
just one of those generally accepted errors. Wishful thinking may be bad
as too much salt is bad in the soup and even a little garlic is bad in the
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chocolate pudding. 1 mean, wishful thinking may be bad if there is too
much of it or in the wrong place, but it is good in itself and may be a great
help in life and in problem solving. That poor guy may enjoy his dry
bread more and digest it better with a little wishful thinking about eggs
and ham. And we are going to consider the following problem (see Fig.
L.1).

Given three points A, B, and C. Draw a line intersecting AC in the point
X and BC in the point Y so that

AX = XY =YB

Imagine that we knew the position of one of the two points X and Y
(this is wishful thinking). Then we could easily find the other point (by
drawing a perpendicular bisector). The trouble is that we know neither
of the two—the problem does not look easy.

Let us indulge in a little more wishful thinking and take the problem as
solved. That is, assume that Fig. 1.1 is drawn according to the condition
laid down by our problem, so that the three segments of the broken line
AXYB are exactly equal. Doing so we imagine a good thing we have
not got yet: we imagine that we have found the required location of the
line X'Y; in fact, we imagine that we have found the solution.

Yet it is good to have Fig. 1.1 before us. It shows all the geometric
elements we should examine, the elements we have and the elements we
want, the data and the unknown, assembled as specified by the condition.
With the figure before us, we can speculate as to which useful elements we
could construct from the data, and which elements could be used in con-
structing the unknown. We can start from the data and work forward,
or start from the unknown and work backward—even side trips could be
instructive.

Could you put together at least a few pieces of the jigsaw puzzle?
Could you solve some part of the problem? There is a triangle in Fig. 1.1,
AXCY. Can we construct it? We would need three data but, unfortu-
nately, we have only one (the angle at C).

Use what you have, you cannot use what you have not. Could you
derive something useful from the data? Well, it is easy to join the given
points A and B, and the connecting line has some chance to be useful;
let us draw it (Fig. 1.2). Yet it is not so easy to see how the line 4B can be
useful—should we rather drop it?

Figure 1.1 looks so empty. There is little doubt that more lines will be
needed in the desired construction—what lines?

The lines AX, XY, and YB are equal (we regard them as equal—wishful
thinking!). Yet they are in such an awkward relative position—equal
lines can be arranged to form much nicer figures. Perhaps we should add
more equal lines—or just one more equal line to begin with.
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B B
\
\
Y \
\
\
\
\
YA
c X A
Fig. 1.1. Unknown, data, condition. gig. 1.2. Working forward (from the
ata).

A

Fig. 1.3. Working backward (from the Fig. 1.4. Contacts with previous
unknown). knowledge.

Fig. 1.5. Superposition. Fig. 1.6. Stepping stone.

Chance or inspiration may prompt us to introduce a line into the picture
which, on the face of it, fits quite well into the intended connection: draw
YZ parallel and equal to X4, see Fig. 1.3. (We are starting now from the
desired unknown—wishful thinking—and trying to work backward
toward the data.)

Introducing the line YZ was a trial. Yet the line does not look bad;
it brings in familiar shapes. Join Z to 4 and B, see Fig. 1.4; we obtain
the rhombus XAZY and the isosceles triangle BYZ. Could you solve
some part of the problem? Can we construct ABYZ? We would need
two data for an isosceles triangle but, unfortunately, we have only one
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(the angle at Y is equal to the given angle at C). Still, we have something
here. Even if we do not know ABYZ completely, we know its shape;
although we do not know its size, we could construct a triangle similar to it.
This may bring us a little nearer to the solution, but we have not got it
yet: we must try a few more things. Sooner or later we may remember a
former trial, the Fig. 1.2. How about combining it with later remarks?
By superposing Figs. 1.2 and 1.4 we obtain Fig. 1.5 in which there is a new
triangle, ABZA. Can we construct it? We could, if we knew ABYZ;
in that favorable case, we could muster three data: two sides, ZB and
ZA = ZY,and the angle at B. Well, we do not know A BYZ; at any rate,
we do not know it completely, we know only its shape. Yet then, we
can...
We can draw the quadrilateral BY'Z'A’, see Fig. 1.6, similar to the
quadrilateral BYZA in Fig. 1.5, which is an essential part of the desired
configuration. This may be a stepping stone!

1.5. The pattern of similar figures

We carry out the construction, the discovery of which is told by the
sequence of Figs. 1.1-1.6.

On the given line BC, see Fig. 1.6, we choose a point Y’ at random (but
not too far from B). We draw the line Y’'Z’ parallel to CA4 so that

YZ' =YB
Then, we determine a point A" on AB so that
A'Z =YZ

Draw a parallel to A’Z’ through A and determine its intersection with the
prolongation of the line BZ’: this intersection is the desired point Z. The
rest is easy.

The two quadrilaterals AZYB and A’Z’Y’B are not only similar but also
“similarly located” (homothetic). The point B is their center of simi-
larity. That is, any line connecting corresponding points of the two
similar figures has to pass through B.

Here is a remark from which we can learn something about problem
solving: Of the two similar figures, the one that came to our attention first,
AZYB, was actually constructed later.?

The foregoing example suggests a general pattern: If you cannot construct
the required figure, think of the possibility of constructing a figure SIMILAR
to the required figure.

! In this ‘“‘case history” which we have just finished (we started it in sect. 1.4) the

most noteworthy step was to ‘“‘take the problem as solved.” For further remarks on
this, cf. HSI, Figures 2, pp. 104-105, and Pappus, pp. 141-148, especially pp. 146-147.
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There are examples at the end of this chapter which, if you work them
through, may convince you of the usefulness of this pattern of *“similar
figures.”

1.6. Examples

The following examples differ from each other in several respects; their
differences may show up more clearly the common feature that we wish to
disentangle.

(1) Draw common tangents to two given circles. Two circles are given
in position (plotted on paper). We wish to draw straight lines touching
both circles. If the given circles do not overlap they have four common
tangents, two exterior and two interior tangents. Let us confine our
attention to the exterior common tangents, see Fig. 1.7, which exist unless
one of the two given circles lies completely within the other.

If you cannot solve the proposed problem, look around for an appropriate
related problem. There is an obvious related problem (of which the reader
is supposed to know the solution): to draw tangents to a given circle from
an outside point. This problem is, in fact, a limiting case or extreme case
of the proposed problem: one of the two given circles is shrunken into a
point. We arrive at this extreme case in the most natural way by variation
of the data. Now we can vary the data in many ways: decrease one radius
and leave the other unchanged, or decrease one radius and increase the
other, or decrease both. And so we may hit upon the idea of letting both
radii decrease at the same rate, uniformly, so that both are diminished by
the same length in the same time. Visualizing this change, we may
observe that each common tangent is shifting, but remains parallel to itself
while shifting, till ultimately Fig. 1.8 appears—and here is the solution:
draw tangents from the center of the smaller given circle to a new circle
which is concentric with the larger given circle and the radius of which is

Fig. 1.7. Unknown, data, condition.
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(=2

Fig. 1.8. Stepping stone.

the difference of the given radii. Use the figure so obtained as a stepping
stone: the step from it to the desired figure is easy (there are just two rect-
angles to construct).

(2) Construct a triangle being given the three medians. We “take the
problem as solved”; that is, we draw the (desired) triangle in which the
three (given) medians are duly assembled; see Fig. 1.9. We should recol-
lect that the three medians meet in one point (the point M in Fig. 1.9, the
centroid of the triangle) which divides each median in the proportion 1:2.
To visualize this essential fact, let us mark the midpoint D of the segment
AM; the points D and M divide the median AE into three equal parts;
see Fig. 1.10.

The desired triangle is divided into six small triangles. Could you solve
a part of the problem? To construct one of those small triangles we need
three data; in fact, we know two sides: one side is one third of a given
median, another side is two thirds of another given median-—but we do not
see a third known piece. Could we introduce some other triangle with
three known data? There is the point D in Fig. 1.10 which is obviously
eager for more connections—if we join it to a neighboring point we may
notice AM DG each side of which is one third of a median—and so we can
construct it, from three known sides—here is a stepping stone! The rest
is easy.

Fig. 1.9. Unknown, data, condition. B C



12 PATTERNS

Fig. 1.10. A point eager for more connections.

(3) Toeach problem concerned with ordinary triangles there corresponds
a problem concerned with spherical triangles or trihedral angles. (A
trihedral angle is contained between three planes; a sphere described about
its vertex as center intersects it in a spherical triangle.) These problems of
solid geometry may be reduced to problems of plane geometry. Such
reduction of problems about figures in space to drawings in a plane is, in
fact, the object of descriptive geometry, which is an interesting branch of
geometry indispensable to engineers and architects for the accurate draft-
ing of machinery, vessels, buildings, and so on.

The reader needs no knowledge of descriptive geometry, just a little
solid geometry and some common sense, to solve the following problem:
Being given the three face angles of a trihedral angle, construct its dihedral
angles.

Let a, b, and ¢ denote the face angles of the trihedral angle (the sides of
the corresponding spherical triangle) and o the dihedral angle opposite to
the face a (« is an angle of the spherical triangle). Being given a, b, ¢,
construct «. (The same method can serve to construct all three dihedral
angles, and so we restrict ourselves to one of them, to «.)

To visualize the data, we juxtapose the three angles b, a, and ¢ in a plane;
see Fig. 1.11. To visualize the unknown, we should see the configuration
in space. (Reproduce Fig. 1.11 on cardboard, crease the line between
a and b and also that between a and ¢, and then fold the cardboard to
form the trihedral angle.) In Fig. 1.12, the trihedral angle is seen in per-
spective; A is a point chosen at random on the edge opposite the face a;
two perpendiculars to this edge starting from A, one drawn in the face b,
the other drawn in the face ¢, include the angle « that we are required to
construct.

Look at the unknown ! —It is an angle, the angle « in Fig. 1.12.

What can you do to get this kind of unknown ? —We often determine an
angle from a triangle.

Is there a triangle in the figure? —No, but we can introduce one.

In fact, there is an obvious way to introduce a triangle: the plane that
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Fig. 1.11. The data.

contains the angle « intersects the trihedral angle in a triangle; see Fig. 1.13.
This triangle is a promising auxiliary figure, a likely stepping stone.

In fact, the solution is not far. Return to the figure in the plane, to
Fig. 1.11, where the data, the angles a, b, and ¢, appear in true magnitude.
(Unfold the cardboard model we have folded together in passing from
Fig. 1.11 to Fig. 1.12.) The point 4 appears twice, as 4, and A4, (by
unfolding, we have separated the two faces b and ¢ which are adjacent in
space). These points 4; and A, are at the same distance from the vertex
V. A perpendicular to 4,V through A4; meets the other side of the angle
bin C, and B is analogously obtained; see Fig. 1.14. Now we know A4,B,
BC, and CA,, the three sides of the auxiliary triangle introduced in Fig.
1.13, and so we can readily construct it (in dotted lines in Fig. 1.14): it
contains the desired angle «.

The problem just discussed is analogous to, and uses the construction
of, the simplest problem about ordinary triangles which we discussed in
sect. 1.1.  We can see herein a sort of justice and a hint about the use of
analogy.

Fig. 1.12. The unknown.
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Fig. 1.13. A likely stepping stone.

1.7. The pattern of auxiliary figures

Let us look back at the problems discussed in the foregoing sect. 1.6.
They were quite different, and their solutions were quite different too,
except that in each case the key to the solution was an auxiliary figure: a
circle with two tangents from an outside point in (1), a smaller triangle
carved out from the desired triangle in (2), another triangle in (3). In
each case we could easily construct the auxiliary figure from the data and,
once in possession of the auxiliary figure, we could easily construct the
originally required figure by using the auxiliary figure. And so we
attained our goal in two steps; the auxiliary figure served as a kind of
stepping stone; its discovery was the decisive performance, the culminat-
ing point of our work. There is a pattern here, the pattern of auxiliary

N

Fig. 1.14. The solution.
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figures, which has some promise and which we can describe as follows:
Try to discover some part of the figure or some closely RELATED FIGURE
which you can construct and which you can use as a stepping stone in con-
structing the original figure.

This pattern is very general. In fact, the pattern of similar figures
formulated in sect. 1.5 is just a particular case: a figure similar to the
required figure is related to it in a particular manner and can serve as a
particularly handy auxiliary figure.

Unavoidably, its greater generality renders the pattern of auxiliary
figures less concrete, less tangible: it gives no specific advice about what
kind of figure we should seek. Experience, of course, can give us some
directives (although no hard and fast rules): we should look for figures
which are easy to “carve out” from the desired figure, for “simple” figures
(as triangles), for “extreme cases,” and so on. We may learn procedures,
such as the variation of the data, or the use of analogy, which, in certain
cases, may indicate an appropriate auxiliary figure.

We have now isolated three different patterns which we may use in deal-
ing with problems of geometric construction. The pattern of auxiliary
figures leaves us more choice, but offers a less definite target, than the
pattern of similar figures. The pattern of two loci is the simplest—you
may try it first just because, in most cases, it is best to try the simplest
thing first. Yet do not commit yourself, keep an open mind: take the
problem as solved, draw a figure in which the unknown and the data are
appropriately assembled, each element at its right place, all elements
connected by the right relations, as required by the condition. Study this
figure, try to recognize in it some familiar configuration, try to recall any
relevant knowledge you may have (related problems, applicable theorems),
look out for an opening (a more accessible part of the figure, for instance).
You may be lucky: a bright idea may emerge from the figure and suggest
an appropriate auxiliary line, the suitable pattern, or some other useful
step.

Examples and Comments on Chapter 1

1.1. What is the locus of a variable point that has a given distance from a
given point?

1.2. What is the locus of a variable point that has a given distance from a
given straight line ?

1.3. A variable point remains equidistant from two given points; what is its
locus?
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1.4. A variable point remains equidistant from two given parallel straight
lines; what is its locus?

1.5. A variable point remains equidistant from two given intersecting
straight lines; what is its locus ?

1.6. Of a triangle, given two vertices, 4 and B, and the angle y, opposite to
the side A B; the triangle is not determined, its third vertex (that of y) can vary.
What is the locus of this third vertex?

1.7. Notation. In dealing with a triangle, it is convenient to use the follow-
ing notation:

A, B, C vertices

a, b, ¢ sides

a, B, ¥y angles

ha, hy, he altitudes (‘*heights™)

mg, my,, m, medians

de, dg, d, bisectors of the angles (‘“‘disectors’ ?!)
R radius of circumscribed circle
r radius of inscribed circle

It is understood that the side a is opposite the angle «, the vertex of which is
the point 4 which is the common endpoint of the three lines k,, m,, and d4,.
According to common usage, a stands both for the side (a line segment) and
for the length of the side; the reader has to find out from the context which
meaningisintended. The same ambiguity is inherent in the symbols b, ¢, A, . . .
d,, R, r. We follow this usage although it is objectionable.

The problem *“Triangle from a, b, ¢’ means, of course, ‘‘construct a triangle
being given a, b, and ¢.”” Observe that there may be no solution (the figure
satisfying the proposed condition may not exist) if the data are adversely
chosen; for example, there is no triangle with given sides a, b, and ¢, if a >
b + ¢. Experiment first with data for which the required figure is likely to
exist.

1.8. Triangle from a, b, m,.

1.9. Triangle from a, h,, m,.
1.10. Triangle from a, h,, a.
1.11. Triangle from a, m,, a.

1.12. Given three (infinite) straight lines. Construct a circle that touches
the first two lines and has its center on the third line.

1.13. Given two intersecting infinite straight lines and a line segment of
length r. Construct a circle with radius » that touches the two given lines.

1.14. Construct a circle, being given one point on it, one straight line tangent
to it, and its radius.

1.15. Three lighthouses are visible from a ship; their positions on the map
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are known, and the angles between the rays of light coming from them have
been measured. Plot the position of the ship on the map.

1.16. Within a given circle, describe three equal circles so that each shall
touch the other two and also the given circle. (This figure can sometimes be
seen in Gothic tracery where analogous figures, with four or six inner circles,
are more frequent.)

1.17. Inside a given triangle find a point from which all three sides are seen
under the same angle.

1.18. Trisect the area of a given triangle.

That is, you should locate a point X inside the given AABC so that A XBC,
AXCA, and A\ XAB are equal in area.

[Keep only a part of the condition, drop the other part: if only the two triangles
AXCA and A XCB are supposed to be equal, what is the locus of X? The
answer to this question may show you a way to the solution, but there are also
other approaches.]

1.19. Triangle from a, a, r.
[Keep only a part of the condition, drop the other part: disregard r, but keep
a and «; what is the locus of the center of the inscribed circle 7]

1.20. Triangle from a, hs, c.

1.21. Triangle from a, h,, d,.

1.22, Triangle from a, h,, h..

1.23. Triangle from h,, hy, B.

1.24. Triangle from h,, B, y.

1.25. Triangle from h,, d,, c.

1.26. Construct a parallelogram, being given one side and two diagonals.

1.27. Construct a trapezoid being given its four sides a, b, ¢, and d; a and ¢
should be parallel.

1.28. Construct a quadrilateral being given a, b, ¢, and d, its four sides, and
the angle ¢, included by the opposite sides a and ¢ produced.

1.29. Triangle from a, b + c, .
[Do not fail to introduce all the data into the figure. Where is the “right
place” for b + ¢?]

1.30. Triangle froma, b + ¢, 8 — y.

1.31. Triangle froma + b + ¢, h,, .
[Symmetry: b and ¢ (not given) play interchangeable roles.]

1.32. Given two circles exterior to each other, draw their interior common
tangents. (The two circles are situated in the same halfplane with respect to
an exterior common tangent, in different halfplanes with respect to an interior
common tangent.)
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1.33. Given three equal circles, construct a circle containing, and tangent to,
all three given circles.

1.34. Triangle from ¢, 8, d,.

1.35. Inscribe a square in a given right triangle. One corner of the square
is required to coincide with the right-angle corner of the given triangle, the
opposite vertex of the square should lie on the hypotenuse, the two other ver-
tices on the legs of the right triangle, one on each.

1.36. Inscribe a square in a given triangle 4ABC. Two vertices of the square
are required to lie on AB, one on AC, and one on BC.

1.37. Inscribe a square in a given sector of a circle. Two vertices of the
square are required to lie on the arc, one vertex on each of the two sides of the
central angle of the sector.

1.38. Construct a circle being given two points on it and one straight line
tangent to it.

1.39. Construct a circle, being given one point on it and two straight lines
tangent to it.

1.40. Construct a pentagon circumscribable about a circle being given its
five angles «, B, ¥, 8, and € (subject, of course, to the condition ¢ + 8 + y +
8 + € = 540°) and the length of its perimeter /.

1.41. Triangle from h,, hy, h..

1.42. A flaw. It may happen that a problem of geometric construction has
no solution: there may be no figure satisfying the proposed condition with the
proposed data. For instance, there exists no triangle the sides of which have
the given lengths a, b, and cif a > b + ¢. A perfect method of solution will
either obtain a figure satisfying the proposed condition or show in failing that
there exists no such figure.

There can arise, however, the following situation: the proposed problem
itself does possess a solution, yet an auxiliary problem does not—an auxiliary
figure, which our scheme would need for the construction of the originally
required figure, is impossible to construct. This is, of course, a flaw in our
scheme.

Is your method for solving ex. 1.41 perfect in this respect? (The triangle
with sides 65, 156, 169 is a right triangle—the sides are proportional to 5, 12,
13—with heights 156, 65, 60.) If the answer is No, can you improve your
method ?

1.43. Triangle from a, «, R.

1.44. Looking back at the solution of ex. 1.43, you may ask some instructive
questions and propose some related problems.

(a) An analogous problem?

(b) A more general problem?

(c¢) Triangle from a, 8, R.

(d) Triangle from aq, r, R.
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1.45. Three listening posts. The time at which the sound of an enemy gun
is heard has been exactly observed at three listening posts 4, B,and C. On the
basis of these data, plot on the map the position X of that enemy gun.

Regard the velocity of sound as known. Explain the analogy with, and the
difference from, the problem of the three lighthouses, ex. 1.15.

1.46. On the pattern of two loci. Are the loci with which exs. 1.2, 1.5, and
1.6 are concerned usable in connection with the pattern of two loci? Cf. the
statement at the end of sect. 1.2.

1.47. The pattern of three loci. A concept of plane geometry may have
various analogues in solid geometry. For instance, in sect. 1.6(3) we regarded
a spherical triangle or a trihedral angle as analogous to an ordinary plane
triangle. Yet we could also regard a tetrahedron as analogous to an ordinary
triangle; seen from this viewpoint, the following problem appears as analogous
to the problem of sect. 1.3(1).

Circumscribe a sphere about a given tetrahedron.

Let us work out the analogy in some detail. We reduce the problem to

obtaining the center of the required sphere. In the so reduced problem

the unknown is a point, say X;
the data are four points (the vertices of the given tetrahedron), say 4, B, C,
and D;
the condition consists in the equality of four distances
XA = XB= XC= XD

We may split this condition into three parts:

First XA = XB
Second XA = XC
Third XA = XD

To each part of the condition corresponds a locus. If the point X satisfies
the first part of the condition, its locus is (it can vary on) a plane, the perpen-
dicular bisector of the segment AB; to each other part of the condition there
corresponds an analogous plane. Finally, the desired center of the sphere is
obtained as the intersection of three planes.

Let us assume that we have instruments with which we can determine the
points of intersection of three given surfaces when each of these surfaces is
either a plane or a sphere. (In fact, we have made this assumption implicitly
in the foregoing. By the way, ruler and compasses are such instruments—we
can determine with them those points of intersection if we know enough
descriptive geometry.) Then we can propose and solve problems of geometric
construction in space. The foregoing problem is an example and its solution
sets an example: with the help of analogy, we can disentangle from it a pattern
for solving problems of construction in space, the patrern of three loci.

1.48. In the foregoing ex. 1.47, as in the example of sect. 1.3(1), we could
have split the condition differently and so obtain another (although a pretty
similar) construction. Yet can the result be different? Why not?
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1.49. On geometric constructions. There are many problems of geometric
construction where the required figure obviously *‘exists” but cannot be con-
structed with ruler and compasses (it could be constructed with other—equally
idealized—instruments). A famous problem of this kind is the trisection of
the angle: a general angle cannot be divided into three equal parts by ruler and
compasses; see Courant and Robbins, pp. 137-138.

A perfect method for gecometric constructions should eirher lead us to a con-
struction of the required figure by ruler and compasses or show that such a
construction is impossible. Our patterns (two loci, similar figures, auxiliary
figures) are not useless (as, I hope, the reader has had opportunity to convince
himself) but they yield no perfect method; they frequently suggest a construc-
tion but, when they do not suggest one, we are left in the dark about the alter-
native with which we are most concerned: is the construction impossible in
itself, or is it possible and just our effort insufficient ?

There is a well known more perfect method for geometric constructions
(reduction to algebra—but we need not enter upon details now). Yet for
another kind of problem which we may face another day there may be no
perfect method known at that time—and still we have to try. And so the
patterns considered may contribute to the education of the problem solver
just by their inherent imperfection.

1.50. More problems. Devisesome problemssimilarto, butdifferent from, the
problems proposed in this chapter—especially such problems as you can solve.

1.51. Sers. We cannot define the concept of a ser in terms of more funda-
mental concepts, because there are no more fundamental concepts. Yet, in
fact, everybody is familiar with this concept, even if he does not use the word
“set” for it. ‘“‘Set of elements” means essentially the same as “class of
objects” or *‘collection of things” or “aggregate of individuals.” ‘““Those
students who will make an A in this course” form a set even if, at this moment,
you could not tell all their names. *“Those points in space that are equidistant
from two given points” form a very clearly defined set of points, a plane.
“Those straight lines in a given plane that have a given distance from a given
point” form an interesting set consisting of all the tangents of a certain circle.
If a, b, and ¢ are any three distinct objects, the set to which just these three
objects belong as elements is clearly defined.

Two sets are equal if every object that belongs to one of them belongs also
to the other. If any element that belongs to the set 4 belongs also to the
set B, we say that A is contained in B; there are many ways to say the same
thing: B contains A, B includes A, A is a subset of B, and so on.

