Separating hyperplane, Optimal separating hyperplane

Classification, we encode the goal class by —1 and 1, respectively.
separate the space X by a hyperplane

Linear Discriminant Analysis LDA is not necessary optimal.
Logistic regression finds one if it exists.

Perceptron (a neural network with one neuron) finds separating hyperplane
if it exists.

o The exact position depends on initial parameters.

FIGURE 4.16. The same data as in Figure §.14.

i The shaded region delineates the mazimum margin sep-
FIGURE 4.14. A toy example with two classes sep-

arable by a hyperplane. The orange line is the least
squares solution, which misclassifies one of the train-
ing points. Also sh
planes found by

arating the two classes. There are three support points
indicated, which lic on the boundary of the margin, and
the optimal separating hyperplane (blue line) bisects the
slab. Included in the figure is the boundary found using
logistic regression (red line), which is very close to the
optimal separating hyperplane (sce Section 12.3.3).

own are two blue separating hyper-
e perceptron learning algorithm with

different random starts.
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Optimal Separating Hyperplane (separble case)

We define Optimal Separating Hyperplane as a separating hyperplane with

maximal free space M without any data point around the hyperplane.
Formally:

max
8,80, 118]1=1

subject to y;(x B+ Bo) > M forall i=1,... N.

do—

Bo+ATz=0
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Formally:

max
B.Bo, |l Bll=1

subject to y;(x” B+ Bo) > M forall i=1,... N.

1
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Formally:
max M
B.,80,118]I=1

subject to y;(x” B+ Bo) > M forall i=1,... N.
We re-define: ||3]| = 1 can be moved to the condition (and redefine 3p):
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Formally:
max M
B.,80,118]I=1

subject to y;(x” B+ Bo) > M forall i=1,... N.
We re-define: ||3]| = 1 can be moved to the condition (and redefine 3p):

Hﬂlly’(x B ) 2

Since for any 8 and [y satisfying these inequalities, any positively scaled multiple
satisfies them too, we can set ||3|| = 7 and we get:

1 2
min > 18]

subject to y;(x” B+ Bo) > 1proi=1,...,N.
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Formally:
max M
B.,80,118]I=1

subject to y;(x” B+ Bo) > M forall i=1,... N.
We re-define: ||3]| = 1 can be moved to the condition (and redefine 3p):

Hﬁ”y’(x B+ Bo) >

Since for any 8 and [y satisfying these inequalities, any positively scaled multiple
satisfies them too, we can set ||3|| = 7 and we get:

2
min — /3
58,50 2” ”

subject to y;(x” B+ Bo) > 1proi=1,...,N.
This is a convex optimization problem. The Lagrange function, we look for the
saddle point w.r.t. 8 and So:

N
= 18I = eulyi 76+ o) 1.
i=1
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N
Lo = JI817 ~ 3 eul78 + o) — 1.
i=1
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N
Lo = JI817 ~ 3 eul78 + o) — 1.
i=1

Setting the derivatives to zero, we obtain:

N
5 = Z Q;YiXi
i=1

N
0= Z Q;y;
i=1
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N
Lo = JI817 ~ 3 eul78 + o) — 1.
i=1

Setting the derivatives to zero, we obtain:

N
5 = Z Q;YiXi
i=1
N
0= Z aiyi
i=1

Substituing these in Lp we obtain the so—called Wolfe dual:

N N
1 T
Lp = E @i =5 E E QO YiYKX; Xk
i=1 i=1 k=1
subject to a; > 0
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N
Lo = JI817 ~ 3 eul78 + o) — 1.
i=1

Setting the derivatives to zero, we obtain:

