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Boolean algebra B,

At f aE: - | t
t|t f t|t t
flf f flt f f ¢

Atomic valuation = map v: Var — B,
Valuation = homomorphism v: Fm — B,
v(A AB) =v(A) AB2v(B)
v(AVB) =v(A) VB2 y(B)

v(—A) = =B21(A)
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Multiple equivalent ways to define T' ¢ A:

Preserving truth:
For each valuation v on B,: if v(C) =t for all C € T, then v(A) =t

Preserving non-falsity:
For each valuation v on B,: if v(C) > f for all C €T, then v(A) > f

Preserving order:
For each valuation v on By: v(C;)A--- AV(C,) < V(A) forT ={C,...,C,}
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Strong Kleene logic: TI'ly A
For each valuation v on Kj: if v(C) =t for all C €T, then v(A) =t

Logic of Paradox: THpA
For each valuation v on Kj: if v(C) > f for all C €T, then v(A) > f

Kleene’s Logic of Order: T koA
For each valuation v on Ks: v(C;) A -+ AV(C,) < v(A) for T ={Cy,...,C,}
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Weak Kleene algebra WK;
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Bochvar Logic: T HgA
For each valuation v on WKj: if v(C) =t for all C € T, then v(A) =t

Paraconsistent Weak Kleene: T FpyxA
For each valuation v on Kj: if v(C) # f for all C €T, then v(A) # f
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Weak Kleene algebra WKj;

/\|tf>|< V|tf>x< —|| t
tlt f =% tlt t t]|f .
flf f = flt f =« flt

ko[ ko ok sk * | ko ok ok k[ ok f

These are related to classical logic by variable inclusion conditions:

['Fg A < either I' b A and Var(A) € Var(T), or I' ¢, L.

['Fpwg A & At A for some A CT with Var(A) € Var(A).
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McCarthy algebra M,

At f e VIt f e - |
t|t f ¢ tlt t t t|f
fl|f f f flt f ¢ flt
eE|l € € € E|l€E € € E | €

McCarthy Logic: TI'FyA
For each valuation v on WKj: if v(C) =t for all C € T, then v(A) =t
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What kind of thing is the relation T' - A?
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What kind of thing is the relation T' - A?

A structural consequence relation over some set of formulas:
o reflexive: ifAeTl, thenTFA
@ monotonic: ifT'FA, then,AFA,
@ transitive: if®FCforeachCeTland'FA, then®FA
o structural:  if ' A, then o[T'] F o(A) for each substitution o

We will simply call such relations logics.
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STOS
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A rule T A holds in a matrix (A, F) if

for each valuation v on A, if v[T'] C F, then v(A) €F.
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A rule T A holds in a matrix (A, F) if
for each valuation v on A, if v[T'] C F, then v(A) €F.

Each class of matrices K determines a logic L = LogK:
'k A < T F A holds in each matrix (A,F) € K.

A matrix (A, F) is a model of a logic L if it validates each rule I' | A of L.

Theorem (Wdjcicki). Each logic is determined by some set of matrices.
Equivalently, L = Log(Mod L) where Mod L is the class of all models of L.
Proof. Take K to be the set of all matrices of the form (Fm, T), where T

ranges over all theories of L. (sets T € Fm such that T I A implies A € T).
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Example. Kleene’s Logic of Order is determined by {(Ks, {t}), (K3, {t,n})}.

Fact. Given logics L; and L, there is a logic L; N L, such that
Thyn,A <> Ik AandTH A

If I, =LogK; and L, = LogK,, then L,; N L, = Log(K; UK,).

(Careful, Mod(L; NL,) 2 ModL; UModL,, except in some trivial cases.)

Example. KO = KL N LP, where KL = Log(Ks, {t}) and LP = Log(Ks, {t,n}).
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A logic L is axiomatized by a set of rules R = {I} - A; | i € I}, symbolically
L = AXR, if it is the smallest logic which contains (validates) these rules.
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A logic L is axiomatized by a set of rules R = {I} - A; | i € I}, symbolically
L = AXR, if it is the smallest logic which contains (validates) these rules.

Equivalently, I' -} A iff A can be proved from T via instances of these rules,
in the normal sense that it has a Hilbert-style proof using the rules.

