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PLASMA

Simple definition:
a quasi-neutral gas of charged particles showing collective behaviour.

Quasi-neutrality: number densities of electrons, n,, and ions, n; , with charge state Z are locally

balanced: n,= Zn,

Collective behaviour: long range of Coulomb potential (1/r ) leads to nonlocal influence of

disturbances in equilibrium.

Macroscopic fields usually dominate over microscopic
fluctuations, e.g.:

p=e(Zn —ng) = V.E = p/eg

Plasma Shielding



Debye Sh |e|d | ng For equal ion and electron temperatures (T, = T;), we have:

1 . 1 3
Emevg — Em,—v,-g — EHETE (2)

Therefore,

. 1."'I 2 " 1_."r2
Vi _ (E) _ ( Me ) 1 (hydrogen, Z=A=1)

Ve \ Mj, Amy) 43

What is the potential ¢(r) of an ion (or positively charged
sphere) immersed in a plasma?

lons are almost stationary on electron timescale!
To a good approximation, we can often write:

n —~ n[l,

where the material (eg gas) number density, np = Napm/A.

M,/m,~1836



Debye 5'1]ejd]ng | The effect of potential — perturbing charge in a plasma are generally much

unperturbed

shorter- range than in vacuum because the charges in plasma tend to
distribute themselves so as to shield the plasma from the electric field the
perturbing charge generates.

The effect can be deduced readily from Poisson’s equation by assuming, for
example, that ions do not move but that electrons adopt a thermal equilibrium
distribution in which electron distribution is determined by the Boltzmann

factor: ne — noo exp(eV/k];)

n,, is electron density far from the perturbing charge where potential V is
talken as a zero. Poisson’s equation is:

ViV ="L-"Cm-n)= _—enw[l—eXp(i)]
g, & & kT,

e

If we suppose that eV<<kT, exponential term can be expressed by 1+eV/ kT,
and we obtain:
—e _—eV e el ¥V

V¥ = — — o 2 1/2
2 ol kT, : e w2 | Ao =&k en,)

Linear approximation just to understand problem, signs are roughly OK



Debye shielding 2

n,=n,exp(eV /kT,) vy =—L_"¢ (n,—n,) = _—enoo[l—exp(i)]
& & & kT,
eV<<KT,, exponential can be _ _
approximated by linear term=> ViV = —enoo[ eV] - ev_V

n, =—
& kT, & kT, A,

B 2 \1/2 )
Z’D _(gOk]—; /e noo) V) — V

_ﬁ—z 1

D

In one dimension the solution indicates exponential decrease of potential
=>» perturbing effect of a charge will tend to penetrate into the plasma only
to the distance of the order of the Debye length A,

Linear approximation just to understand problem
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Lexp(eV /kT) oy _V ~ \/ ~ expt —

3

=69,/—, TINnK,ninm

For laboratory plasma with T,=1eV and n,=10"cm= =»  A,=23um

n,=10%cm=3 =» “distance” between particles ~ 2um;

For plasma with T,=0.001eV (~10K) and n,=10%cm= = A =0.7um
n,=10%cm=3 =» “distance” between particles ~ 2um;

For plasma with T,=0.001eV (~10K) and n,.=10’cm= =»  A,=74pum



Potential of a Uniform Sphere of Charge

1 /\mﬂ\@/ —p
/E}\Q r*sin” E/Q\Q rar ot E}\Q

O’V 23V _—p
5+ —
ar” rar €p

2
VvV = El




DGJ/Q S '"\jldlnfr /] (not in SI!)

In spherical symmetry Poisson’s equation gives (not in SI!):

1 d° 4re’n,, A B
;E tVr} = kT V(r) @V = 7exp(—7”/ﬁDX) + 7exp(7’//1DX)
=(kT./ 4me’n)"”

Applying the boundary condition that as r tends to infinity V must tend to zero gives B=0,
V must tend to e/r as r tend to zero =>»

= < xp(—=r/A,y)

r

(not in SI):

=(g,kT. /e’n,)"”
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The solution indicates exponential decrease of potential
=>» perturbing effect of a charge will tend to penetrate into the plasma only
to the distance of the order of the Debay length Ay
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Just rewritten

Ked elektron vleti do plazmatu, zmeni sa v jeho okoli rozlozenie elektronov, Vlastne dojde k vytlaceniu elektronov - energia na
to potrebna je Ne¢ a ta je prave rovna ~ kinetickej energii castice, inak povedano plasma ma energiu nato, aby sa chovalo jak
sa chova.... Zaujimave je, ze pokial pokladame ionty za nehybne, tak na umiestnenie elektronu treba energiu a pri umiestneni

kladnej castice sa energia ziska...=» Pri ionizacii fotonom a vzniku + a — castice vlastne netreba ziadnu dodatocnu energiu. ..
TO VSETKO MOZE BYT PRESNE NA FAKTOR 1-3... ale urcitu predstavu dava...

Dalo by sa to chapat aj inak: ionizujem casticu a potom +a — vzdialim na vzdialenost . castice uz na seba neposobia ...
energia potrebna na separaciu bola e.e/ Ay vsetko samozrejme urobit v SI

| B N |

eoo



Jesie 7 e Stinéni v plazmé

e Ustanoveni debyovského
stinéni

Vypocet:

o(r) = (Z;elAney)/r . |, = 69\/f - TinK,ninm™
n

o.(v) = 2n/ b db at 1000K, n=4.8x10*m-3= 4.8x10° cm-3
;=1 mm =0.001m

at 10K, n=1x101%m-3= 1x104 cm3

|,~2 mm ~ 0.002m



Dalsi kroky

Te(eV)

m, electron Debye length.
Nne(m—3)

I'/q
4nA3, -
| Debye

""" shielding

br;.!:'ﬂ n T = |X _ Kf‘

Figure 1.1: Potential ¢; around a test particle of charge ¢; in a plasma and
Coulomb potential ¢cou, both as a function of radial distance from the test
particle. The shaded region represents the Debye shielding effect. The charac-
teristic distances are: Ap, Debye shielding distance: -n.e_lfg, mean electron sep-
aration distance; bSl. = ¢2/({4meo}T), classical distance of “closest approach”
where the e¢/T << 1 approximation breaks down.



Debye lengths

Electron Temperature in Kelvin
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Figure 1.1: Plasma parameters.




Temperatures
and energies
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Dalsi kroky



Debyeho stinici vzdalenost Debyeho stinici vzdalenost

Potencial kolem naboje v plazmé.

AY= - 1/e, €2Zn,

EVAYE
Ag= - 1/, (Z1ny + Z50y)

Uvazime-li, Ze koncentrace jednotlivych slozek plazmatu jsou dany
Maxwellovym-Boltzmannovym zakonem:

n=n,,e-2ie?kTj

Dostaneme:

Pro  Z.e¢<<kT;




Debyeho stinici vzdalenost
Debye-Huckel radius

Debyeho stinici vzdalenost.
Debyeovsky polomér

Ad= - eley {(Znyg + Z,Ny) —0(Z12€ Ny/KT | + Z,% e Nyo/KT, ) }

=0 = 1/1 2

A(I) — (I)/|d2 |2 goleTz

d ~ 2,72 2
c (Zl rl1OT2 + ZZ nZOTl)
Vzhledem k symetrii problému... kolem bodovéeho naboje.

Ur d2(rg)/dr2 = ¢/l 2

¢(r) = Ur(Cee + Ce™™)  4(inf)=0-> C,=0,

(I)(r) — (Zle/4’1t80)/r *e-r/Id | ~e-rld




Shriite, co se od tcastnikl o¢ekava — pochopit, co je plazma.

Debyeho stinici vzdalenost

d 62 (212 n10T2 -+ Zzznonl) For quasineutral plasma,

Nyo= Nyo= N/2= with T,=T, we obtain




Debyeho stinici vzdalenost Jiny pohled
|2 EO kT1T2

= 953 2 .
e (Z1 n10T2 -+ 22 nZOTl) For quasineutral plasma,

Nyo= Nyo= N/2= with T,=T, we obtain

je pocet Castic v ,,debayove sfére

The problem is that b, is for individual collision
|, 1s for many particles...