N
5 = Z Q;YiXi
i=1
N
0= Z %
i=1

Substituing these in Lp we obtain the so—called Wolfe dual:

subject to a; > 0
The solution is obtained by maximizing Lp in the positive orthant, for which
standard software can be used.
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N N N
.
Lp = E o — E QGOLYiYEX; Xk
i=1 1 k=1

subject to a; > 0.
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N N N
.
Lp = E o — E E QGOLYiYEX; Xk
i=1 i=1 k=1

subject to a; > 0.
In addition the solution must satisfy the Karush—Kuhn—Tucker conditions:

alyi(x' B+ Bo) —1] =0

for any i, therefore for any a; > 0 must [y;(x; 8 + Bo) — 1] = 0, that means x; is
on the boundary and for all x; outside the boundary is a; = 0.
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N N N
.
Lp = E o — E E QGOLYiYEX; Xk
i=1 i=1 k=1

subject to a; > 0.
In addition the solution must satisfy the Karush—Kuhn—Tucker conditions:

alyi(x' B+ Bo) —1] =0

for any i, therefore for any a; > 0 must [y;(x; 8 + Bo) — 1] = 0, that means x; is
on the boundary and for all x; outside the boundary is a; = 0.
The boundary is defined by x; with a; > 0 — so called support vectors.

We classify new observations

~

G(x) = sign(xTﬂ + Bo)

@ where 3 = Z,N:l QG YiXi, © N
o o =ys — x] 3 for any support T
vector ag > 0.
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Optimal Separating Hyperplane (nonseparble case)

@ We have to accept incorrectly classified instances in a non—separable case.
@ We limit the number of incorrectly classified examples.
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Optimal Separating Hyperplane (nonseparble case)

@ We have to accept incorrectly classified instances in a non—separable case.
@ We limit the number of incorrectly classified examples.
We define slack ¢ for each data point (&1, ...,&y) = £ as follows:
o & is the distance of x; from the boundary for x; at the wrong side of the
margin
e and & =0, for x; at the correct side.
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Optimal Separating Hyperplane (nonseparble case)

@ We have to accept incorrectly classified instances in a non—separable case.
@ We limit the number of incorrectly classified examples.
We define slack ¢ for each data point (&1, ...,&y) = £ as follows:
o & is the distance of x; from the boundary for x; at the wrong side of the
margin
e and & =0, for x; at the correct side.
We require Z,N:1 & < K.
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Optimal Separating Hyperplane (nonseparble case)

@ We have to accept incorrectly classified instances in a non—separable case.
@ We limit the number of incorrectly classified examples.
We define slack ¢ for each data point (&1, ...,&y) = £ as follows:
o & is the distance of x; from the boundary for x; at the wrong side of the
margin
e and & =0, for x; at the correct side.
We require Z,N:1 & < K.
We solve the optimization problem

max
BBo;118]1=1

subject to:
yi(x' B+ Bo) = M(1— &) m

where Viis & >0a 31, & < K.
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Optimal Separating Hyperplane (nonseparble case)

Again, we omit replace the condition || 3| by defining M = ﬁ and optimize

: : yi(xT B+ fo) > (1 - &)Vi
min || 3] subject to { & >0, & < constant
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Optimal Separating Hyperplane (nonseparble case)

Again, we omit replace the condition || 3| by defining M = ﬁ and optimize

: : yi(xT B+ fo) > (1 - &)Vi
min || 3] subject to { & >0, & < constant

We replace the constant by a multiplicative parameter v and solve
1 N
. 2
min — + i
min 3191 + v 26

subject to & > 0 and y;(x7 3+ Bo) > (1 — &).
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Optimal Separating Hyperplane (nonseparble case)

Again, we omit replace the condition || 3| by defining M = ﬁ and optimize

T .
. - yi(x" B+ Bo) > (1 - &)Vi
min || 3] subject to { € >0,5 ¢ < constant
We replace the constant by a multiplicative parameter v and solve

N
1

min — + i

min 3115 wgg

subject to & > 0 and y;(x7 3+ Bo) > (1 — &).

@ We can set v = oo for the separable case.
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Optimal Separating Hyperplane (nonseparble case)

Again, we omit replace the condition || 3| by defining M = ﬁ and optimize

: : yi(xT B+ fo) > (1 - &)Vi
min || 3] subject to { & >0, & < constant

We replace the constant by a multiplicative parameter v and solve
1 N
. 2
min — + i
min 31817 + 356
subject to & > 0 and y;(x7 3+ Bo) > (1 — &).

