
Separating hyperplane, Optimal separating hyperplane

Classification, we encode the goal class by −1 and 1, respectively.
separate the space X by a hyperplane
Linear Discriminant Analysis LDA is not necessary optimal.
Logistic regression finds one if it exists.
Perceptron (a neural network with one neuron) finds separating hyperplane
if it exists.

The exact position depends on initial parameters.
Elements of Statistical Learning (2nd Ed.) c©Hastie, Tibshirani & Friedman 2009 Chap 4

FIGURE 4.14. A toy example with two classes sep-
arable by a hyperplane. The orange line is the least
squares solution, which misclassifies one of the train-
ing points. Also shown are two blue separating hyper-
planes found by the perceptron learning algorithm with
different random starts.

Elements of Statistical Learning (2nd Ed.) c©Hastie, Tibshirani & Friedman 2009 Chap 4

FIGURE 4.16. The same data as in Figure 4.14.
The shaded region delineates the maximum margin sep-
arating the two classes. There are three support points
indicated, which lie on the boundary of the margin, and
the optimal separating hyperplane (blue line) bisects the
slab. Included in the figure is the boundary found using
logistic regression (red line), which is very close to the
optimal separating hyperplane (see Section 12.3.3).
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Optimal Separating Hyperplane (separble case)

We define Optimal Separating Hyperplane as a separating hyperplane with
maximal free space M without any data point around the hyperplane.
Formally:

max
β,β0,∥β∥=1

M

subject to yi(xT
i β + β0) ≥ M for all i = 1, . . . , N.

Elements of Statistical Learning (2nd Ed.) c©Hastie, Tibshirani & Friedman 2009 Chap 4

x0
x

β∗
β0 + βT x = 0

FIGURE 4.15. The linear algebra of a hyperplane
(affine set).
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FIGURE 12.1. Support vector classifiers. The left
panel shows the separable case. The decision boundary
is the solid line, while broken lines bound the shaded
maximal margin of width 2M = 2/‖β‖. The right panel
shows the nonseparable (overlap) case. The points la-
beled ξ∗j are on the wrong side of their margin by an
amount ξ∗j = Mξj; points on the correct side have
ξ∗j = 0. The margin is maximized subject to a total
budget

P

ξi ≤ constant. Hence
P

ξ∗j is the total dis-
tance of points on the wrong side of their margin.
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Formally:
max

β,β0,∥β∥=1
M

subject to yi(xT
i β + β0) ≥ M for all i = 1, . . . , N.

We re-define: ∥β∥ = 1 can be moved to the condition (and redefine β0):

1
∥β∥

yi(xT
i β + β0) ≥ M

Since for any β and β0 satisfying these inequalities, any positively scaled multiple
satisfies them too, we can set ∥β∥ = 1

M and we get:

min
β,β0

1
2∥β∥2

subject to yi(xT
i β + β0) ≥ 1 pro i = 1, . . . , N.

This is a convex optimization problem. The Lagrange function, we look for the
saddle point w.r.t. β and β0:

LP = 1
2∥β∥2 −

N∑
i=1

αi [yi(xT
i β + β0) − 1].
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LP = 1
2∥β∥2 −

N∑
i=1

αi [yi(xT
i β + β0) − 1].

Setting the derivatives to zero, we obtain:

β =
N∑

i=1
αiyixi

0 =
N∑

i=1
αiyi

Substituing these in LP we obtain the so–called Wolfe dual:

LD =
N∑

i=1
αi − 1

2

N∑
i=1

N∑
k=1

αiαkyiykxT
i xk

subject to αi ≥ 0
The solution is obtained by maximizing LD in the positive orthant, for which
standard software can be used.
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LD =
N∑

i=1
αi − 1

2

N∑
i=1

N∑
k=1

αiαkyiykxT
i xk

subject to αi ≥ 0.
In addition the solution must satisfy the Karush–Kuhn–Tucker conditions:

αi [yi(xT
i β + β0) − 1] = 0

for any i , therefore for any αi > 0 must [yi(xT
i β + β0) − 1] = 0, that means xi is

on the boundary and for all xi outside the boundary is αi = 0.
The boundary is defined by xi with αi > 0 – so called support vectors.

We classify new observations

Ĝ(x) = sign(xT β + β0)

where β =
∑N

i=1 αiyixi ,
β0 = ys − xT

s β for any support
vector αs > 0.

Elements of Statistical Learning (2nd Ed.) c©Hastie, Tibshirani & Friedman 2009 Chap 4

FIGURE 4.16. The same data as in Figure 4.14.
The shaded region delineates the maximum margin sep-
arating the two classes. There are three support points
indicated, which lie on the boundary of the margin, and
the optimal separating hyperplane (blue line) bisects the
slab. Included in the figure is the boundary found using
logistic regression (red line), which is very close to the
optimal separating hyperplane (see Section 12.3.3).
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Optimal Separating Hyperplane (nonseparble case)
We have to accept incorrectly classified instances in a non–separable case.
We limit the number of incorrectly classified examples.

We define slack ξ for each data point (ξ1, . . . , ξN) = ξ as follows:
ξi is the distance of xi from the boundary for xi at the wrong side of the
margin
and ξi = 0, for xi at the correct side.