It is often convenient to consider the empty set, that is, the set to which no
element belongs. For example, the “set of those students who will make A in
this course” could well turn out to be the empty set, if no student makes a
better grade than B, or if the course should be discontinued without a final
examination. The empty set is a useful set as 0 is a useful number. Now, 0
is less than any positive integer ; similarly, the empty set is considered as a sub-
set of any set.
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The greatest common subset of several sets is termed their intersection.
That is, the intersection of the sets 4, B, C,..., and L consists of those, and
only those, elements that belong simultaneously to each of the sets A4, B, C,. . .,
and L.

For example, let 4 and B denote two planes, each considered as a set of
points; if they are different and nonparallel, their intersection is a straight line;
if they are different but parallel, their intersection is the empty set; if they are
identical, their “intersection” is identical with any of them. If 4, B, and C
are three planes and there is no straight line parallel to all three of them, their
intersection is a set containing just one element, a point.

The term “locus” means essentially the same as the term “‘set”: the set (or
locus) of those points of a plane that have a given distance from a given point
is a circle.

In this example, we define the set (or locus) by stating a condirion that its
elements (points) must satisfy, or a property that these elements must possess:
the points of a circle satisfy the condition, or have the property, that they are
all contained in the same plane and all have the same distance from a given
point.

The concepts of “condition” and “property’ are indissolubly linked with
the concept of a set. In many mathematical examples we can clearly and
simply state the condition or property that characterizes the elements of a set.
Yet, if a more informative description is lacking we can always say: the ele-
ments of the set S have the property of belonging to S, and satisfy the condi-
tion that they belong to S.

The consideration of the pattern of three loci (after that of two loci; see
ex. 1.47) may have given us already a hint of a wider generalization. The
consideration of sets and their intersections intensifies the suggestion. We
now leave this suggestion to mature in the mind of the reader and we shall
return to it in a later chapter.

(The least extensive set of which each one of several given sets is a subset is
called the union of those given sets. That is, the union of the sets 4, B, ...,
and L contains all the elements of A, all the elements of B,..., and all the
elements of L, and any element that the union contains, must belong to at least
one of the sets A, B,..., and L (it may belong to several of them).

Intersection and union of sets are closely allied concepts (they are “‘comple-
mentary” concepts in a sense which we cannot but hint), and we could not very
well discuss one without mentioning the other. In fact, we shall have more
opportunity to consider the intersection of given sets than their union. The
reader should familiarize himself from some other book with the first notions
of the theory of sets which may be introduced into the high schools in the near
future.)



CHAPTER 2

THE CARTESIAN PATTERN

2.1. Descartes and the idea of a universal method

René Descartes (1596-1650) was one of the very great. He is regarded
by many as the founder of modern philosophy, his work changed the face
of mathematics, and he also has a place in the history of physics. We are
here mainly concerned with one of his works, the Rules for the Direction
of the Mind (cf. ex. 2.72).

In his *“Rules,” Descartes planned to present a universal method for
the solution of problems. Here is a rough outline of the scheme that
Descartes expected to be applicable to all types of problems:

First, reduce any kind of problem to a mathematical problem.

Second, reduce any kind of mathematical problem to a problem of
algebra,

Third, reduce any problem of algebra to the solution of a single equation.

The more you know, the more gaps you can see in this project. Des-
cartes himself must have noticed after a while that there are cases in which
his scheme is impracticable; at any rate, he left unfinished his “Rules”
and presented only fragments of his project in his later (and better known)
work Discours de la Méthode.

There seems to be something profoundly right in the intention that
underlies the Cartesian scheme. Yet it is more difficult to carry this inten-
tion into effect, there are more obstacles and more intricate details than
Descartes imagined in his first enthusiasm. Descartes’ project failed, but
it was a great project and even in its failure it influenced science much
more than a thousand and one little projects which happened to succeed.

Although Descartes’ scheme does not work in all cases, it does work in

22
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an inexhaustible variety of cases, among which there is an inexhaustible
variety of important cases. When a high school boy solves a “word
problem” by “setting up equations,” he follows Descartes’ scheme and
in doing so he prepares himself for serious applications of the underlying
idea.

And so it may be worthwhile to have a look at some high school work.

2.2. A little problem

Here is a brain teaser which may amuse intelligent youngsters today as
it probably amused others through several centuries.
A farmer has hens and rabbits. These animals have 50 heads and
140 feet. How many hens and how many rabbits has the farmer ?
We consider several approaches.

(1) Groping. There are 50 animals altogether. They cannot all be
hens, because then they would have only 100 feet. They cannot all be
rabbits, because they would then have 200 feet. Yet there should be just
140 feet. If just one half of the animals were hens and the other half

rabbits, they would then have.... Let us survey all these cases in a table:
Hens Rabbits Feet
50 0 100
0 50 200
25 25 150

If we take a smaller number of hens, we have to take a larger number of
rabbits and this leads to more feet. On the contrary, if we take a larger

number of hens. ... Yes, there must be more than 25 hens—let us try 30:
Hens Rabbits Feet
30 20 140

I have got it! Here is the solution!

Yes, indeed, we have got the solution, because the given numbers, 50
and 140, are relatively small and simple. Yet if the problem, proposed with
the same wording, had larger or more complicated numbers, we would need
more trials or more luck to solve it in this manner, by merely muddling
through.

(2) Bright idea. Of course, our little problem can be solved less
“empirically” and more “deductively”—I mean with fewer trials, less
guesswork, and more reasoning. Here is another solution.

The farmer surprises his animals in an extraordinary performance: each
hen is standing on one leg and each rabbit is standing on its hind legs.
In this remarkable situation just one half of the legs are used, that is, 70
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legs. In this number 70 the head of a hen is counted just once but the
head of a rabbit is counted twice. Take away from 70 the number of all
heads, which is 50; there remains the number of the rabbit heads—there
are

70 — 50 = 20

rabbits! And, of course, 30 hens.

This solution would work just as well if the numbers in our little prob-
lem (50 and 140) were replaced by less simple numbers. This solution
(which can be presented less whimsically) is ingenious: it needs a clear
intuitive grasp of the situation, a little bit of a bright idea—my congratula-
tions to a youngster of fourteen who discovers it by himself. Yet bright
ideas are rare—we need a lot of luck to conceive one.

(3) By algebra. We can solve our little problem without relying on
chance, with less luck and more system, if we know a little algebra.

Algebra is a language which does not consist of words but of symbols.
If we are familiar with it we can translate into it appropriate sentences of
everyday language. Well, let us try to translate into it the proposed
problem. In doing so, we follow a precept of the Cartesian scheme:
“reduce any kind of problem to a problem of algebra.” In our case the
translation is easy.

State the problem

in English in algebraic language
A farmer has
a certain number of hens x
and a certain number of rabbits y
These animals have fifty heads x+y=5
and one hundred forty feet 2x + 4y = 140

We have translated the proposed question into a system of two equations
with two unknowns, x and y. Very little knowledge of algebra is needed
to solve this system: we rewrite it in the form

x+2y=170
x+ y=150

and subtracting the second equation from the first we obtain
y=20

Using this we find, from the second equation of the system, that
x =30
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This solution works just as well for large given numbers as for small ones,
works for an inexhaustible variety of problems, and needs no rare bright
idea, just a little facility in the use of the algebraic language.

(4) Generalization. We have repeatedly considered the possibility of
substituting other, especially larger, numbers for the given numbers of our
problem, and this consideration was instructive. It is even more instruc-
tive to substitute letters for the given numbers.

Substitute 4 for 50 and f for 140 in our problem. That is, let 4 stand
for the number of heads, and f for the number of feet, of the farmer’s
animals. By this substitution, our problem acquires a new look; let us
consider also the translation into algebraic language.

A farmer has

a certain number of hens x
and a certain number of rabbits. y
These animals have h heads x+y=h
and f feet. 2x + 4y =f

The system of two equations that we have obtained can be rewritten in the
form

x + 2 =é
x+ y=h
and yields, by subtraction,
L

Let us retranslate this formula into ordinary language: the number of
rabbits equals one half of the number of feet, less the number of heads:
this is the result of the imaginative solution (2).

Yet here we did not need any extraordinary stroke of luck or whimsical
imagination; we attained the result by a straightforward routine procedure
after a simple initial step which consisted in replacing the given numbers
by letters. This step is certainly simple, but it is an important step of
generalization.!

(5) Comparison. It may be instructive to compare different approaches
to the same problem. Looking back at the four preceding approaches,
we may observe that each of them, even the very first, has some merit, some
specific interest.

1 Cf. HSI, Generalization 3, pp. 109-110; Variation of the problem 4, pp. 210-211;
Can you check the result? 2, p. 60.
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The first procedure which we have characterized as '-groping” and
“muddling through” is usually described as a solution by trial and error.
In fact, it consists of a series of trials, each of which attempts to correct
the error committed by the preceding and, on the whole, the errors dimin-
ish as we proceed and the successive trials come closer and closer to the
desired final result. Looking at this aspect of the procedure, we may wish
a better characterization than *trial and error”; we may speak of “succes-
sive trials” or “successive corrections” or “‘successive approximations.”
The last expression may appear, for various reasons, to be the most
suitable. The term method of successive approximations naturally applies
to a vast variety of procedures on all levels. You use successive approxi-
mations when, in looking for a word in the dictionary, you turn the leaves
and proceed forward or backward according as a word you notice precedes
or follows in alphabetical order the word you are looking for. A mathe-
matician may apply the term successive approximations to a highly sophis-
ticated procedure with which he tries to treat some very advanced problem
of great practical importance that he cannot treat otherwise. The term
even applies to science as a whole; the scientific theories which succeed
each other, each claiming a better explanation of phenomena than the
foregoing, may appear as successive approximations to the truth.

Therefore, the teacher should not discourage his students from using
“trial and error”—on the contrary, he should encourage the intelligent use
of the fundamental method of successive approximations. Yet he should
convincingly show that for such simple problems as that of the hens and
rabbits, and in many more (and more important) situations, straight-
forward algebra is more efficient than successive approximations.

2.3. Setting up equations

. In the foregoing, cf. sect. 2.2(3), we have translated a proposed problem
from the ordinary language of words into the algebraic language of sym-
bols. In our example, the translation was obvious; there are cases, how-
ever, where the translation of the problem into a system of equations
demands more experience, or more ingenuity, or more work.2

What is the nature of this work? Descartes intended to answer this
question in the second part of his “Rules” which, however, he left un-
finished. I wish to extract from his text and present in contemporary
language such parts of his considerations as are the most relevant at this
stage of our study. I shall leave aside many things that Descartes did say,
and I shall make explicit a few things that he did not quite say, but I still
think that I shall not distort his intentions.

2 Cf. HSI, Setting up equations, pp. 174-177.
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I wish to follow Descartes’ manner of exposition: I shall begin each
explanation by a concise “advice” (in fact, it is rather a summary) and then
expand that advice (summary) by adding comments.

(1) First, having well understood the problem, reduce it to the determina-
tion of certain unknown quantities (Rules XIII-XVTI).

To spend time on a problem that we do not understand would be foolish.
Therefore, our first and most obvious duty is to understand the problem,
its meaning, its purpose.

Having understood the problem as a whole, we turn our attention to its
principal parts. We should see very clearly

what kind of thing we have to find (the UNKNOWN or unknowns)

what is given or known (the DATA)

how, by what relations, the unknowns and the data are connected with

each other (the CONDITION).

(In the problem of sect. 2.2(4) the unknowns are x and y, and the data
h and f, the numbers of hens and rabbits, heads and feet, respectively.
The condition is expressed first in words, then in equations.)

Following Descartes, we now confine ourselves to problems in which the
unknowns are quantities (that is, numbers but not necessarily integers).
Problems of other kinds, such as geometrical or physical problems, may
be reduced sometimes to problems of this purely quantitative type, as we
shall illustrate later by examples; cf. sects. 2.5 and 2.6.

(2) Survey the problem in the most natural way, taking it as solved and
visualizing in suitable order all the relations that must hold between the
unknowns and the data according to the condition (Rule XVII).

We imagine that the unknown quantities have values fully satisfying the
condition of the problem: this is meant essentially by *“taking the problem
as solved”; cf. sect. 1.4. Accordingly, we treat unknown and given quan-
tities equally in some respects; we visualize them connected by relations as
the condition requires. We should survey and study these relations in the
spirit in which we survey and study the figure when planning a geometric
construction; see the end of sect. 1.7. The aim is to find some indication
about our next task.

(3) Detach a part of the condition according to which you can express the
same quantity in two different ways and so obtain an equation between the
unknowns. Eventually you should split the condition into as many parts,
and so obtain a system of as many equations, as there are unknowns (Rule
XIX).

The foregoing is a free rendering, or paraphrase, of the statement of
Descartes’ Rule XIX. After this statement there is a great gap in
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Descartes’ manuscript: the explanation which should have followed the
statement of the Rule is missing (it was probably never written). Therefore,
we have to make up our own comments.

The aim is stated clearly enough: we should obtain a system of n equa-
tions with n unknowns. It is understood that the computation of these
unknowns should solve the proposed problem. Therefore, the system of
equations should be equivalent to the proposed condition. 1If the whole
system expresses the whole condition, each single equation of the system
should express some part of the condition. Hence, in order to set up the
n equations we should split the condition into » parts. But how?

The foregoing considerations under (1) and (2) (which outline very
sketchily Descartes’ Rules XIII-XVII) give some indications, but no
definite instructions. Certainly, we have to understand the problem, we
have to see the unknowns, the data, and the condition very, very clearly.
We may profit from surveying the various clauses of the condition and
from visualizing the relations between the unknowns and the data. All
these activities give us a chance to obtain the desired system of equations,
but no certainty.

The advice that we are considering (the paraphrase of Rule XIX)
stresses an additional point: in order to obtain an equation we have to
express the same quantity in two different ways. (In the example of sect.
2.2(3) an equation expresses the number of feet in two different ways.)
This remark, properly digested, often helps to discover an equation between
the unknowns—it can always help to explain the equation after it has been
discovered.

In short, there are some good suggestions, but there is no foolproof pre-
cept for setting up equations. Yet, where no precept helps, practice may
help.

(4) Reduce the system of equations to one equation (Rule XXI).

The statement of Descartes’ Rule XXI which is here paraphrased is not
followed by an explanation (in fact, it is the last sentence in Descartes’
manuscript). We shall not examine here under which conditions a system
of algebraic equations can be reduced to a single equation or how such
reduction can be performed; these questions belong to a purely mathe-
matical theory which is more intricate than Descartes’ short advice may
lead us to suppose, but is pretty well explored nowadays and no concern
of ours at this point. Very little algebra will be sufficient to perform the
reduction in those simple cases in which we shall need it.

There are other questions which remain unexplored although we should
concern ourselves with them. Yet we may take them up more profitably
after some examples.
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2.4. Classroom examples

The “word problems” of the high school are trivial for mathematicians,
but not so trivial for high school boys or girls or teachers. I think, how-
ever, that a teacher who makes an earnest effort to bring Descartes’ advice,
presented in the foregoing, down to classroom level and to put it into
practice will avoid many of the usual pitfalls and difficulties.

First of all, the student should not start doing a problem before he has
understood it. It can be checked to a certain extent whether the student
has really understood the problem: he should be able to repeat the state-
ment of the problem, point out the unknowns and the data, and explain
the condition in his own words. If he can do all this reasonably well, he
may proceed to the main business.

An equation expresses a part of the condition. The student should be
able to tell which part of the condition is expressed by an equation that he
brings forward—and which part is not yet expressed.

An equation expresses the same quantity in two different ways. The
student should be able to tell which quantity is so expressed.

Of course, the student should possess the relevant knowledge without
which he could not understand the problem. Many of the usual high
school problems are “rate problems” (see the next three examples).
Before he is called upon to do such a problem, the student should acquire
in some form the idea of “rate,” proportionality, uniform change.

(1) One pipe can fill a tank in 15 minutes, another pipe can fill it in 20
minutes, a third pipe in 30 minutes. With all three pipes open, how long
will it take to fill the empty tank ?

Let us assume that the tank contains g gallons of water when it is full.
Then the rate of flow through the first pipe is

£ .
15
gallons per minute. Since
amount = rate x time

the amount of water flowing through the first pipe in ¢ minutes is

£

15/

If the three pipes together fill the empty tank in ¢ minutes, the amount of
water in the full tank can be expressed in two ways:

£
15

AP - AP
L4 sst+3pt =8
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The left-hand side shows the contribution of each pipe separately, the
right-hand side the joint result of these three contributions.
Division by g yields the equation for the required time ¢:
t t t
520 %30"
Of course, the derivation of the equation could be presented differently
and the problem itself could be generalized and modified in various ways.
(2) Tom can do a job in 3 hours, Dick in 4 hours, and Harry in 6 hours.

If they do it together (and do not delay each other), how long does the job
take?

1

Tom can do 4 of the whole job in one hour; we can also say that Tom is
working at the rate of 1 of the job per hour. Therefore, in ¢ hours Tom
does t/3 of the job. If the three boys work together and finish the work in
t hours (and if they do not delay each other—a very iffy condition), the
Jull amount of work can be expressed in two ways:

LR
3°'4°6
in fact, the 1 on the right-hand side stands for “one full job.”

_ This problem is almost identical with the foregoing (1), even numerically
since

15:20:30 = 3:4:6
It is instructive to formulate a common generalization of both (using let-

ters). It is also instructive to compare the solutions and weigh the advan-
tage and disadvantage of introducing the quantity g into the solution (1).

(3) A patrol plane flies 220 miles per hour in still air. It carries fuel for
4 hours of safe flying. If it takes off on patrol against a wind of 20 miles per
hour, how far can it fly and return safely ?

It is understood that the wind is supposed to blow with unchanged
intensity during the whole flight, that the plane travels in a straight line,
that the time needed for changing direction at the furthest point is negli-
gible, and so on. All word problems contain such unstated simplifying
assumptions and demand from the problem solver some preliminary work
of interpretation and abstraction. This is an essential feature of the word
problems which is not always trivial and should be brought into the open,
at least now and then.

The problem becomes more instructive if for the numbers

220 20 4
we substitute general quantities
v w T
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which denote the velocity of the plane in still air, the velocity of the wind,
and the total flying time, respectively; these three quantities are the data.
Let x stand for the distance flown in one direction, ¢, for the duration of
the outgoing flight, ¢, for the duration of the homecoming flight; these
three quantities are unknowns. It is useful to display some of these quan-
tities in a neat arrangement:

Going Returning

Distance x x
Time t ty
Velocity v—w v+ w

(To fill out the last line we need, in fact, some ““unsophisticated’ knowledge
of kinematics.) Now, as we should know,

distance = velocity x time
We express each of the following three quantities in two ways:

x=(@®—wt
x =@+ wiy
tl+12=T

We have here a system of three equations for the three unknowns x,
t;, and 1,. In fact, only x was required by the proposed problem; r; and
t, are auxiliary unknowns which we have introduced in order to express
neatly the whole condition. Eliminating ¢, and ¢,, we find

X X

=T
v—w+v+w

and hence
_ w? — wiT

* 2v

There is no difficulty in substituting numerical values for the data
v,w,and T. It is more interesting to examine the result, and to check it by
the variation of the data.

Ifw = 0,then2x = vT. Thisis right, obviously: the whole flight is now
supposed to take place in still air.

Ifw = »,thenx = 0. Again obvious: against a headwind with speed v,
the plane cannot start at all.

If w increases from the value w = 0 to the value w = v, the distance x
decreases steadily, according to the formula. And so, again, the formula
agrees with what we can foresee without any algebra, just by visualizing
the situation.

Working with numerical data instead of general data (letters) we would
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have missed this instructive discussion of the formula and the valuable
checks of our result. By the way, there are still other interesting checks.

(4) A dealer has two kinds of nuts; one costs 90 cents a pound, the other
60 cents a pound. He wishes to make 50 pounds of a mixture that will cost
72 cents a pound. How many pounds of each kind should he use ?

This is a typical, rather simple ‘“‘mixture problem.” Let us say that the
dealer uses x pounds of nuts of the first kind, and y pounds of the second
kind; x and y are the unknowns. We can conveniently survey the un-
knowns and the data in the array:

First kind Second kind  Mixture

Price per pound 90 60 72
Weight x y 50
Express in two ways the total weight of the mixture:
x+y=250

Then express in two ways the total price of the mixture:
90x + 60y = 72-50

We have here a system of two equations for the two unknowns x and y.
We leave the solution to the reader, who should have no trouble in finding
the values

x = 20, y =130

In passing from “numbers” to “letters” the reader obtains a problem
which, as it will turn out later, has still other (and more interesting) inter-
pretations.

2.5. Examples from geometry
We shall discuss just two examples.

(1) A4 problem of geometric construction. 1Tt is possible to reduce any
problem of geometric construction to a problem of algebra. We cannot
treat here the general theory of such reduction,® but here is an example.

A triangular area is enclosed by a straight line AB and two circular arcs,
AC and BC. The center of one circle is A, that of the other is B, and each
circle passes through the center of the other. Inscribe into this triangular
area a circle touching all three boundary lines.

The desired configuration, Fig. 2.1, is sometimes seen in Gothic tracery.

Obviously, we can reduce the problem to the construction of one point:
the center of the required circle. One locus for this point is also obvious:

3 See Courant-Robbins, pp. 117-140.
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Fig. 2.1. From a Gothic window. A B

the perpendicular bisector of the segment AB which is a line of symmetry
for the given triangular area. And so there remains to find another locus.

Keep only a part of the condition, drop the other part. We consider a
(variable) circle touching not three, but only two boundary lines: the
straight line 4B and the circular arc BC; see Fig. 2.2. In order to find the
locus of the center of this variable circle, we use analytic geometry. We
let the origin of our rectangular coordinate system coincide with the
point A4, and let the x axis pass through the point B; see Fig. 2.2. Let x
and y denote the coordinates of the center of the variable circle. Join
this center to the two essential points of contact, one with the straight
line AB, the other with the circular arc BC; see Fig. 2.2. The two radii
have the same length which, therefore, can be expressed in two different
manners (set AB = a):

y=a-vxt+)*
By getting rid of the square root, we transform this equation into
x? = a% — 2ay
And so the locus of the center of the variable circle turns out to be a para-
bola—a locus of no immediate use in geometric constructions.

3

Fig. 2.2. We have dropped a part of the
condition. A B
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Yet the obvious locus mentioned at the beginning, the perpendicular
bisector of 4B, has the equation

x=?
T2

which, combined with the equation of the parabola, yields the ordinate of
the desired center of the circle.

8
and this ordinate is easy to construct from the given lengtha = AB.

(2) The analogue of Pythagoras’ theorem in solid geometry. Analogy
is not unambiguous. There are various facts of solid geometry which can
be quite properly regarded as analogous to the Pythagorean proposition.
We arrive at such a fact if we regard a cube as analogous to a square, and
a tetrahedron that we obtain by cutting off a corner of the cube by an
oblique plane as analogous to a right triangle (which we obtain by cutting
off a corner of a square by an oblique straight line). To the rectangular
vertex of the right triangle there corresponds a vertex of the tetrahedron
which we shall call a trirectangular vertex. In fact, the three edges of the
tetrahedron starting from this vertex are perpendicular to each other,
forming three right angles.

Pythagoras’ theorem solves the following problem:: In a triangle that
possesses a rectangular vertex O, there are given the lengths @ and b of the
two sides meeting in O. Find the length ¢ of the side opposite O.

We put the analogous problem: In a tetrahedron that possesses a tri-
rectangular vertex O, there are given the areas A, B, and C of the three faces
meeting in O. Find the area D of the face opposite O.

We are required to express D in terms of 4, B, and C. It is natural to
expect a formula analogous to Pythagoras’ theorem

c? = a® + b?
which solves the corresponding problem of plane geometry. A high school
boy guessed
D®= 4%+ B® + C?
This is a clever guess; the change in the exponent corresponds neatly to
the transition from 2 to 3 dimensions.

(3) What is the unknown? —The area of a triangle, D.