@ We can set v = oo for the separable case.

@ Large v: a complex boundary, fewer support vectors.
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Optimal Separating Hyperplane (nonseparble case)

Again, we omit replace the condition || 3| by defining M = ﬁ and optimize

: : yi(xT B+ fo) > (1 - &)Vi
min || 3] subject to { & >0, & < constant

We replace the constant by a multiplicative parameter v and solve

N
1
min — + i
min 3115 wgg

subject to & > 0 and yi(x" B+ o) > (1 - &).
@ We can set v = oo for the separable case.
@ Large v: a complex boundary, fewer support vectors.

@ Small v: a smooth boundary, a robust model, many support vectors.
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Optimal Separating Hyperplane (nonseparble case)

Again, we omit replace the condition || 3| by defining M = ﬁ and optimize

: : yi(xT B+ fo) > (1 - &)Vi
min || 3] subject to { & >0, & < constant

We replace the constant by a multiplicative parameter v and solve

N
1

min — + i

min 3115 wgg

subject to & > 0 and yi(x" B+ o) > (1 - &).
@ We can set v = oo for the separable case.
@ Large v: a complex boundary, fewer support vectors.
@ Small v: a smooth boundary, a robust model, many support vectors.

@  usually set by crossvalidation.
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We solve
1 N
: 2
min = || 5||© + E i
55 2 18] Y - 13

subject to & > 0 and y;(x,” B+ Bo) > (1 — &).
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We solve
1 N
. 2
min — + i
min 3181+ 3¢

subject to & > 0 and y;(x,” B+ Bo) > (1 — &).
Lagrange multipliers again for «;, u;:

N
|WW+v§ja }:mvw<5+%) 1—&) =D s
i=1

i=1
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We solve
1 N
. 2
min = + i
min 2Hﬂll Y ;:1 3

subject to & > 0 and y;(x,” B+ Bo) > (1 — &).
Lagrange multipliers again for «;, u;:

N
||/3|\2+725, Za,[y,Xﬂ+Bo) 1—&) =D s
i=1

i=1

Setting the derivative = 0 we get:

N
= Z Qi yiXij
i=1
N
0= Z a;y;i
i=1

Qp =7 — Hi.
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Substitute to get Wolfe dual:
N

N N
Lp = Z o — % Z Z Oz,'Oék)/i}/kX,-TXk
i=1 i=1

i= k=1
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Substitute to get Wolfe dual:
N

N N
Lp = Z o — % Z Z Oz,'Oék)/i}/kX,-TXk
i=1 i=1

i= k=1

and maximize Lp subject to 0 < a; <y a Z,N:l a;y; = 0.
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Substitute to get Wolfe dual:
N N

N
Lp = Z o — % Z Z Oz,'Oék)/i}/kX,-TXk
i=1

i=1 k=1

and maximize Lp subject to 0 < a; <y a Z,N:l a;y; = 0.
Solution satisfies:

ailyi("B+Bo) —(1-&) = 0
pi& = 0
il B+B)—(1=&)] > 0
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Substitute to get Wolfe dual:

N N

N
Lp = Z o — Z Z QO YiYiX; Xk
i=1 1 k=1

and maximize Lp subject to 0 < a; <y a Z,N:l a;y; = 0.
Solution satisfies:
ailyi(" B+ o) —(1—&) = 0
i
vilx"B+Bo) —(1=&)] > 0

|
o

@ The solution is 3 = Zf\lzl QiYiXi.
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Substitute to get Wolfe dual:

N N

N
Lp = Z o — Z Z QO YiYiX; Xk
i=1 1 k=1

and maximize Lp subject to 0 < a; <y a Z,N:l a;y; = 0.
Solution satisfies:
ailyi(" B+ o) —(1—&) = 0
wig&i = 0
vilx"B+Bo) —(1=&)] > 0