We require
∑N

i=1 ξi ≤ K .
We solve the optimization problem

max
β,β0,∥β∥=1

M

subject to:

yi(xT
i β + β0) ≥ M(1 − ξi)

where ∀i is ξi ≥ 0 a
∑N

i=1 ξi ≤ K .
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FIGURE 12.1. Support vector classifiers. The left
panel shows the separable case. The decision boundary
is the solid line, while broken lines bound the shaded
maximal margin of width 2M = 2/‖β‖. The right panel
shows the nonseparable (overlap) case. The points la-
beled ξ∗j are on the wrong side of their margin by an
amount ξ∗j = Mξj; points on the correct side have
ξ∗j = 0. The margin is maximized subject to a total
budget

P

ξi ≤ constant. Hence
P

ξ∗j is the total dis-
tance of points on the wrong side of their margin.
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Optimal Separating Hyperplane (nonseparble case)

Again, we omit replace the condition ∥β∥ by defining M = 1
∥β∥ and optimize

min ∥β∥ subject to
{

yi(xT β + β0) ≥ (1 − ξi)∀i
ξi ≥ 0,

∑
ξi ≤ constant

We replace the constant by a multiplicative parameter γ and solve

min
β,β0

1
2∥β∥2 + γ

N∑
i=1

ξi

subject to ξi ≥ 0 and yi(xT β + β0) ≥ (1 − ξi).
We can set γ = ∞ for the separable case.
Large γ: a complex boundary, fewer support vectors.
Small γ: a smooth boundary, a robust model, many support vectors.
γ usually set by crossvalidation.
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yi(xT β + β0) ≥ (1 − ξi)∀i
ξi ≥ 0,

∑
ξi ≤ constant

We replace the constant by a multiplicative parameter γ and solve

min
β,β0

1
2∥β∥2 + γ

N∑
i=1

ξi

subject to ξi ≥ 0 and yi(xT β + β0) ≥ (1 − ξi).
We can set γ = ∞ for the separable case.
Large γ: a complex boundary, fewer support vectors.
Small γ: a smooth boundary, a robust model, many support vectors.
γ usually set by crossvalidation.
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We solve

min
β,β0

1
2∥β∥2 + γ

N∑
i=1

ξi

subject to ξi ≥ 0 and yi(xT
i β + β0) ≥ (1 − ξi).

Lagrange multipliers again for αi , µi :

LP = 1
2∥β∥2 + γ

N∑
i=1

ξi −
N∑

i=1
αi [yi(xT

i β + β0) − (1 − ξi)] −
N∑

i=1
µiξi

Setting the derivative = 0 we get:

β =
N∑

i=1
αiyixi

0 =
N∑

i=1
αiyi

αi = γ − µi .
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Substitute to get Wolfe dual:

LD =
N∑

i=1
αi − 1

2

N∑
i=1

N∑
k=1

αiαkyiykxT
i xk

and maximize LD subject to 0 ≤ αi ≤ γ a
∑N

i=1 αiyi = 0.
Solution satisfies:

αi [yi(xT
i β + β0) − (1 − ξi)] = 0

µiξi = 0[
yi(xT

i β + β0) − (1 − ξi)
]

≥ 0

The solution is β̂ =
∑N

i=1 α̂iyixi .
support points with nonzero coefficients α̂i are

points at the boundary
ξ̂i = 0 (therefore 0 < α̂i < γ),

and points on the wrong side of the margin
ξ̂i > 0 (and α̂i = γ).

Any point with ξ̂i = 0 can be used to calculate β̂0, typically an average.
β̂0 for a boundary point αi > 0, ξi = 0:

αi

[
yi(xT β̂ + β̂0) − (1 − 0)

]
= 0

Parameter γ settled by tuning (crossvalidation).
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SVM Solution

The solution is β̂ =
∑N

i=1 α̂iyixi .
support points with nonzero
coefficients α̂i are

points at the boundary
ξ̂i = 0 (therefore 0 < α̂i < γ),

and points on the wrong side of
the margin

ξ̂i > 0 (and α̂i = γ).

Any point with ξ̂i = 0 can be used
to calculate β̂0, typically an average.

β̂0 for a boundary point ξi = 0:

αi

[
yi(xT β̂ + β̂0) − (1 − 0)

]
= 0

α = ξ = 0 for points 1,4,8,9,11
α > 0, ξ = 0 for points 2,6,8
missclassified points 3,5.
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FIGURE 12.7. A simple example illustrates the SVM path algorithm. (left
panel:) This plot illustrates the state of the model at λ = 0.5. The ‘‘ + 1”
points are orange, the “−1” blue. λ = 1/2, and the width of the soft margin
is 2/||β|| = 2 × 0.587. Two blue points {3, 5} are misclassified, while the two or-
ange points {10, 12} are correctly classified, but on the wrong side of their margin
f(x) = +1; each of these has yif(xi) < 1. The three square shaped points {2, 6, 7}
are exactly on their margins. (right panel:) This plot shows the piecewise linear
profiles αi(λ). The horizontal broken line at λ = 1/2 indicates the state of the αi

for the model in the left plot.

(the value used in Figure 12.3), an intermediate value of C is required.
Clearly in situations such as these, we need to determine a good choice
for C, perhaps by cross-validation. Here we describe a path algorithm (in
the spirit of Section 3.8) for efficiently fitting the entire sequence of SVM
models obtained by varying C.

It is convenient to use the loss+penalty formulation (12.25), along with
Figure 12.4. This leads to a solution for β at a given value of λ:

βλ =
1

λ

N∑

i=1

αiyixi. (12.33)

The αi are again Lagrange multipliers, but in this case they all lie in [0, 1].
Figure 12.7 illustrates the setup. It can be shown that the KKT optimal-

ity conditions imply that the labeled points (xi, yi) fall into three distinct
groups:
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profiles αi(λ). The horizontal broken line at λ = 1/2 indicates the state of the αi

for the model in the left plot.

(the value used in Figure 12.3), an intermediate value of C is required.
Clearly in situations such as these, we need to determine a good choice
for C, perhaps by cross-validation. Here we describe a path algorithm (in
the spirit of Section 3.8) for efficiently fitting the entire sequence of SVM
models obtained by varying C.