It is equivalent to condition ep<<kT



Pievod jednotek, plazmaticky parametr

kT~1leV = T=11600K
300K =»kT~25.8meV, 3/2kT=38.8meV

Plazmaticky parametr:; 1V ~8065.5cm

Idealni plazma --- potencialni energie Castic je << kineticka energie

U(r)<<kT
=ne®/(kT)3<<<1
r3~1/n

=plazmaticky parametr

debyeovo stinéni plati jenom tehdy, pokud

© 1.38x10°T 2

TVvK

N2

Debye-Hiuckel radius



Oscilace plazmatu
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Gausova veta

Langmuir, or plasma, frequency

Idwpz(ZT/me)%zthermal electron velocity



Introduction to Plasma Physics

B Gibbon
1.4 Plasma oscillations
So far we have considered characteristics, such as density and temperature, of a plasma in equilibrium.
We can also ask how fast the plasma will respond to an external disturbance, which could be due to
electromagnetic waves (e.g. a laser pulse) or particle beams. Consider a quasi-neutral plasma slab in
which an electron layer is displaced from its initial position by a distance 4§, as illustrated in Fig. 3. This
creates two ‘capacitor” plates with surface charge o = ten 4, resulting in an electric field

E_7 _ en A
£p £p
The electron layer is accelerated back towards the slab by this restoring force according to
du d's :

WEF = —M.—7 = —eF =
L8

~dt”

Electron plasma frequency

is the eleciron




This quantity can be obtained via another route by returning to the Debye sheath problem of
Section 1.1 and asking how guickly it would take the plasma to adjust to the insertion of the foreign
charge. For a plasma of temperature T, the response time to recover quasi-neutrality is just the ratio of
the Debye length to the thermal velocity vy, = +/kgT,/m,: that is,

)‘D EﬂkET‘e o m -1

172
3]3 e —_ = (—1— < ) =w, .
Vte £n, kpT, ®

Fig. 4: Response time to form a Debye sheath

If the plasma response time is shorter than the period of a external electromagnetic field (such as
a laser), then this radiation will be shielded out. To make this statement more quantitative, consider the

ratio

Plazmova frekvence elektront — charakteristicka frekvence oscilaci a vin v plazmatu, ktera souvisi s pohyby elektrond na pozadi
iontd. Vratnou silou je Coulombova elektricka sila vznikajici vychylenim souboru elektrond oproti souboru iontd. Tato frekvence zavisi

pfedevsim na koncentraci elektronda, wp:(neezfmeag)wz. Pod touto frekvenci se nemohou 5iTit Tadné elekiromagnetické viny. PTi nizSich
frekvencich totiZ energii viny pfebiraji oscilace elektront. Mé&fenim plazmové frekvence lze uréit koncentraci plazmatu.

Zpét Glosar




This quantity can be obtained via another route by returning to the Debye sheath problem of
Section 1.1 and asking how guickly it would take the plasma to adjust to the insertion of the foreign
charge. For a plasma of temperature T, the response time to recover quasi-neutrali just the ratio of
the Debye length to the thermal velocity vy, = +/kgT,/m,: that is,

Fig. 4: Response time to form a Debye sheath

If the plasma response time is shorter than the period of a external electromagnetic fi
a laser), then this radiation will be shielded our. To make this statement more guantitative,
ratio

a
V2

Critical density

Radiation with wavelength A = A, will be reflected. In the pre-satellite/cable era, this property was
exploited to good effect in the lmnam sion of long-wave radio signals, which ze5 reflection from the
ionosphere to extend the range of reception.

njets-havEF' + 1 bar and n, = 10
1

e a.nd we W’L“. need Ln Lunttder the plasrna ret-pnnse on Lhe interaction
time- suile Gener:ﬂlw this is the situation we seek toexploit in all kinds of plasma applications, including
short-wavelength radiation, nonlinear refractive properties, generation of high electric'magnetic fields
and, of course, particle acceleration.

(b)

IA,L

\T l-erdenr plasma, with p- showing mirror-like behaviour. (b) Underdense plasma, with w =
which behaves like a nonlinear refractive mediam




Plasma response time @-51 dictates type of interaction
with time-varying external fields - eg: laser

The critical density

To make this more quantitative, consider ratio:

Underdense plasma, w > wp: Overdense plasma, w < wp:
= slow plasma response = radiation shielded out wg €ne 22
= nonlinear refractive medium = mirror-like optics w?  gome 4m2c?

Setting this to unity defines the wavelength for which no, = nc, or

Critical density

ng ~10%' A2 cm™3 9)

above which radiation with wavelengths A > )\, will be reflected.
cf: radio waves from ionosphere.

Introduction Plasma optics Introduction Plasma optics

= |deal, thermal plasmas possess intrinsic length scale: A\p

s Characteristic timescale: wF—,‘

= Frequency ratio wp/wo determines nature of interaction:
- wp/wg < 1 — propagation
» wp/wo > 1 — reflection



Standard formulae
SI

MName Formula (SI1) Formula (cgs)
1

:
EUkBTﬂ) 3 ( kgTe ) ]
Debye length m cm
° ( E'Ena. ei’.rn'-;'Ef'l,El

o7 %2 4 4
N, = n.ﬂﬂij _1.38x107T7 Particles in Debye sphere n ?WA% n ?ﬂ-)ﬁﬂ
3

1 1
92 Mg z 1 "-1-7]'92 Mg z 1
Plasma frequency (electrons) s 5~

EpMg Mg

_ (zzezn,-)% 1 (Mrzﬂegn,-)% 1
Plasma frequency (ions) Wi 57 _ s~

Spm; my

1 1
kgTa™ 3 kgTa™ 3
Thermal velocity ( 5 Q) . ms ! ( 5 9)2 cms "

Mg mg

Electron gyrofrequency eB/mgs™ ! eB/mgs™ !

3 4 ! 4
w2 ngZe” InA | 4(2w)2ngZe” Inh |
s 5

Electron-ion collision frequency
1
27 (4mwep)2m2vy, ImE v,

aNp aNp

Coulomb-logarithm In In




Useful formulae

1
Plasmafrequency wpe = 5.64 x 10%*nZ s~

Critical density ne = 104272 ¢m—3

L
i1
Debye length Ap =743 T2n, % cm
Skin depth 8 =c/wp =5.31 x 10°n, 2 cm
Elektron-ion collision frequency v = 2.9 x 10~ %ne TE._:E InA s~
1

mp\ 2 —3
—F’) nT, 2InAs™!

lon-ion collision frequency vi = 4.8 x 107824 (
m;

mec  \ 1.37 x 10'8Wem—2m?

Relativistic focussing threshold P, = 17.5 (ﬁ) GW

Ne

, ' IN2 \ :
Quiver amplitude a = Posc _ (—L)

Tein eV, Ne, Ny incm—2, wavelength A; in pm




11. SOME BASIC PLASMA PHENOMENA 271

In the momentum equation we have assumed that the rate of momentum
loss from the electron gas due to collisions is negligible. Considering singly
charged ions, the charge density is given by

p(r,t) = —e[ng + n,(r,t)] + eng = —en,(r, t) (1.4)

where the ion density was considered to be constant and uniform, and
equal to ng (neglecting ion motion). Therefore,

Ve By = P iy (1.5)

€0 €0

Egs. (1.2), (1.3), and (1.5) constitute a complete set of equations to be
solved for the variables n/(r,t), u.(r,t), and E(r,t). Taking the divergence
of (1.3) and using (1.2) to substitute for V - u., we obtain

®nl(r,t) eng

ot? Me

V. E(r,t) =0 (1.6)

Combining (1.5) and (1.6) to eliminate V - E, yields

0nl(r,t)

oz + wf,en;(r,t) =0 (1.7)
where (mge?\ 1/2
_ npe
Wpe = (—mefo) (1.8)

is called the electron plasma frequency. Equation (1.7) shows that n,(r,t)
varies harmonically in time at the electron plasma frequency,

n,(r,t) = n,(r) exp (—iwpet) (1.9)

In fact, all first-order perturbations have a harmonic time variation
at the plasma frequency wp.. To justify this statement it is convenient to
start with the assumption that all first-order quantities vary harmonically
in time, as exp (—iwt). Egs. (1.2) and (1.3) become, in this case,

n;=—1n0V~ue (1.10)
w

(1.11)

272 FUNDAMENTALS OF PLASMA PHYSICS

which can be combined into

’ npe
=- V-E 1.12
Te w2m, ( )

Substituting this expression for n into (1.5), yields

W2,
(1— w2)v-E:0 (1.13)
which shows that a nontrivial solution requires w = wp.. Therefore, all the
perturbations vary harmonically in time at the electron plasma frequency.
Further, for all variables there is no change in phase from point to point,
implying the absence of wave propagation. The oscillations are therefore
stationary. Also, (1.11) shows that the electron velocity is in the same
direction as the electric field, so that these oscillations are longitudinal.