@ The solution is 3 = Zf\lzl QiYiXi.
@ support points with nonzero coefficients &; are
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Substitute to get Wolfe dual:

N N

N
Lp = Z o — Z Z QO YiYiX; Xk
i=1 1 k=1

and maximize Lp subject to 0 < a; <y a Z,N:l a;y; = 0.
Solution satisfies:
ailyi(" B+ o) —(1—&) = 0
wig&i = 0
vilx"B+Bo) —(1=&)] > 0

@ The solution is BA = ZfV:l Q;Yix;i.
@ support points with nonzero coefficients &; are
e points at the boundary
0 &=0 (therefore 0 < oy < =),
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Substitute to get Wolfe dual:

N N

N
Lp = Z o — Z Z QO YiYiX; Xk
i=1 1 k=1

and maximize Lp subject to 0 < a; <y a Z,N:l a;y; = 0.
Solution satisfies:

ailyi("B+Bo) —(1-&) = 0
pi& = 0
il B+B)—(1=&)] > 0

@ The solution is BA = ZfV:l Q;Yix;i.
@ support points with nonzero coefficients &; are
e points at the boundary
0 &=0 (therefore 0 < oy < =),
e and points on the wrong side of the margin
° 2,->0(ando7,-:'y).
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Substitute to get Wolfe dual:

N N

N
Lp = Z o — Z Z QO YiYiX; Xk
i=1 1 k=1

and maximize Lp subject to 0 < a; <y a Z,N:l a;y; = 0.
Solution satisfies:
ailyi(" B+ o) —(1—&) = 0
i
vilx"B+Bo) —(1=&)] > 0

|
o

@ The solution is BA = ZfV:l Q;Yix;i.
@ support points with nonzero coefficients &; are
e points at the boundary
0 &=0 (therefore 0 < oy < =),
e and points on the wrong side of the margin
° 2,->0(ando7,-:'y).

@ Any point with 5 = 0 can be used to calculate Eo, typically an average.

e [ for a boundary point a; > 0, & = 0:
PN
o [y(xTB+Bo) — (1-0)] =0
I Eiiiﬁﬁiﬁ! ai iffﬂprl hv tiinino (cracsvalidatinp)
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SVM Solution

. N o A . :
@ The solution is 3 = Y_._; &iyix;. 7

a8

f(z) :wﬁtl

31 f@=o0 e e 1/1181]

12

-05
L
>

-10
L
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SVM Solution

@ The solution is 3 = Z,N:l &, YiX;.

@ support points with nonzero
coefficients &; are

Suppare Vecier Macknes i3

-05

-10

T S @) =11

f(z) =0 10° 3 o

i
e f@) = -1
H

T T T ! ‘ ‘A

05 00 os v * "

b oz 04 05 08 10

ai(N)
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SVM Solution

@ The solution is 3 = Z,N:l &, YiX;.

@ support points with nonzero
coefficients &; are
e points at the boundary

hine Learning

Support Vector Machines 13

R

3 flx)=0 10° 2
e f@) = -1

12

/11811

May 23, 2025
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SVM Solution

@ The solution is ﬂA = Z,N:l Q;yixX;.
@ support points with nonzero
coefficients &; are
e points at the boundary

0 &=0 (therefore 0 < &y < ),

hine Learning Support Vector Machines 13

-05

-10

et 8 LS =41

f@)=0 0° 3 o

iz
e fl@) = -1
1

T T T ! ‘ ‘A

05 00 05 o ¥ *

Q‘D 0‘2 4/‘0 o‘c 4/‘3 1‘4/

ai(\)
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SVM Solution

@ The solution is ﬂA = Z,N:l Q;yixX;.
@ support points with nonzero
coefficients &; are
e points at the boundary
° g = 0 (therefore 0 < Qi < v),

e and points on the wrong side of
the margin

Support Vector Machines 13

-05

-10

R L LS =41

flz)=0 10° o

3
e fl@) = -1
1

T T T ! ‘ ‘A

05 00 05 10 e *

Q‘D 0‘2 4/‘0 D‘h 4/‘8 1‘4/

ai(N)
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SVM Solution

@ The solution is ﬂA = Z,N:l Q;yixX;.
@ support points with nonzero
coefficients &; are
e points at the boundary
° g = 0 (therefore 0 < Qi < v),
e and points on the wrong side of
the margin
o & >0 (and &) = 7).
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SVM Solution