Example. CL is axiomatized by the following set of rules (x -y := —xVy):

x,x=>yky

Fx—(—x)
Fx—>@—2)—>((x—y)—(x—2)
F(x—y) > ((~x—>y)—x)

14 /34



Example. LP = Log(Kj, {t, b}) is axiomatized by the following rules plus

the Law of the Excluded Middle (@ p V —p):

M
®ryy 224
p
Ry L
pVq
\Y vr
@y Y@V
Vo Vr
Vr
(R10) 2
_|_|p \‘lnf .]‘
— \‘lnf .?‘
R11) 2
pNT

(R12)

(R13

pAg

q
pVy
qvp

pV(gAhr)

(pvaApvr)

-(pVgVr

(-pA—q)Vr

(rpA—g) VT
(Vg Vvr

P q
R3
(R3) A
®e) T
p
(R9) (pvgn(pvr)
pVI(gAT)
R14) _PAOVT
(=pV—g)Vr
R15) (mpV g Vr

—(pAglvr

Also, K = Log(Kj, {t}) is axiomatized by the above plus MP (p,—p V qt q).
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Fact. Given logics L; and L,, there is a logic L; V L, such that

[ty v, A < Ais provable from I' using the rules of L; and L,.
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Example. CL =KLV LP, where KL = Log(K3, {t}) and LP = Log(Ks, {t, n}).

Lemma. KL € CL and LP C CL because the matrix (B,, {t}) is a submatrix
of (K3, {t}) and (K3, {t,n}) ((A,F) < (B,G)if A<Band F=ANG).

Lemma. The rule of Modus Ponens (Disjunctive Syllogism) holds in KL:
X, xVykFpy.

Fact. CL is axiomatized relative to LP by Modus Ponens (x, ~x Vy Fy).
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Define the information order C on K5 as: nE t, nC f.
For valuations v,w on K; define

vEw < v(x) C w(x) for each variable x.
Equivalently, by induction over the complexity of A,

vEw < v(A) C w(A) for each formula A.

A valuation w on Kj is classical if w(x) € {t,f} for each variable x,
or equivalently if w(A) € {t,f} for each formula A.
A classical valuation on Kj is in effect the same as a valuation on B,.

For each valuation v on K; there is a classical valuation w with v E w.
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Fact. LP and CL have the same theorems:
DA <= 0 A.

Proof. If @ ¥ A, there is a valuation v on B, with v(A) = f, which is also a
classical valuation v on K3 with v(A) =f, so @ ¥, A.

If @ ¥ p A, there is a valuation v on K5 with v(A) =f.

Take a classical valuation w on K3 with v E w.
Then v(A) E w(A), so w(A) = f. Thus w witnesses that @ ¥ A.

Corollary. CL = LP + Modus Ponens (x,xVyFy).

Proof. By the completeness theorem for CL, CL is axiomatized by some
particular set of theorems of CL plus Modus Ponens.
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Fact. For all formulas A and B

Al_CLB — l_LP _|AVB.

Proof. If ;p "A VB, then k¢ ~AV B because LP C CL, so A k¢, B by an
application of Modus Ponens in CL.

If A¥;p AV B, there is a valuation v on K3 with v(-AV B) =f.

But v(—A V B) = f implies v(—A) = f and v(B) =f, so v(A) = t.

Take a classical valuation w with v C w. Then w(A) =t and w(B) = f.
Thus w witnesses that A ¥ B.

Corollary. CL = LP + Modus Ponens (x,xVyFy).

Proof. If B is provable from A in CL, then -A V B is a theorem of LP.
Applying Modus Ponens on A, =A V B now yields B.
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Fact. Logics (in a given signature = choice of connectives and variables)
form a lattice ordered by C, with meets L; N L, and joins L; V L.
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Fact. Logics (in a given signature = choice of connectives and variables)
form a lattice ordered by C, with meets L; N L, and joins L; V L.

The extensions of a given logic L form a lattice denoted by ExtL. The top
element of ExtL is the trivial logic Triv: I bpiy A for all T and A.

Example. ExtCL = {CL < Triv}. That is, CL is a maximal logic.

Theorem (Pynko). ExtKO has exactly 7 elements,* namely KO, LP, KL,
CL, Triv, and KO + (ECQ) and LP + (ECQ), where ECQ: x,~xky.

* If the constants T and L are present in the signature.
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Nuel Belnap, 1977: How a computer should think.
Nuel Belnap, 1977: A useful four-valued logic.

Main idea: record truth and falsity (assertion and denial) independently.