It is convenient to use the loss+penalty formulation (12.25), along with
Figure 12.4. This leads to a solution for β at a given value of λ:

βλ =
1
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The αi are again Lagrange multipliers, but in this case they all lie in [0, 1].
Figure 12.7 illustrates the setup. It can be shown that the KKT optimal-

ity conditions imply that the labeled points (xi, yi) fall into three distinct
groups:
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ange points {10, 12} are correctly classified, but on the wrong side of their margin
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for the model in the left plot.
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are exactly on their margins. (right panel:) This plot shows the piecewise linear
profiles αi(λ). The horizontal broken line at λ = 1/2 indicates the state of the αi
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Support Vector Machines
Let us have the training data (xi , yi)N

i=1, xi ∈ Rp, yi in {−1, 1}. We define a
hyperplane

{x : f (x) = xT β + β0 = 0} (10)
where ∥β∥ = 1.
We classify according to

G(x) = sign
[
xT β + β0

]
where f (x) is a signed distance of x from the hyperplane.
Support vector machines replace the scalar product ⟨xi , x⟩ by a kernel
function.

f̂ (x) = βx + β̂0

f̂ (x) =
N∑

k=1
α̂iyixT

i x + β̂0

f̂ (x) =
N∑

k=1
α̂iyi⟨xi , x⟩ + β̂0

f̂ (x) =
N∑

k=1
α̂iyiK (xi , x) + β̂0
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SVM Example
kernel functions are function to replace scalar
product with a scalar product in a transformed
space.

dth Degree polynomial: K (x , x |) = (1 + ⟨x , x |⟩)d

Radial basis K (x , x |) = exp( −∥x−x |∥2

ℓ )
Neural network K (x , x |) = tanh(κ1⟨x , x |⟩ + κ2)

For example a degree 2 with two dimensional input:
K (x , x ′) = (1 + ⟨x , x ′⟩)2 =
(1 + 2x1x ′

1 + 2x2x ′
2 + (x1x ′

1)2 + (x2x ′
2)2 + 2x1x ′

1x2x ′
2)

that is M = 6, h1(x) = 1, h2(x) =
√

2x1,
h3(x) =

√
2x2, h4(x) = x2

1 , h5(x) = x2
2 ,

h6(x) =
√

2x1x2.

The classification function
f̂ (x) = h(x)T β +β0 =

∑N
i=1 αiyi⟨h(x), h(xi)⟩+β0

does not need evaluation of h(i), only the scalar
product ⟨h(x), h(xi)⟩.
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Training Error: 0.180
Test Error:       0.245
Bayes Error:    0.210

SVM - Radial Kernel in Feature Space
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Training Error: 0.160
Test Error:       0.218
Bayes Error:    0.210

FIGURE 12.3. Two nonlinear SVMs for the mixture data. The upper plot uses
a 4th degree polynomial kernel, the lower a radial basis kernel (with γ = 1). In
each case C was tuned to approximately achieve the best test error performance,
and C = 1 worked well in both cases. The radial basis kernel performs the best
(close to Bayes optimal), as might be expected given the data arise from mixtures
of Gaussians. The broken purple curve in the background is the Bayes decision
boundary.

Machine Learning Support Vector Machines 13 219 - 282 May 23, 2025 117 / 124



SVM Example
kernel functions are function to replace scalar
product with a scalar product in a transformed
space.

dth Degree polynomial: K (x , x |) = (1 + ⟨x , x |⟩)d

Radial basis K (x , x |) = exp( −∥x−x |∥2

ℓ )
Neural network K (x , x |) = tanh(κ1⟨x , x |⟩ + κ2)

For example a degree 2 with two dimensional input:
K (x , x ′) = (1 + ⟨x , x ′⟩)2 =
(1 + 2x1x ′

1 + 2x2x ′
2 + (x1x ′

1)2 + (x2x ′
2)2 + 2x1x ′

1x2x ′
2)

that is M = 6, h1(x) = 1, h2(x) =
√

2x1,
h3(x) =

√
2x2, h4(x) = x2

1 , h5(x) = x2
2 ,

h6(x) =
√

2x1x2.

The classification function
f̂ (x) = h(x)T β +β0 =

∑N
i=1 αiyi⟨h(x), h(xi)⟩+β0

does not need evaluation of h(i), only the scalar
product ⟨h(x), h(xi)⟩.

12.3 Support Vector Machines and Kernels 425

SVM - Degree-4 Polynomial in Feature Space
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Training Error: 0.180
Test Error:       0.245
Bayes Error:    0.210

SVM - Radial Kernel in Feature Space

. . . . . . .. . . . . . .. . . . . .. . . . . .. . . . .. . . . .. . . .. . . .. . . .. . . .. . .. . .. . .. . .. . .. . .. . .. . .. . .. . .. . .. . . .. . . .. . . .. . . .. . . . .. . . . .. . . . . .. . . . . .. . . . . . .. . . . . . .. . . . . . . .. . . . . . . .. . . . . . . . .. . . . . . . . .. . . . . . . . . .. . . . . . . . . .. . . . . . . . . . .. . . . . . . . . . . .. . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . .. . . . . . . . . . . .. . . . . . . . . . . .. . . . . . . . . . . .. . . . . . . . . . . .. . . . . . . . . . . .. . . . . . . . . . . . .. . . . . . . . . . . . .. . . . . . . . . . . . .. . . . . . . . . . . . .. . . . . . . . . . . . .. . . . . . . . . . . . .. . . . . . . . . . . . . .. . . . . . . . . . . . . .. . . . . . . . . . . . . .. . . . . . . . . . . . . .. . . . . . . . . . . . . .. . . . . . . . . . . . . .. . . . . . . . . . . . .. . . . . . . . . . . . .. . . . . . . . . . . . . .. . . . . . . . . . . . . .. . . . . . . . . . . . .. . . . . . . . . . . . .. . . . . . . . . . . . . .. . . . . . . . . . . . . .. . . . . . . . . . . . .. . . . . . . . . . . . .. . . . . . . . . . . . . .. . . . . . . . . . . . .. . . . . . . . . . . . .. . . . . . . . . . . . . .. . . . . . . . . . . . .. . . . . . . . . . . . .. . . . . . . . . . . . . .. . . . . . . . . . . . .. . . . . . . . . . . . . .. . . . . . . . . . . . . .. . . . . . . . . . . . .. . . . . . . . . . . . . .