@ The solution is ﬂA = ZlN:l Q;yixX;. % :
@ support points with nonzero
coefficients &; are
e points at the boundary

w8

> R 21 rw=o H gl
o ¢ =0 (therefore 0 < o < 7), <
e and points on the wrong side of 31
the margin PR

o & >0 (and &) = 7).

-05
L
>

@ Any point with 5 =0 can be used  :|
to calculate [y, typically an average. 05 o o 10 5

a[yxTB+A) - (1-0)) =0
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SVM Solution

@ The solution is ﬂA = ZlN:l Q;yixX;. % :
@ support points with nonzero
coefficients &; are
e points at the boundary

w8

> R 21 rw=o H gl
o ¢ =0 (therefore 0 < o < 7), <
e and points on the wrong side of 31
the margin PR

o & >0 (and &) = 7).

-05
L
>

@ Any point with 5 =0 can be used  :|
to calculate [y, typically an average. 05 o o 10 5

° ,[% for a boundary point & = 0:
«; [}/i(XTB-‘r @))—(1—0)} =0
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SVM Solution

@ The solution is ﬂA = ZlN:l Q;yixX;.
@ support points with nonzero
coefficients &; are
e points at the boundary
° g = 0 (therefore 0 < Qi < v),

e and points on the wrong side of
the margin

o & >0 (and &) = 7).
@ Any point with 5 = 0 can be used
to calculate By, typically an average.

° ,[% for a boundary point & = 0:
@i [y(x"B+ Bo) = (1 0)] = 0

o o= ¢ =0 for points 1,4,8,9,11

Machine Learning Support Vector Machines 13
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o 1/118]1
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SVM Solution

LA N A .
@ The solution is § =Y "._; &iyix;. 24 °
@ support points with nonzero .|
coefficients &; are Tlrmea it @ =n
e points at the boundary o
° f(z)=0 s s /11811

° g:O(therefore0<o/z\,-<7), m ~
e and points on the wrong side of 34
the margin PR

°§>0(ando7,-:7)_ 2 R S

@ Any point with 5 =0 can be used <]
to calculate [y, typically an average. 05 o s 10 L

° ,[% for a boundary point & = 0:
@i [y(x"B+ Bo) = (1 0)] = 0

o a= ¢ =0 for points 1,4,8,9,11
e a >0, =0 for points 2,6,8
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SVM Solution

LA N A .
@ The solution is § =Y "._; &iyix;. 24 °
@ support points with nonzero .|
coefficients &; are Thrmea it @ =n
e points at the boundary o
° f(z) =0 - /11811

° g:O(therefore0<o/z\,-<7), m ~
e and points on the wrong side of 34
the margin PR

°§>0(ando7,-:7)_ 2 R S

@ Any point with 5 =0 can be used <]
to calculate [y, typically an average. 05 o s 10 L

° ,[% for a boundary point & = 0:
@i [y(x"B+ Bo) = (1 0)] = 0

o a= ¢ =0 for points 1,4,8,9,11
e a >0, =0 for points 2,6,8

) oints 3.5. e
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Support Vector Machines

Let us have the training data (x;, y;)Y;, x; € RP, y; in {—1,1}. We define a
hyperplane
{x:f(x) =x"B+ o =0} (10)
where [|3]| = 1.
We classify according to
G(x) = sign [x" B + Bo)
where f(x) is a signed distance of x from the hyperplane.
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Support Vector Machines

Let us have the training data (x;, y;)Y;, x; € RP, y; in {—1,1}. We define a
hyperplane

{x:f(x)=x"B+Bo =0} (10)
where [|3]| = 1.
We classify according to

G(x) = sign [XTB + ﬂo]
where f(x) is a signed distance of x from the hyperplane.