The electron plasma oscillations are also electrostatic in character.
In order to show this aspect of the oscillations, consider Maxwell curl
equations with a harmonic time variation,

V x E = wB (1.14)
V x B = po(J — iweoE) (1.15)
The electric current density is given by

. 2
J=—engu, = X g (1.16)

wme

where we have used (1.11) for u.. Therefore,
V x B = —iwpgeoer E (1.17)

where we have defined a relative permittivity by

2

5 (1.18)

w
e =1-—

For the electron plasma oscillations we have w = wpe, so that €, = 0, and
(1.17) reduces to
VxB=0 (1.19)

Since the curl of the gradient of any scalar function vanishes identically,




Vlastni oscilace a srazky

Podminka idealnosti plazmatu

ZD-p /wcollision > 1

Many types of collisions .....

z-collision

~1/w

collision



[y = ;L(@:m_}) GHz

=ne®/(kT)3<<<1

n

1 Basics of Plasma Physics

redativistic

o —— ;
.i‘__kﬂl' =m,

I 1
‘ 10%° 10°° 10%° 10% n (m™)

L L L

| T T | | | | T |
1'% 102 10" 10" 10'® f . (Hz)

Fig. 1.4. Lines of constant Debye length Ap and plasma parameter Np, respec-
tively, in the diagram of typical plasmas




Zvlastnosti coulombovského rozptylu Coulombovsky rozptyl

Zaklady klasické a kvantove fyziky plazmatu
,» Velky Kracik*

J Kracik, B. Sestak a L. Aubrecht

Academia Praha 1974

Coulombovsky logaritmus

kde suma pfes i zna¥i se¥itani pfes viechny Sastice svazku. Vyraz ) (dg./d?) je mozno
@

celkem snadno uréit: fyzikalng toti¥ znamen4 zménu relativni rychlosti svazku &4stic
za jednotku &asu, nebo — coZ je toté — zmény relativni rychlosti jedné &astice svazku
vlivem srdZky, vynasobenou pottem srifek za jednotku &asu (pfedpoklédime, ¥e
interakei svazku miZeme rozd&lit na jednotlivé bindrai srazky).

Ag-gg , ig-g

z

Ag=-g(1-cos )

Zmnu relativni rychlosti jedné &astice svazku Ag, uréime snadno z obr. 2,10,
Snadno Zjistime, 7¢

(2.136) Ag, = —g{l —cosy) = —2g siuzi.

Polet sraZek za jednotku &asu zavisi zfejmé& na prifezu svazku; za jednotku &asu
»»dosdhnou* silového centra pouze ty ¥stice, jejichZ vzdalenost Z < g . 1 sec. Podet
Castic, které projdou elementirni plochou b db de za jednotkn &asu a »dosidhnou**
silového centra, pak zfejm& bude i

(2.137) gn;bdbde,

kde n, je koncentrace istic svazku. Vyndsobime-li nynf (2.136) vyrazem (2.137)
a zintegrujeme-li vysledek pfes celou rovinu £, dostaneme, 7e

d 0 F1] ¥
(2.138) Z—g,=.[ db-‘- de(—29 sinZEinb)
o 4]

o df
a odtud

(2.139) F=2%25% u2x f b sin? gdb .
g

1]

Uvézime-li nyni, Ze podle (2.106) tg x/2 = b,/b, miZeme déle psat, Ze

g 252 {7 _bdb
2.140 F == ydnn,g% .
( ) I e u 19 0o J; b2t b2

Integral

(2.141) | L=J _bdb |
4]

bi + b?




Zvlastnosti coulombovskeho rozptylu Coulombovsky rozptyl

Coulombovsky logaritmus

logaritmicky diverguje pro velké hodnoty parametru b. Abychom dostali pro F
konetné hodnoty, musime v Ln&jakym zplsobem omezit horni integra®ni mez.

V pfedchozim odstavei jsme si vkézali, Ze efektivni interakéni potencil
tastic je Fadove dosahu /,; bindrnf coulombovské staZky je pak moZno uvaZovat pouze
pro srazkovy parametr b < I;. Za horni integraéni mez L je tedy moZno zvolit I,
Dostaneme

s 2 2
(2.142) L bdb \/(ﬁﬂili) :

® bdb
o b3+ b?’

=9 p 4nn, g*b}
g .

In(E.kineticka/E.potencialni)
Ve vzdalenosti Id kde jsme za b, dosadili (2. z "140), mé nyni tvar

(2.144) P18 A% m
Uz jsme ukazali, ze plati.... g’ dme, p

Velidina L urfend rovnici (2.143) se nazyva coulombovsky logaritmus,
Pfedpokladali jsme, Ze platf

(2.145) i bo.

Tato podminka viak plyne pfimo z pfedpokladii (2.120), které maji platit pro libo-
volné r. PoloZme tedy r = I, a pfedpoklddejme pro jednoduchost, Ze Z, = Z, = 1.
Sedtenim nerovnosti (2.120) (¢(r) bereme v prvnim pfibliZen! jako coulombovsky)
dostaneme

2
2 1 T+ T,
dne, I,

(2.146)

coZ je moZno piepsat jako

2e®

2.147 Ly ———.
( ) : Aneak(T) + T3)

Proto¥e ale 3k{T, + T3) ~ pg®, je moino (2.147) déle pfepsat na

6e?
(2.148) ILi» ; ~ bo-
4neoug
Odtud ji vidime, ¥e nerovnost (2.145) je jiZ spln&na, plati-li (2.120), nebo jingmi slovy,
pfedpoklidime (stejn& jako v 1. kapitole), e interakini energic ¢astic je mnohem
mendi ve srovnin{ s jejich tepelnou energii. K tomuto vysledku je moZno dojit
je¥t& trochu jinym zpdsobem. Aby ,,ofezani* integralu L(2.141) m&lo fyzikalni smysl,
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o
(2.140) F=9, 4“"1921’3.[ bde
4q ] bg -+ b2
Integral

(2.141) L= J' ©_bdb
o b3 + b2

(2.151) |F| = konst L,

kde L je ddno rovnici (2.142), resp. (2.143). Sledujme dale, jak zavisi |F| na uhlu
rozptylu &astic. Na zékladg (2.106) mizeme tvrdit, Ze pro b » b, je

(2.152) 1= %’ <1

a tedy rozptyl na malé uhly odpovidi dalekym priletim. Hranici mezi dalekymi
a blizkymi prélety stanovme pro b = 2b,. Rovnici (2.151) miZeme nyyi psat ve

tvaru

(2.153)

kde
(2.154)

je coulombovsky logaritmus odpovidajici blizkym priletim a

ta
@159 L[ U mlomiamitorri
250b0+b b bo

je coulombovsky logaritmus odpovidajici dalekym priletiim. Z (2.153) je zfejmé, Ze
stfedni silu, kterd piisobi na &astici 2 ze strany svazku &astic I, miZeme rozdélit
na dv& &asti a to na silu F, ,, odpovidajici blizkym priiletim, a F, , , odpovidajic
dalekym priletim; pro F, , a Fs,, plati

(2.156) |Fo.p.| ~ Ly,




Zavislost na teploté

V zévéru tohoto odstavee uvedeme jedt¥ nékolik poznimek, tykajicich se
coulombovského logaritmu L. Z (2.143) vidime, % L zivisi logaritmicky na ug*.
V disledku této logaritmické zdvislosti je mo#no v mnoha piipadech nahradit pg®
stfedni hodnotou této veli¢iny nebo tepelnou rychlosti &stic, tj. miZeme poloZit
#g® ~ 3k(T, + T;). Abychom si utvofili pfedstavu, jak zavisi Lna teplot¥ a koncen-
traci, pfedpoklddejme pro jednoduchost, ¢ T, = T, = T ‘Coulombovsky logarit-
mus mi pak jednoduchy tvar

(2.159) L=In [12_“ (io_kl")m]
nii2 2 .

e

- kvantovy

V jednoduchém pkipad& kdy ug* ~ 4k(Ty + T3), Ty = T, = Ta |Z,
je moZno (2.161) ptepsat na tvar

Sy 172
(2.162) v=Ly+n (4—2—T1°—) ,

.