o
o

oo
o

o

o

o

o

o

o

o

o

o
o

o

o o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o
o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o
o

o

o

o

o

o

o

o

o

o

o
o o

oo

o
o

o

oo

o

o

o

o
o

o

o

o

o

o

o

o

o

o

o

o

o

o
o

o

o

o

oo

o

o

o

o

o

o
o

o

o

o

o

o

o

o

o
o

o

o

o

o

o

o

o

o oo
o

o

o

o
oo o

o

o

o

o

o

o

o

oo

o

o

o
o

oo
o

o

o

oo
o

o

o

o

o

o

o

o

o
o

o

o

o

o

o

o

o
o

o
oo

o

o

o

o

o

o

oo

o
o

o
o

o

o

o

o

o

o

o

o

o

o

o
•

••

•

•

•
•

•

•

•
•

•

•

•
•

•
•

•

•

••

•

•

•

•

•

•

•

•

•

•

Training Error: 0.160
Test Error:       0.218
Bayes Error:    0.210

FIGURE 12.3. Two nonlinear SVMs for the mixture data. The upper plot uses
a 4th degree polynomial kernel, the lower a radial basis kernel (with γ = 1). In
each case C was tuned to approximately achieve the best test error performance,
and C = 1 worked well in both cases. The radial basis kernel performs the best
(close to Bayes optimal), as might be expected given the data arise from mixtures
of Gaussians. The broken purple curve in the background is the Bayes decision
boundary.

Machine Learning Support Vector Machines 13 219 - 282 May 23, 2025 117 / 124



SVM Example
kernel functions are function to replace scalar
product with a scalar product in a transformed
space.

dth Degree polynomial: K (x , x |) = (1 + ⟨x , x |⟩)d

Radial basis K (x , x |) = exp( −∥x−x |∥2

ℓ )
Neural network K (x , x |) = tanh(κ1⟨x , x |⟩ + κ2)

For example a degree 2 with two dimensional input:
K (x , x ′) = (1 + ⟨x , x ′⟩)2 =
(1 + 2x1x ′

1 + 2x2x ′
2 + (x1x ′

1)2 + (x2x ′
2)2 + 2x1x ′

1x2x ′
2)

that is M = 6, h1(x) = 1, h2(x) =
√

2x1,
h3(x) =

√
2x2, h4(x) = x2

1 , h5(x) = x2
2 ,

h6(x) =
√

2x1x2.

The classification function
f̂ (x) = h(x)T β +β0 =

∑N
i=1 αiyi⟨h(x), h(xi)⟩+β0

does not need evaluation of h(i), only the scalar
product ⟨h(x), h(xi)⟩.

12.3 Support Vector Machines and Kernels 425

SVM - Degree-4 Polynomial in Feature Space
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Training Error: 0.180
Test Error:       0.245
Bayes Error:    0.210

SVM - Radial Kernel in Feature Space
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Training Error: 0.160
Test Error:       0.218
Bayes Error:    0.210

FIGURE 12.3. Two nonlinear SVMs for the mixture data. The upper plot uses
a 4th degree polynomial kernel, the lower a radial basis kernel (with γ = 1). In
each case C was tuned to approximately achieve the best test error performance,
and C = 1 worked well in both cases. The radial basis kernel performs the best
(close to Bayes optimal), as might be expected given the data arise from mixtures
of Gaussians. The broken purple curve in the background is the Bayes decision
boundary.

Machine Learning Support Vector Machines 13 219 - 282 May 23, 2025 117 / 124



SVM Example
kernel functions are function to replace scalar
product with a scalar product in a transformed
space.

dth Degree polynomial: K (x , x |) = (1 + ⟨x , x |⟩)d

Radial basis K (x , x |) = exp( −∥x−x |∥2

ℓ )
Neural network K (x , x |) = tanh(κ1⟨x , x |⟩ + κ2)

For example a degree 2 with two dimensional input:
K (x , x ′) = (1 + ⟨x , x ′⟩)2 =
(1 + 2x1x ′

1 + 2x2x ′
2 + (x1x ′

1)2 + (x2x ′
2)2 + 2x1x ′

1x2x ′
2)

that is M = 6, h1(x) = 1, h2(x) =
√

2x1,
h3(x) =

√
2x2, h4(x) = x2

1 , h5(x) = x2
2 ,

h6(x) =
√

2x1x2.

The classification function
f̂ (x) = h(x)T β +β0 =

∑N
i=1 αiyi⟨h(x), h(xi)⟩+β0

does not need evaluation of h(i), only the scalar
product ⟨h(x), h(xi)⟩.

12.3 Support Vector Machines and Kernels 425

SVM - Degree-4 Polynomial in Feature Space
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Training Error: 0.180
Test Error:       0.245
Bayes Error:    0.210

SVM - Radial Kernel in Feature Space
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Training Error: 0.160
Test Error:       0.218
Bayes Error:    0.210

FIGURE 12.3. Two nonlinear SVMs for the mixture data. The upper plot uses
a 4th degree polynomial kernel, the lower a radial basis kernel (with γ = 1). In
each case C was tuned to approximately achieve the best test error performance,
and C = 1 worked well in both cases. The radial basis kernel performs the best
(close to Bayes optimal), as might be expected given the data arise from mixtures
of Gaussians. The broken purple curve in the background is the Bayes decision
boundary.
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String Kernels and Protein Classification

668 18. High-Dimensional Problems: p≫ N

first differences to the left, right, above and below the target pixel. This
can be useful for denoising or classifying images. Friedman et al. (2007)
develop fast generalized coordinate descent algorithms for the one- and
two-dimensional fused lasso.

