4. soutéznil série

31.3.2025
Uloha 1. Diferencovatelné funkce fi, ..., f, : R — R jsou linearné
nezéavislé. Dokazte, ze mezi f{, ..., f je n — 1 linedrné nezavislych
funkci. (5 bodt)

Uloha 2. Bud S = n{,no, ..., n; koneéna posloupnost kladnjch celjch
¢isel se souctem n. Predpokladejme, ze n < 2k. Ukazte, ze pro kazdé q,
1 < g < n, existuje podposloupnost S (ne nutné souvisla) se souc¢tem gq.

(10 bodit)

Uloha 3. Dokazte, Ze pro nekone¢né mnoho piirozenych ¢isel m je

- 2m2<2m+1>

liché celé ¢islo. (10 bodu)

Uloha 4. Najdéte nejmensi k takové, Ze kazdd k-prvkovd mnoZina
piimek v R? obsahuje 3 po dvou rovnobézné pfimky nebo 3 po dvou
riznobézné piimky, nebo 3 po dvou mimobézné primky. (15 bodi)
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Problem 1. Differentiable functions fi, ..., fn : R — R are linearly
independent. Prove that there are n — 1 linearly independent functions

among fi, ..., fI. (5 points)

Problem 2. Let S = nq,ns,...,n; be a finite sequence of positive
integers with sum n. Suppose that n < 2k. Show that for all ¢ with
1 < g < n, there is a subsequence of S (not necessarily connected) with

sum gq. (10 points)
Problem 3. Prove that there are infinitely many positive integers m
such that .
1 2m+ 1\ .
— 3
s (M)
k=0

is an odd integer. (10 points)

Problem 4. Find the minimal k such that every set of £ different lines
in R3 contains either 3 mutually parallel lines or 3 mutually intersecting
lines or 3 mutually skew lines. (15 points)

web: http://karlin.mff.cuni.cz/resitel



