5. soutézni série

27.4.2026

Uloha 1. Hodme n krat minci a zapi$me vysledek ve tvaru 101...011.
Ozna¢me P(n) pravdépodobnost, ze délky vSech maximalnich kon-
stantnich podfetézcti vysledku maji stejnou paritu jako n. Ukazte, ze
pro n sudé je P(n) = 27"/2 a pro n liché je P(n) = 2'""F,, kde F, je
n-té Fibonacciho ¢islo. (10 bodu)

Uloha 2. Naleznéte viechny polynomy p s realnymi koeficienty takové,
ze p(p(z)) = (2® + z + 1)p(z) pro kazdé z. (10 bodu)

Uloha 3. Bud Z% mnozina mi{Zovjch bodt v R? a pro A C Z% oznaéme
D(A) ={||z — y|| : z,y € A} mnozinu vzdéalenosti mnoziny A. Ukazte,
Ze

(a) Z? 1ze rozdélit na dvé podmnoziny A, B takové, ze D(A) #
D(Z%) a D(B) # D(Z%).

(b) Pokud AUB = Z% a AN B # 0, pak D(A) = D(Z%) nebo
D(B) = D(Z4). (10 bodit)

Uloha 4. Necht f: R — R je funkce spojitd v nule a necht X, x jsou
navzajem rizna kladna redlna cisla. Ukazte, ze limita

o £00) = f(ua)

z—0 T

existuje pravé tehdy, kdyz f je diferencovatelnd v nule. (10 bodu)
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Problem 1. Let us toss a coin n times and record the result in the
form 101...011. Let P(n) denote the probability that the lengths of
all maximal constant substrings of the result have the same parity as
n. Show that for even n, P(n) = 27"/2, and for odd n, P(n) = 2'""F,,
where F), is the n-th Fibonacci number. (10 points)

Problem 2. Find all polynomials p with real coefficients such that
p(p(x)) = (22 + x + 1)p(z) for every . (10 points)

Problem 3. Let Z% be the set of lattice points in R, and for A C Z¢,
let D(A) = {||lx — y|| : z,y € A} denote the set of distances of the set
A. Show that:

(a) Z% can be partitioned into two subsets A, B such that D(A) #
D(Z%) and D(B) # D(Z4).

(b) If AUB =Z%and AN B # (), then D(A) = D(Z%) or D(B) =
D(Z%). (10 points)

Problem 4. Let f : R — R be a function continuous at zero, and let
A, 1 be distinct positive real numbers. Show that the limit

o £00) = f(ua)

z—0 T

exists if and only if f is differentiable at zero. (10 points)
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