An atomic Belnap valuation determines which atomic variables are
asserted and which are denied (could be both, could be neither).

Each atomic Belnap valuation extends to a Belnap valuation:

A A B is asserted iff

A A B is denied iff
AV B is asserted iff
AV B is denied iff
—A is asserted iff
—-A is denied iff

A is asserted and B is asserted
A is denied or B is denied

A is asserted or B is asserted
A is denied and B is denied

A is denied

A is asserted
22 /34



I'Fgp A < for each Belnap valuation v

(each C €T is asserted in v => A is asserted in v)

I'tgp A < for each Belnap valuation v

(each C €T is not denied in v => A is not denied in v)

We can treat Belnap valuations as valuations in {t,f,n,b}:

v(A) =t if v(A) is asserted but not denied,
v(A) = f if v(A) is denied but not asserted,
v(A) = n if v(A) is neither asserted nor denied,
v(A) = b if v(A) is both true and denied.
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['kgp A < for each valuation v on {t,f, n, b}
([T]C {t,b} = v(A) € {t,b})

['kgp A < for each valuation v on {t,f, n, b}
o[r]c{t,n} = v(A) e{t,n})

We can treat Belnap valuations as valuations in {t,f,n,b}:

v(A) =t if v(A) is asserted but not denied,
v(A) = f if v(A) is denied but not asserted,
v(A) = n if v(A) is neither asserted nor denied,
v(A) = b if v(A) is both true and denied.
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De Morgan algebra DM,

“— 2 C O

+ 44— c O

+ 0 + 0O

PRI <l <]

+ 4 C 0

E A S R

+ Y- c O

0 Y= - O

C Y- C Y

Y G G- G

+ - C O

+ Y- c O

RN

NS

DM,

ThppA < /\v[I‘] <v(A).
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+ [
NS
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= — O — Y4
o — C — G
+ Y

DM,

B,
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Fact. BD has the variable-sharing property:
if T Fgp A, then I' and A must share at least one variable.

Proof. If not, assign b to all variables in T and n to all variables in A.

This is sometimes seen as a minimal condition for relevance logics.

Fact. Each formula in BD is equivalent to a formula in conjunctive normal
form (or disjunctive normal form), which is essentially unique.

Contrast: (~xVY)A(-yV2)A(—zVYy) =q (yVX)A(-2VY)A(-xVz).
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Godel algebra [0,1];

X Ay :=min(x,Y), xVy :=max(x,y),

1 ifx<y,
X—>y:i= ) , —x:=x—0.
y ifxZLy.
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I'FgA < (V[T]< {1} = v(A) =1) for each valuation v on [0, 1];

TFGA &= AV[T]<Vv(A)

Fact. Godel logic retains the deduction theorem of classical logic:
ILAFGB < T'FgA—B.
Proof. In the algebra [0, 1];: for all a,b,c € [0,1];

aAb<c << a<b-—ec.

Fact. The Law of the Excluded Middle fails in G: @ ¥ xV —x.

But we still have @ ¢ (x = y) V (y — x).
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Lukasiewicz algebra [0,1];

x Ay :=min(x,y), xVy :=max(x,y), w:=1—x,

x®y :=min(x+y,1), xOy:=-(-x®-y)=max(x+y—1,0).

x—y:=x®y=min(l—x+y,1).
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'HA < (v[I'] < {1} = v(A) =1) for each valution v on [0, 1];,

Recall that
x—y:=-x®y=min(l—x+y,1).
Fact. For all x,y € [0,1];:
x—>y=1<< x<y
Fact. Lukasiewicz logic satisfies Modus Ponens:
A,A— Bl B.
Fact. Lukasiewicz logic has the following form of the deduction theorem:
I,AbyB < T'H A" —B.
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Fact. Each logic L determined by a finite set of finite matrices is finitary:

' A < Al A for some finite A CT.

Fact. Godel logic is finitary. Lukasiewicz logic is not:
X—=Y, X—’y@y; x—’y@y@% |_L ﬁxv.}’,
but

XY, X>Y0Y, X oy0yoy, ..., x—>y'F wxVy,
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Further introductory reading:

G. Priest: An Introduction to Non-Classical Logic (2nd ed., 2012)

J. Peregrin: Logika a logiky (2004)
http://jarda.peregrin.cz/mybibl/PDFTxt/455.pdf
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