How can you find such an unknown? How can you get this kind of
thing ? —The area of a triangle can be computed if the three sides are
known, by Heron’s formula. The area of our triangle is D. Let a, b,
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Fig. 2.3. Pythagoras in space.

and ¢ denote the lengths of the sides, and set s = (a + b + ¢)/2; then
D? = s(s — a)(s — b)(s — ¢)

(This is a form of Heron’s formula.) Let us label the sides of D in the
figure; see Fig. 2.3.

Fine! But are the sides a, b, and ¢ known? —No, but they are in right
triangles; if the legs in these right triangles (labeled p, ¢, r in Fig. 2.3) were
known, we could express a, b, and c:

a® = g% + 1%, b2 = r® + p2, 2 = p? + ¢

That is good; but are p, ¢, and r themselves known? —No, but they
are connected with the data, the areas 4, B, and C:

Yqgr=A, Yp=B ipg=C

That is right; but did you achieve anything useful? —I think I did.
I now have 7 unknowns

D
a, b, ¢
b q, r

but also a system of 7 equations to determine them.

(4) There is nothing wrong with our foregoing reasoning, under (3).
We have attained the goal set by Descartes’ Rule (freely rendered in sect.
2.3(3)): we have obtained a system with as many equations as there are
unknowns. There is just one thing: the number 7 may seem too high,
to solve 7 equations with 7 unknowns may appear as too much trouble.
And Heron’s formula may not look too inviting.

If we feel so, we may prefer a new start.

What is the unknown ? —The area of a triangle, D.
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Fig. 2.4. A new departure.

How can you find such an unknown? How can you get this kind of
thing ? —The most familiar way to compute the area of a triangle is
_ ah
T2

where a is the base, and 4 the altitude, of the triangle with area D; let us
introduce 4 into the figure. See Fig. 2.4,

Yes, we have seen a before; but what about #? —The height 4 of the
triangle with area D can be computed from a suitable triangle, I hope.
In fact, intersect the tetrahedron with a plane passing through 4 and the
trirectangular vertex. The intersection is a right triangle, its hypotenuse
is , one of its legs is p which we have seen before, and the other leg, say k,
is the altitude perpendicular to the side a in the triangle with area A.
Therefore,

h% = k? + p?

Very good! But what about £? —We can get it somehow. In fact,
express the area of the triangle in which, as I have just said, k is an altitude
in two different manners:

Yak = A4

Have you as many equations as you have unknowns ? —I also have the
former equations, and I have no time to count. I now see my way, I think.
Let me just combine what is before me:

4D? = a?h?
= a*(k* + p?)
= 442 + a%p?
= 44% + (r* + ¢*)p*
= 442 + (rp)* + (pg)*
= 44% + 4B? + 4C?
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Let me bring together the beginning and the end and get rid of that super-
fluous factor 4. Here it is:
D? = 4% + B + C*?

This result is, in fact, closely analogous to Pythagoras’ theorem. That
guess with the exponent 3 was clever—it turned out wrong, but this is not
surprising. What is surprising is that the guess came so close to the truth.

It may be quite instructive to compare the two foregoing approaches to
the same problem; they differ in various respects.

And could you imagine a different analogue to Pythagoras’ theorem?

2.6. An example from physics

We start from the following question.

An iron sphere is floating in mercury. Water is poured over the mercury
and covers the sphere. Will the sphere sink, rise, or remain at the same
depth?

We have to compare two situations. In both cases the lower part of
the iron sphere is immersed in (is under the level of) mercury. The upper
part of the sphere is surrounded by air (or vacuum) in the first situation,
and by water in the second situation. In which situation is the upper part
(the one over the level of the mercury) a greater fraction of the whole
volume ?

This is a purely qualitative question. Yet we can give it a quantitative
twist which renders it more precise (and accessible to algebra): Compute the
fraction of the volume of the sphere that is over the level of the mercury for
both situations.

(1) We can give a plausible answer to the qualitative question by purely
intuitive reasoning, just by visualizing a continuous transition from one
proposed situation to the other. Let us imagine that the fluid poured
over the mercury and surrounding the upper part of the iron sphere
changes its density continuously. To begin with, this imaginary fluid has
density zero (we have just vacuum). Then the density increases; it soon
attains the density of the air, and after a while the density of water. If
you do not see yet how this change affects the floating sphere, let the
density increase still further. When the density of that imaginary fluid
attains the density of iron, the sphere must rise clear out of the mercury.
In fact, if the density increased further ever so little, the sphere should pop
up and emerge somewhat from that imaginary fluid.

It is natural to suppose that the position of the floating sphere, as the
density of the imaginary fluid covering it, changes all the time in the same
direction. Then we are driven to the conclusion that, in the transition
from covering vacuum or air to covering water, the sphere will rise.
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(2) In order to answer the quantitative question, we need the numerical
values of the three specific gravities involved which are

1.00 13.60 7.84
for water mercury iron

respectively. Yet it is more instructive to substitute letters for these
numerical data. Let

a b ¢
denote the specific gravity of the
upper fluid lower fluid floating solid

respectively. Let v denote the (given) total volume of the floating solid,
x the fraction of v that is over the level separating the two fluids, and y the
fraction under that level; see Fig. 2.5. Our data are a, b, ¢, and v, our
unknowns x and y. It is understood that

a<c<bd

We may express the total volume of the floating body in two different
ways:
xX+y=v

Now, we cannot proceed beyond this point unless we know the pertinent
physical facts. The relevant knowledge that we should possess is the law
of Archimedes which is usually expressed as follows: the floating body is
buoyed up by a vertical force equal in magnitude to the weight of the
displaced fluid. The sphere that we are considering displaces fluid in two
layers. The weights of the displaced quantities are

ax and by
in the upper layer and lower layer

respectively. These two upward vertical forces must jointly balance the

Fig. 2.5. Floating in two fluids.
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weight of the floating sphere which we can, therefore, express in two
different ways"

ax + by = cv

Now, we have obtained a system of two equations for our two unknowns
x and y. Solving this system, we obtain

_b—-c¢ v _c—a
“bp-a” YT b-a
(3) Let us return to the original statement of the problem. In the first
situation, if there is vacuum over the mercury
a=0, b = 13.60, c= 17384

which yield for the fraction of the iron sphere’s volume over the level of
mercury

X

v

x = 0.423p
In the second situation, when there is water over the mercury,

a = 1.00, b = 13.60, c=17.84
which yield x = 0457

and the latter fraction is larger, which agrees with the conclusion of our
intuitive reasoning.

The general formula (in letters) is, however, more interesting than any
particular numerical result that we can derive from it. Especially, it
fully substantiates our intuitive reasoning. In fact, keep b, ¢, and v con-
stant and let a (the density of the upper layer) increase from

a=0 to a=c¢

Then the denominator b — a of x decreases steadily and so x, the fraction
of v over the level of the mercury, increases steadily from

b—c
= v

b

X

to X =10

2.7. An example from a puzzle

How can you make two squares from five? Fig. 2.6 shows a sheet of
paper that has the shape of a cross; it is made up of five equal squares.
Cut this sheet along a straight line in two pieces, then cut one of the pieces
along another straight line again in two, so that the resulting three pieces,
suitably fitted together, form two juxtaposed squares.

The cross in Fig. 2.6 is highly symmetric (it has a center of symmetry
and four lines of symmetry). The two juxtaposed squares form a rect-
angle the length of which is twice the width. It is understood that the
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Fig. 2.6. Two from five?

three pieces into which the cross will be divided should fill up this rectangle
without overlapping.

Could you solve a part of the problem? Obviously, the area of the desired
rectangle is equal to the area of the given cross, and so it equals 542 if @
denotes the side of one of the five squares forming the cross. Yet, having
obtained its area, we can also find the sides of the rectangle. Let x denote
the length of the rectangle; then its width is x/2. Express the area of the
rectangle in two different ways; we obtain

X 52
x 3 S5a
or x% = 1042

from which we can find both sides of the rectangle.

We now have sufficient information about the rectangle, its shape and
size, but the proposed puzzle is not yet solved: we still have to locate the
two cuts in the cross. Yet the expression for x obtained above may yield
a hint, especially if we write it in this form:

x? = 9a% + a2
With this indication, I leave the solution to the reader.

We can derive some useful suggestions from the foregoing treatment of
the puzzle.

First, it shows that algebra can be useful even when it cannot solve the
problem completely: it can solve a part of the problem and the solution of
that part can facilitate the remaining work.

Second, the procedure that we have employed may impress us with its
peculiar expanding pattern. First, we have obtained only a small part of
the solution: the area of the desired rectangle. We have used, however,
this small part to obtain a bigger part: the sides of the rectangle, and hence
complete information about the rectangle. Now, we are trying to use this
bigger part to obtain a still bigger part which we may use afterwards, we
hope, to obtain the full solution.
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2.8. Puzzling examples

The problems that we have considered so far in this chapter are “reason-
able.” We are inclined to regard a problem as reasonable if its solution is
uniquely determined. If we are seriously concerned with our problem,
we wish to know (or guess) as carly as possible whether it is reasonable or
not. And so, from the outset, we may ask ourselves: Is it possible to
satisfy the condition? Is the condition sufficient to determine the unknown?
Or is it insufficient? Or redundant? Or inconsistent ?

These questions are important.! We postpone a general discussion of
their role, but it will be appropriate to look here at a couple of examples.

(1) A man walked five hours, first along a level road, then up a hill, then
he turned round and walked back to his starting point along the same route.
He walks 4 miles per hour on the level, 3 uphill, and 6 downhill. Find the
distance walked.®

Is this a reasonable problem? Are the data sufficient to determine the
unknown? Or are they insufficient? Or redundant?

The data seem to be insufficient: some information about the extent of
the nonlevel part of the route seems to be lacking. If we knew how much
time the man spent walking uphill, or downhill, there would be no diffi-
culty. Yet without such information the problem appears indeterminate.

Still, let us try. Let

x stand for the total distance walked,
y for the length of the uphill walk.

The walk had four different phases:

level, uphill, downhill, level.
Now we can easily express the total time spent in walking in two different
ways:

x/2 -y

y. .y x2—-y_
- t3t+g+ =5

6 4

Just one equation between two unknowns—it is insufficient. Yet, when
we collect the terms, the coefficient of y turns out to be 0, and there remains

X
7=95

x =20
And so the data are sufficient to determine x, the only unknown required

4 Cf. HSI, p. 122: Is it possible to satisfy the condition?
5 Cf. “Knot I” of ““A Tangled Tale” by Lewis Carroll.
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by the statement of the problem. Hence, after all, the problem is not
indeterminate: we were wrong.

(2) We were wrong, there is no denying, but we suspect that the author
of the problem took pains to mislead us by a tricky choice of those
numbers 3, 6, and 4. To get to the bottom of his trick, let us substitute
for the numbers

3, 6, 4
the letters u, v, w

which stand for the pace of the walk
uphill, downhill, on the level,

respectively. We should reread the problem, with the letters just intro-
duced substituted for the original numbers, and then express the total time
spent in walking in two different ways, using the appropriate letters:
— 9 —
iCLZ____y + 4 + 4 + x/_! =5
w u v w
or
1 1 2
J—'r+(-+———)y=5
w u v ow
We cannot determine x from this equation, unless the coefficient of y
vanishes. And so the problem is indeterminate, unless

1 1(1 1
ri(a*;)

If, however, the three rates of walking are chosen at random, they do not
satisfy this relation, and so the problem is indeterminate. We were put
in the wrong by a vicious trick!

(We can express the critical relation also by the formula

_ 2w
EY

or by saying that the pace on the level is the harmonic mean of the uphill
pace and the downhill pace.)

(3) Two smaller circles are outside each other, but inside a third, larger
circle. Each of these three circles is tangent to the two others and their
centers are along the same straight line. Given r, the radius of the larger
circle, and t, that piece of the tangent to the two smaller circles in their com-
mon point that lies within the larger circle. Find the area that is inside the
larger circle but outside the two smaller circles. See Fig. 2.7.

Is this a reasonable problem? Are the data sufficient to determine the
unknown? Or are they insufficient? Or redundant?
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The problem seems perfectly reasonable. To determine the configura-
tion of the three circles, it is both necessary and sufficient to know the radii
of the two smaller circles, and any two independent data will be just as
good. Now, the given r and ¢ are obviously independent: we can vary
one without changing the other (except for the inequality ¢+ < 2r which
we may take for granted). Yes, the two data r and ¢ seem to be just
sufficient, neither insufficient nor redundant.

Therefore, let us settle down to work. Let A stand for the required
area, x and y for the radii of the two smaller circles. Obviously

Fig. 2.7. Two data.

A =7r? — ax? — m?

2r=2x+12

We have here two equations for our three unknowns, 4, x, and y. In
order to obtain a third equation, consider the right triangle inscribed in the
larger circle, the base of which passes through the three centers and the
opposite vertex of which is one of the endpoints of the segment ¢&. The
altitude in this triangle, drawn from the vertex of the right angle, is #/2;
this altitude is a mean proportional (Euclid VI 13):

t 2
() -2

Now we have three equations. We rewrite the last two:
(x+yP=r

2
2xy=t§

Subtraction yields x2 + »?, and substitution into the first equation yields
y
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The data turned out to be redundant: of the two data, ¢ and r, only the first
is really needed, not the second. We were wrong again.

The curious relation underlying the example just discussed was observed
by Archimedes; see his Works edited by T. L. Heath, pp. 304-305.

Examples and Comments on Chapter 2

First Part

2.1. Bob has three dollars and one half in nickels and dimes, fifty coins alto-
gether. How many nickels has Bob, and how many dimes? (Have you seen
the same problem in a slightly different form?)

2.2. Generalize the problem of sect. 2.4(1) by passing from ‘“‘numbers” to
“letters’” and considering several filling and emptying pipes.

2.3. Devise some other interpretation for the equation set up in sect. 2.4(2).
2.4. Find further checks for the solution of the flight problem of sect. 2‘.4(3).
2.5. In the “mixture problem’ of sect. 2.4(4) substitute the letters

a b ¢ v
for the numerical data
90 60 72 50

respectively. Read the problem after this substitution and set up the equa-
tions. Do you recognize them?

2.6. Fig. 2.8 (which is different from, but related to, Fig. 2.1) shows another
configuration frequently seen in Gothic tracery.

Find the center of the circle that touches four circular arcs forming a
““curvilinear quadrilateral.”

Two arcs have the radius AB, the center of one is A, that of the other B.

A B Fig. 2.8. From a Gothic window.
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Two semicircles have the radius 4AB/4, the center of each lies on the line 4B,
one starts from the point A, the other from the point B, both end in the mid-
point of the line AB where they are tangent to each other.

2.7. Carry through the plan devised in sect. 2.5(3); it should lead you to the
same simple expression for D? in terms of A4, B, and C that we have obtained
in sect. 2.5(4) by other means.

2.8. Compare the approaches of sect. 2.5(3) and 2.5(4). (Emphasize general
viewpoints.)

2.9. Find the volume V of a tetrahedron that has a trirectangular vertex O,
being given the areas A4, B, and C of the three faces meeting in O.

2.10. An analogue to Heron’s theorem. Find the volume V of a tetrahedron
that has a trirectangular vertex, being given the lengths a, b, and ¢ of the sides
of the face opposite the trirectangular vertex.

(If we introduce the quantity
@+ b+ 2

2 _
§* = 2

into the expression of V in an appropriate, symmetric way, the result assumes
a form somewhat similar to Heron’s formula.)

2.11. Another analogue to Pythagoras’ theorem. Find the length d of the
diagonal of a box (a rectangular parallelepiped) being given p, q, and r, the
length, the width, and the height of the box.

2.12. Still another analogue to Pythagoras’ theorem. Find the length d of
the diagonal of a box, being given a, b, and ¢, the lengths of the diagonals of
three faces having a corner in common.

2.13. Another analogue to Heron’s theorem. Let V denote the volume of a
tetrahedron, a4, b, and ¢ the lengths of the three sides of one of its faces, and
assume that each edge of the tetrahedron is equal in length to the opposite
edge. Express Vin terms of a, b, and c.

2.14. Check the result of ex. 2.10 and that of ex. 2.13 by examining the
degenerate case in which V vanishes.

2.15. Solve the puzzle proposed in sect. 2.7. (The sides x and x/2 should
result from the cuts—but how can you fit a segment of length x into the cross ?)

2.16. Fig. 2.9 shows a sheet of paper of peculiar shape: it is a rectangle with
a rectangular hole. The sides of the outer rectangular boundary measure 9
and 12, those of the inner 1 and 8 units, respectively. Both rectangular bound-
aries have the same center and their corresponding sides are parallel. Cut
this sheet along just two lines in two pieces that, fitted together, form a com-
plete square.

(a) Could you solve a part of the problem? How long is the side of the
desired square?

(b) Take the problem as solved. Imagine that the sheet is already cut into



46 PATTERNS

Fig. 2.9. By two cuts a square.

two pieces, the “left piece” and the “‘right piece.” You keep the left piece
where it is, and move the right piece into the desired position (where, with the
other, it forms a complete square). Knowing the answer to (a), what kind of
motion do you expect?

(¢) Guess a part of the solution. The given sheet is symmetric with respect
to its center and also with respect to two axes perpendicular to each other.
Which kind of symmetry do you expect it to retain when cut along the two
required lines?

Second Part

Some of the following examples are grouped according to subject matter
which is hinted by an indication in front of the first example of the group
(Miscellaneous, Plane Geometry, Solid Geometry, etc.) Some examples are
followed by the name of Newton or Euler in parentheses; these are taken from
the following sources, respectively:

Universal Arithmetick : or, a Treatise of Arithmetical Composition and Resolu-
tion. Written in Latin by Sir Isaac Newton. Translated by the late Mr.
Ralphson. London, 1769. (Examples marked “After Newton” are derived
from the same source, but some change is introduced into the formulation or
into the numerical data.)

Elements of Algebra. By Leonard Euler. Translated from the French.
London, 1797. (Infact, Euler’s Algebra was originally written in German.)

Isaac Newton (1643-1727) is regarded by many as the greatest man of
science who ever lived. His work encompasses the principles of mechanics,
the theory of universal gravitation, the differential and integral calcutus,
theoretical and experimental optics, and several minor items each of which
would be sufficient to secure him a place in the history of science. Leonard
Euler (1707-1783) is also one of the very great; he left his traces on almost
every branch of mathematics and on several branches of physics; he contri-
buted more than anybody else to the development of the calculus discovered
by Newton and Leibnitz. Observe that such great men did not find it beneath
their dignity to explain and illustrate at length the application of equations to
the solution of “word problems.”
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2.17. Miscellaneous. A mule and an ass were carrying burdens amounting
to some hundred weight. The ass complained of his, and said to the mule:
“I need only one hundred weight of your load, to make mine twice as heavy as
yours.” The mule answered: “Yes, but if you gave me a hundred weight of
yours, I should be loaded three times as much as you would be.”

How many hundred weight did each carry? (Euler)

2.18. When Mr. and Mrs. Smith took the airplane, they had together 94
pounds of baggage. He paid $1.50 and she paid $2 for excess weight, If
Mr. Smith made the trip by himself with the combined baggage of both of them,
he would have to pay $13.50. How many pounds of baggage can one person
take along without charge?

2.19. A father who has three sons leaves them 1600 crowns. The will pre-
cises, that the eldest shall have 200 crowns more than the second, and the second
shall have 100 crowns more than the youngest. Required the share of each.
(Euler)

2.20. A father leaves four sons, who share his property in the following
manner:

The first takes the half of the fortune, minus 3000 livres.

The second takes the third, minus 1000 livres.

The third takes exactly the fourth of the property.

The fourth takes 600 livres and the fifth part of the property.

What was the whole fortune, and how much did each son receive? (Euler)

2.21. A father leaves at his death several children, who share his property
in the following manner:

The first receives a hundred crowns and the tenth part of what remains.

The second receives two hundred crowns and the tenth part of what remains.

The third takes three hundred crowns and the tenth part of what remains.

The fourth takes four hundred crowns and the tenth part of what remains,
and so on.

Now it is found at the end that the property has been’divided equally among
all the children. Required, how much it was, how many children there were,
and how much each received. (Euler)

2.22. Three persons play together; in the first game, the first loses to each of
the other two as much money as each of them has. In the next, the second
person loses to each of the other two as much money as they have already.
Lastly, in the third game, the first and second person gain each from the third
as much money as they had before. They then leave off and find that they have
all an equal sum, namely, 24 louis each. Required, with how much money
each sat down to play. (Euler)

2.23. Three Workmen can do a Piece of Work in certain Times, viz. 4 once
in 3 Weeks, B thrice in 8 Weeks, and C five Times in 12 Weeks. It is desired
to know in what Time they can finish it jointly. (Newton)

2.24. The Forces of several Agents being given, to determine the Time where-
in they will jointly perform a given Effect. (Newton)
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2.25. One bought 40 Bushels of Wheat, 24 Bushels of Barley, and 20 Bushels
of Oats together for 15 Pounds 12 Shillings.

Again, he bought of the same Grain 26 Bushels of Wheat, 30 Bushels of
Barley, and 50 Bushels of Oats together for 16 Pounds.

And thirdly, he bought the like Kind of Grain, 24 Bushels of Wheat, 120
Bushels of Barley, and 100 Bushels of Oats together for 34 Pounds.

It is demanded at what Rate a Bushel of each of the Grains ought to be
valued. (Newton)

2.26. (Continued) Generalize.

2.27. If 12 Oxen eat up 34 Acres of Pasture in 4 Weeks, and 21 Oxen eat up
10 Acres of like Pasture in 9 Weeks; to find how many Oxen will eat up 24
Acres in 18 Weeks. (Newton)

2.28. An Egyptian problem. We take a problem from the Rhind Papyrus
which is the principal source of our knowledge of ancient Egyptian mathe-
matics. In the original text, the problem is about hundred loaves of bread
which should be divided between five people, but a major part of the condition
is not expressed (or not clearly expressed); the solution is attained by ‘““groping”:
by a guess, and a correction of the first guess.®

Here follows the Egyptian problem reduced to abstract form and modern
terminology; the reader should go one step further and reduce it to equations:
An arithmetic progression has five terms. The sum of all five terms equals
100, the sum of the three largest terms is seven times the sum of the two small-
est terms. Find the progression.

2.29. A geometric progression has three terms. The sum of these terms is
19 and the sum of their squares is 133. Find the terms. (After Newton.)

2.30. A geometric progression has four terms. The sum of the two extreme
terms is 13, the sum of the two middle terms is 4. Find the terms. (After
Newton.)

2.31. Some merchants have a common stock of 8240 crowns; each contri-
butes to it forty times as many crowns as there are partners; they gain with the
whole sum as much per cent as there are partners; dividing the profit, it is
found that, after each has received ten times as many crowns as there are
partners, there remain 224 crowns. Required the number of partners.
(Euler)

2.32. Plane geometry. Inside a square with side a there are five nonover-
lapping circles with the same radius . One circle is concentric with the square
and touches the four other circles each of which touches two sides of the square
(is pushed into a corner). [Express r in terms of a.

2.33. Newton on setting up equations in geometric problems. If the Question
be of an Isosceles Triangle inscribed in a Circle, whose Sides and Base are to
be compared with the Diameter of the Circle, this may either be proposed of

8 Cf. J. R. Newman, The World of Mathematics, vol. 1, pp. 173-174.
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the Investigation of the Diameter from the given Sides and Base, or of the
Investigation of the Basis from the given Sides and Diameter; or lastly, of the
Investigation of the Sides from the given Base and Diameter; but however it
be proposed, it will be reduced to an Equation by the same...Analysis.
(Newton)

Let d, s, and b stand for the length of the diameter, that of the side, and that
of the base, respectively (so that the three sides of the triangle are of length s,
s, and b, respectively), and find an equation connecting d, s, and b which
solves all three problems: the one in which d, the other in which 5, and the
third in which s is the unknown. (There are always two data.)

2.34. (Continued) Examine critically the equation obtained as answer to
ex. 2.33. (a) Are all three problems equally easy? (b) The equation obtained
yields positive values in the three cases mentioned (for d, b, and s, respectively)
only under certain conditions: do these conditions correctly correspond to the
geometric situation?