18.5 Classification When Features are Unavailable

In some applications the objects under study are more abstract in nature,
and it is not obvious how to define a feature vector. As long as we can fill
in an N×N proximity matrix of similarities between pairs of objects in our
database, it turns out we can put to use many of the classifiers in our arsenal
by interpreting the proximities as inner-products. Protein structures fall
into this category, and we explore an example in Section 18.5.1 below.

In other applications, such as document classification, feature vectors are
available but can be extremely high-dimensional. Here we may not wish
to compute with such high-dimensional data, but rather store the inner-
products between pairs of documents. Often these inner-products can be
approximated by sampling techniques.

Pairwise distances serve a similar purpose, because they can be turned
into centered inner-products. Proximity matrices are discussed in more de-
tail in Chapter 14.

18.5.1 Example: String Kernels and Protein Classification

An important problem in computational biology is to classify proteins into
functional and structural classes based on their sequence similarities. Pro-
tein molecules are strings of amino acids, differing in both length and com-
position. In the example we consider, the lengths vary between 75–160
amino-acid molecules, each of which can be one of 20 different types, labeled
using letters. Here are two examples, of length 110 and 153, respectively:

IPTSALVKETLALLSTHRTLLIANETLRIPVPVHKNHQLCTEEIFQGIGTLESQTVQGGTV

ERLFKNLSLIKKYIDGQKKKCGEERRRVNQFLDYLQEFLGVMNTEWI

PHRRDLCSRSIWLARKIRSDLTALTESYVKHQGLWSELTEAERLQENLQAYRTFHVLLA

RLLEDQQVHFTPTEGDFHQAIHTLLLQVAAFAYQIEELMILLEYKIPRNEADGMLFEKK

LWGLKVLQELSQWTVRSIHDLRFISSHQTGIP

There have been many proposals for measuring the similarity between a
pair of protein molecules. Here we focus on a measure based on the count
of matching substrings (Leslie et al., 2004), such as the LQE above.

To construct our features, we count the number of times that a given
sequence of length m occurs in our string, and we compute this number

Consider all possible sequences a ∈ Am of length m.
We define a feature map

Φm(x) = {ϕa(x)}a∈Am

The kernel function is the inner product:

Km(x1, x2) = ⟨Φm(x1), Φm(x2)⟩.

where ϕa(x) is the number of occurence a in x .670 18. High-Dimensional Problems: p≫ N
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FIGURE 18.9. Cross-validated ROC curves for protein example using the string
kernel. The numbers next to each method in the legend give the area under the
curve, an overall measure of accuracy. The SVM achieves better sensitivities than
the other two, which achieve better specificities.

18.5.2 Classification and Other Models Using Inner-Product
Kernels and Pairwise Distances

There are a number of other classifiers, besides the support-vector ma-
chine, that can be implemented using only inner-product matrices. This
also implies they can be “kernelized” like the SVM.

An obvious example is nearest-neighbor classification, since we can trans-
form pairwise inner-products to pairwise distances:

||xi − xi′ ||2 = 〈xi, xi〉+ 〈xi′ , xi′〉 − 2〈xi, xi′〉. (18.27)

A variation of 1-NN classification is used in Figure 18.9, which produces
a continuous discriminant score needed to construct a ROC curve. This
distance-weighted 1-NN makes use of the distance of a test points to the
closest member of each class; see Exercise 18.14.

Nearest-centroid classification follows easily as well. For training pairs
(xi, gi), i = 1, . . . , N , a test point x0, and class centroids x̄k, k = 1, . . . ,K
we can write

||x0 − x̄k||2 = 〈x0, x0〉 −
2

Nk

∑

gi=k

〈x0, xi〉+
1

N2
k

∑

gi=k

∑

gi′=k

〈xi, xi′〉, (18.28)
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SVM as a Penalization Method

We fit a linear function wrt. basis
{hi(x)}: f (x) = hT β + β0.
Consider the loss function
L(y , f ) = [1 − yf ]+

The optimization problem
minβ0,β

∑N
i=1[1 − yf ]+ + λ∥β∥2

is equivalent to SVM
minβ,β0

1
2 ∥β∥2 + γ

∑N
i=1 ξi

subject to ξi ≥ 0 and
yi (xT β + β0) ≥ (1 − ξi ).

is similar to smoothing splines
penalty:

minα,α0

∑N
i=1[1 − yf ]+ + λαT Kα

where αT Kα = J(f ) is the
smoothing penalty.

426 12. Flexible Discriminants
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FIGURE 12.4. The support vector loss function (hinge loss), compared to the
negative log-likelihood loss (binomial deviance) for logistic regression, squared-er-
ror loss, and a “Huberized” version of the squared hinge loss. All are shown as a
function of yf rather than f , because of the symmetry between the y = +1 and
y = −1 case. The deviance and Huber have the same asymptotes as the SVM
loss, but are rounded in the interior. All are scaled to have the limiting left-tail
slope of −1.

12.3.2 The SVM as a Penalization Method

With f(x) = h(x)Tβ + β0, consider the optimization problem

min
β0, β

N∑

i=1

[1− yif(xi)]+ +
λ

2
‖β‖2 (12.25)

where the subscript “+” indicates positive part. This has the form loss +
penalty, which is a familiar paradigm in function estimation. It is easy to
show (Exercise 12.1) that the solution to (12.25), with λ = 1/C, is the
same as that for (12.8).