Tabulka 1. Hodnoty coulombovského logaritmu L.

Koncentrace Teplota K
elektronii

{m~3] 5.10%| 10*

10 17,60
101t 16,44
1012 15,29
1013 14,14
1014 12,99
1013 11,84
1016 10,69
1017 9,54
1018 8,39
1012 7,23
102° 6,08
102! 4,93
1022 -

1023 _

]024 .
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Rozdélovaci funkce

(F,V,t

Pocet Castic v ,v,t v objeme drdv

kde integraci se mini integrace pfes cely rychlostni prostor a pfes objem, ve kterém
je dany systém uzavien. Potom stfednhodnota funkee| g(r, v) je dana vyrazem

(3.3)
kde

(34) nir, 1) = v[‘f(r', v, 1) dv

" je koncentrace &astic v misté r; nfr, t) dr je potom podel Eastic v objemu dr kolem

bodu r.*)
~ Pomoci definice (3.3) maZeme nyni zavést nekteré duleZité velitiny, které
budou pro nas v daldim textu nepostradatelné.
Tak napfiklad stfedni rychlost &stic v bod& (r, 1) ve(r, £) bude podle (3.3)
dana vztahem

(3.5)

Velmi asto byva vyhodné vztahovat rychlost &astic ke stfedni rychlosti vy(r, 1);
zavedeme tedy pojem relativni rychlosti ¥ vzhledem ke stfedni rychlosti ve(r, £)
vztahem

(3.6) V=1v—vfr1).
Potom s ohledem na definici vo(r, f) (3.5) je ziejmsé, Ze
3.7 V==5—10)r,t)=0.

V sys'ému, ktery neni v rovnovaZném stavu, existuje jisty pocet gradientd,
jako napfiklad koncentrace, relativni rychlosti, teploty atd., které zplsobuji pfenos
hmotnosti, impulsu, teploty a dalgich veli¢in, jeZ charakterizuji vlastnosti ¢astic daného
systému. Ozna&ime-li tyto veli&iny jako y(v), pak tok veli¢iny ¥ jednotkovou plochou,

kter4 se pohybuje rychlosti v, *) za jednotku Zasu bude zfejmé roven

) Pro jednoduchost zdpisu budeme misto ,,v dr kolem bodu r* fikat ,,v bodé r*,

V dal$im textu budeme vidy uvaZovat tok plochou, kiers je v klida vzhledem ke stfednf
rychlosti &astic systému,




Odvozeni Boltzmannovy rovnice

3.2 Odvozeni Boltzmannovy rovnice

Z pfedchozich tvah a z definice rozd&lovaci funkce vyplyva, %e k popisu
systému N &istic pIng postadi, budeme-li znit rozd&lovaci funkci tohoto systému
(ptipadng rozdélovaci funkce f; jednotlivych druhi Estic systému). Budeme tedy
v dal¥im textu sledovat zikony, kterymi je urfeno chovani fi» za pfedpokladu, e
plati nasledujici podminky:

Liouvilliv teorém a pfedstavy o sra¥kdch &&stic plati podle nafich dosavad-
nich klasickych piedstav;

plyn je natolik zfed&ny, Ze miZeme uva¥ovat pouze elastické binarni srazky;
je spln&n pfedpoklad molekularniho chaosu, 1. stav &astice 1 v bod& (r, v1)
a tastice 2 v bod& (r,, v,) jsou na sob& nezivislé.

vn&jdi sila Fy, ptisobici na i-ty druh &astic, je nezdvisld na rychiosti a je mala

ve srovnani se silami, které vznikaji v dob& sraZek. B BG KY rovin | ce apl I kace Na S= 11 8:2

Mgjme nyni objemovy element i prostoru se stfedem v bod& r, v; o velikosti
drdo; v dase t obsahuje tento Sir, vy, t} dr do, Estic i-tého druhu, Jestli%e zanedbime P
! : . . nefnd poladovanou rovnici
srézky mezi ¥sticemi, pak v Zase 7 + dt viivem s sily viechny tyto &stice budou Shroutim pfedchozich visiedkd dostivime konetnd
v objemovém elementu dr kolem bodu r + v; df a v rychlostnim elementu dv; kolem pro F, ve tvaru
bodu v; + (F;fm,) dt (ptedpoklidame, Ze sila F, se tém&F nezméni uvnitt dr za di).

T : ; aF, - TN-s
Podle Liouvillova teorému tedy plati {1.52) a—’ = [Hq F,] +
: i

E- ['ﬁ'r,1+1; Frs |] dre e dysy
i=1
J{r + v dt, v, + (Ffm)dt, t + di) drde, = f{r, v, 1) drds;.

Vlivem sréZek se viak tyto dva &leny budou lisit. Oznadime-li : Velmi >d\ﬂeiity a pro fyziku plazmatu nepostradatelny je tvar rovnice (1.52)

3 pros =1as = 2. Pros = 1 dostaneme et iveaseeassans
(332) .Lf.tdrdvidt ) piEEEEEEEEEEE '
t

%F_l =V, H,.V,F, —V,H, .V,F, +
t

(1.54)

jako zmé&nu poétu &4stic i-tého drubu v dr dv, zplisobenou sri¥kami za &as dt, must o
zigimé# platit — ’

] p + N - 1 J\(anpll . Vple _ VP1¢12 . VnFZ) d"z dpz

a pro s = 2 dostaneme

(3.33) e+ v dt, v+ (Fijm) de, t + dr) dr do; —

—fir, v, ) drde, = %—f‘ drdo, dt.
t

OF N

: —~2(2
(L55)  S2=[Hi+ Hy+ 0P+ j 5. [0 F3] drs dps

dostaneme 14

Na pravé strang (3.33) stoji nynf srizkovy &len (3, S/61), kterému nyni musime dat
explicitni tvar. Clen (3.32) je roven pottu &stic i-tého drohuy, které se dostanou do
objemového elementu dr dv, vlivem sra¥ek s ostatnimi druhy astic za &as df {oznadi-

74
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me Y A;; dr dv, df), minus polet &istic i-tého druhu, které tento objemovy element
7

opusti vlivem sri%ek s ostatnimi druhy &4stic za stejny Sasovy interval df {ozna¥ime
3.47; dr de, di). Symbolicky tedy mitZeme psat
i

(3.33) ‘5—5{—’! drdoyde = (A ~ A7) dr s dt,

kde secitéme pfes viechny druhy Eastic.

Vénujme se nejdiive &lenu Aj; drdv;df. Nechf Sastice i-tého druhu je
umisténa v bod# r a nechf se pohybuje rychlosti v;. Spoéteme pravdépodobnost toho,
e tato Zastice se za dobu dt srazi s $astici j-tého druhu. Elastické sraZka dvou &4stic
je ve valcovych soufadnicich charakterizovina relativni rychlosti téchto Eastic g;; =
= 9, — v, staZkovym parametrem b a fihlem ¢ mezi rovinou trajektorie a libovolnou
rovinou referenénf (viz kapitolu 2). Pofet srdZek astice i-tého druhu za &as df s Casti-
cemi j-tého druhu, jejich¥ relativni rychlost je g;;, srazkovy parametr je v mezich b,
b + db a fihel v mezich ¢, ¢ + dz potom bude roven podtu &stic j-tého druhu, které
jsou obsaZeny v objemovém elementu

g;;b db dedt

x
(viz obr. 3.1). Vzhledem k definici f(#, ;. 1) je tento polet Castic roven vjrazu
v, t) gybdbdedt.