2.35. The four points G, H, V, and U are (in this order) the four corners of a
quadrilateral. A surveyor wants to find the length UV=x. He knows the
length GH =1/ and measures the four angles

(GUH=0a, (HUV=B, [UVG=y, [GVH=2.

Express x in terms of «, 8, , 8, and /.

(Remember ex. 2.33 and follow Newton’s advice: choose those “Data and
Quaesita by which you think it is most easy for you to make out your Equa-
tion.”)

2.36. The Area and the Perimeter of a right-angled Triangle being given, to
find the Hypothenuse. (Newton)

2.37. Having given the Altitude, Base and Sum of the Sides, to find the
Triangle. (Newton)

2.38. Having given the Sides of any Parallelogram and one of the Diagonals,
to find the other Diagonal. (Newton)

2.39. The triangle with the sides a, a, and b is isosceles. Cut off from it two
triangles, symmetric to each other with respect to the altitude perpendicular
to the base b, so that the remaining symmetric pentagon is equilateral. Express
the side x of the pentagon in terms of @ and b.

(This problem was discussed by Leonardo of Pisa, called Fibonacci, with
the numerical values a = 10 and b = 12.)

2.40. A hexagon is equilateral, its sides are all of the same length a. Three
of its angles are right angles; they alternate with three obtuse angles. (If the
hexagon is ABCDEF, the angles at the vertices A, C, and E are right angles,
those at the vertices B, D, and F obtuse.) Find the area of the hexagon.

2.41. An equilateral triangle is inscribed in a larger equilateral triangle so
that corresponding sides of the two triangles are perpendicular to each other.
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Thus the whole area of the larger triangle is divided into four pieces each of
which is a fraction of the whole area. Which fraction?

2.42. Divide a given triangle by three straight cuts into seven pieces four of
which are triangles (and the remaining three pentagons). One of the triangular
pieces is included by the three cuts, each of the three other triangular pieces is
included by a certain side of the given triangle and two cuts. Choose the
three cuts so that the four triangular pieces turn out to be congruent. Which
fraction of the area of the given triangle is the area of a triangular piece in this
dissection ?

(It may be advantageous to examine first a particular shape of the given
triangle for which the solution is particularly easy.)

2.43. The point P is so located in the interior of a rectangle that the distance
of P from a corner of the rectangle is 5 yards, from the opposite corner 14 yards,
and from a third corner 10 yards. What is the distance of P from the fourth
corner?

2.44. Given the distances a, b, and ¢ of a point in the plane of a square from
three vertices of the square; a and c are distances from opposite vertices.
(I) Find the side s of the square.
(II) Test your result in the following four particular cases:

Ma=b=c
() b2 = 2a% = 2
B)a=0

@ b=0.

2.45. Pennies (equal circles) are arranged in a regular pattern all over a
very, very large table (the infinite plane). We examine two patterns.

In the first pattern, each penny touches four other pennies and the straight
lines joining the centers of the pennies in contact dissect the plane into equal
squares.

In the second pattern, each penny touches six other pennies and the straight
lines joining the centers of the pennies in contact dissect the plane into equal
equilateral triangles.

Compute the percentage of the plane covered by pennies (circles) for each
pattern.

(For the first pattern see Fig. 3.9, for the second Fig. 3.8.)

2.46. Solid geometry. Inside a cube (a cubical box) with edge a there are
nine nonoverlapping spheres (nine balls packed into the box) with the same
radius r. One sphere is concentric with the cube and touches the eight other
spheres (the balls are tightly packed), each of which touches three faces of the
cube (is pushed into a corner). Express r in terms of a.

(Or a in terms of r: make a box when you have the balls. There is an
analogous problem in plane geometry, see ex. 2.32: can you use its result
or method?)
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2.47. Devise a problem of solid geometry analogous to ex. 2.43.

2.48. A pyramid is called “regular” if its base is a regular polygon and the
foot of its altitude is the center of its base.

All five faces of a regular pyramid with square base are of the same area.
Given the height A of the pyramid, find the area of its surface.

2.49. (Continued) There is some analogy between a regular pyramid and an
isosceles triangle; at any rate, if the number of the lateral faces of the pyramid
is given, both figures, the solid and the plane, depend on two data.

Devise further problems about regular pyramids.

2.50. Devise a proposition of solid geometry analogous to the result of
ex. 2.38. (Ex. 2.12 may serve as a stepping stone to a generalization.)

2.51. Find the area of the surface of the tetrahedron considered in ex. 2.13,
being given a, b, and ¢. (Do you see some analogy?)

2.52, Of twelve congruent equilateral triangles eight are the faces of a
regular octahedron and four the faces of a regular tetrahedron. Find the
ratio of the volume of the octahedron to the volume of the tetrahedron.

2.53. A triangle rotating first about its side a, then about its side b, and
finally about its side ¢, generates three solids of revolution. Find the ratio of
the volumes and that of the surface-areas of these three solids.

2.54. An inequality. A rectangle and an isosceles trapezoid are in the rela-
tive situation shown in Fig. 2.10: they have a common (vertical) line of sym-
metry, the same height 4 and the same area; if 2a and 2b are the lengths of the
lower and upper base of the trapezoid, respectively, the base of the rectangle
is of length a + b. Rotated about the common line of symmetry, the rect-
angle describes a cylinder and the trapezoid the frustum of a cone. Which
one of these two solids has the greater volume? (Your answer may be sug-
gested by geometry, but should be proved by algebra.)

2.55. Spherometer. There are four points 4, B, C, and D on the surface of
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Fig. 2.10. Rotate it! @
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a sphere. The points 4, B, and C form an equilateral triangle with side a.
A perpendicular drawn from D to the plane of AA4BC has the length A, and
its foot is the center of AABC.

Given a and h, compute the radius R of the sphere.

(This geometric situation underlies the construction of the spherometer
which is an instrument to determine the curvature of a lens. On the sphero-
meter, 4, B, and C are the endpoints of three fixed parallel ““legs,”” whereas the
endpoint of a fourth, movable *“leg” is screwed into the position D and the
distance A is measured by the revolutions of the screw.)

2.56. Graphic time table. In problems about several objects (material
points) moving along the same path it is often advantageous to introduce a
rectangular coordinate system in which the abscissa represents ¢, the time, and
the ordinate represents s, the distance, measured along the path from a fixed
point. To show the use of this device, we reconsider the problem that we
have treated in detail in sect. 2.4(3).

We measure the time 7 and the distance s from the starting time and the
starting point of the airplane, respectively. Thus, when the airplane has
traveled 7 hours on its outgoing flight, its distance from its starting point is

s= (- wt

This equation, with fixed v and w and variable s and ¢, is represented in our
coordinate system by a straight line with slope v — w (the velocity) that passes
through the origin [the point (0, 0) which represents the start of the airplane].
On the returning flight, the distance s and the time ¢ are connected by the
equation

s=—-@+w—-T)

of a straight line with slope — (v + w) passing through the point (7, 0) (which
represents the coming back of the airplane to its starting point at the pre-
scribed time T).

The intersection of the two lines represents the point (in space and time)
that belongs both to the outgoing, and to the returning flight, where the air-
plane reverses its direction. At this point, both expressions are valid for s
simultaneously, and so

W-wit= -+ wt—-T)

This yields
= @+ wT
N 2v
and therefore (from either expression for s )
2 _ 2
s = (v w3)T
20

as expression for the distance of the farthest point reached by the airplane.
This is the result we found in sect. 2.4(3) (with x instead of ).
In Fig. 2.11 (disregard the dotted segments) the flight of the airplane is
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s

Fig. 2.11. Graphic timetable. (0,0) (T,0)

represented by a line consisting of two straight pieces; these pieces form an
angle at the point whose ordinate represents the greatest distance reached by
the airplane. The whole line tells the whole story of the flight; it shows where
the airplane was at any given time and when it arrived at any given point; this
line is appropriately called the graphic time table of the flight (of the motion
considered).

2.57. Two Post-Boys A4 and B, at 59 Miles Distance from one another, set
out in the Morning in order to meet. And A rides 7 Miles in two Hours, and
B 8 Miles in three Hours, and B begins his Journey one Hour later than A4; to
find what Number of Miles 4 will ride before he meets B. (Newton)

2.58. (Continued) Generalize.

2.59. Al and Bill live at opposite ends of the same street. Al had to deliver
a parcel at Bill’s home, Bill one at Al’s home. They started at the same mo-
ment; each walked at constant speed and returned home immediately after
leaving the parcel at its destination. They met the first time face to face, com-
ing from opposite directions, at the distance of a yards from Al’'s home and
the second time at the distance of b yards from Bill’s home.

(1) How long is the street?

(2) If a = 300 and b = 400 who walks faster?

2.60. Bob, Peter, and Paul travel together. Peter and Paul are good
hikers; each walks p miles per hour. Bob has a bad foot and drives a small
car in which two people can ride, but not three; the car covers ¢ miles per hour.
The three friends adopted the following scheme: they start together, Paul rides
in the car with Bob, Peter walks. After a while, Bob drops Paul who walks
on; Bob returns to pick up Peter, and then Bob and Peter ride in the car till
they overtake Paul. At this point, they change: Paul rides and Peter walks
just as they started and the whole procedure is repeated as often as necessary.

(1) How much progress (how many miles) does the company make per hour?

(2) Through which fraction of the travel time does the car carry just one

man?

2.61. (Continued) Generalize: Bob, with his bad foot and small car, makes
a similar arrangement with #» friends, 4, B, C,..., and L (instead of two) all
walking at the pace p miles per hour.
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(Draw a graphic time table for n = 3. Check the extreme cases p = 0,
p=c,n=1,n= o)

2.62. A Stone falling down into a Well, from the Sound of the Stone striking
the Bottom, to determine the Depth of the Well. (Newton)

You have to measure the time T between two moments: the first when you
let the stone go, and the second when you hear it striking the bottom. You
have to know too:

¢ the velocity of sound and

g the gravitational acceleration.

Being given T, ¢, and g, find d, the depth of the well.

2.63. To determine the Position of a Comet’s Course that moves uniformly
in a right Line from three Observations. (Newton)

Let O be the eye of the observer, 4, B, and C the place of the comet in the
first, the second, and the third observation, respectively. From observations,
we know the angles

LAOB = w, /AOC = o’
and the times, r and ¢, between the first and the second, and between the first
and the third, observations, respectively. From the assumption of uniform
motion
AB 1t
ACT T

Being given w, o', t,and ', find 8 = L ABO.

(Express some trigonometric function of B, for instance, cot §, in terms of
w,w’, t,and t'.)

2.64. As many equations as unknowns. Find x, y, and z from the system of
three equations

Ix—y—-2z=a
-2x+3y—-—z=b
-x=-2y+3z=c¢

a, b, and ¢ are given.
(Is it possible to satisfy the condition? Is the condition sufficient to determine
the unknowns ?)

2.65. More equations than unknowns. Find three numbers p, g, and r so
that the equation

xt 4 4x® — 2x% — 12x + 9 = (px% + gx + ¢)?
holds identically for variable x.
(This problem requires the *“‘exact’ extraction of a square root of a given

polynomial of degree 4, which may be possible in the present case, yet usually
it is not. Why not?)

2.66. Show that it is impossible to find (real or complex) numbers a, b, c,
A, B, and C such that the equation

x2 + y%2 4+ 22 = (ax + by + c2)(Ax + By + C2)
holds identically for independently variable x, y, and z.
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2.67. Fewer equations than unknowns. A certain person buys hogs, goats,
and sheep, to the number of 100, for 100 crowns; the hogs cost him 34 crowns
a piece, the goats 14 crown, and the sheep 4 a crown; how many had he of
each? (Euler)

Euler solves this problem by a procedure which he calls Regula Caeci
(“Blind Man’s Rule”) as follows. Let x, y, and z stand for the number of
hogs, goats, and sheep bought, respectively; x, y, and z should be, of course,
positive integers. Expressing first the total number, then the total price, of the
animals bought, we obtain

x+y+2z=100
21x + 8y + 3z = 600

the second equation has been slightly (and advantageously) transformed. If
we eliminate z and solve the resulting equation for y, we obtain

18x
y=60 -3

il

whence we conclude that

W %
I
-~

must be a positive integer.
Finish the solution.

2.68. A coiner (we hope that the coins he makes are not counterfeit) has
three kinds of silver, the first of 7 ounces, the second of 53 ounces, the third of
41 ounces fine per marc (a marc is 8 ounces), and he wishes to form a mixture
of the weight of 30 marcs at 6 ounces (fine per marc): how many marcs of each
sort must he take? (Euler; additions in parenthesis.)

It is understood that a solution in integers is required. A problem is called a
Diophantine problem, when its condition admits only integral values for the
unknowns.

2.69. There is a number (an integer) which yields a square if you add it to
100 and another square if you add it to 168. Which number is it ?

2.70. Bob’s stamp collection consists of three books. Two tenths of his
stamps are in the first book, several sevenths in the second book, and there
are 303 stamps in the third book. How many stamps has Bob? (Is the con-
dition sufficient to determine the unknown?)

2.71. A certain make of ball point pen was priced 50 cents in the store
opposite the high school but found few buyers. When, however, the store had
reduced the price, the whole remaining stock was sold for $31.93. What was
the reduced price? (Is the condition sufficient to determine the unknown ?)

2.72. Descartes’ Rules. The work of the great philosopher and mathe-
matician René Descartes, quoted in sect. 2.1, is of particular importance for
our study.

The ““Rules” were found unfinished in Descartes’ manuscripts and published
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posthumously. Descartes planned 36 sections, but the work consists actually
of 18 sections in more or less finished form and of the summaries of three
more; the rest was very probably never written. The first twelve sections
treat of mental operations useful in solving problems, the next twelve discuss
“perfectly understood” problems, and the last twelve sections were intended
to deal with “imperfectly understood” problems.”

Each section begins with a “Rule,” a terse advice to the reader, and the
section motivates, explains, exemplifies, or states in greater detail, the idea
summarized by the Rule. We shall quote any passage of the section following
a certain Rule by giving the number of that Rule.®

The words of Descartes will be a valuable guide for us, but the reader would
offend the memory of the originator of “Cartesian doubt” if he believed any-
thing that Descartes said merely because Descartes said it. In fact, the reader
should not believe what the present author says, or any other author says, or
trust too much his own hasty impressions. After having given a fair hearing
to the author, the reader should accept only such statements which he can see
pretty clearly by himself or of which his well-digested experience can con-
vince him. Doing so, he will act according to the spirit of Descartes’ “Rules.”

2.73. Strip the problem. We quote Descartes: Strip the question of super-
Sfuous notions and reduce it to its simplest form.® This advice is applicable to
problems of all kinds and on all levels. Yet let us be specific. Take a usual
type of classroom problem, a ‘‘rate problem” about motion [such as that dis-
cussed in sect. 2.4(3)]. The moving object may be described by the problem
as a person, a car, a train, or an airplane. In fact, it makes little difference: in
solving the problem on this primitive level, we actually treat the object as a
material point moving uniformly along a straight path. Such simplification
may be quite reasonable in some cases, ridiculous in other cases. It is certain,
however, that we cannot avoid some degree of simplification or abstraction
when we are reducing a problem about real objects to a mathematical problem.
For, obviously, a mathematical problem deals with abstractions; it is concerned
with real objects only indirectly by virtue of a previous passage from the con-
crete to the abstract.

Engineers and physicists, in handling their problems, have to devote serious
thought to the question, how far should the abstraction and simplification
go, which details can be neglected, which small effects disregarded. They
have to avoid two opposite dangers: they should not render the mathematical
task too formidable, yet they should not oversimplify the physical situation.

7 Rule XII, pp. 429-430. ‘‘Perfectly understood problems” can be, “imperfectly
understood problems’’ cannot be, immediately reduced to purely mathematical prob-
lems—this seems to be the most relevant difference.

8 As it was done in footnote 7. We quote the standard edition of the Euvres de
Descartes by Charles Adam and Paul Tannery, vol. X, which contains the Latin
original of the “Rules,” “Regulae ad directionem ingenii”’ on pp. 359-469. Other
quotations from Descartes refer to the same edition, but give also the volume.

9 Rule XIII, p. 430.
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We get a foretaste of their dilemma in dealing with the most primitive word
problems. In fact, getting accustomed to a degree of simplification is one of
the difficulties that the beginner has to master, and if this difficulty is never
brought out into the open, it may become much worse.

There is a related difficulty. The problems proposed in textbooks tacitly
assume certain simplifications; real rates may be variable, but all the rates con-
sidered in elementary textbooks are constant. The beginner has to become
familiar with such tacit assumptions, he has to learn the proper interpretation
of certain conventionally abbreviated formulations; also this point should be
openly discussed, at least now and then.

(There is another related point which is so important that we must mention
it, but so far away from our main line of inquiry that we must mention it
briefly: We should relate to the extent of simplification and neglect that enters
into the formulation of the problem the precision to which we carry the
numerical computation of the unknown. We may sin by transgression or
omission if we compute more or less decimals than the data warrant. There
are few occasions to illustrate this important point on the elementary level,
but those few occasions should not be missed.)

For an instructive and not too obvious illustration of some of the points
here discussed see the author’s paper no. 18 quoted in the Bibliography.

2.74. Relevant knowledge. Mobilization and organization. Obviously, we
cannot translate a physical problem into equations unless we know (or rather
assume as known) the pertinent physical facts. For instance, we could not
have solved the problem treated in sect. 2.6 without the knowledge of the law
of Archimedes.

In translating a geometrical problem into equations, we use pertinent geo-
metrical facts. For instance, we may apply the theorem of Pythagoras, or the
proportionality of sides in similar triangles, or expressions for areas or volumes,
and so on.

If we do not possess the relevant knowledge, we cannot translate the problem
into equations. Yet even if we have once acquired such knowledge, it may
not be present to our mind in the moment we need it; or if, by some chance, it
is present we may fail to recognize its utility for the purpose at hand. We can
see here clearly a point which should be obvious: It is not enough to possess
the needed relevant knowledge in some dormant state; we have to recall it
when needed, revive it, mobilize it, and make it available for our purpose,
adapt it to our problem, organize it.

As our work progresses, our conception of the problem continually changes:
more and more auxiliary lines appear in the figure, more and more auxiliary
unknowns appear in our equations, more and more materials are mobilized
and introduced into the structure of the problem till eventually the figure is
saturated, we have just as many equations as unknowns, and originally present
and successively mobilized materials are merged into an organic whole.
(Sect. 2.5(3) yields a good illustration.)

2.75. Independence and consistence. Descartes advises us to set up as many
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equations as there are unknowns.'® Let n stand for the number of unknowns,
and x,, x3, ..., X, for the unknowns themselves ; then we can write the desired
system of equations in the form

ri(X1, X2y. .0y Xn) = 0

ro(Xx1, Xz, ..., Xp) =0

ro(X1, X2,. .., x,) =0
where ri(x;, Xa,. .., Xy) indicates a polynomial in x,, xs,. .., x,, and the left-
hand sides of the following equations must be similarly interpreted. Descartes
advises us further to reduce this system of equations to one final equation.!!
This is possible “in general” (usually, in the regular case,. ..) and “in general”
the system has a solution (a system of numerical values, real or complex, for
X1, X2,..., Xn satisfying simultaneously the » equations) and only a finite
number of solutions (this number depends on the degree of the final equation).
Yet there are exceptional (irregular) cases; we cannot discuss them here in

full generality, but let us look at a simple example.
We consider a system of three linear equations with three unknowns:

a1x+b1y+clz+d1=0
agx + bay + caz + d2 = 0
a3x+b3y+632+d3=0

X, y, z are the unknowns, the twelve symbols a;, b,,.. ., da represent given
real numbers. We assume that «,, b, and ¢, are not all equal to 0, and
similarly for az, bz, ¢z and as, bs, cs. Under these assumptions, each of the
three equations is represented by a plane if we consider x, y, and z as rectangu-
lar coordinates in space; and so the system of three equations is represented
by a configuration of three planes.

Concerning the system of our three linear equations, we distinguish various
cases.

(1) There exists no solution, that is, no system of three real numbers x, y, z
satisfying all three equations simultaneously. In this case we say that the
equations are incompatible, and their system is inconsistent or self-contradictory.

(2) There are infinitely many solutions; then we say that the system is
indeterminate. This will be the case if all triplets of numbers x, y, and z that
satisfy two of our equations, satisfy also the third, in which case we say that
this third equation is not independent of the other two.

(3) There is just one solution: the equations are independent, the system is
consistent and determinate.

Visualize the corresponding cases for the configuration of the three planes
and describe them.

2.76. Unique solution. Anticipation. If a chess problem or a riddle has
more than one solution, we regard it as imperfect. In general, we seem to

10 Rule XIX, p. 468.
11 Rule XXI, p. 469.
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have a natural preference for problems with a unique solution, they may
appear to us as the only “reasonable” or the only “perfect’ problems. Also
Descartes seems to have shared this preference; he says: “A perfect question,
as we wish to define it, is completely determinate and what it asks can be derived
from the data.”’*?

Is the solution of our problem unique? Is the condition sufficient to deter-
mine the unknown? We often ask these questions fairly soon (and it is advis-
able to ask them so) when we are working on a problem. In asking them so
early, we do not really need, or expect, a final answer (which will be given by
the complete solution), only a preliminary answer, an anticipation, a guess
(which may deepen our understanding of the problem). This preliminary
answer often turns out to be right, but now and then we may fall into a trap
as the examples of sect. 2.8 show.!®

By the way, the unknown may be obtained as a root of an equation of
degree n with » different roots where » > 1, and the solution may still be
unique, if the condition requires a real, or a positive, or an integral value for
the unknown and the equation in question has just one root of the required
kind.

2.77. Why word problems ? 1 hope that I shall shock a few people in assert-
ing that the most important single task of mathematical instruction in the
secondary schools is to teach the setting up of equations to solve word prob-
lems. Yet there is a strong argument in favor of this opinion.

In solving a word problem by setting up equations, the student translates a
real situation into mathematical terms: he has an opportunity to experience
that mathematical concepts may be related to realities, but such relations must
be carefully worked out. Here is the first opportunity afforded by the curricu-
lum for this basic experience. This first opportunity may be also the last for
a student who will not use mathematics in his profession. Yet engineers and
scientists who will use mathematics professionally, will use it mainly to trans-
late real situations into mathematical concepts. In fact, an engineer makes
more money than a mathematician and so he can hire a mathematician to solve
his mathematical problems for him; therefore, the future engineer need not
study mathematics to solve problems. Yet, there is one task for which the
engineer cannot fully rely on the mathematician: the engineer must know
enough mathematics to ser up his problems in mathematical form. And so
the future engineer, when he learns in the secondary school to set up equations
to solve “word problems,” has a first taste of, and has an opportunity to
acquire the attitude essential to, his principal professional use of mathematics.

2.78. More problems. Devise some problems similar to, but different from,
the problems proposed in this chapter—especially such problems as you can
solve.

12 Rule XIII, p. 431.
13 For more examples of this kind see MPR, vol. 1, pp. 190-192, and pp. 200-202,
problems 1-12.



CHAPTER 3

RECURSION

3.1. The story of a little discovery

There is a traditional story about the little Gauss who later became the
great mathematician Carl Friedrich Gauss. I particularly like the follow-
ing version which I heard as a boy myself, and I do not care whether it is
authentic or not.

“This happened when little Gauss still attended primary school. One
day the teacher gave a stiff task: To add up the numbers 1, 2, 3, and so on,
up to 20. The teacher expected to have some time for himself while the
boys were busy doing that long sum. Therefore, he was disagreeably
surprised as the little Gauss stepped forward when the others had scarcely
started working, put his slate on the teacher’s desk, and said, ‘Here it is.’
The teacher did not even look at little Gauss’s slate, for he felt quite sure
that the answer must be wrong, but decided to punish the boy severely for
this piece of impudence. He waited till all the other boys had piled their
slates on that of little Gauss, and then he pulled it out and looked at it.
What was his surprise as he found on the slate just one number and it
was the right one! What was the number and how did little Gauss find
it?