Examination of the “hinge” loss function L(y, f) = [1− yf ]+ shows that
it is reasonable for two-class classification, when compared to other more
traditional loss functions. Figure 12.4 compares it to the log-likelihood loss
for logistic regression, as well as squared-error loss and a variant thereof.
The (negative) log-likelihood or binomial deviance has similar tails as the
SVM loss, giving zero penalty to points well inside their margin, and a
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TABLE 12.1. The population minimizers for the different loss functions in Fig-
ure 12.4. Logistic regression uses the binomial log-likelihood or deviance. Linear
discriminant analysis (Exercise 4.2) uses squared-error loss. The SVM hinge loss
estimates the mode of the posterior class probabilities, whereas the others estimate
a linear transformation of these probabilities.

Loss Function L[y, f(x)] Minimizing Function

Binomial
Deviance log[1 + e−yf(x)] f(x) = log

Pr(Y = +1|x)
Pr(Y = -1|x)

SVM Hinge
Loss

[1 − yf(x)]+ f(x) = sign[Pr(Y = +1|x) − 1
2
]

Squared
Error

[y − f(x)]2 = [1 − yf(x)]2 f(x) = 2Pr(Y = +1|x) − 1

“Huberised”
Square
Hinge Loss

−4yf(x), yf(x) < -1

[1 − yf(x)]2+ otherwise

f(x) = 2Pr(Y = +1|x) − 1

linear penalty to points on the wrong side and far away. Squared-error, on
the other hand gives a quadratic penalty, and points well inside their own
margin have a strong influence on the model as well. The squared hinge
loss L(y, f) = [1 − yf ]2+ is like the quadratic, except it is zero for points
inside their margin. It still rises quadratically in the left tail, and will be
less robust than hinge or deviance to misclassified observations. Recently
Rosset and Zhu (2007) proposed a “Huberized” version of the squared hinge
loss, which converts smoothly to a linear loss at yf = −1.

We can characterize these loss functions in terms of what they are es-
timating at the population level. We consider minimizing EL(Y, f(X)).
Table 12.1 summarizes the results. Whereas the hinge loss estimates the
classifier G(x) itself, all the others estimate a transformation of the class
posterior probabilities. The “Huberized” square hinge loss shares attractive
properties of logistic regression (smooth loss function, estimates probabili-
ties), as well as the SVM hinge loss (support points).

Formulation (12.25) casts the SVM as a regularized function estimation
problem, where the coefficients of the linear expansion f(x) = β0 +h(x)Tβ
are shrunk toward zero (excluding the constant). If h(x) represents a hierar-
chical basis having some ordered structure (such as ordered in roughness),
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SVM and Kernel Dimsension
The first Simulated example

100 observations of each class
First class: four standard normal
independent features
X1, X2, X3, X4.
Second class conditioned on
9 ≤

∑
X 2

j ≤ 16.
Second example

The first one augmented with an
additional six standard Gaussian
noise features.

BRUTTO: Additive spline model.
BRUTTO and MARS has the ability
to ignore noisy features.
We can see the overfitting of SVM.
The degree 2 polynomial kernel is
the best since the decision boundary
is quadratic.

12.3 Support Vector Machines and Kernels 431

TABLE 12.2. Skin of the orange: Shown are mean (standard error of the mean)
of the test error over 50 simulations. BRUTO fits an additive spline model adap-
tively, while MARS fits a low-order interaction model adaptively.

Test Error (SE)
Method No Noise Features Six Noise Features

1 SV Classifier 0.450 (0.003) 0.472 (0.003)
2 SVM/poly 2 0.078 (0.003) 0.152 (0.004)
3 SVM/poly 5 0.180 (0.004) 0.370 (0.004)
4 SVM/poly 10 0.230 (0.003) 0.434 (0.002)
5 BRUTO 0.084 (0.003) 0.090 (0.003)
6 MARS 0.156 (0.004) 0.173 (0.005)

Bayes 0.029 0.029

12.3.4 SVMs and the Curse of Dimensionality

In this section, we address the question of whether SVMs have some edge
on the curse of dimensionality. Notice that in expression (12.23) we are not
allowed a fully general inner product in the space of powers and products.
For example, all terms of the form 2XjX

′
j are given equal weight, and the

kernel cannot adapt itself to concentrate on subspaces. If the number of
features p were large, but the class separation occurred only in the linear
subspace spanned by say X1 and X2, this kernel would not easily find the
structure and would suffer from having many dimensions to search over.
One would have to build knowledge about the subspace into the kernel;
that is, tell it to ignore all but the first two inputs. If such knowledge were
available a priori, much of statistical learning would be made much easier.
A major goal of adaptive methods is to discover such structure.

We support these statements with an illustrative example. We generated
100 observations in each of two classes. The first class has four standard
normal independent features X1, X2, X3, X4. The second class also has four
standard normal independent features, but conditioned on 9 ≤∑X2

j ≤ 16.
This is a relatively easy problem. As a second harder problem, we aug-
mented the features with an additional six standard Gaussian noise fea-
tures. Hence the second class almost completely surrounds the first, like the
skin surrounding the orange, in a four-dimensional subspace. The Bayes er-
ror rate for this problem is 0.029 (irrespective of dimension). We generated
1000 test observations to compare different procedures. The average test
errors over 50 simulations, with and without noise features, are shown in
Table 12.2.