Celkovy podet sraZek Eastice i-tého druhu se viemi fasticemi drubn j-tého za Zas dt
potom zkejm& bude

(3.36) dt J"f fir, v, ) g, ;b dbdedr;,




P I aS m a. 1.3.4 Plasma Frequency
frequency

maotion

(1.16)

ron density n. the
in all the




Plasma
properties

sions some important plasma properties can be given:

L

A plasma is quasi-neutral: n = n. = n; (for ion charge Z = 1); generally

approximately

o OF Wppi R

(1.19)
(1.20)
(1.21)




In plasmas and electrolytes, the Debye length (also called Debye radius), named after Peter Debye, is a measure of a charge carrier's net electrostatic effect in a solution and how far its electrostatic effect persists ['l A Debye sphere
is a volume whose radius is the Debye length. With each Debye length, charges are increasingly electrically screened. Every Debye-length Ap, the electric potential will decrease in magnitude by 1/e. Debye length is an important
parameter in plasma physics, electrolytes, and colloids (DLVO theory). The corresponding Debye screening wave vector kp = 1/Ap for particles of density n, charge ¢ at a temperature T is given by kf) = 41mq2/(kBT) in Gaussian
units. Expressions in MKS units will be given below. The analogous quantities at very low temperatures (T — 0) are known as the Thomas—Fermi length and the Thomas—Fermi wave vector. They are of interest in describing the
behaviour of electrons in metals at room temperature.

The Debye length arises naturally in the thermodynamic description of large systems of mobile charges. In a system of N different species of charges, the j-th species carries charge g; and has concentration n;(r) at position r.
According to the so-called "primitive model", these charges are distributed in a continuous medium that is characterized only by its relative static permittivity, £,.. This distribution of charges within this medium gives rise to an electric
potential ®(r) that satisfies Poisson's equation:

N
Evz‘i’(r) = - Z% nj(r) - cht( )'

where £ = £,2¢, &q s the electric constant, and pe is a charge density external (logically, not spatially) to the medium.

The mobile charges not only contribute in establishing € (r) but also move in response to the associated Coulomb force, —qj V&(r). If we further assume the system to be in thermodynamic equilibrium with a heat bath at absolute
temperature 1", then the concentrations of discrete charges, nj(r). may be considered to be thermodynamic (ensemble) averages and the associated electric potential to be a thermodynamic mean field. With these assumptions, the
concentration of the j-th charge species is described by the Boltzmann distribution,

g; 2(r)
X - .
P kT
where kg is Boltzmann's constant and where ng is the mean concentration of charges of species j.

Identifying the instantanecus concentrations and potential in the Poisson equaticn with their mean-field counterparts in Boltzmann's distribution yields the Poisson—Boltzmann equation:

~
. q; ®(x)
eV2®(r) = - J§:1 gjn! exp (7 T ) ~ Pext (T)-

Solutions to this nonlinear equation are known for some simple systems. Solutions for more general systems may be obtained in the high-temperature (weak coupling) limit, g; ®(r) < kgT, by Taylor expanding the exponential:

e G2 920)
PU T )5 T

This approximation yields the linearized Poisson-Boltzmann equation

N

eV2B(r) = (Z .

J=1

N
) ®(r) — Y nlgy — pex(r)
J=1

which also is known as the Debye—Hiickel equation:[2IFI1#II5]¢] The second term on the right-hand side vanishes for systems that are electrically neutral. The term in parentheses divided by £, has the units of an inverse length square
and by dimensional analysis leads to the definition of the characteristic length scale
1/2
€ kBT
g
that commonly is referred to as the Debye—Hiuickel length. As the only characteristic length scale in the Debye—Hiickel equation, A sets the scale for variations in the potential and in the concentrations of charged species. All charge
species contribute to the Debye—Huickel length in the same way, regardless of the sign of their charges. For an electrically neutral system, the Poisson equation becomes

V20(r) = A2 (r) - —”“";(r)

Ap =

To illustrate Debye screening, the potential produced by an external point charge pey = Q4(r) Is

®(r) i —r/Ap

= e
dmer
The bare Coulomb potential is exponentially screened by the medium, over a distance of the Debye length.

https://en.wikipedia.org/wiki/Debye_length




In a plasma [edit]
In a non-isothermic plasma, the temperatures for electrons and heavy species may differ while the background medium may be treated as the vacuum (e,, = 1), and the Debye length is

5 eoks /@
D —
ne/Te + 3, 220, /T

where

Ap is the Debye length,

gp is the permittivity of free space,

kg is the Boltzmann constant,

ge is the charge of an electron,

Te and T; are the temperatures of the electrons and ions, respectively,
ne is the density of electrons,

nyis the density of atomic species j, with positive ionic charge zg.

Even in quasineutral cold plasma, where ion contribution virtually seems to be larger due to lower ion temperature, the ion term is actually often dropped, giving

kpT,
/\D _ £0 Bge
Nede

although this is only valid when the mobility of ions is negligible compared to the process's timescale.[”]

Density | Electron temperature Magnetic field Debye length

Plasma
ne(m=2) T(K) B(T) Ap(m)

Solar core 1032 107 10~

In space plasmas where the electron ~
density is relatively low, the Debye length Tokamak 100 10° 10~
may reach macroscopic values, such as in  [IifeP¥ discharge 1016 104 104
the magnetosphere, solar wind,

interstellar medium and intergalactic lonosphere 1012 102 1073

dium. See table:
MECIHM. See tabie Magnetosphere 107 107 102
Solar wind 10° 10° 10
Interstellar medium 10° 104 10

Intergalactic medium 1 108 107
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APPROXIMATE MAGNITUDES
IN SOME TYPICAL PLASMAS

Plasma Type nem 2 |T eV Wpe sec™ ' Ap em | nAp?® |ve; sec™!
Interstellar gas 1 6 x 10* [7x10% [4x10%|7x10™°
Gaseous nebula 102 2 % 10° 20 8 x 10°%|6 x 102
Solar Corona 10° 2 x 10Y [2x 10718 x 10° 60
Diffuse hot plasma 1012 6 x 10 |7 x 10724 x 10° 40
Solar atmosphere, 104 1 6 x 10" |7 x 107" 40 2 x 10?

gas discharge
Warm plasma 1014 10 | 6 x 10" |2 x 107%]8 x 102 107
Hot plasma 10t 102 | 6 x 10" |7x107% |4 x 10*| 4 x 10°
Thermonuclear 10'° 10 | 2x 10" [2x 10778 x 10°|5 x 10%
plasma.
Theta pinch 10" 1 10% | 6 x 10'? |7 x 107" |4 x 10%|3 x 10%
Dense hot plasma 10'% 1 10% | 6 x 10" |7x107%[4 x 10%|2 x 10"
Laser Plasma 1029 | 102 [ 6 x 10" [7x 1077 40 |2 x 10'?

T : : = 9./n(10%em™) GHz
Id:69\/:, TinK,ninm™ s Vil )
n From NRL Plasma Formulary (very useful)



Wide range of possible plasma parameters.
Plasmas above the line marked “Uncorrelated-Correlated” correspond to A >> [

1010 I 1 1 I

I ; — ! 100,000,000,000,000

Plasma
Accelerators

Black Hole
Accretion
Plasma

Relativistic

e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e

105 [— -{ 1,000,000,000

=

Temperature (eV)
45
g3
®3
S
X
o

1 — lonized

----- lonosphere

[~ Neutral

> Low Temperature
Partially Plasmas 10,000
g o~ ? ’

Temperature (°K)

Dominated .
- Anti-matter >
Plasmas S
I o ‘S
1 0_5 . .~ (lon Plasmas J | K | 1 I | ] | 1 0.1
1 1010 1020 1030

Density (particles per cm-3)

Plasma Science: Advancing Knowledge in the National Interest (2007), National Research Council,
http://books.nap.edu/openbook.php?record id=11960&page=9



http://books.nap.edu/openbook.php?record_id=11960&page=9

Stinéni v plazmé

ve~KT/m,

0(r) = (Zieldne,)/r e

5,(v) = 2nf b db

Stinéni v plazmé
Ustanoveni debyovského stinéni

2.124) se zna¥né zjednodusi, budeme-li predpokladat, Ze Z? =
=2}=1,T,=T,=Ta

(2.130) Mo+ Mzo =1, Ry~ g~ in,

kde n je celkovy poet &4stic v jednotce objemu. Potom, jak plyne z (2.124), je

(2.131)

(2.132)

kde m, je hmotnost clektrond a Wy, je plazmova frekvence elektrond, mit¥eme také
psit, Ze

(2.133)

Fyzikalni vyznam této rovnice je celkem jasny. Rovnice (2.133) totiz ¥ik4, %e I, je
takov4 délka, o kterou se premisti Eastice (elektron) za periodu plazmovych kmiti.