Of course, we do not know exactly how little Gauss did it and we shall
never be able to know. Yet we are free to imagine something that looks
reasonable. Little Gauss was, after all, just a child, although an exception-
ally intelligent and precocious child. It came to him probably more
naturally than to other children of his age to grasp the purpose of a ques-
tion, to pay attention to the essential point. He just represented to him-
self more clearly and distinctly than the other youngsters what is required:
to find the sum

60
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1
2
3
and so on

20

He must have seen the problem differently, more completely, than the
others, perhaps with some variations as the successive diagrams 4, B, C, D,
and E of Fig. 3.1 indicate. The original statement of the problem empha-
sizes the beginning of the series of numbers that should be added (A4).
Yet we could also emphasize the end (B) or, still better, emphasize the
beginning and the end equally (C). Our attention may attach itself to
the two extreme numbers, the very first and the very last, and we may
observe some particular relation between them (D). Then the idea
appears (E). Yes, numbers equally removed from the extremes add up all
along to the same sum

1+420=2419=3+18=---=10+11 =21
and, therefore, the grand total of the whole series is
10 x 21 =210

Did little Gauss really do it this way? I am far from asserting that.
I say only that it would be natural to solve the problem in some such way.
How did we solve it? Eventually we understood the situation (F), we
“saw the truth clearly and distinctly,” as Descartes would say, we saw a
convenient, effortless, well-adapted manner of doing the required sum.
How did we reach this final stage? At the outset, we hesitated between
two opposite ways of conceiving the problem (4 and B) which we finally

A B C D E
1 1 1 1 1—

2 2 2 g

3 3 3 .

. . 16

11

18 18 :3 lé

Fig. 3.1. Five phases of a 19 19 19
20 20 20 —-

discovery. 2 20 o ot
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succeeded in merging into a better balanced conception (C). The original
antagonism resolved into a happy harmony and the transition (D) to the
final idea was quite close. Was little Gauss’s final idea the same? Did
he arrive at it passing through the same stages? Or did he skip some of
them? Or did he skip all of them? Did he jump right away at the final
conclusion? We cannot answer such questions. Usually a bright idea
emerges after a longer or shorter period of hesitation and suspense. This
happened in our case, and some such thing may have happened in the
mind of little Gauss.

Let us generalize. Starting from the problem just solved and substitut-
ing the general positive integer n for the particular value 20, we arrive at
the problem: Find the sum S of the first n positive integers.

Thus we seek the sum

S=14+2+3+---+n

The idea developed in the foregoing (which might have been that of little
Gauss) was to pair off the terms: a term that is at a certain distance from the
beginning is paired with another term at the same distance from the end.
If we are somewhat familiar with algebraic manipulations, we are easily
led to the following modification of this scheme.

We write the sum twice, the second time reversing the original order:

S=1+ 2 + 3 +--4+@-2)+(n-D+n
S=n+m-D+@-)+---+ 3 + 2 +1

The terms paired with each other by the foregoing solution appear here
conveniently aligned, one written under the other. Adding the two equa-
tions we obtain

2S=n+ D+ @+ D+ @@+ D+ --+m+D+@A+D+@A+1D)

2S =nn + 1)
_nn+1)
§= 2

This is the general formula. For n = 20 it yields little Gauss’s result,
which is as it should be.

3.2. Out of the blue

Here is a problem similar to that solved in the foregoing section: Find
the sum of the first n squares.

Let S stand for the required sum (we are no longer bound by the nota-
tion of the foregoing section) so that now

S=14+4+9+16+--+n?
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The evaluation of this sum is not too obvious. Human nature prompts
us to repeat a procedure that has succeeded before in a similar situation;
and so, remembering the foregoing section, we may attempt to write the
sum twice, reversing the order the second time:

S=1 4+ 4 + 9 +ok (=24 (= 1)? + n?
S=r+m-1+mn-22%+---+ 9 + 4 +1

Yet the addition of these two equations, which was so successful in the
foregoing case, leads us nowhere in the present case: our attempt fails, we
undertook it with more optimism than understanding, our servile imitation
of the chosen pattern was, let us confess, silly. (It was an overdose of
mental inertia: our mind persevered in the same course, although this course
should have been changed by the influence of circumstances.) Yet even
such a misconceived trial need not be quite useless; it may lead us to a
more adequate appraisal of the proposed problem: yes, it seems to be
more difficult than the problem in the foregoing section.

Well, here is a solution. We start from a particular case of a well-known
formula:

m+1®=n*+3n*+3n+1
from which follows
m+ 1P —-—n*=3n4+3n+1

This is valid for any value of n; write it down successively for n =
1,2,3,...,n:

2 —19=312+3.1+1
P —20=3.2243241
£ -3 =334334+1

m+1P2—n=3n +3n +1

What is the obvious thing to do with these n equations? Add them!
Thanks to conspicuous cancellations, the left-hand side of the resulting
equation will be very simple. On the right-hand side we have to add three
columns. The first column brings in S, the desired sum of the squares—
that’s good! The last column consists of »n units—that is easy. The
column in the middle brings in the sum of the first » numbers—but we
know this sum from the foregoing section. We obtain

(1 —1=35 43200 D

and in this equation everything is known (that is, expressed in terms of n)
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except S, and so we can determine S from the equation. In fact, we find by
straightforward algebra

2 + 3n%2 4+ 3n) = 6S 4+ 3(n2 + n) + 2n

3 2
S___2n +3n2 +n
6
or finally
§ - nn+ D@n + 1)

6

How do you like this solution?

I shall be highly pleased with the reader who is displeased with the fore-
going solution provided that he gives the right reason for his displeasure.
What is wrong with the solution ?

The solution is certainly correct. Moreover, it is efficient, clear, and
short. Remember that the problem appeared difficult—we cannot
reasonably expect a much clearer or shorter solution. There is, as far as
I can see, just one valid objection: the solution appears out of the blue, pops
up from nowhere. It is like a rabbit pulled out of a hat. Compare the
present solution with that in the foregoing section. There we could visual-
ize to some extent how the solution was discovered, we could learn a little
about the ways of discovery, we could even gather some hope that some
day we shall succeed in finding a similar solution by ourselves. Yet the
presentation of the present section gives no hint about the sources of dis-
covery, we are just hit on the head with the initial equation from which
everything follows, and there is no indication how we could find this equa-
tion by ourselves. This is disappointing; we came here to learn problem
solving—how could we learn it from the solution just presented 7*

3.3. We cannot leave this unapplied

Yes, we can learn something important about problem solving from the
foregoing solution. 1Tt is true, the presentation was not enlightening: the
source of the invention remained hidden and so the solution appeared as a
trick, a cunning device. Do you wish to know what is behind the trick ?
Try to apply that trick yourself and then you may find out. The device
was so successful that we really cannot afford to leave it unapplied.

Let us start by generalizing. We bring both problems considered in the
foregoing (in sections 3.1 and 3.2) under the same viewpoint by considering
the sum of the kth powers of the first #» natural numbers

S = 1% 4 2F - 3% ... ¥

L Cf. MPR, vol. 2, pp. 146-148, the sections on ‘“‘deus ex machina” and “heuristic
justification.”
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We found in the foregoing section

S, = n(n 4+ 1)(2n + 1)

6
and before that
_nn+1)
S, = 5
to which we may add the obvious, but perhaps not useless, extreme case
So =

Starting from the particular cases k = 0, 1, and 2 we may raise the general
problem: express S, similarly. Surveying those particular cases, we may
even conjecture that S, can be expressed as a polynomial of degree £ + 1
in n.

It is natural to try on the general case the trick that served us so well in
the case £k = 2. Yet let us first examine the next particular case k = 3.
We have to imitate what we have seen in sect. 3.2 on the next higher level—
this cannot be very difficult.

In fact, we start by applying the binomial formula with the next higher
exponent 4:

M+ D*=n*+4n® + 6n® + 4n + 1
from which follows
m+ 1) —nt=4n*+ 6n° +4n + 1

This is valid for any value of »; write it down successively for n =
1,2,3,...,n:

22 —1*"=413+6-12+4-1+1
3 —20=4.224+622+4.2+1
44 —3*=4.34+6-32+4-3+1

m+D*—n*=4n +6n* +4n +1
As before, we add these n equations. There are conspicuous cancellations
on the left-hand side. On the right-hand side, there are four columns to

add, and each column involves a sum of like powers of the first » integers;
in fact, each column introduces another particular case of S;:

(n+l)4—‘l=453+6S2+4S1+So

Yet we can already express S;, S;, and S, in terms of n, see above. Using
those expressions, we transform our equation into

(n+1)4—1=453+6n("+1)é2"+1)+4"(";'1)+n
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and in this equation everything is expressed in terms of n except Ss.
What is needed now to determine S, is merely a little straightforward
algebra:

4S; =+ 1 —(n+ 1) —2nn+ 1) — n(n + )Q2n + 1)
=+ DK+ 3n% + 3n — 2n — n(2n + 1)]

S, = [n(n2+ l)]2

We have arrived at the desired result, and even the route seems instructive:
having used the trick a second time, we may foresee a general outline.
Remember that dictum of a famous pedagogue: “A method is a device
which you use twice.”?

3.4. Recursion

What was the salient feature of our work in the preceding sect. 3.3? 1In
order to obtain S5, we went back to the previously determined S, S,,
and S,. This illuminates the “trick” of sect. 3.2 where we obtained S, by
recurring to the previously determined S; and S,.

In fact, we could use the same scheme to derive S, which we obtained
in sect. 3.1 by a quite different method. By a most familiar formula

m+1D)2=n+2n+1
m+1)2-n2=2n+1

We list particular cases:

2 ~12=21+1
32 —22=2.241
42 —32=23+1

(.n + l);‘ - n2‘= .2n '+ l
By adding we obtain

n+1)2-1=25+S,
Of course, S, = n and so

_m+1)P—-1—-n_nn+1

S 2 2

which is the final result of sect. 3.1.
After having worked the scheme in the particular cases k = 1, 2, and 3,

2 HSI, The traditional mathematics professor, p. 208.
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we apply it without hesitation to the general sum S,. We now need the
binomial formula with the exponent k + 1:

(n + 1)k+1 = pktl 4 (k';' l)nk + (k'zi' l)nk-l 4+ 41

(n + 1%+ — w5+l = (k + Dn* + (k;- l)n""l P

We list particular cases:

P LA (2 ) ) LA (k ; 1)1"‘1 +o4 1
3Jk+1 — 2k+1 (k + 1)2k + (k '2|' l)zk—l +.-41
4k+1 — 3+l — (k + 1)3k + (k '2|' l)3k—1 +--41

(n + 1+ — pé*l = (k + Dn* + (k '2" l)n"‘1 +---+1
By adding we obtain
k+1
(n+1)"“—l=(k+1)Sk+( 2

From this equation we can determine (express in terms of n) S, provided
that we have previously determined S,_,, S;_2,..., S; and S,. For
example, as we have obtained in the foregoing expressions for Sy, S, S,
and S;, we could derive an expression for S, by straightforward algebra.
Having obtained S,, we could proceed to Ss, and so on.?

Thus, by following up the “trick” of sect. 3.2, which appeared “out of
the blue,” we have arrived at a pattern which deserves to be formulated
and remembered with a view to further applications. When we are facing
a well-ordered sequence (such as S,, Si, Sz, Ss,..., Si,...) there is a
chance to evaluate the terms of the sequence one at a time. We need two
things. .

First, the initial term of the sequence should be known somehow (the
evaluation of S, was obvious).

Second, there should be some relation linking the general term of the
sequence to the foregoing terms (S, is linked to S,, Sy,..., S;_, by the
final equation of the present section, foreshadowed by the “trick” of
sect. 3.2).

Then we can find the terms one after the other, successively, recursively,

3 This method is due to Pascal; see Euvres de Blaise Pascal, edited by L. Brun-
schvicg and P. Boutroux, vol. 3, pp. 341-367.

|
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by going back or recurring each time to the foregoing terms. This is the
important pattern of recursion.

3.5. Abracadabra

The word ““abracadabra” means something like ‘““complicated nonsense.”
We use the word contemptuously today, but there was a time when it was
a magic word, engraved on amulets in mysterious forms (like Fig. 3.2 in
some respect), and people believed that such an amulet would protect the
wearer from disease and bad luck.

In how many ways can you read the word “‘abracadabra” in Fig. 3.27
It is understood that we begin with the uppermost 4 (the north corner) and
read down, passing each time to the next letter (southeast or southwest)
till we reach the last 4 (the south corner).

The question is curious. Yet your interest may be really aroused if you
notice that there is something familiar behind it. It may remind you of
walking or driving in a city. Think of a city that consists of perfectly
square blocks, where one-half of the streets run from northwest to south-
east and the other streets (or avenues) crossing the former run from north-
east to southwest. Reading the magic word of Fig. 3.2 corresponds to a
zigzag path in the network of such streets. When you walk along the
zigzag path emphasized in Fig. 3.3, you walk ten blocks from the initial
A to the final A. There are several other paths which are ten blocks
long between these two endpoints in this network of streets, but there is
no path that would be shorter. Find the number of the different shortest
paths in the network between the given endpoints—this is the general, really

A
B B
R R R
A A A A
C C C C C
A A A A A A
D D D D D
A A A A
B B B
R R
A

Fig. 3.2. A magic word.
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Fig. 3.3. The zigzag path is the shortest.

interesting, problem behind the curious particular problem about the magic
word of Fig. 3.2

A general formulation may have various advantages. It sometimes
suggests an approach to the solution, and this happens in our case. If you
cannot solve the proposed problem about Fig. 3.2 (probably you cannot),
try first to solve some simpler related problem. At this point the general
formulation may help: it suggests trying simpler cases that fall under it.
In fact, if the two given corners are close enough to each other in the net-
work (closer than the extreme A’s in Fig. 3.3) it is easy to count the differ-
ent zigzag paths between the two: you can draw each one after the other
and survey all of them. Listen to this suggestion and pursue it system-
atically. Start from the point 4 and go downward. Consider first the
points that you can reach by walking one block, then those to which you
have to walk two blocks, then those which are three or four or more
blocks away. Survey and count for each point the shortest zigzag paths



70 PATTERNS

A
l/ \1
1/ \2/ \1
1/ \3/ \3/ \1
NSNS\
SN SN SN SN/
N7 \./
X /Y
\Z Fig. 3.4. Count the number of shortest zigzag paths.

that connect it with 4. In Fig. 3.4 a few numbers so obtained are marked
(but you should have obtained these numbers and a few more by yourself—
check them at least). Observe these numbers—do you notice something?

If you have enough previous knowledge you may notice many things.
Yet even if you have never before seen this array of numbers displayed
by Fig. 3.4 you may notice an interesting relation: any number in Fig. 3.4
that is different from 1 is the sum of two other numbers in the array, of its
northwest and northeast neighbors. For instance,

4=1+3 6=3+3

You may discover this law by observation as a naturalist discovers the
laws of his science by observation. Yet, after having discovered it, you
should ask yourself: Why is that so? What is the reason?

The reason is simple enough. Consider three corners in your network,
the points X, Y, and Z, the relative position of which is shown by Fig. 3.4:
X is the northwest neighbor and Y the northeast neighbor of Z. If we
wish to reach Z coming from A along a shortest path in the network, we
must pass either through X or through Y. Once we have reached X,
we can proceed hence to Z in just one way, and the same is true for pro-
ceeding from Yto Z. Therefore, the total number of shortest paths from A
to Z is a sum of two terms: it equals the number of shortest paths from A to
X added to the number of those from A to Y. This explains fully our
observation and proves the general law.

Having clarified this basic point, we can extend the array of numbers in
Fig. 3.4 by simple additions till we obtain the larger array in Fig. 3.5, the
south corner of which yields the desired answer: we can read the magic
word in Fig. 3.2 in exactly 252 different ways.

3.6. The Pascal triangle

By now the reader has probably recognized the numbers and their
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peculiar configuration which we have examined in the foregoing section.
The numbers in Fig. 3.4 are binomial coefficients and their triangular
arrangement is usually called the Pascal triangle. (Pascal himself called
it the “arithmetical triangle.””) Further lines can be added to the triangle
of Fig. 3.4 and, in fact, it can be extended indefinitely. The array in
Fig. 3.5 is a square piece cut out of a larger triangle.

Some of the binomial coefficients and their triangular arrangement can
be found in the writings of other authors before Pascal’s Traité du triangle
arithmétique. Still, the merits of Pascal in this matter are quite sufficient
to justify the use of his name.

(1) We have to introduce a suitable notation for the numbers contained
in the Pascal triangle; this is a step of major importance. For us each
number attached to a point of this triangle has a geometric meaning: it
indicates the number of different shortest zigzag paths from the apex of
the triangle to that point. Each of these paths passes along the same
number of blocks, let us say # blocks. Moreover, all these paths agree in
the number of blocks described in the southwesterly direction and in the
number of those in the southeasterly direction. Let / and r stand for these
numbers, respectively (/ to the left and r to the right—of course, downward
in both cases). Obviously

n=1+r

If we give any two of the three numbers #, /, and r, the third is fully deter-
mined and so is the point to which they refer. (In fact, / and r are the
rectangular coordinates of the point with respect to a system the origin of
which is the apex of the Pascal triangle; one of the axes points southwest,

1 1
1 2 1
1 3 3 1
1 4 6 4 1
1 5 10 10 5 1
6 15 20 15 6
21 35 35 21
56 70 56
126 126

Fig. 3.5. A square from a triangle. 252
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the other southeast.) For instance, for the last 4 of the path shown in
Fig. 3.3

1=35, r=25, n=10
and for the second B of the same path

=235, r=3, n=38

We shall denote by (:’) (this notation is due to Euler) the number of

shortest zigzag paths from the apex of the Pascal triangle to the point
specified by n (total number of blocks) and r (blocks to the right down-
ward). For instance, see Fig. 3.5,

(B)=ss. (9)-22

The symbols for the numbers contained in Fig. 3.4 are assembled in
Fig. 3.6. The symbols with the same number upstairs (the same n) are
horizontally aligned (along the nth ‘““base”—the base of a right triangle).
The symbols with the same number downstairs (the same r) are obliquely
aligned (along the rth “avenue”). The fifth avenue forms one of the sides
of the square in Fig. 3.5—the opposite side is formed by the Oth avenue
(but you may call it the borderline, or Riverside Drive, if you prefer to do
so). The fourth base is emphasized in Fig. 3.4.

(2) Besides the geometric aspect, the Pascal triangle also has a compu-
tational aspect. All the numbers along the boundary (Oth street, Oth
avenue, and their common starting point) are equal to 1 (it is obvious that

(o)
(o)
@ @O 6
@ @ & 06
@ @O 6 ) @

2 @)

+1
Y Fig. 3.6. Symbolic Pascal triangle.
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there is just one shortest path to these street corners from the starting

point). Therefore,
n n
6= ()=

It is appropriate to call this relation the boundary condition of the Pascal
triangle.

Any number inside the Pascal triangle is situated along a certain hori-
zontal row, or base. We compute a number of the (# + 1)th base by
going back, or recurring, to two neighboring numbers of the nth base:

(7)=0) ()

r r r—1

see Fig. 3.6. Itis appropriate to call this equation the recursion formula of
the Pascal triangle.

From the computer’s standpoint the numbers ('r') are determined (or

defined, if you wish) by the recursion formula and the boundary condition
of the Pascal triangle.

3.7. Mathematical induction

When we compute a number in the Pascal triangle by using the recursion
formula, we have to rely on the previous knowledge of two numbers of
the foregoing base. It would be desirable to have a scheme of computa-
tion independent of such previous knowledge. There is a well-known
formula, which we shall call the explicit formula for binomial coefficients,
that yields such an independent computation:

n\ _nn—1Dn—-2)--(n—r+1)
(r)_l.z .3 e r

Pascal’s treatise contains the explicit formula (stated in words, not in our
modern notation). Pascal does not say how he has discovered it and we
shall not speculate too much how he might have discovered it. (Perhaps
he just guessed it first—we often find such things by observation and
tentative generalization of the observed; see the remark in the solution
of ex. 3.39.) Yet Pascal gives a remarkable proof for the explicit formula
and we wish to devote our full attention to his method of proof.*

We need a preliminary remark. The explicit formula does not apply,

4 Cf. Pascal’s Euvres l.c. footnote 3, pp. 455-464, especially pp. 456-457. The
following presentation takes advantage of modern notation and modifies less essen-
tial details.
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as it stands, to the case r = 0. Yet we lay down the rule that, if » = 0,
it should be interpreted as

n

(o) =

The explicit formula does apply to the case r = n and yields

n _ an-—-1)-.- 2. l_l

(n)_l-2 cei(n—Dn
which is the correct result. Therefore, we have to prove the explicit
formula only for 0 < r < n, that is, in the interior of the Pascal triangle
where we can use the recursion formula. Now, we quote Pascal, with
unessential modifications some of which will be included in square
brackets [ ].

Although this proposition [the explicit formula] contains infinitely many
cases I shall give for it a very short proof, supposing two lemmas.

The first lemma asserts that the proposition holds for the first base, which
is obvious. [The explicit formula is valid for n = 1, because, in this case,
all possible values of r, r = 0 and r = 1, fall under the preliminary remark.]

The second lemma asserts this: if the proposition happens to be valid
for any base [for any value ] it is necessarily valid for the next base [for
n+ 1]

We see hence that the proposition holds necessarily for all values of n.
For it is valid for n = 1 by virtue of the first lemma; therefore, for n = 2
by virtue of the second lemma; therefore, for n = 3 by virtue of the same,
and so on ad infinitum.

And so nothing remains but to prove the second lemma.

In accordance with the statement of the second lemma, we assume that
the explicit formula is valid for the nth base, that is, for a certain value of n
and all compatible values of r (for r =0, 1, 2,..., n). In particular,
along with

M\ nan—-1)---n=r+2m—r+1)
(r)—l-Z cee (r=1 - r
we also have (if r 2 1)

n _nn—=1)---(n—r+2)
(r—l)—l 2 e (r=1)
Adding these two equations and using the recursion formula, we derive
as a necessary consequence

(n+l)___(n)+( n )=n(n—1)---(n—r+2)[n-r+1+1]

r r r—1 1.2 ... (r=1 r
_nmn—-1---m—r+2)n+1
12 .. (r=1) r

_(m+Da(n—-1)---(n—r+2)
=71 .2.3 ... r
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That is, the validity of the explicit formula for a certain value of n involves
its validity for n + 1. This is precisely what the second lemma asserts—
we have proved it.

The words of Pascal which we have quoted are of historic importance
because his proof is the first example of a fundamental pattern of reasoning
which is usually called mathematical induction.

This pattern of reasoning deserves further study.? If carelessly intro-
duced, reasoning by mathematical induction may puzzle the beginner; in
fact, it may appear as a devilish trick.

You know, of course, that the devil is dangerous: if you give him the
little finger, he takes the whole hand. Yet Pascal’s second lemma does
exactly this: by admitting the first lemma you give just one finger, the case
n=1. Yet then the second lemma also takes your second finger (the
case n = 2), then the third finger (n = 3), then the fourth, and so on, and
finally takes all your fingers even if you happen to have infinitely many.

3.8. Discoveries ahead

After the work in the three foregoing sections, we now have three
different approaches to the numbers in the Pascal triangle, the binomial
coefficients.

(1) Geometrical approach. A binomial coefficient is the number of the
different shortest zigzag paths between two given corners in a network of
streets.

(2) Computational approach. The binomial coefficients can be defined
by their recursion formula and their boundary condition.

(3) Explicit formula. We have proved it, by Pascal’s method, in sect.
3.7.
The name of the numbers considered reminds us of another approach.

(4) Binomial theorem. For indeterminate (or variable) x and any non-
negative integer n we have the identity

a+ar=(g)+ () + G+ + ()

For a proof, see ex. 3.1.