Line 1 uses the support vector classifier in the original feature space.
Lines 2–4 refer to the support vector machine with a 2-, 5- and 10-dimension-
al polynomial kernel. For all support vector procedures, we chose the cost
parameter C to minimize the test error, to be as fair as possible to the
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Test Error (SE)
Method No Noise Features Six Noise Features

1 SV Classifier 0.450 (0.003) 0.472 (0.003)
2 SVM/poly 2 0.078 (0.003) 0.152 (0.004)
3 SVM/poly 5 0.180 (0.004) 0.370 (0.004)
4 SVM/poly 10 0.230 (0.003) 0.434 (0.002)
5 BRUTO 0.084 (0.003) 0.090 (0.003)
6 MARS 0.156 (0.004) 0.173 (0.005)

Bayes 0.029 0.029

12.3.4 SVMs and the Curse of Dimensionality

In this section, we address the question of whether SVMs have some edge
on the curse of dimensionality. Notice that in expression (12.23) we are not
allowed a fully general inner product in the space of powers and products.
For example, all terms of the form 2XjX

′
j are given equal weight, and the

kernel cannot adapt itself to concentrate on subspaces. If the number of
features p were large, but the class separation occurred only in the linear
subspace spanned by say X1 and X2, this kernel would not easily find the
structure and would suffer from having many dimensions to search over.
One would have to build knowledge about the subspace into the kernel;
that is, tell it to ignore all but the first two inputs. If such knowledge were
available a priori, much of statistical learning would be made much easier.
A major goal of adaptive methods is to discover such structure.

We support these statements with an illustrative example. We generated
100 observations in each of two classes. The first class has four standard
normal independent features X1, X2, X3, X4. The second class also has four
standard normal independent features, but conditioned on 9 ≤∑X2

j ≤ 16.
This is a relatively easy problem. As a second harder problem, we aug-
mented the features with an additional six standard Gaussian noise fea-
tures. Hence the second class almost completely surrounds the first, like the
skin surrounding the orange, in a four-dimensional subspace. The Bayes er-
ror rate for this problem is 0.029 (irrespective of dimension). We generated
1000 test observations to compare different procedures. The average test
errors over 50 simulations, with and without noise features, are shown in
Table 12.2.

Line 1 uses the support vector classifier in the original feature space.
Lines 2–4 refer to the support vector machine with a 2-, 5- and 10-dimension-
al polynomial kernel. For all support vector procedures, we chose the cost
parameter C to minimize the test error, to be as fair as possible to the
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SVM Complexity, Kernel Parameter Tuning

SVM Complexity

The SVM complexity is m3 +mN +mpN, where m is the number of support
vectors.

Parameter tuning for different radial basis lengthscale γ, C is the cost penalty γ.
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FIGURE 12.6. Test-error curves as a function of the cost parameter C for the
radial-kernel SVM classifier on the mixture data. At the top of each plot is the
scale parameter γ for the radial kernel: Kγ(x, y) = exp−γ||x− y||2. The optimal
value for C depends quite strongly on the scale of the kernel. The Bayes error
rate is indicated by the broken horizontal lines.

method. Line 5 fits an additive spline model to the (−1,+1) response by
least squares, using the BRUTO algorithm for additive models, described
in Hastie and Tibshirani (1990). Line 6 uses MARS (multivariate adaptive
regression splines) allowing interaction of all orders, as described in Chap-
ter 9; as such it is comparable with the SVM/poly 10. Both BRUTO and
MARS have the ability to ignore redundant variables. Test error was not
used to choose the smoothing parameters in either of lines 5 or 6.

In the original feature space, a hyperplane cannot separate the classes,
and the support vector classifier (line 1) does poorly. The polynomial sup-
port vector machine makes a substantial improvement in test error rate,
but is adversely affected by the six noise features. It is also very sensitive to
the choice of kernel: the second degree polynomial kernel (line 2) does best,
since the true decision boundary is a second-degree polynomial. However,
higher-degree polynomial kernels (lines 3 and 4) do much worse. BRUTO
performs well, since the boundary is additive. BRUTO and MARS adapt
well: their performance does not deteriorate much in the presence of noise.

12.3.5 A Path Algorithm for the SVM Classifier

The regularization parameter for the SVM classifier is the cost parameter
C, or its inverse λ in (12.25). Common usage is to set C high, leading often
to somewhat overfit classifiers.

Figure 12.6 shows the test error on the mixture data as a function of
C, using different radial-kernel parameters γ. When γ = 5 (narrow peaked
kernels), the heaviest regularization (small C) is called for. With γ = 1
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SVM for Regression

In regression, we fit a function: f (x) = xT β + β0

We consider error function Vϵ (left figure)
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FIGURE 12.8. The left panel shows the ǫ-insensitive error function used by the
support vector regression machine. The right panel shows the error function used
in Huber’s robust regression (blue curve). Beyond |c|, the function changes from
quadratic to linear.

where

Vǫ(r) =

{
0 if |r| < ǫ,

|r| − ǫ, otherwise.
(12.37)

This is an “ǫ-insensitive” error measure, ignoring errors of size less than
ǫ (left panel of Figure 12.8). There is a rough analogy with the support
vector classification setup, where points on the correct side of the deci-
sion boundary and far away from it, are ignored in the optimization. In
regression, these “low error” points are the ones with small residuals.

It is interesting to contrast this with error measures used in robust re-
gression in statistics. The most popular, due to Huber (1964), has the form

VH(r) =

{
r2/2 if |r| ≤ c,
c|r| − c2/2, |r| > c,

(12.38)

shown in the right panel of Figure 12.8. This function reduces from quadratic
to linear the contributions of observations with absolute residual greater
than a prechosen constant c. This makes the fitting less sensitive to out-
liers. The support vector error measure (12.37) also has linear tails (beyond
ǫ), but in addition it flattens the contributions of those cases with small
residuals.

If β̂, β̂0 are the minimizers of H, the solution function can be shown to
have the form

β̂ =

N∑

i=1

(α̂∗
i − α̂i)xi, (12.39)

f̂(x) =

N∑

i=1

(α̂∗
i − α̂i)〈x, xi〉+ β0, (12.40)

and minimize:

SVR(β, β0) =
N∑

i=1
Vϵ(yi − f (xi)) + λ

2 ∥β∥2
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It is interesting to contrast this with error measures used in robust re-
gression in statistics. The most popular, due to Huber (1964), has the form
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{
r2/2 if |r| ≤ c,
c|r| − c2/2, |r| > c,

(12.38)

shown in the right panel of Figure 12.8. This function reduces from quadratic
to linear the contributions of observations with absolute residual greater
than a prechosen constant c. This makes the fitting less sensitive to out-
liers. The support vector error measure (12.37) also has linear tails (beyond
ǫ), but in addition it flattens the contributions of those cases with small
residuals.