Potom doba 1,,, za kterou se ustanovi debyeovské stinéni, ie fadové
EEEEEEEEEEEEEEEEEEEEENEEEEEN

(2.134) | Ty el

wy " kT }ne
I

Na zavér tohoto odstavce je nutno poznamenat, ¥e n&které nage tuvahy nejsou
pfesné vzato korektni. Tyk4 se to predevéim pfedpokladu, Ze rozloZeni Gdstic kolem
kaZdého silového centra plazmatu je déno sféricky symetrickym rozdélenim Max-
wella-Boltzmanna. Podrobn&j¥i analyza daného problému ukazuje*), Ze chyby,
kterych se timto jednoduchym popisem dopoustime, jsou pomé#rné malé a navic
i tento jednoduchy popis vede k relativn dobrym vysledkim v dal¥{ teorii plazmatu.

b4} Viz napf. D. V. Sivuchin: Voprosy téorii plazmy 4, red. M, A. Leontovi&, Moskva
(1964).




Zvlastnosti coulombovského rozptylu Coulombovsky rozptyl
Coulombovsky logaritmus

kde suma pfes i zna¥i se¥itani pfes viechny Sastice svazku. Vyraz ) (dg./d?) je mozno
@

celkem snadno uréit: fyzikalng toti¥ znamen4 zménu relativni rychlosti svazku &4stic
za jednotku &asu, nebo — coZ je toté — zmény relativni rychlosti jedné &astice svazku
vlivem srdZky, vynasobenou pottem srifek za jednotku &asu (pfedpoklédime, ¥e
interakei svazku miZeme rozd&lit na jednotlivé bindrai srazky).

Ag=g-g, igi=ig't

z

Ag=-g(1-cos )

Zmnu relativni rychlosti jedné &astice svazku Ag, uréime snadno z obr. 2,10,
Snadno Zjistime, 7¢

(2.136) Ag, = —g{l —cosy) = —2g siuzi.

Polet sraZek za jednotku &asu zavisi zfejmé& na prifezu svazku; za jednotku &asu
»»dosdhnou* silového centra pouze ty ¥stice, jejichZ vzdalenost Z < g . 1 sec. Podet
Castic, které projdou elementirni plochou b db de za jednotkn &asu a »dosidhnou**
silového centra, pak zfejm& bude i

(2.137) gn;bdbde,

kde n, je koncentrace istic svazku. Vyndsobime-li nynf (2.136) vyrazem (2.137)
a zintegrujeme-li vysledek pfes celou rovinu £, dostaneme, 7e

d 0 F1] ¥
(2.138) Z—g,=.[ db-‘- de(—29 sinZEinb)
o 4]

o df
a odtud
'.(3339) F=Y%252 4 21.:[ bsinzgdb.
. g

1]
L 4

Uvéiimg-ﬁ.nyni, Zo podle (2.106) 1g /2 = bo/b, mizeme dile psit, Ze
.

0. -
(2.140) A I F =2y dnn g2t I bdb I
g 0

b+ b

Integral

(2.141) | L=J _bdb |
4]

b3 + b?




Zvlastnosti coulombovskeho rozptylu Coulombovsky rozptyl

Coulombovsky logaritmus

logaritmicky diverguje pro velké hodnoty parametru b. Abychom dostali pro F
konetné hodnoty, musime v Ln&jakym zplsobem omezit horni integra®ni mez.

V pfedchozim odstavei jsme si vkézali, Ze efektivni interakéni potencil
tastic je Fadove dosahu /,; bindrnf coulombovské staZky je pak moZno uvaZovat pouze
pro srazkovy parametr b < I;. Za horni integraéni mez L je tedy moZno zvolit I,
Dostaneme

s 2 2
(2.142) L bdb \/(ﬁﬂili) :

® bdb
o b3+ b?’

=9 p 4nn, g*b}
g .

In(E.kineticka/E.potencialni)
Ve vzdalenosti Id kde jsme za b, dosadili (2. z "140), mé nyni tvar

(2.144) P18 A% m
Uz jsme ukazali, ze plati.... g’ dme, p

Velidina L urfend rovnici (2.143) se nazyva coulombovsky logaritmus,
Pfedpokladali jsme, Ze platf

(2.145) i bo.

Tato podminka viak plyne pfimo z pfedpokladii (2.120), které maji platit pro libo-
volné r. PoloZme tedy r = I, a pfedpoklddejme pro jednoduchost, Ze Z, = Z, = 1.
Sedtenim nerovnosti (2.120) (¢(r) bereme v prvnim pfibliZen! jako coulombovsky)
dostaneme

2
2 1 T+ T,
dne, I,

(2.146)

coZ je moZno piepsat jako

2e®

2.147 Ly ———.
( ) : Aneak(T) + T3)

Proto¥e ale 3k{T, + T3) ~ pg®, je moino (2.147) déle pfepsat na

6e?
(2.148) ILi» ; ~ bo-
4neoug
Odtud ji vidime, ¥e nerovnost (2.145) je jiZ spln&na, plati-li (2.120), nebo jingmi slovy,
pfedpoklidime (stejn& jako v 1. kapitole), e interakini energic ¢astic je mnohem
mendi ve srovnin{ s jejich tepelnou energii. K tomuto vysledku je moZno dojit
je¥t& trochu jinym zpdsobem. Aby ,,ofezani* integralu L(2.141) m&lo fyzikalni smysl,
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o
(2.140) F=9, 4“"1921’3.[ bde
4q ] bg -+ b2
Integral

(2.141) L= J' ©_bdb
o b3 + b2

(2.151) |F| = konst L,

kde L je ddno rovnici (2.142), resp. (2.143). Sledujme dale, jak zavisi |F| na uhlu
rozptylu &astic. Na zékladg (2.106) mizeme tvrdit, Ze pro b » b, je

(2.152) 1= %’ <1

a tedy rozptyl na malé uhly odpovidi dalekym priletim. Hranici mezi dalekymi
a blizkymi prélety stanovme pro b = 2b,. Rovnici (2.151) miZeme nyni psit ve

tvaru

“ bdb

(2.153) g = konst (L.t L)

kde
(2.154)

je coulombovsky logaritmus odpovidajici blizkym priletim a

ta
@159 L[ U mlomiamitorri
250b0+b b bo

je coulombovsky logaritmus odpovidajici dalekym priletiim. Z (2.153) je zfejmé, Ze
stfedni silu, kterd piisobi na &astici 2 ze strany svazku &astic I, miZeme rozdélit
na dv& &asti a to na silu F, ,, odpovidajici blizkym priiletim, a F, , , odpovidajic
dalekym priletim; pro F, , a Fs,, plati

(2.156) |Fo.p.| ~ Ly,




Zavislost na teploté

V zévéru tohoto odstavee uvedeme jedt¥ nékolik poznimek, tykajicich se
coulombovského logaritmu L. Z (2.143) vidime, % L zivisi logaritmicky na ug*.
V disledku této logaritmické zdvislosti je mo#no v mnoha piipadech nahradit pg®
stfedni hodnotou této veli¢iny nebo tepelnou rychlosti &stic, tj. miZeme poloZit
#g® ~ 3k(T, + T;). Abychom si utvofili pfedstavu, jak zavisi Lna teplot¥ a koncen-
traci, pfedpoklddejme pro jednoduchost, ¢ T, = T, = T ‘Coulombovsky logarit-
mus mi pak jednoduchy tvar

(2.159) L=In [12_“ (io_kl")m]
nii2 2 .

e

V jednoduchém pkipad& kdy ug* ~ 4k(Ty + T3), Ty = T, = Ta |Z,
je moZno (2.161) ptepsat na tvar

5\ 1/2
(2.162) Lio=1Ly+In (4—’2—'T1°—) ,

.

kde L,, je dano vztahem (2.159). Hodnoty coulombovského logaritmu vypodtené
z (2.159) a (2.161) jsou uvedeny v tab. 1; nejsou zde uvedeny hodnoty coulombov-
ského logaritmu pro vysoké koncentrace a nizké teploty, protoZe v té&chto pfipadech
je nami uvedena teorie neplatna.