There are still other approaches to the numbers in the Pascal triangle
which play, in fact, a role in a great many interesting questions and possess
a great many interesting properties. “This table of numbers has eminent

5 HSI, Induction and mathematical induction, pp. 114-121; MPR, vol. 1, pp. 108-
120.
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and admirable properties” wrote Jacob Bernoulli in his Ars Conjectandi
(Basle 1713; see Second Part, Chapter III, p. 88). ‘“We have just shown
that the essence of combinations is concealed in it [see ex. 3.22-3.27] but
those who are more intimately acquainted with Geometry know also that
capital secrets of all Mathematics are hidden in it.” Times have changed
and many things hidden in Bernoulli’s time are clearly seen today. Still,
the reader who wants instructive, and perhaps fascinating, exercise has an
excellent opportunity: he has an excellent chance to discover something
by observing the numbers in the Pascal triangle and combining his
observations with one or the other or several approaches. There are so
many possibilities—some of them should be favorable.

By the way, we have broached another subject in the first four sections
of the chapter (sum of like powers of the first » integers). Moreover, we
have encountered two important general patterns (recursion and mathe-
matical induction) which we still should apply to more examples if we wish
to understand them thoroughly. And so there are still more prospects
ahead.

3.9. Observe, generalize, prove, and prove again

Let us return to our starting point and have another look at it.

(1) We started from the magic word of Fig. 3.2 and Fig. 3.3, or rather
from a problem concerning that word. What was the unknown? The
number of shortest zigzag paths in that network of streets from the first 4
to the last A4, that is, from the north corner of the square to its south corner.
Such a zigzag path must cross somewhere the horizontal diagonal of the
square. There are six possible crossing points (street corners, 4’s) along
the horizontal diagonal. There are, therefore, six different kinds of zig-
zag paths in our problem—how many paths are there of each kind? We
have here a new problem.

Let us be specific. Take a definite crossing point on that horizontal
diagonal, for instance the third point from theleft (/ = 3,r =2,n = 5in
the notation of sect. 3.6). A zigzag path crossing this chosen point con-
sists of two sections: the upper section starts from the north corner of the
square and ends in the chosen point, the lower section starts from the
chosen point and ends in the south corner; see Fig. 3.3. We have found
before (see Fig. 3.5) the number of the different upper sections; it is

G

The number of the different lower sections is the same. Now any upper
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section can be combined with any lower section to form a full path [as
suggested by Fig. 3.7(111)]. Therefore, the number of such paths is

-

Of course, the number of zigzag paths crossing the horizontal diagonal at
any other given point can be similarly computed. Hence we find a new
solution of our original problem: we can read the magic word of Fig. 3.2
in exactly

1 +254+ 100 + 100 + 25 + 1
different ways. This sum must agree with the result found at the end of
sect. 3.5; in fact, it equals 252.
(2) Generalization. One side of the square considered in Fig. 3.3 con-
sists of five blocks. In generalizing (passing from 5 to n) we find that

O + () + G+ G- ()

an A a1 m

—\
—/

Fig. 3.7. Suggestions.
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“The sum of the squares of the numbers in the nth base of the Pascal tri-
angle is equal to the number in the middle of the 2nth base.” Our reason-
ing under (1) essentially proves this general statement. It is true, we have
considered the special case n = 5 (we have even considered a special point
of the fifth base) but there is no particular virtue (and no misleading
peculiarity) in the special case considered. And so our reasoning is
generally valid. Yet it may be a useful exercise for the reader to repeat
the reasoning with special attention to its generality—he has to say »
instead of 5.8

(3) Another approach. Still, the result is surprising. We would under-
stand it better if we could attain it from another side.

Surveying the various approaches listed in sect. 3.8, we may try to link
our result to the binomial formula. There is, in fact, a connection:

(1 +x)2"=...+(2r:l)x" dee

(0 Che e+ - =)
(T W

Let us focus the coefficient of x®. On the right-hand side of the first line
the coefficient of x™ is the right-hand side of the general equation given
under (2) for which we are seeking a second proof. Now let us turn to the
product of the two factors which are displayed on the last two lines; in
writing them we made use of the symmetry of the binomial coefficients:

0)-G")

Now, in this product, the coefficient of x" is obviously the left-hand side
of the equation under (2) which we are about to prove. And here is the
proof: the coefficient of x® must be the same in both cases since we have
here an identity in x.

Examples and Comments on Chapter 3
First Part

The examples and comments of this first part are connected with the first
four sections.

6 We have here a representative special case; see MPR, vol. 1, p. 25, ex. 10.
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3.1. Prove the binomial theorem stated in sect. 3.8(4) (and used in sect. 3.4).
(Use mathematical induction. Which one of the first three approaches
mentioned in sect. 3.8 appears the most appropriate for the present purpose ?)

3.2. A particular case equivalent to the general case. The identity asserted
in sect. 3.8(4) and proved in ex. 3.1 follows as a particular case (a = 1, b = x)
from the more general identity

(a+ )" = (g)a" + (';)a"“b + (;)an-zbz Foeee (:)bn

Show that, conversely, the general identity also follows from that particular
case.”

3.3. In the first three sections of this chapter we have computed S, (defined
in sect. 3.3) for k = 1, 2, 3; the case k = 0 is obvious. Comparing these
expressions, we may be led to the general theorem: Sy is a polynomial in n of
degree k + 1 and the coefficient of its highest term is 1/(k + 1).

This theorem which asserts that

nk +1
Tk +1
(where the dots indicate terms of lower degree in n) played an important role
in the history of the integral calculus.

Prove the theorem; use mathematical induction.

Sk 4+

3.4. We can guess an expression for Sy by computing numerically the ratio
Ss/S. for a few small values of n. In fact, for

n=1, 2, 3, 4, 5§

Se_y 1o, 5908
s. 5 " 357
For the sake of uniformity we write rather
5,17 35 59 89

=7 £ td td

5 5§ 5 5 5
The numerators are close to multiples of 6; in fact, they are
61 -1, 63 —1, 66 — 1, 6-10 — 1, 615 — 1
You should recognize the numbers
1, 3, 6, 10, 15
If you succeed in constructing an expression for S, prove it, independently
of sect. 3.4, by mathematical induction.?

3.5. Compute S;, independently of ex. 3.4, by the method indicated in
sect. 3.4.

7 Such equivalence of the particular and the general may seem bewildering to the
philosopher or to the beginner, but is, in fact, quite usual in mathematics; see MPR,
vol. 1, p. 23, ex. 3 and ex. 4.

8 For broader discussion of a very similar simpler case see MPR, vol. 1, pp. 108-110.



80 PATTERNS

3.6. Show that
n = So
nz = 251 i So
na = 352 - 3S1 + SO
n* = 4S; — 6S; + 451 — So
and generally

n" = (I]()Sk_l - (Izc)sk_z + (I;)Sk—a - + (_l)k_l(:)so

(This is similar to, but different from, the principal formula of sect. 3.4.)

3.7. Show that
S1 = S1
2512 = 253
4513 = 3S5 + Sa
8S;|,4 = 4S7 + 4S§

1,23, ..,

k
2618k = (l)szk—1 + (I;)Szk—a + (I;)Szk—s + -

The last term on the right-hand side is S, or kS, .+, according as k is odd or
even.
(This is similar to ex. 3.6 where, in fact, we could substitute So* for n*.)

3.8. Show that

and generally, for k

SSQ = 3S2
6S2S1 = 5s4 + Sz
1252512 = 78¢ + 55,
245,5:% = 955 + 1455 + S,
and generally, for k = 1, 2, 3,...,

32618, § k-1

o) + 2]+ [ + 2(5)] e+

the last term on the right-hand side is (k + 2).S. ., or S according as k is odd
or even.

3.9. Show that
Sa = S]_z
Sp = S5,%(4S8, — 1)/3
S'y = 512(6512 - 451 + l)/3

and generally that Soc -, is a polynomial in S, = n(n + 1)/2, of degree k,
divisible by $,2 provided that 2k — 1 = 3. (This generalizes the result of
sect. 3.3.)

3.10. Show that
Ss = S2(651 — 1)/5
SS = S2(12S12 - 6s1 + l)/7
S = S2(405,® — 405,%2 + 18S; — 3)/15
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and generally that So./S: is a polynomial in S; of degree k — 1. (This
generalizes a result encountered in the solution of ex. 3.4.)

3.11. We introduce the notation
1% 4 2% 4 3% ... 4 0¥ = Si(n)

which is more explicit (or specific) than the one introduced in sect. 3.3; &
stands for a non-negative integer and » for a positive integer.

We now extend the range of n (but not the range of k): we let Si.(x) denote
the polynomial in x of degree k + 1 that coincides with Si(n) for x =
1,2, 3,...; for example,

x%(x + 1)?

sa(x) = 4

Prove that for k = 1 (not for k = 0)
Se(~=x — 1) = (= 1)*~185(x)

3.12. Find1 + 3 + 5 +---4 (2n — 1), the sum of the first » odd numbers.
(List as many different approaches as you can.)

313. Find1 + 9+ 25 +--- 4+ (2n — 1)

3.14. Find 1 + 27 + 125 +--- + (2n — 1)3.

3.15. (Continued) Generalize.

3.16. Find 22 + 52 + 82 + ...+ (3n — 1)?

3.17. (Continued) Generalize.

3.18. Find a simple expression for

124+ +2)3+0+24+34+---+[1+2+---4+xn-Dh

(Of course, you should try to use suitable points from the foregoing work.
What has better prospects to be usable: the results or the method ?)

(n—1)

3.19. Consider the = 3 differences
2 -1,
3—-1, 3-2

4—-1, 4—-2, 4-3
n—=-1, n-2, n—-3 ,..., n—=—(n-=-1
and compute (a) their sum, (b) their product, and (c) the sum of their squares.
3.20. Define E,, E,, E; ... by the identity

x" — Eyxx"ml 4 Epx""2%2 — ...+ (—1)"E,
=(x— Dx = 2)x = 3)--(x—n)
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Show that
E, = (n — Dn(n + 1)(3n + 2)
2= 24
E. = (n — 2)(n — Dn?(n + 1)?
8= 48
E, = (n — 3)n — 2)(n — Dn(n + 1)(152° + 1512 — 10n — 8)

5760

and show in general that E, [which should rather be denoted by E,(n) since it
depends on n] is a polynomial of degree 2k in n.

[The knowledge of a certain proposition of algebra may be a great help; E;
is the so-called kth elementary symmetric function of the first » integers the
sum of the kth powers of which is S, = Si(n). Check E.(k) = k!]

3.21. Two forms of mathematical induction. A typical proposition A that is
accessible to proof by mathematical induction has an infinity of cases
Ay, As, As,. .., An,...; in fact, 4 is equivalent to the simultaneous assertion
of A;, As, As,.... For instance, if A4 is the binomial theorem, A4, asserts the
validity of the identity.

a4+ x = (g) + (’I')x + (;’)x2 FI (:)x"

see ex. 3.1; the binomial theorem asserts, in fact, that this identity holds for
n=12734,....

Let us consider three statements about the sequence of propositions
A]_, A2, Az, ..

(@) A, is true.
(Ila) A, implies A, +,.
({Ib) A,, Az, As,... Ax—y and A, jointly imply A, ;.

Now we can distinguish two procedures.

(@) We can conclude from (I) and (lla) that A, is true generally, for n =
1,2, 3,...; we drew this conclusion, with Pascal, in sect. 3.7.

(b) We can conclude from (I) and (IIb) that A, is true generally, for n =
1, 2, 3,...; we proceeded so in the solution of ex. 3.3.

You may feel that the difference between the procedures (@) and (b) is more
in the form than in the essence. Could you clarify this feeling and propose a
clear argument ?

Second Part

3.22. Tenboys went camping together, Bernie, Ricky, Abe, Charlie, Al, Dick,
Alex, Bill, Roy, and Artie. In the evening they divided into two teams of
five boys each: one team put up the tent, the other team cooked the supper.
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In how many different ways is such a division into two teams possible? (Can
a magic word help you?)

3.23. Show that a set of » individuals has (:’) different subsets of r indivi-
duals. [In more traditional language: the number of combinations of n

objects taken r at a time is (:’)]

3.24. Given n points in the plane in ‘“general position” so that no three
points lie on the same straight line. How many straight lines can you draw
by joining two given points? How many triangles can you form with vertices
chosen among the given points?

3.25. (Continued) Formulate and solve an analogous problem in space.

3.26. Find the number of the diagonals of a convex polygon with n sides.

3.27. Find the number of intersections of the diagonals of a convex poly-
gon of n sides. Consider only points of intersection inside the polygon, and
assume that the polygon is ‘“‘general” so that no three diagonals have a
common point.

3.28. A polyhedron has six faces. (We may consider the polyhedron as
irregular so that no two of its faces are congruent.) The faces should be
painted, one red, two blue, and three brown. In how many different ways can
this be done?

3.29. A polyhedron has n faces (no two of which are congruent.) Of these
faces, r should be painted red, s sapphire, and ¢ tan; we suppose thatr + s +
t = n. In how many different ways can this be done?

3.30. (Continued) Generalize.

Third Part

In solving some of the following problems, the reader may consider, and
choose between, several approaches. (See sect. 3.8; the combinatorial inter-
pretation of the binomial coefficients, cf. ex. 3.23, provides one more access.)
The importance of approaching the same problem from several sides was
emphasized by Leibnitz. Here is a free translation of one of his remarks:
“In comparing two different expressions of the same quantity, you may find
an unknown; in comparing two different derivations of the same result, you
may find a new method.”

3.31. Show in as many ways as you can that

(=02
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3.32. Consider the sum of the numbers along a base of the Pascal triangle:

1 =1
1+1 =2
1+2+1 =4
1+3+3+1 =8

These facts seem to suggest a general theorem. Can you guess it? Having
guessed it, can you prove it? Having proved it, can you devise another
proof?

3.33. Observe

I
QO OO

1-1
1-2+1
1-3+3—1
1—4+6—4+1

generalize, prove, and prove again.

3.34. Consider the sum of the first six numbers along the third avenue of the
Pascal triangle:

14+4+4 10+ 204 35+ 56 =126

Locate this sum in the Pascal triangle, try to observe analogous facts, general-
ize, prove, and prove again.

3.35. Add the thirty-six numbers displayed in Fig. 3.5, try to locate their
sum in the Pascal triangle, formulate a general theorem, and prove it. (Add-
ing so many numbers is a boring task—in doing it cleverly, you may easily
catch the essential idea.)

3.36. Try to recognize and locate in the Pascal triangle the numbers involved
in the following relation:

1-1 + 5.4 +10-6 + 10-4 + 5-1 =126
Observe (or remember) analogous cases, generalize, prove, prove again.

3.37. Try to recognize and locate in the Pascal triangle the numbers involved
in the following relation:

6-1 +5-3+4-6+3-10+ 2-15+1-21 =126
Observe (or remember) analogous cases, generalize, prove, prove again.

3.38. Fig. 3.8 shows the first four from an infinite sequence of figures each
of which is an assemblage of equal circles into an equilateral triangular shape.
Any circle that is not on the rim of the assemblage touches six surrounding
circles. In the nth figure there are n circles aligned along each side of the
triangular assemblage and the total number of circles in this nth figure is
termed the nth triangular number. Express the nth triangular number in
terms of 7 and locate it in the Pascal triangle.

3.39. Replace in Fig. 3.8 each circle by a sphere (a marble) of which the
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C e & &

Fig. 3.8. The first four triangular numbers.

circle forms the equator. Fix 10 marbles arranged as in Fig. 3.8 on a horizon-
tal plane, place 6 marbles on top (they fit neatly into the interstices) as a second
layer, add 3 marbles on top of these as a third layer and place finally 1 marble
on the very top. This configuration of

1+3+ 64 10 =20

marbles is so related to a regular tetrahedron as each of the assemblages of
circles shown by Fig. 3.8 is related to a certain equilateral triangle: 20 is the
fourth pyramidal number. Express the nth pyramidal number in terms of »
and locate it in the Pascal triangle.

3.40. You can build a pyramidal pile of marbles in another manner: begin
with a layer of n? marbles, arranged in a square as in Fig. 3.9, place on top of
it a second layer of (» — 1)® marbles, then (n — 2)2 marbles, and so on, and
finally just one marble on the very top. How many marbles does the pile
contain?

3.41. Interpret the product

m\ {na\ (N3 .. Ny
ri ro ra n
as the number of a certain set of zigzag paths in a network of streets.

3.42. All the shortest zigzag paths from the apex of the Pascal triangle to the
point specified by » (the total number of blocks) and r (blocks to the right
downward) have a point in common with the line of symmetry of the Pascal
triangle (from the first 4 to the last 4 in Fig. 3.3) namely their common initial

Fig. 3.9. The fourth square number.
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point, the apex. In this set of paths, consider the subset of such paths as have
no further point in common with the line of symmetry and find their number N.

In order to realize the meaning of our problem, consider easy particular
cases: for

r

0, n, n/2(neven)
N=1, 1,

0

Solution. 1t will suffice to consider the case r > n/2; that is, the common
lower endpoint of our zigzag paths lies in the right-hand half of the plane
bisected by the line of symmetry. There are (:’) paths in the full set which we
divide into three nonoverlapping subsets.

(1) The subset defined above of which we have to find the number of
members, N. A path of the set that does not belong to this subset has, besides
A, another point on the line of symmetry.

(2) Paths beginning with a block to the left downward; such a path must
cross the line of symmetry somewhere since its endpoint lies in the other half

plane. The number of paths in this subset is obviously (n : ]).

(3) Such paths as belong neither to (1) nor to (2); they begin with a block to
the right downward but subsequently attain somewhere the line of symmetry.
Show that there are just as many paths in subset (2) as in subset (3) (Fig. 3.10
hints the decisive idea of a one-one correspondence between these subsets) and

C Fig. 3.10. The decisive idea.
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Fig. 3.11. A modification of the decisive idea.

derive hence that

N = [2r — A (n)
n r

3.43. (Continued) The number of all shortest zigzag paths from the apex to
the nth base, that have only the initial point in common with the line of sym-

metry, is (2':1) if n = 2m is even and 2 (2"':1) if n =2m + 1 is odd.

3.44. Trinomial coefficients. Fig. 3.12 shows a fragment of an infinite
triangular array of numbers defined by two conditions.

(1) Boundary condition. Each horizontal line or “base” (this term has been
similarly used in sect. 3.6) begins with 0, 1 and ends with 1, 0. (The nth base
consists of 2n + 3 numbers and so the boundary condition leaves undefined
2n — 1 numbers of the nth base, forn =1, 2,3,....)

0 1 4 10 16 19 16 10 4 1 0O
Fig. 3.12. Trinomial

coefficients. 0 1 5 15 30 45 51 45 30 15 5 1 0
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(2) Recursion formula. Any number of the (n + 1)th base left undefined
by (1) is computed as the sum of three numbers of the nth base: of its north-
western, northern, and northeastern neighbors. (For instance, 45 = 10 +
16 + 19.)

Compute the numbers of the szventh base. (They are, with three exceptions,
divisible by 7.)

3.45. (Continued) Show that the numbers of the nth base, beginning and
ending with 1, are the coefficients in the expansion of (1 + x + x2)" in powers
of x. (Hence the name *‘trinomial coefficient.””)

3.46. (Continued) Explain the symmetry of Fig. 3.12 with respect to its
middle vertical line.

3.47. (Continued) Observe that

1+1+1 =3
14+24+34+241 =9
1+3+6+7+6+3+1 = 27
generalize and prove.

3.48. (Continued) Observe that
1-14+1 =1
1-2+4+3-2+1 =1
1-34+6-7+6-3+1 =1

generalize and prove.
3.49. (Continued) Observe that the value of the sum
12 + 224324224 12=19
is a trinomial coefficient, generalize, and prove.

3.50. (Continued) Find lines in Fig. 3.12 agreeing with lines in the Pascal
triangle.

3.51. Leibnitz’s Harmonic Triangle. Fig. 3.13 shows a section of this little
known but remarkable arrangement of numbers. It has properties which are
so to say ‘“‘analogous by contrast” to those of the Pascal triangle. That
triangle contains integers, this one (as far as visible) the reciprocals of integers.
In Pascal’s triangle, each number is the sum of its northwestern and north-
eastern neighbors. In Leibnitz’s triangle, each number is the sum of its
southwestern and southeastern neighbors; for instance

L IO S D SO TR B T §

2 3 6 3 4 12 6 12 12
This is the recursion formula of the Leibnitz triangle. This triangle has also a
boundary condition: the numbers along the northwest borderline (the ““Oth
avenue”) are the reciprocals of the successive integers, 1/1, 1/2, 1/3,....
(The boundary condition of the Pascal triangle is of a different nature:
values are prescribed along the whole boundary, Oth avenue and Oth street.)
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1
1
1 1
2 2
1 1 1
3 6 3
1 1 1 1
4 12 12 4
1 1 1 1
5 20 30 20
1 1 1 1
6 30 60 60
1 1 L 1
7 42 105 140

oo|—

Fig. 3.13. A fragment of Leibnitz’s Harmonic Triangle.

Starting from the given boundary values, we obtain the others by addition in
the case of the Pascal triangle, but by subtraction in the present case; in Fig.
3.13 there are some gaps that can be filled immediately with the help of the
recursion formula, for instance

- — = = and 55— 35 ==z
Using the boundary condition and the recursion formula, extend the table

of Fig. 3.13 to the eighth base inclusively.

3.52. Pascal and Leibnitz. Try to recognize a connection between corres-
ponding numbers of the two triangles and, having recognized it, prove it.

13.53. Prove?®

1 1 1 1 1 1
i 3fetntnetw’
r_r, 11 1
2 3712 30 60 ' 105
1 1 1 1 1 1
3530t 10t w0t

(Locate these numbers in the harmonic triangle.)

¢ To accommodate readers who have not had the opportunity to acquire precise
ideas about infinite series (limits, convergence,...) the solutions to this and similar
problems given on the next pages will not insist on precise details. Yet such details
(they are easy in most cases) should be supplied by readers with more complete
knowledge.
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13.54. Find the sum

RIS NS U U
12 " 30 60 ' 105

and generalize. (Do you know an analogous problem?)
13.55. Find the sum of the series
R EURE ERNUE TS SR
1-2 " 23 3.4 4.5

1 1
t23%t733*

1,
345" 456

+ .-

1 1 1
2. .-V 33 70+ 340+ D0+

Fourth Part

Several problems in this part are connected with ex. 3.61, and some others
with ex. 3.70.

+3.56. Power series. The decimal fraction 3.14159. . . of the number = is, in
fact, an ““infinite series”

34 1(5) + (L) + 1(L) + s(L) + ofL) +--
10 0 10 10 0

By substituting for % the variable x, and for the successive digits

3, 1, 4, 1, 5 9,
the constant coefficients

do, @, 4z, Qas, 4, as,
respectively, we obtain a power series
4} ap + arx + azx® + asx® + - -

We are not prepared to consider here the convergence of power series and
related important matters, only formal operations with such series (see the
footnote appended to ex. 3.53). Multiplication of the proposed power series
by a constant ¢ yields '

cap + carx + cazx® + cagx® + - --
Addition of the proposed power series (1) to another
2) bo + bix + box® + bax® + - --
yields
(ao + bo) + (a1 + by)x + (az + bz)x?® + (as + ba)x® + -+
and the product of our two power series (1) and (2) is
acho + (aohy + aybo)x + (azbo + a1b, + agh2)x® + - - -
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Our two power series (1) and (2) are equal if, and only if,
ao=be, a1 =by, az=bs, ..., a,= by,

We conceive a polynomial as a power series in which infinitely many
coefficients, in fact, all coefficients beyond a certain one, vanish. For in-
stance, the polynomial 3x — x® has to be considered as the particular case of
our power series (1) in which

a =0, a4=3, a=0, az= -1 and a4, =0 for n=4
Convince yourself that the foregoing rules are valid for polynomials.
$3.57. Compute the product
A=)+ x+ x4+ x"+--)
13.58. Find the coefficient of x" in the product
@+ax+ax®+-+ax"+ )1 +x+ x4+ -4 x"+--2)

13.59. A gap in the solution of ex. 3.57 may suggest the consideration of the
series
L4+ x+ x4+ X+
I+ 2x + 3x2+ 4x% +---
1 +3x + 6x%+ 10x% + .-
1 + 4x + 10x2 + 20x® + - - -

Do you know the sum of one of these series? Could you find the sum of the
others?