If β̂, β̂0 are the minimizers of H, the solution function can be shown to
have the form

β̂ =

N∑

i=1

(α̂∗
i − α̂i)xi, (12.39)

f̂(x) =

N∑

i=1

(α̂∗
i − α̂i)〈x, xi〉+ β0, (12.40)
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SVM for Regression 2
The solution has the form: α̂i , α̂∗

i ≥ 0
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where

Vǫ(r) =

{
0 if |r| < ǫ,

|r| − ǫ, otherwise.
(12.37)

This is an “ǫ-insensitive” error measure, ignoring errors of size less than
ǫ (left panel of Figure 12.8). There is a rough analogy with the support
vector classification setup, where points on the correct side of the deci-
sion boundary and far away from it, are ignored in the optimization. In
regression, these “low error” points are the ones with small residuals.

It is interesting to contrast this with error measures used in robust re-
gression in statistics. The most popular, due to Huber (1964), has the form

VH(r) =

{
r2/2 if |r| ≤ c,
c|r| − c2/2, |r| > c,

(12.38)

shown in the right panel of Figure 12.8. This function reduces from quadratic
to linear the contributions of observations with absolute residual greater
than a prechosen constant c. This makes the fitting less sensitive to out-
liers. The support vector error measure (12.37) also has linear tails (beyond
ǫ), but in addition it flattens the contributions of those cases with small
residuals.

If β̂, β̂0 are the minimizers of H, the solution function can be shown to
have the form

β̂ =

N∑

i=1

(α̂∗
i − α̂i)xi, (12.39)

f̂(x) =

N∑

i=1

(α̂∗
i − α̂i)〈x, xi〉+ β0, (12.40)

and solve the quadratic programming problem
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where α̂i, α̂
∗
i are positive and solve the quadratic programming problem

min
αi,α∗

i

ǫ
N∑

i=1

(α∗
i + αi)−

N∑

i=1

yi(α
∗
i − αi) +

1

2

N∑

i,i′=1

(α∗
i − αi)(α

∗
i′ − αi′)〈xi, xi′〉

subject to the constraints

0 ≤ αi, α
∗
i ≤ 1/λ,

N∑

i=1

(α∗
i − αi) = 0, (12.41)

αiα
∗
i = 0.

Due to the nature of these constraints, typically only a subset of the solution
values (α̂∗

i − α̂i) are nonzero, and the associated data values are called the
support vectors. As was the case in the classification setting, the solution
depends on the input values only through the inner products 〈xi, xi′〉. Thus
we can generalize the methods to richer spaces by defining an appropriate
inner product, for example, one of those defined in (12.22).

Note that there are parameters, ǫ and λ, associated with the criterion
(12.36). These seem to play different roles. ǫ is a parameter of the loss
function Vǫ, just like c is for VH . Note that both Vǫ and VH depend on the
scale of y and hence r. If we scale our response (and hence use VH(r/σ) and
Vǫ(r/σ) instead), then we might consider using preset values for c and ǫ (the
value c = 1.345 achieves 95% efficiency for the Gaussian). The quantity λ
is a more traditional regularization parameter, and can be estimated for
example by cross-validation.

12.3.7 Regression and Kernels

As discussed in Section 12.3.3, this kernel property is not unique to sup-
port vector machines. Suppose we consider approximation of the regression
function in terms of a set of basis functions {hm(x)},m = 1, 2, . . . ,M :

f(x) =
M∑

m=1

βmhm(x) + β0. (12.42)

To estimate β and β0 we minimize

H(β, β0) =
N∑

i=1

V (yi − f(xi)) +
λ

2

∑
β2

m (12.43)

for some general error measure V (r). For any choice of V (r), the solution

f̂(x) =
∑
β̂mhm(x) + β̂0 has the form

f̂(x) =

N∑

i=1

âiK(x, xi) (12.44)

subject to the constraints
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12.3.7 Regression and Kernels

As discussed in Section 12.3.3, this kernel property is not unique to sup-
port vector machines. Suppose we consider approximation of the regression
function in terms of a set of basis functions {hm(x)},m = 1, 2, . . . ,M :

f(x) =
M∑

m=1

βmhm(x) + β0. (12.42)

To estimate β and β0 we minimize

H(β, β0) =
N∑

i=1

V (yi − f(xi)) +
λ

2

∑
β2

m (12.43)

for some general error measure V (r). For any choice of V (r), the solution

f̂(x) =
∑
β̂mhm(x) + β̂0 has the form

f̂(x) =

N∑

i=1

âiK(x, xi) (12.44)

Support vectors are those with nonzero (α̂∗
i − α̂i).

With scaled response y , you may use the default ϵ.
λ is tuned by cross-validation.
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SVR
sklearn.svm.SVR
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(Adaboost and gradient boosting), stacking, ( MARS ),
7 Bayesian learning: MAP, ML hypothesis, Bayesian optimal prediction

!formulas!, EM algorithm
8 Clustering: k-means, Silhouette, k-medoids, hierarchical
9 Apriori algorithm, Association rules, support, confidence, lift
10 Inductive logic programming basic: hypothesis space search, background

knowledge, necessity, sufficiency and consistency of a hypothesis, Aleph
11 Undirected graphical models, Graphical Lasso procedure, ( deviance , MRF )
12 Gaussian processes: estimation of the function and its variance !figures, ideas!
13 Support Vector Machines (optimal separating hyperplane, slacks, kernels).
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