Tabulka 1. Hodnoty coulombovského logaritmu L.

Koncentrace Teplota K
elektronii
{m~3] 5.10%| 10*

10 17,60
101t 16,44
1012 15,29
1013 14,14
1014 12,99
1013 11,84
1016 10,69
1017 9,54
1018 8,39
1012 7,23
102° 6,08
102! 4,93
1022 -

1023 _

]024 _
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Rozdélovaci funkce

(F,V,t

Pocet Castic v ,v,t v objeme drdv

kde integraci se mini integrace pfes cely rychlostni prostor a pfes objem, ve kterém
je dany systém uzavien. Potom stfednhodnota funkee| g(r, v) je dana vyrazem

(3.3)
kde

(34) nir, 1) = v[‘f(r', v, 1) dv

" je koncentrace &astic v misté r; nfr, t) dr je potom podel Eastic v objemu dr kolem

bodu r.*)
~ Pomoci definice (3.3) maZeme nyni zavést nekteré duleZité velitiny, které
budou pro nas v daldim textu nepostradatelné.
Tak napfiklad stfedni rychlost &stic v bod& (r, 1) ve(r, £) bude podle (3.3)
dana vztahem

(3.5)

Velmi asto byva vyhodné vztahovat rychlost &astic ke stfedni rychlosti vy(r, 1);
zavedeme tedy pojem relativni rychlosti ¥ vzhledem ke stfedni rychlosti ve(r, £)
vztahem

(3.6) V=1v—vfr1).
Potom s ohledem na definici vo(r, f) (3.5) je ziejmsé, Ze
3.7 V==5—10)r,t)=0.

V sys'ému, ktery neni v rovnovaZném stavu, existuje jisty pocet gradientd,
jako napfiklad koncentrace, relativni rychlosti, teploty atd., které zplsobuji pfenos
hmotnosti, impulsu, teploty a dalgich veli¢in, jeZ charakterizuji vlastnosti ¢astic daného
systému. Ozna&ime-li tyto veli&iny jako y(v), pak tok veli¢iny ¥ jednotkovou plochou,

kter4 se pohybuje rychlosti v, *) za jednotku Zasu bude zfejmé roven

) Pro jednoduchost zdpisu budeme misto ,,v dr kolem bodu r* fikat ,,v bodé r*,

V dal$im textu budeme vidy uvaZovat tok plochou, kiers je v klida vzhledem ke stfednf
rychlosti &astic systému,




Odvozeni Boltzmannovy rovnice

3.2 Odvozeni Boltzmannovy rovnice

Z pfedchozich tvah a z definice rozd&lovaci funkce vyplyva, %e k popisu
systému N &istic pIng postadi, budeme-li znit rozd&lovaci funkci tohoto systému
(ptipadng rozdélovaci funkce f; jednotlivych druhi Estic systému). Budeme tedy
v dal¥im textu sledovat zikony, kterymi je urfeno chovani fi» za pfedpokladu, e
plati nasledujici podminky:

Liouvilliv teorém a pfedstavy o sra¥kdch &&stic plati podle nafich dosavad-
nich klasickych piedstav;

plyn je natolik zfed&ny, Ze miZeme uva¥ovat pouze elastické binarni srazky;
je spln&n pfedpoklad molekularniho chaosu, 1. stav &astice 1 v bod& (r, v1)
a tastice 2 v bod& (r,, v,) jsou na sob& nezivislé.

vn&jdi sila Fy, ptisobici na i-ty druh &astic, je nezdvisld na rychiosti a je mala

ve srovnani se silami, které vznikaji v dob& sraZek. B BG KY rovin | ce apl I kace Na S= 11 8:2

Mgjme nyni objemovy element i prostoru se stfedem v bod& r, v; o velikosti
drdo; v dase t obsahuje tento Sir, vy, t} dr do, Estic i-tého druhu, Jestli%e zanedbime P
! : . . nefnd poladovanou rovnici
srézky mezi ¥sticemi, pak v Zase 7 + dt viivem s sily viechny tyto &stice budou Shroutim pfedchozich visiedkd dostivime konetnd
v objemovém elementu dr kolem bodu r + v; df a v rychlostnim elementu dv; kolem pro F, ve tvaru
bodu v; + (F;fm,) dt (ptedpoklidame, Ze sila F, se tém&F nezméni uvnitt dr za di).

T : ; aF, - TN-s
Podle Liouvillova teorému tedy plati {1.52) a—’ = [Hq F,] +
: i

E- ['ﬁ'r,1+1; Frs |] dre e dysy
i=1
J{r + v dt, v, + (Ffm)dt, t + di) drde, = f{r, v, 1) drds;.

Vlivem sréZek se viak tyto dva &leny budou lisit. Oznadime-li : Velmi >d\ﬂeiity a pro fyziku plazmatu nepostradatelny je tvar rovnice (1.52)

3 pros =1as = 2. Pros = 1 dostaneme et iveaseeassans
(332) .Lf.tdrdvidt ) piEEEEEEEEEEE '
t

%F_l =V, H,.V,F, —V,H, .V,F, +
t

(1.54)

jako zmé&nu poétu &4stic i-tého drubu v dr dv, zplisobenou sri¥kami za &as dt, must o
zigimé# platit — ’

] p + N - 1 J\(anpll . Vple _ VP1¢12 . VnFZ) d"z dpz

a pro s = 2 dostaneme

(3.33) e+ v dt, v+ (Fijm) de, t + dr) dr do; —

—fir, v, ) drde, = %—f‘ drdo, dt.
t

OF N

: —~2(2
(L55)  S2=[Hi+ Hy+ 0P+ j 5. [0 F3] drs dps

dostaneme 14

Na pravé strang (3.33) stoji nynf srizkovy &len (3, S/61), kterému nyni musime dat
explicitni tvar. Clen (3.32) je roven pottu &stic i-tého drohuy, které se dostanou do
objemového elementu dr dv, vlivem sra¥ek s ostatnimi druhy astic za &as df {oznadi-

74
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me Y A;; dr dv, df), minus polet &istic i-tého druhu, které tento objemovy element
7

opusti vlivem sri%ek s ostatnimi druhy &4stic za stejny Sasovy interval df {ozna¥ime
3.47; dr de, di). Symbolicky tedy mitZeme psat
i

(3.33) ‘5—5{—’! drdoyde = (A ~ A7) dr s dt,

kde secitéme pfes viechny druhy Eastic.

Vénujme se nejdiive &lenu Aj; drdv;df. Nechf Sastice i-tého druhu je
umisténa v bod# r a nechf se pohybuje rychlosti v;. Spoéteme pravdépodobnost toho,
e tato Zastice se za dobu dt srazi s $astici j-tého druhu. Elastické sraZka dvou &4stic
je ve valcovych soufadnicich charakterizovina relativni rychlosti téchto Eastic g;; =
= 9, — v, staZkovym parametrem b a fihlem ¢ mezi rovinou trajektorie a libovolnou
rovinou referenénf (viz kapitolu 2). Pofet srdZek astice i-tého druhu za &as df s Casti-
cemi j-tého druhu, jejich¥ relativni rychlost je g;;, srazkovy parametr je v mezich b,
b + db a fihel v mezich ¢, ¢ + dz potom bude roven podtu &stic j-tého druhu, které
jsou obsaZeny v objemovém elementu

g;;b db dedt

x
(viz obr. 3.1). Vzhledem k definici f(#, ;. 1) je tento polet Castic roven vjrazu
v, t) gybdbdedt.