$3.60. Give another proof for the result of ex. 3.37.

13.61. The binomial theorem for fractional and negative exponents. In a
letter of October 24, 1676, addressed to the Secretary of the Royal Society,
Newton described how he discovered the (general) binomial theorem; he
wrote this letter to answer an inquiry of Leibnitz about his (Newton’s) method
of discovery.!® Newton considered the areas under certain curves; he was
strongly influenced by ideas of Wallis about interpolation; and eventually he
arrived at a conjecture: The expansion

I+ =1+5%x+ "(‘;; D e 4 9@ _1.12)_(‘3'"2)::3
is valid not only for positive integral values of the exponent a, but also for frac-
tional and negative values, in fact, for all numerical values of a.'!

Newton did not produce a formal proof for his conjecture; rather he relied
on examples and analogy. He investigated the question, we may say, as a
physicist, ‘‘experimentally” or “inductively.” In order to understand his
viewpoint, we shall try to retrace some of the steps that convinced him of the

1 Cf. J. R. Newman, The World of Mathematics, vol. 1, pp. 519-524.

11 We know today that some restriction concerning x is necessary but we disregard
it here. Such neglect agrees with Newton’s standpoint in whose time the convergence
of a series was not explicitly defined, and it agrees also with the standpoint of foot-
note 9.

+ ...
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soundness of his conjecture, which we shall call, for the sake of brevity, the
‘“‘conjecture N.”

If a is a non-negative integer, the coefficient 07 x2*! vanishes on the right-
hand side of the proposed series, and all the following coefficients vanish
(thanks to the presence of a factor 0 in the numerator): the series terminates.
If, however, a has a value not contained in the sequence 0, 1, 2, 3,. . ., the series
does not terminate but goes to infinity. For example, for a = 4 the expansion
under scrutiny turns out to be

Lades H-=D)

%
1+ x)% T2.3

x2 +

=D

l .2 + “ e

x xz x® 5xt
R At T TR U

Newton did not appear to be disturbed by an infinity of nonvanishing terms.
He knew very well the analogy, which he mentions elsewhere, between power
series and decimal fractions; see ex. 3.56. Now, some decimal fractions
terminate (as that for 4 or #) and others do not (as that for § or 1%, for instance).

Is the above series for (1 + x)*% valid? To examine this question, Newton
multiplied the series by itself; the result should be

A+ x0%Q +x)% =1+ x

To check this, compute the coefficients of x, x2, x%, and x* in the product
series (ex. 3.56).

13.62. Compute the coefficients of x, x2, x%, and x* in the square of the

series
1+ x_ 12 + _S_x_a — l_Ox: +
3 9 81 243
which is the expansion of (1 + x)% according to conjecture N. The result
should be the expansion, according to the same conjecture, of (I + x)%.

Check it!

13.63. (Continued) Compute the coefficients of x, x2, x3, and x* in the cube
of the given series. Predict the result and check your prediction.

$3.64. Expand (I + x)~! according to conjecture N. Any comment?
3.65. Extending the range. In sect. 3.6, we have defined the symbol (:’)

for non-negative integers » and r subject to the inequality r = n. We now
extend the range of » (but not that of r, cf. ex. 3.11): we set

(g) -1, (f) =Jlr€x; 1).(x;2):::(x—:+ 1

forr = 1,2,3,--- and an arbitrary number x. This definition implies:

@O (f) is a polynomial in x, of degree r, forr = 0, 1, 2, 3,- . ..

w ()=l ~1)
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(1I) If n and r are non-negative integers and r > n, (:’) = 0.

(IV) Conjecture N can be written in the form

(1 + x° = (3) + (‘l')x+ (‘Z')x2+--~+(z)x" TR

(D), (11I), and (IV) are obvious; prove (II).

$3.66. Generalize ex. 3.64: examine whether the full result of ex. 3.59
agrees with the conjecture N.

13.67. Apply a device which we have already used three times (sect. 3.9,
ex. 3.36, and ex. 3.60) once more: Assuming the conjecture N, compute in two
different ways the coefficient of x* in the expansion of

(1 + x)°(1 + x)* =1 + x)e*®

$3.68. Try to assess the result of ex. 3.67: is it proved? Is some part of it
proved? Are there other means to prove it? If we took it for granted, could
we prove conjecture N? Or could we prove some part of conjecture N?

13.69. Try to recognize the coefficients of the expansion
(1 -—4x)"% =1+ 2x + 6x2 + 20x® + .- -

and express the general term in a familiar form (which should render obvious
the fact that the coefficients are integers).

13.70. The method of undetermined coefficients. Expand the ratio of two
given power series in a power series.
We have to expand in powers of the variable x the ratio

by + b1x + box? + oo+ bpx" - -
o + myx + Asx® 4 -+ @px™ 4.

where the coefficients ao, a1, @s,. . ., bo, b1, bs,. . . aregiven numbers; we assume
that ao # 0. (This assumption, which we have not mentioned in the first
short statement of the problem, is essential.)

We are required to exhibit the given ratio in the form

bo+ b1X+ b2x2 + .-
ao + a1x + asx® + - - -

= Up + WX + Ux? + .-

The coefficients ug, u1, Us,. .., Un,... are not yet determined at this moment
when we are just introducing them (hence the name of the method which we
are about to apply), yet we hope to determine them eventually; in fact, to
determine them is precisely the task imposed upon us by the problem; the
coefficients uo, Uy, Uz,. .. are the unknowns of our problem (which has, as we
now see, an infinity of unknowns).

We rewrite the relation between the three power series (two are given, one
we are required to find) in the form

(a0 + a1x + azx® + -« Yuo + wyx + ugx® ++++) = bo + byx + byx? + .-
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and now we can see the situation in a more familiar light (ex. 3.56): by equating

the coefficients of like powers of x on opposite sides, we obtain a system of
equations

QAolip = by
AU + aoliy = b1
aglly + arth + acliy = b,

asUp + axu; + aruz + aguz = ba

This system of equations presents a familiar pattern: it is recursive, that is,
it can be solved by recursion. We obtain the initial unknown u, from the
initial equation and, having obtained uq, ,..., #,-2 and u,_,, we find the
next unknown u, from the next equation not formerly used.

Express uo, U, Uz, and ug in terms of a, a,, az, as, bo, b1, bz, and bs.

(The foregoing solution can advantageously serve as a pattern. Note the
typical steps:

we introduce the unknowns as the coefficients of a power series;

we derive a system of equations by comparing coefficients of like powers on
opposite sides of a relation between power series;

we compute the unknowns recursively.

These steps characterize the pattern, or method, of ‘“undetermined coeffi-
cients”” which yields some of the most remarkable and most useful systems of
equations that can be solved by recursion.)

13.71. We consider the product of powers
A 1a,% @b P1bpPm
of which, by definition,
o + o5 + o + B + Bm is the degree,
o, + oy + o the degree in the a’s.

Bi + B the degree in the b’s
iy + joy + koy + I8 + mP,, the weight.
Of course, the terms just defined are applicable if any number of @’s and b’s
are involved, and not just three of the one kind and two of the other.

Observe the expressions for uo, uy, 42, and ug you found in answering ex. 3.70
and explain the regularities observed.

+3.72. Expand the ratio

bo + bix + box® 4+ .- 4 bpx" +---
I + x4+ x4+ 4+ x"+--.

(The result is simple—can you use it?)
$3.73. Expand the ratio

by + bix 4+ bax® 4+ <o + by 4 .-
1 -x

(The result is simple—can you use it?)
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13.74. Expand the ratio

x x2 x? x"
Y3+ B st tIisT o amr T
x  x% X x"
I3+ vt Yage

(Compute a few terms and try to guess the general term.)

13.75. Inversion of a power series. Being given the power series of a func-
tion, find the power series of the inverse function.
In other words: being given the expansion of x in powers of y, expand y in
powers of x.
More precisely: being given
x=ay+ay:+--+ay+---
assume that @, # 0 and find the expansion
y=mx+ uzx? + -+ upx" + .-

We follow the pattern of ex. 3.70. In the given expansion of x in powers of
», we substitute for y its (desired) power series:

x = ay(irx + uox® + uzx® +---)
+ az(uy2x% + 2uqux® +-- )
+ aa(ul"x" + - ')
+ .

In equating the coefficients of like powers of x on opposite sides of this rela-
tion, we obtain a system of equations for u;, us, ua,. . .:

1= a iy
0= auz + a2u12
0= aus + 202“1“2 + a3u13

and the system so obtained is recursive (although not linear.)
EXpress u,, Uz, Us, Us, and us in terms of a,, as, as, as, and as.

13.76. Examine the degree and weight of the expressions you found in
answering ex. 3.75.

13.77. Being given that
X=y+ ¥+ +--+ )y +--

expand y in powers of x.
(The result is simple—can you use it ?)

13.78. Being given that
4x =2y — 3y2 + 4% — 5yt +.--

expand y in powers of x. (Try to guess the form of the general term and, hav-
ing guessed it, try to explain it.)
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$3.79. Being given that
x =y + ay?
expand y in powers of x. (The result can be used to clarify a detail of the
general situation considered in ex. 3.75.)

'3-80- Being gi ven that
y2 ya

expand y in powers of x.

13.81. Differential equations. Expand in powers of x the function y that
satisfies the differential equation

Z_.}x’ = x2 + y2
and the initial condition
y=1 for x=0.

Following the pattern of ex. 3.70, we set
Y = U + u1x + usx® + usx® +---

with coefficients uq, u,, us,... which we have still to determine. The differen-
tial equation requires

uy + 2uzx + 3uax® + 4ugx® + - --

= uo? + 2uouyx + Quouz + u® + Nx2 + .-
Comparing coefficients of like powers on opposite sides of this relation, we
obtain the system of equations.
Uy = ue?
2u; = 2uouy
3“3 = 2“0“2 + u12 +1
4us = 2uous + 2u1uz

From this system we can find u,, ua, us,. . ., recursively, since the initial con-
dition yields

Ug = 1
Compute numerically uy, ugz, ua, and u,.
(The solution of differential equations by the method of undetermined

coefficients, which is exemplified by our problem, is of great importance both
in theory and in practice.)

13.82. (Continued) Show that u, > 1 for n = 3.
13.83. Expand in powers of x the function y that satisfies the differential
equation

d3y
Rt
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and the initial conditions

y=1, %=0 for x=0

13.84. Find the coefficient of x!°° in the power series expansion of the func-
tion
(-1 = x5~1(1 — x19-1(1 — x28)-1(] — x50)-1
There is little doubt that, in order to solve the proposed problem, we have

to generalize it and look for ways and means to compute the general coefficient
(that of x™) in the expansion under consideration. It is also advisable to
examine the easier analogous problems implied by the proposed problem.
Some meditation on these lines may eventually suggest a plan: introduce
several power series with ‘“‘undetermined” coefficients. We set

(I —x)"1= Ao + A1x + Aox® + Azx® + Agx* + -

(1 —-—x)"(1 — x8)~* = By + Bijx + Box? + Byx® +---

A= =-x5A —x9"1=Co+ Cix + Cox? +---

ad -1 - x5 - x2)"Y(1 — x2)"1 = Dy + Dyx +---
and finally

(A =) — x50 — x19)-1(1 — x25)-1(] — x50)-1

=FE+ Ex+ Ex®*+- - +Ex"+---

In this notation, the proposed problem requires to find E,g0. Instead of our
single original unknown E,q, we have introduced infinitely many new un-
knowns: we should find 4,, B,, C,, D,, and E, forn =10, 1, 2, 3,.... Yet,
for some of these, the result is well known or obvious.

A0=A1=A2="'=An="'=1
B°=C°=D°=Eo=l

Moreover, the unknowns introduced are not unrelated:
Ao + Aix + A2x® + .-+ = (Bo + Byx + Bax? +---)(1 — x%)
from which we conclude, by looking at the coefficient of x*, that
An = By — By_5

Find analogous relations and find the intermediaries through which the
unknown E, o is connected with the values already known. Eventually, you
should obtain a numerical value for E;qo.

13.85. Find the nth derivative y™ of the function y = x~! log x.
We obtain by straightforward differentiation and algebraic transformation

Yy =— x"2%logx + x~%
y = 2x%logx — 3x°8
y = —6x"*logx + 11x~¢

and from these (or more) cases we may guess that the desired nth derivative is
of the form
YW = (=1)nlx""tlogx + (—D* tepx 2
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where c, is an integer depending on n (but independent of x). Prove this and
express ¢, in terms of n.
3.86. Find a short expression for
1+ 2x + 3x2 +- - +nx—2
(Do you know a related problem? Could you use its result—or its method ?)
3.87. Find a short expression for
1 +4x +9x2 +.-- 4 n?x"1
(Do you know a related problem? Could you use its result—or its method ?)
3.88. (Continued) Generalize.

3.89. Being given that
n+ o

e S Y-
forn=1,2,3,... and ¢ # 8, show that

a — a1
ay+a+ay+-+a, = n(n + ) (A + B

«a—B
3.90. Find
/_7+ep+l ppt+tlp+2  pp+t1lp+2 p+n-—1
q qq+1 qgqgq+1g+2 gg+1lg+2 g+n-1

3.91. On the number m. We consider the unit circle (its radius =1); we
circumscribe about it, and inscribe in it, a regular polygon with n sides; let
C, (circumscribed) and I, (inscribed) stand for the perimeters of these two poly-
gons, respectively.

Introduce the abbreviations

a+b —_ 2ab
2 = A(a1 b): \/ab = G(a’ b)v m = H(a) b)
(arithmetic, geometric, and harmonic mean, respectively).
(l) Flnd Cg, 14, Ce, Ie.
(2) Show that

Can = H(Cy, 1), Izn = G(I, Can)
(Thus, starting from Cg, I we can compute the sequence of numbers
Ce, Is; Ciz, I13; Cag, Ing; Cie, Lis;
by recursion as far as we wish, and so we can enclose 7 between two numerical
bounds whose difference is arbitrarily small. Archimedes, in computing the
first ten numbers of the sequence, that is, proceeding to regular polygons with

96 sides, found that
3 << 3}

See his Works, edited by T. L. Heath (Dover), pp. 91-98.)

3.92. More problems. Devise some problems similar to, but different from,
the problems proposed in this chapter—especially such problems as you can
solve.



CHAPTER 4

SUPERPOSITION

4.1. Interpolation

We need several steps to arrive at the final formulation of our next
problem.

(1) We are given n different abscissas
X1, X2, X3, crry Xy
and n corresponding ordinates

Y1, Yo, Y3, ey Yn

and so we are given n different points

(-xli yl)a (-xz’ y2)s (x33 }’a): ] (-xm yn)

We are required to find a function f(x) the values of which at the given
abscissas are the corresponding ordinates:

.f(xl) = Y1, f(xz) = Yo, f(xa) =Dz .. f(xn) = Yn

In other words, we are required to find a curve, with the equation
¥y = f(x), that passes through the n given points; see Fig. 4.1. This is
the problem of interpolation. Let us explore the background of this
problem; such exploration may increase our interest in it and so our
chances to solve it.

(2) The problem of interpolation may arise whenever we consider a
quantity y depending on another quantity x. Let us take a more concrete
case: let x be the temperature and y the length of a homogeneous rod, kept
under constant pressure. To each temperature x there corresponds a cer-
tain length y of the rod; this is what we express by saying that y depends

99
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x1 x2 x3 Xn Fig. 4.1. Interpolation.

on x, or y is a function of x, or by writing y = f(x). A physicist, in investi-
gating experimentally the dependence of y on x, subjects the rod to differ-
ent temperatures

X1, X2, Xa, ceey Xy

and, by measuring the length of the rod at each of these temperatures, he
finds the values

Y15 Yo2s Vs cees On

respectively. The physicist, of course, would like to know the length y
also at some such temperature x as he has not yet had the opportunity to
observe. That is, the physicist wants to know, on the basis of his n obser-
vations, the function y = f(x) in its full extent, for the whole range of the
independent variable x—and so he poses the problem of interpolation.

(3) Let us remark parenthetically that the physicist’s problem is, in fact,
more complicated. His values x,, ,, X3, V2, . ., Xn, V, are not the “true
values” of the quantities measured but are affected by unavoidable errors
of measurement. Therefore, his curve need not pass through, it should
only pass close to, the given points.

Moreover, it is usual to distinguish two cases: the hitherto unobserved
abscissa x, to which the physicist wants to find the corresponding ordinate
», may lie in the interval between the extreme observed values (x; and x,
in Fig. 4.1) or it may lie outside this interval: in the first case it is customary
to speak of interpolation and in the latter of extrapolation. (It is usual to
regard interpolation as more reliable than extrapolation.)

Yet let us disregard this distinction and the other remarks of this sub-
section, for the time being; let us close the parenthesis and return to the
standpoint of the subsections (1) and (2).

(4) The problem posed in subsection (1) is utterly indeterminate: there
is an inexhaustible variety of curves passing through the » given points.
His n observations, by themselves, do not entitle the physicist to prefer one
of those curves to the others. If the physicist decides to draw a curve, he
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must have some reason for his choice outside his n observations—what
reason ?

Thus the problem of interpolation raises (and this adds a good deal to its
interest) a general question: What suggests, or what justifies, the transition
to a mathematical formulation from given observations and a given
mental background? This is a major philosophical question—yet, as it is
rather unlikely that major philosophical questions can be satisfactorily
answered, we turn to another aspect of the problem of interpolation.

(5) It would be natural to modify the problem stated in subsection (1)
by asking for the simplest curve passing through the n given points. This
modification, however, leaves the problem indeterminate, even vague,
since “‘simplicity”’ is hardly an objective quality: we may judge simplicity
according to our personal taste, standpoint, background, or mental habits.

Yet, in the case of our problem, we may give an interpretation to the
term “simple” that looks acceptable and leads to a determinate and useful
formulation. First, let us regard addition, subtraction, and multiplication
as the simplest computational operations. Then, let us regard such func-
tions as the simplest the values of which can be computed by the simplest
computational operations. Accepting both points, we have to regard the
polynomials as the simplest functions; a polynomial is of the form

o + ayx + azx® + -+ ag.x"

Its value can be computed by the three simplest computational operations
from the numerically given coefficients a,, a,,. .., a, and the value of the
independent variable x. If we assume that a, # 0, the degree of the
polynomial is n.

Finally, being given two polynomials of different degree, let us regard
the one with the lower degree as the simpler. If we accept this point too,
the problem of passing the simplest possible ctirve through » points
becomes a determinate problem, the problem of polynomial interpolation,
which we formulate as follows:

Being given n different numbers x,, x,, ..., x, and n further numbers
Y1s Vas- -« «» Y, find the polynomial f(x) of the lowest possible degree satisfying
the n conditions

f(xl)=y1’ f(x2)=y29 e f(xn)=yn

4.2. A special situation

If we see no other approach to the proposed problem, we may try to
vary the data. For instance, we may keep one given ordinate fixed and let
the others decrease; and so we may hit upon a special situation that looks
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more accessible. We need not touch the given abscissas, we accept any
n different numbers

X1, X2, Xg, cees Xp
but we choose a particularly simple system of ordinates:
0, 1, 0, ..., 0
respectively. (All given ordinates vanish, except the one corresponding
to the abscissa x,; see Fig. 4.2.)
There is an interesting piece of information: the polynomial assuming
these values vanishes at n — 1 given points, has the n — 1 different roots

X1, X3, Xa,. - ., Xn, and, therefore, it must be divisible by each of the follow-
ing n — 1 factors:

X — Xy, X — X3 X — X4 ..., X— X,
Therefore, it must be divisible by the product of these n — 1 factors, and

so it is at least of degree n — 1. If the polynomial attains this lowest
possible degree n — 1, it must be of the form

Jx) = C(x — x)(x — x3)(x — x0)...(x — x,)

where C is some constant.
Have we used all the data? There remains the ordinate corresponding
to the abscissa x, to be taken into account:

SOx2) = Clxz — x1)(xz — X3)(xz — Xg).. (X2 — X,) = 1
We compute C from this equation, substitute the value computed for C
in the expression of f(x), and find so
fx) = (x = x1) (x = x3) (x = xg) ... (x — x»)
(X2 — x1)(x2 — X3)(x2 — Xg)...(x2 — X,)

Obviously, this polynomial f(x) takes the required values for all given
abscissas. We have succeeded in solving the problem of polynomial
interpolation in a particular case, in a special situation.

4.3. Combining particular cases to solve the general case

We were lucky to spot such an especially accessible particular case. To

x3 x2 x3 Xn Fig. 4.2, A special situation.
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deserve our luck, we should try now to make good use of the solution
obtained.

By modifying a little the solution obtained, we can handle a slightly
more extended particular case: to the given abscissas

X1, Xz, Xa, cees Xy
we let correspond the ordinates
0’ Yo, 0’ BREY 0

respectively. We obtain the polynomial that assumes these values by
multiplying the expression obtained in sect. 4.2 by an obvious factor:

Va (x — )fl)(x = X)X — X4). . (x — x,)
(x2 — x1)(xX2 — X3) (X2 — X4). . .(x2 — X,)

In this expression, the abscissa x, plays a special role, distinct from the
common role that falls to the other abscissas. Yet there is no peculiar
virtue in the abscissa x,: we can let any other given abscissa play that
special role. And so, if to the abscissas

X1, X2, Xg, cees Xy

we let correspond the values displayed on any one of the n following lines

Y1, 0’ 0, LR 0
0’ }’z, 0, > 0
0’ 0’ }’aa ’ 0
0, 0 O ey Vn

we can write down an expression for the polynomial of degree n — 1 that
assumes the values on that line at the corresponding abscissas.

We have here outlined the solution in n different particular cases of our
problem. Can you combine them so as to obtain the solution of the
general case from the combination? Of course, you can, by adding the

n expressions outlined:

Sx) =y

(x = X)(x — Xa)(x — X4)...(x = X)

(x1 — x2)(x1 — X3)(x; — x¢). .. (X1 — Xp)

+ (x — x))(x — x3)(x — x4)...(x = x,)
Y2 Gty = x1)(xs — %)Xz — Xa). (X2 — %n)
+ (x — x))(x — x2)(x — Xg)...(x — Xp)
Y3 s = x)(a — X2)(Xa — Xa)- (X2 — %)
(x — x)(x — X x — x3). . (x — Xn—1)
I Gy = X0 0m — X0)(n = K)o (Hy — a2
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is a polynomial, of degree not exceeding n — 1, that satisfies the condition
Sx) =y for i=1,2,3,...,n

as we can see at a glance if we realize the structure of its expression.
(Are there any questions ?)

4.4. The pattern

The foregoing solution of the interpolation problem, which is due to
Lagrange, has a highly suggestive general plan. Have you seen it before ?

(1) The reader is probably familiar with, and by the foregoing may be
reminded of, the usual proof of a well-known theorem of plane geometry:
“The angle at the center of a circle is double the angle at the circumference
on the same base, that is, on the same arc.” (The arc is emphasized by a
double line in Figs. 4.3 and 4.4.) The proof is based on two remarks, and
proceeds in two steps; cf. Euclid III 20.

(2) There is a more accessible special situation: If one of the sides of the
angle at the circumference is a diameter, see Fig. 4.3, the angle at the center
o is obviously the sum of two angles of an isosceles triangle; these two
angles are equal to each other, and one of them is the angle at the circum-
ference, 8. This proves the desired equation

a =28
for the special situation of Fig. 4.3.

(3) Now, we have no more the special situation of Fig. 4.3 before us.
We can, however, draw a diameter (dotted line in Fig. 4.4) through the
vertex of the angle at the circumference, and then the special situation
arises twice in the figure. Let the equations

o =28, o« =2

/ Fig. 4.3. A special situation.
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Fig. 4.4. The general case.

e

refer to these special situations (see Fig. 4.3). These equations are
firmly established by the considerations of subsection (2). The angles «
and B, at the center and at the circumference, respectively, with which the
desired theorem deals, can be exhibited as sum or as difference, according
as we have one or the other case represented by Fig. 4.4 before us:

a=o +d, =P +F o a=d-d, f=f —f

Now, by adding and subtracting our two already established equations,
we obtain

o« + o =28 +8), o —a =2p -B)
respectively, and this proves the desired theorem
=28
in full generality.