Celkovy podet sraZek Eastice i-tého druhu se viemi fasticemi drubn j-tého za Zas dt
potom zkejm& bude

(3.36) dt J"f fir, v, ) g, ;b dbdedr;,




Interstellar and Circumstellar Molecules
[zowm [saom | esom | satom | eotom | 7atom | setom | ostom [ owem ]

Hz H3+ CH3 CH4 CHIOH CHANH2 HOOOCHS ECHEI:IED [CH32C0
co CH2 NH3 CHENH GHISH CHACCH CHICAM C2HS0H CH3C5N

cs MNHZ2 H30+ H2CCC CaH4 CHACHOD HCEH C2HSCM CH3CH2GHD
CH H20 H200 32 CHICH c-CHEOCH2 CTH CHACAH I'E'HE'CIH:IE
Cc2 H25 H2Cs CH2CN CHIMNG CH2CHCN HOCH2CHO CAH

CH CCH a-28H NH2CH HC2CHO HCaM CHICOOH HCT™ HCBN

CH+ HCM I-C3H CH2DD MNHZCHD CEH H2CCOHECN CHICONH2 CH3CEH

HF HMG GeHz HCOOH HEZAMH+ CH2CHOH H2CE CHICHCH?2 CEHEOCHD
CF+ HCO HCMNH+ C4aH H2CDCC CEH- CHICHCHD CAH- CH3COOCH3
S0 HCO+ H2CH HEIN CSH MNHZCHZGHN C2H55H

55 HOC+ HECM HCCHG HCAH CHICHNH CEHE

SiG MNZH+ HMCO HNGCC HCaM CIHTCHN

SN HMD HOSH H2ZCOH+ c-CAH20 CEHS0CH3
MH HCS+ HECNO CAaH- CHECNH _
(o] C3 HMNECS SiH& CON- HC11IN

20 czo HSCH =5 CaMN

S0+ c2s5 C3N Sica C55

o -~ c30 CNCHO 184 Molecules — June 2015
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Fh Coz C3N- HHID+

HCI H20+ HCOZ2+ RCCMH+

KiCs H2Cl+ FH3 ArH+ HO7) | Felh

AlCH OCs o-5ik3 EiHI;'?I MY Masl KGN

OH MgNC HOOH AlF AINGC AlOH AlD

OH+ MgCN I-C3H+ SiNG = HCP Feli?)

SH+ Malh HCCO [ n Qg M2 (7] SH

M- SICH Hoz HCZl+ c-5iG2 BiCsi

m—
184 e eyl - Jares 200%

Tom Millar — TIARA Astrobiology Workshop, June 2015




Jeste raz Stinéni v plazmé

Ustanoveni debyovského stinéni

Vypocet:

¢(r) = (ZielAme,)/r & |, = 69\/f , TinK,ninm™
n

o.(v) = 2n/ b db |,=1 mm = 0.001m at 1000K
n=4.8x10'’m=3= 4.8x10° cm-3

at 10K, n=1x1019m-3= 1x10% cm-3

|;,~2 mm ~ 0.002m
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Debyeho stinici vzdalenost Jiny pohled
|2 EO kT1T2

= 953 2 .
e (Z1 n10T2 -+ 22 nZOTl) For quasineutral plasma,

Nyo= Nyo= N/2= with T,=T, we obtain

Np je pocet Castic v ,,debayove sfére

The problem is that b, is for individual collision
|, 1s for many particles...

It is equivalent to condition ep<<kT



Debyeho stinici vzdalenost Jiny pohled
|2 EO kT1T2

= 953 2 .
e (Z1 n10T2 -+ 22 nZOTl) For quasineutral plasma,

Nyo= Nyo= N/2= with T,=T, we obtain

Np je pocet Castic v ,,debayove sfére

The problem is that b, is for individual collision
|, 1s for many particles...

It is equivalent to condition ep<<kT



Plasma Shielding (ces)

VeE = 47z(pT +p), or =Qo(r)
E=-Vo.
p=ne—ng,

In equilibrium: Ny = noe_H/ KT —n Oe_qu’/ KT Boltzmann/Gibbs
Linearize 7n,=n,+n, O=0,+O=0O

~V?® = 42Q5(F) + 4ren, (e‘e‘D’kT — ee‘D”‘T)

p.28 of NRL
- Pl F 1
e+ecI>/kT :11 e(D/kT 4+ / asma Formulary
1 _ ,  4rx(n,, +n,)e’
V2D + D =47Q5(F), AP = (Nge +115,)
2 KT

CI) _ 9 e—l’/ﬂD

— r For typical ITER parameters, T=10 keV n.=10'*cm™3:

A = 0.5x107cm



Weak-coupling between nearest neighbor
particles 1n a plasma

Typical distance between nearest neighbor particles ~n™"

|.e.,a cube that contains on average 1 particle has a
width L such that L’n =1

Typical Potential Energy between nearest neighbors  ed

Typical Kinetic energy of a particle 12
2
2,~1/3
-2L 10
-

for typical ITER parameters, T =10 keV, n ~10"* /cm®

(T usually measured in energy units in plasma physics, so Boltzmann’s constant kz=1)
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Te(eV)

m, electron Debye length.
Nne(m—3)

I'/q
4nA3, -
| Debye

""" shielding

br;.!:'ﬂ n T = |X _ Kf‘

Figure 1.1: Potential ¢; around a test particle of charge ¢; in a plasma and
Coulomb potential ¢cou, both as a function of radial distance from the test
particle. The shaded region represents the Debye shielding effect. The charac-
teristic distances are: Ap, Debye shielding distance: -n.e_lfg, mean electron sep-
aration distance; bSl. = ¢2/({4meo}T), classical distance of “closest approach”
where the e¢/T << 1 approximation breaks down.



UCLA
Debye Length

» Charged particles rather than neutrals

Electrons: e ¢
FACM 2010



UCLA
Debye Length

« Quasi-neutrality: nearly equal number of oppositely charged particles

Electrons: e~ @ lons: H* @
FACM 2010



UCLA
Debye Length

 Pick out a distinguished particle

®
O O O
® ® O
®
O O
o o @
O
O O @ ° ° @
P
o © O
® O
®
O ° @
® . o @
Electrons: e~ @ lons: H* @

FACM 2010




UCLA
Debye Length

» Debye length = range of influence, e.g., for single electron
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Electrons: e~ @ lons: H* @
FACM 2010



UCLA Debye Length

» In neighborhood of an electron there is deficit of other electrons,
suplus of positive ions
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UCLA
Debye Length

» Replace positive charged particles by continuum, for simplicity

Electrons: e @ ; test particle® ; lons:
smoothedacm 2010



UCLA L
Debye Length: Derivation

 Distribution of electrons and ions
— charge q; temperature T, dielectric coeff ¢,;
— potential ¢, energy is -q ¢
— electrons in Gibbs distribution (in space)
— Uniform ions distribution n. =n,
 Poisson equation (linearized)
— Single electron at 0

Vip = (a/ )(E(X) + ne T —n,)
~(q/&,)0(X) + (neq2 [ &.KgT )@

/KaT
nequo B

e Solution
p=—(4m)7(q/ g)re "

With length scale Ay = Debye length:
-2 2 -1
A5 =nq°(g,ksT)

FACM 2010



UCLA  Interactions of Charged Particles

In a Plasma
« Plasma parameter g = (n Ap°%)*
— Plasma approximation g<<1
— Many particles in a Debye sphere
— Otherwise, the system is an N-body problem

 Long range interactions
— r>%y;  (Ap= Debye length)
— Individual particle interactions are not significant
— Interaction mediated by electric and magnetic fields

 Short range interactions

— <y
— Coulomb interactions

FACM 2010
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The Plasma Parameter

A fundamental parameter used to characterize plasmas 1s the number
of particles 1n a Debye sphere. /. a.k.a. “the plasma parameter:
47 3 .5 . .
A=n—7,~10" for typical ITER parameters

3
(A handy formula for A 1s on p. 29 of the NRL Plasma Formulary)

[t turns out that the ratio of the potential energy between typical
nearest neighbor particles to their typical kinetic energy
(calculated a few slides back) can be expressed as

Potential Energy e’n'” B 1

Kinetic Energy T (36x)°a>"
Thus A=>1 implies the plasma 1s i the weakly-coupled limit. We
will find that 1t also implies that the mean free path 1s long

compared to the Debye length.