(4) Now, let us compare the two problems discussed in this chapter:
the problem to find, from algebra, treated in sects. 4.1, 4.2, and 4.3; and
the problem to prove, from plane geometry, treated in subsections (1),
(2), and (3) of the present section. Although these problems differ in
several respects, their solutions show the same pattern. In both examples,
the result was attained in two steps.

First, we were lucky enough to spot a particularly accessible case, a
special situation, and gave a solution well adapted, but restricted, to this
special situation; see sect. 4.2 and subsection (2), Fig. 4.2 and Fig. 4.3.

Then, by combining particular cases to which the restricted solution is
applicable, we obtained the full, unrestricted solution, applicable to the
general case; see sect. 4.3 and subsection (3).
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Let us introduce two terms which underline certain features of this
pattern.

The first step deals with a particular case which is not only especially
accessible, but also especially useful; we can appropriately call it a leading
particular case: it leads the way to the general solution.?

The second step combines particular cases by a specific algebraic opera-
tion. In sect. 4.3, n particular solutions, after being multiplied by given
constants, are added to form the general solution. In subsection (3),
we add and subtract equations dealing with the special situation to obtain
the general proof. Let us call the algebraic operation employed in sect.
4.3 [there is more generality there than in subsection (3)] linear combination
or superposition. (More about this concept in ex. 4.11.)

We may use the terms introduced to outline our pattern: Starting from a
leading special situation we attain the general solution by superposition of
particular cases.

Other comments and more examples may enable the reader to fill in this
outline. He may even burst this outline and enlarge the scope of the
pattern.

Examples and Comments on Chapter 4
First Part

4.1. In proving the expression Bh/3 for the volume of a pyramid (B is the
base, h the height) we may regard the case of the tetrahedron (which is a pyra-
mid with triangular base) as leading particular case and use superposition.
How?

4.2, If f(x) is a polynomial of degree k, there exists a polynomial F(x) of
degree k + 1suchthat,forn=1,2,3,...,

S+ +fB3) +---+ f(m) = F(n)

In proving this theorem, we may regard the result of ex. 3.3 as leading
particular case and use superposition. How?

4.3. (Continued) There is, however, another way: we may regard the result
of ex. 3.34 as leading particular case and give so, by using superposition, a
different proof. How?

4.4. Being given the coefficients ao, a1, as, . . ., ax, find numbers by, by, b, . . .,
b, such that the equation

aox"+a1x"'1+~--+ ak=bo(z) +bl(ki ]) 4+ 4 bk(g)

holds identically in x (notation of ex. 3.65).
Show that this problem has just one solution.

! MPR, vol. 1, p. 24, ex. 7, 8, 9.
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4.5. By applying the method of ex. 4.3, give a new derivation for the
expression of S; obtained in sect. 3.3.

4.6. By applying the result of ex. 4.3 (the theorem stated in ex. 4.2) give a
new derivation for the expression of S; obtained in sect. 3.3.

4.7. What does ex. 4.3 yield for the problem of ex. 3.3?

4.8. A question on sect. 4.1: What about the particular case n = 2?7 When
just two points are given, it would be natural to say that the simplest line pass-
ing through them is the straight line, which is uniquely determined. Is this in
agreement with the standpoint at which we eventually arrived in sect. 4.1(5)?

4.9. A question on sect. 4.2: What about the particular case in which
»=0 for i=12,... n
that is, all the given ordinates vanish?

4.10. A question on sect. 4.3: Does the polynomial f(x) obtained satisfy all
clauses of the condition? Is its degree the lowest possible ?

4.11. Linear combination or superposition. Let
V], V2’ V3’ tt Vn

be n mathematical objects of some clearly stated nature (belonging to some
clearly defined set) such that their linear combination

C1V1 + Csz + C3V3 +---+ CnV"

formed with any #» numbers
C1, Ca, C3, oy Cn

is of the same nature (belongs to the same set).
Here are two examples.

(@ Vi, Vi, Vs,..., V, are polynomials of degree not exceeding a certain
given number d; their linear combination is again a polynomial of degree not
exceeding d.

) Vi, Vi, Vs,..., V, are vectors parallel to a given plane; their linear
combination (addition means here vector-addition) is again a vector parallel
to the given plane.

Example (@) plays a role in sect. 4.3. With regard to sect. 4.4(3) let us ob-
serve that addition and subtraction are special cases of linear combination
(n=2;¢c, =c,=1and ¢; = —c, = 1, respectively).

Example (b) is suggestive; such objects as can be linearly combined subject
to the ‘“‘usual” laws of algebra are called “vectors,” and their set is called a
“‘vector-space,” in abstract algebra.

Linear combinations (vector-spaces) play a role in several advanced branches
of mathematics. We can consider here only a few not too advanced examples
(ex. 4.12, 4.13, 4.14, and 4.15).
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We use here the two terms ““linear combination’ and “‘superposition” in the
same meaning, but we use the latter term more often. The term *‘super-
position” is often employed in physics (especially in wave theory). We take
here just one example from physics, ex. 4.16, which is simple enough for us and
important in several respects.

14.12. Homogeneous linear differential equations with constant coefficients.
Such an equation is of the form

VP +ay® P+t any + ay =0

ai, as,. . ., a, are given numbers, called the coefficients of the equation; » is the
order of the equation; y is a function of the independent variable x; 3", »',.. .,
y™ denote, as usual, the successive derivatives of y. A function y satisfying
the equation is called a solution, or an ““integral.”

(a) Show that a linear combination of solutions is a solution.
(b) Show that there is a particular solution of the special form
y=eé?

where r is an appropriately chosen number.
(¢) Combine particular solutions of such special form to obtain a solution
as general as possible.

14.13. Find a function y satisfying the differential equation

yo=-y
and the initial conditions
y=1 » =0 for x=0

4.14. Homogeneous linear difference equations with constant coefficients.
Such an equation is of the form

Vian + @Q1Yean-1 + o+ QuoaYesr + @y = 0

ai, as,. . ., Q, are given numbers, called the coefficients of the equation; n is the
order of the equation; an infinite sequence of numbers

Yos Y15 V23 e os Viese o«

which satisfies the equation for k = 0, 1, 2,.. . is called a solution.

(We may regard y; as a function of the independent variable x defined for
non-negative integral values of x. On the other hand, we may regard the
proposed equation as a recursion formula, that is, a uniform rule by virtue
of which we can compute any term y., of the sequence from n foregoing
termS Ve sn—1, Vi+n—25+ - s Yo—OF Vi f1OM ye_1, Y2, . 15 Yie=n-)

(a) Show that a linear combination of solutions is a solution.

(b) Show that there is a particular solution of the special form

Ve = 1r¥

where r is an appropriately chosen number.
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(¢) Combine particular solutions of such special form to obtain a solution
as general as possible.

4.15. The sequence of Fibonacci numbers
0,1,1,2,3,5,8, 13,...
is defined by the difference equation (recursion formula)

Yie = Yk-1 + V-2
valid for k = 2, 3, 4,... and the initial conditions

Yo=0, y1=1
Express y, in terms of k.

4.16. Superposition of motions. Galileo, having found the law of falling
bodies and the law of inertia, combined these laws to discover the trajectory
of (the curve described by) a projectile. The reader who realizes how much
he is helped by modern notation may relive, in a fashion, this discovery of
Galileo.

Let x and y denote rectangular coordinates in a vertical plane; the x axis is
horizontal, the y axis points upward. A projectile (a material point devoid of
friction) moves in this plane starting from the origin at the instant ¢t = 0;
t is the time. The initial velocity of the projectile is v, its initial direction
includes the angle « with the positive x axis. With the actual motion of the
projectile, we may associate three virtual motions, starting from the same point
at the same time.

(@) A heavy material point, starting from rest and falling freely, has, at the
time ¢, the coordinates

x1=0, y1=-—-%g

(b) A material point free from gravity, which has received the vertical com-
ponent v sin « of the initial velocity, has, at the time ¢, by virtue of the law of
inertia, the coordinates

Xo = 0, Ya = tvsin o

(¢) A material point, free from gravity, which has received the horizontal
component of the initial velocity, has, at the time ¢, by virtue of the law of
inertia, the coordinates

X3 = v COS «, y3=0

If the actual motion is compounded from these three virtual motions accord-
ing to the “simplest’’ assumption, what is its trajectory ?

Second Part

Opportunity is offered to the reader to participate in an investigation,
important phases of which are indicated by ex. 4.17 and ex. 4.24.

4.17. The multiplicity of approaches. In a tetrahedron two opposite edges
have the same length a, they are perpendicular to each other, and each is
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perpendicular to the line of length b that joins their midpoints. Find the
volume of the tetrahedron.

There are several different approaches to this problem. The reader who
needs help may look at some, or all, of the following ex. 4.18-23. If he wishes
to visualize the spatial relations involved, he may look for a simple orthogonal
projection, or for a simple cross-section.

4.18. What is the unknown? The unknown in ex. 4.17 is the volume of a
tetrahedron.

How can you find this kind of unknown? The volume of a tetrahedron can
be computed if its base and height are given—but neither of these two quan-
tities is given in ex. 4.17.

Well, what is the unknown ?

4.19. (Continued) You need the area of a triangle—how can you find this
kind of unknown? The area of a triangle can be computed if its base and
height are given—but only one of these two quantities is given for the triangle
that forms the base of the tetrahedron of ex. 4.17.

You need the length of a line—how can you find this kind of unknown?
The usual thing is to compute the length of a line from some triangle—but, in
the figure, there is no triangle in which the height of the tetrahedron of ex. 4.17
would be contained.

In fact, there is no such triangle; but could you introduce one? At any rate,
introduce suitable notation and collect whatever you have.

4.20. Here is a problem related to yours and solved before: *“The volume of a
tetrahedron can be computed if its base and height are given.” You cannot
apply this to ex. 4.17 immediately, because the base and height of that tetra-
hedron are not given. There may be, however, other, more accessible tetra-
hedra around.

4.21. (Continued) And there may be more accessible tetrahedra within.

4.22, More knowledge may help. Ex. 4.17 is easy for you, if you know the
prismoidal formula.

A prismoid is a polyhedron. Two faces of the prismoid, called the lower base
and the upper base, are parallel to each other; all the other faces are lateral
Jaces. The prismoid has three kinds of edges: edges surrounding the lower
base, edges surrounding the upper base, and lareral edges. Any lateral edge
of the prismoid (this is an important part of its definition) joins a vertex of the
lower base to a vertex of the upper base. A prism is a special prismoid.

The distance between the two bases is the height of the prismoid. A plane
that is parallel to, and equidistant from, the two bases, the lower and the upper,
intersects the prismoid in a polygon called the midsection.

Let V stand for the volume of the prismoid, # for the height,

L, M, and N
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for the areas of its lower base, its midsection, and its upper base, respectively.
Then (this expression for V is called the prismoidal formula)

(L + 4M + N)h
V= —
Apply it to ex. 4.17.

4.23. Perhaps you have abandoned the path to the solution of ex. 4.17
that starts from ex. 4.18 and leads through ex. 4.19, but attained the result
following some other route. If so, look at the result, return to the abandoned
path, and follow it to the end.

4.24. The prismoidal formula. Study all sides of the question, consider it
under various aspects, turn it over and over in your mind—we did so, look at
Fig. 4.5. Having found four different derivations for the same result, we
should be able to profit from their comparison.?

Out of our four derivations, three do not use the prismoidal formula, but
one does (ex. 4.22). Hence, for that particular case of the prismoidal formula
that intervenes in the problem treated, we have in fact, implicitly at least, three
different proofs. Could we render one of these proofs explicit and extend it
so that it proves that formula not only in a particular case, but generally ?

On the face of it, which one of the three derivations in question (ex. 4.20,
ex. 4.21, and ex. 4.18, 4.19, 4.23) appears to have the best chances?

4.25. Verify the prismoidal formula for the prism (which is a very special
prismoid).

4.26. Verify the prismoidal formula for the pyramid (which, in anappropriate
position, can be regarded as a prismoid—a degenerate, or limiting, case of a
prismoid if you prefer, with an upper base shrunken into a point).

4.27. In generalizing the situation that underlies the solution of ex. 4.20, we
consider a prismoid P split into » prismoids Py, P,,.. ., P, which are nonover-
lapping and fill P completely, their lower bases fill the lower base of P, their
upper bases the upper base of P. (In the case of ex. 4.20, Fig. 4.5b, P is a
prism with a square base, n = 5, Py, P,, P;, and P, are congruent tetrahedra,

a

Fig. 4.5. Turn it over and over, consider it under various aspects, study all sides.

2 In this, we follow Leibnitz’s opinion; see the quotation preceding ex. 3.31.
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Ps another tetrahedron.) Show: If the prismoidal formula is valid for »
prismoids out of the » + 1 considered, it is necessarily valid also for the
remaining one.

4.28. In generalizing the situation that underlies the solution of ex. 4.22,
Fig. 4.5d, we let I and n denote opposite edges of a tetrahedron (/ lower,
n upper). Pass a plane through / parallel to », and another plane through n
parallel to /; let & denote the distance of these two (parallel) planes. The
tetrahedron can be regarded as a prismoid (a degenerate prismoid, if you pre-
fer) of which the edges / and » are the bases, the lower and the upper, respec-
tively, and A the height. (The midsection is a parallelogram.)

Verify the prismoidal formula for this kind of prismoid.

4.29. Prove the prismoidal formula generally (by superposition of particular
cases treated previously).

4.30. No chain is stronger than its weakest link. Reexamine the solution of
ex. 4.28.

4.31. Recxamine the solution of ex. 4.29.

14.32. Simpson’s rule. Let f(x) be a function defined (and continuous) in
the interval

a<x=a+h

put J-“h Sdx =1

a

f@) =L, f(a+g)=M, fla+h) =N

Then, under certain conditions which we intend to explore,

_L+4M+ N
- Lt

this expression for I is called Simpson’s rule.
Let n denote a non-negative integer, take

flx) = x", a= -1, h=2

and determine those values of # for which the expression of the integral I by
Simpson’s rule is valid.

I h

(Even when Simpson’s rule is not exactly valid, it may be “approximately
valid,” that is, the difference between the two sides may be relatively small.
This is frequently the case, and hence Simpson’s rule is important for the
approximate evaluation of integrals.)

14.33. Prove that Simpson’s rule is valid for any polynomial of degree not
exceeding 3, provided that a = —1 and & = 2.

14.34. Prove that Simpson’s rule is valid for any polynomial of degree not
exceeding 3 and unrestricted a and A.
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14.35. Derive the prismoidal formula from ex. 4.34, using solid analytic
geometry and integral calculus. (“To appreciate the easy way do it first the
hard way,” said the traditional mathematics professor.)

4.36. Widening the scope. In solving some of the foregoing problems we
actually went beyond the outline of the pattern of superposition formulated
in sect. 4.4(4). We have, in fact, attained the general solution by superposing
more accessible particular cases, but these particular cases were not all of the
same type, they did not all belong to the same special situation. (In the solu-
tion of ex. 4.29, some of the superposed solids are pyramids, treated in ex. 4.26,
others are tetrahedra in a special position, treated in ex. 4.28. Also in the
solution of ex. 4.33, we superpose cases of different nature.) Essentially, we
deviated from the formulation of sect. 4.4(4) in just one point: we did not start
from one leading special situation, but from several such situations. Let us,
therefore, enlarge the outline of our pattern: Srarting from a leading special
situation, or from several such situations, we attain the general solution by
superposition of particular cases.

The pattern of superposition points out a path from a leading special case
(or from a few such cases) to the general case. There is a very different con-
necting path between the same endpoints with which the ambitious problem-
solver should be equally acquainted: it is often possible to reduce the general
case to a leading special case by an appropriate transformation. (The general
case of ex. 4.34 is reduced to the special case of ex. 4.33 by a transformation of
the variable of integration.) For a suggestive discussion of this topic see
J. Hadamard, Legons de géométrie élémentaire. Géométrie plane, 1898,
Méthodes de transformation, pp. 272-278.






PART TWO

TOWARD A GENERAL
METHOD

Human wisdom remains always one and the same
although applied to the most diverse objects and it is
no more changed by their diversity than the sunshine
is changed by the variety of objects

which it illuminates.

DESCARTES: Rule I, Fuwvres, vol. X, p. 360.






CHAPTER 5

PROBLEMS

The solution of problems is the most characteristic and
peculiar sort of voluntary thinking.
WILLIAM JAMES

5.1. What is a problem?

In what follows, the word “problem’ will be taken in a very compre-
hensive meaning. Our first task is to outline this meaning.

Getting food is usually no problem in modern life. If I get hungry
at home, I grab something in the refrigerator, and I go to a coffeeshop or
some other shop if I am in town. It is a different matter, however, when
the refrigerator is empty or I happen to be in town without money; in such
a case, getting food becomes a problem. In general, a desire may or may
not lead to a problem. If the desire brings to my mind immediately,
without any difficulty, some obvious action that is likely to attain the
desired object, there is no problem. If, however, no such action occurs
to me, there is a problem. Thus, to have a problem means: fo search
consciously for some action appropriate to attain a clearly conceived, but not
immediately attainable, aim. To solve a problem means to find such action.

A problem is a“great”problem if it is very difficult, it is just a*little”
problem if it is just a little difficult. Yet some degree of difficulty belongs
to the very notion of a problem: where there is no difficulty, there is no
problem.

A typical problem is to find the way to a preassigned spot in some little
known region. We can easily imagine how serious this problem was for
our primitive ancestors who dwelt in a primeval forest. This may or may
not be the reason that the solution of any problem appears to us somehow
as finding a way: a way out of a difficulty, a way around an obstacle.

The greater part of our conscious thinking is concerned with problems.
When we do not indulge in mere musing or daydreaming, our thoughts
are directed towards some end, we seek ways and means to that end, we
try to think of some course following which we could attain our aim.

117
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Solving problems is the specific achievement of intelligence, and intelli-
gence is the specific gift of man. The ability to go round an obstacle, to
undertake an indirect course where no direct course presents itself, raises
the clever animal above the dull one, raises man far above the most clever
animals, and men of talent above their fellow men.

Nothing is more interesting for us humans than human activity. The
most characteristically human activity is solving problems, thinking for a
purpose, devising means to some desired end. Our aim is to under-
stand this activity—it seems to me that! this aim deserves a good deal of
interest.

In the foregoing, we have studied elementary mathematical problems, in
grouping together problems accessible to the same method of solution.
We have acquired so a certain experimental basis and, from this basis,
we shall now try to ascend to higher generality, attempting to embrace, as
far as possible, also nonmathematical problems. To aim at a general
method applicable to all sorts of problems may seem too ambitious, but
it is quite natural: although the variety of problems we may face is infinite,
each of us has just one head to solve them, and so we naturally desire just
one method to solve them.

5.2. Classification of problems

A student is taking a written examination in mathematics; he is just an
average student, but he did some work to prepare himself for this exami-
nation. After having read a proposed problem, he may ask himself:
“What kind of problem is this?” In fact, it could be to his advantage to
ask this question: if he can classify his problem, recognize its type, place it
in such and such a chapter of his textbook, he has made some progress:
he may now recall the method he has learned for solving this type of
problem.

The same holds, in a sense, for all levels of problem solving. The
question “What kind of problem is this ?”’ leads to the next question “What
can be done about this kind of problem?”’ and these questions may be
asked with profit even in quite advanced research.

And so it may be useful to classify problems, to distinguish problems of
various types. A good classification should introduce such types that the
type of problem may suggest the type of solution.

We shall not enter now upon a detailed, or attempt a perfect, classifica-
tion. In interpreting with some latitude a tradition which goes back to
Euclid and his commentators, we just wish to characterize two very general
types of problems.

Euclid’s Elements contain axioms, definitions, and ‘“propositions.”
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His commentators and some of his translators distinguish two kinds of
“propositions™: the aim of the first kind (the Latin name is “problema’)
is to construct a figure, the aim of the second kind (the Latin name is
“theorema’) is to prove a theorem. In extending this distinction, we shall
consider two kinds of problems, problems “to find”’ and problems “to
prove.” The aim of a problem to find is to find (construct, produce, obtain,
identify,. . .) a certain object, the unknown of the problem. The aim of a
problem to prove is to decide whether a certain assertion is true or false,
to prove it or disprove it.

For instance, when you ask “What did he say 7’ you pose a problem to
find. Yet, when you ask “Did he say that?”’ you pose a problem to prove.

For more details about these two kinds of problems see the next two
sections.

5.3. Problems to find

The aim of a “problem to find” is to find a certain object, the unknown
of the problem, satisfying the condition of the problem which relates the
unknown to the data of the problem. Let us consider two examples.

“Being given two line-segments a and b, and the angle y, construct the
parallelogram of which the given line-segments are adjacent sides including
the angle y.”

“Being given two line-segments a and b, and the angle y, construct the
parallelogram of which the given line-segments are the diagonals including
the angle y.”

In both problems, the data are the same: the line-segments a and b, and
the angle y. In both problems, the unknown is a parallelogram and so
our problems are not a priori distinguishable by the nature of the unknown.
What makes a difference between our two problems is the condition, the
required relation between the unknown and the data: of course, the rela-
tion of the parallelogram to its sides differs from its relation to its diagonals.

The unknown may be of every imaginable category. In a problem of
geometric construction the unknown is a figure, for instance a triangle.
When we are solving an algebraic equation, our unknown is a number, a
root of that equation. When we ask “What did he say?”’ the unknown
may be a word, or a sequence of words, a sentence, or a sequence of sen-
tences, a speech. A problem clearly stated must specify the category (the
set) to which the unknown belongs; we have to know from the start what
kind of unknown we are supposed to find: a triangle, or a number, or a
word, or. ...

A problem clearly stated must specify the condition that the unknown
has to satisfy. In the set of objects specified by the problem to which the
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unknown must belong, there is the subset of those objects that satisfy the
condition, and any object belonging to this subset is called a solution.
This subset may contain just one object: then the solution is unique. This
subset may be empty: then there is no solution. (For remarks on the
term “solution” see ex. 5.13.) We observe here that a problem to find
can be taken in various meanings. Taken in a strict sense, the problem
demands to find (produce, construct, identify, list, characterize,...) af/
the solutions (the entire subset mentioned above). Taken in a less strict
sense, the problem may ask for just one (any one) solution, or some
solutions. Sometimes it is enough to decide the existence of a solution,
that is, to decide whether the set of solutions is empty or not. It is usual
to take mathematical problems in the strict sense unless the contrary is
explicitly stated, but for many practical problems the “strict sense” would
make little sense.

When we deal with mathematical problems (unless the context hints the
contrary) we shall use the phrase “the data” to denote all the given
(known, granted, . . .) objects (or their full set) connected with the unknown
by the condition. If the problem is to construct a triangle from its sides
a, b, and ¢, the data are the three line-segments a, b,and ¢. If the problem
is to solve the quadratic equation

X +ax+b=0

the data are the two given numbers a and . A problem may have just
one datum, or no data at all. Here is an example: “Find the ratio of the
area of a circle to the area of a circumscribed square.” The required
ratio is independent of the size of the figure and so it is unnecessary to give
the length of the radius or some other datum of this kind.

We shall call the unknown, the condition, and the data the principal
parts of a problem to find. In fact, we can not reasonably hope to solve a
problem that we do not understand. Yet, to understand a problem, we
should know, and know very well, what is the unknown, what are the data,
and what is the condition. And so it is advisable when we are working
at a problem to pay especial attention to its principal parts.

5.4. Problems to prove

There is a rumor that, on a certain occasion, Secretary Soandso used an
extremely crude expression (which we shall not reproduce here) in referring
to Congressman Un Tel. It is just a rumor to which considerable doubt
is attached. Yet the question “Did he say that?’ has agitated many
persons, was debated in the press, mentioned in a congressional commit-
tee, and may reach the courts. Whoever takes the question seriously has a