Support vector machines replace the scalar product (x;, x) by a kernel
function.
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Support Vector Machines
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hyperplane

{x:f(x)=x"B+Bo =0} (10)
where [|3]| = 1.
We classify according to

G(x) = sign [XTB + ﬂo]
where f(x) is a signed distance of x from the hyperplane.

Support vector machines replace the scalar product (x;, x) by a kernel
function.

?(X) = Bx+fo
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Support Vector Machines

Let us have the training data (x;, y;)Y;, x; € RP, y; in {—1,1}. We define a
hyperplane

{x:f(x)=x"B+Bo =0} (10)
where [|3]| = 1.
We classify according to

G(x) = sign [XTB + ﬂo]
where f(x) is a signed distance of x from the hyperplane.

Support vector machines replace the scalar product (x;, x) by a kernel
function.

?(X) = Bx+fo

N
F) = D iy x+ fo
k=1
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Support Vector Machines

Let us have the training data (x;, y;)Y;, x; € RP, y; in {—1,1}. We define a
hyperplane

{x:f(x)=x"B+Bo =0} (10)
where [|3]| = 1.
We classify according to

G(x) = sign [XTB + ﬂo]
where f(x) is a signed distance of x from the hyperplane.

Support vector machines replace the scalar product (x;, x) by a kernel
function.

Fx) = Bx+bo
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Support Vector Machines

Let us have the training data (x;, y;)Y;, x; € RP, y; in {—1,1}. We define a
hyperplane

{x:f(x)=x"B+Bo =0} (10)
where [|3]| = 1.
We classify according to

G(x) = sign [XTB + ﬂo]
where f(x) is a signed distance of x from the hyperplane.

Support vector machines replace the scalar product (x;, x) by a kernel
function.

f(x) = Bx+ Bo
N
F) = D iy x+ fo

k=1

N
?(X) = Zé\é,‘y,'<X,',X + 3

?(X) = ZO‘)/I Xn +ﬁ0
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SVM Example

@ kernel functions are function to replace scalar

SVM - Degree-4 Polynomial in Feature Space

product with a scalar product in a transformed
space.

dth Degree polynomial: [ K(x,x!) = (1 + (x,x!))9

Radial basis K(x,x!) = exp(M)

Neural network K(x,x") = tanh(k1(x,x1) + k)~

Training Error: 0.180
TestError: 0245
Bayes Error: 0.210

SVM - Radial Kernel in Feature Space

Training Error: 0.160
TestEror: 0218
Bayes Error: 0.210 d
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SVM Example

@ kernel functions are function to replace scalar

SVM - Degree-4 Polynomial in Feature Space
product with a scalar product in a transformed
space.

dth Degree polynomial: | K(x,x)
Radial basis
Neural network

= (1+ (o x))?
— X—XI 2

K(x,x!) = exp(=270)

K(x,x1) = tanh(k1(x, x!) + Ko )~

@ For example a degree 2 with two dimensional input: =

K(x,x") = (14 (x,x"))*> = i o

(14 2x1x] + 2x05 + (x1x7)% + (x254)? + 2x1x] X253

SVM - Radial Kernel in Feature Space

Training Error: 0.160 3 .
.

TestEror: 0218 et

Bayes Error: 0.210

Machine Le:
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SVM Example

@ kernel functions are function to replace scalar

SVM - Degree-4 Polynomial in Feature Space

product with a scalar product in a transformed
space.

dth Degree polynomial: [ K(x,x!) = (1 + (x,x!))9

Radial basis K(x,x!) = exp(M)

Neural network K(x,x") = tanh(k1(x,x!) + r,)

@ For example a degree 2 with two dimensional input:
K(x,x") = (1 + (x,x"))? = o ‘
(14 2x1x] + 2x05 + (x1x7)% + (x254)? + 2x1x] X253 SVM - Radal Kerneln Feature Space
o thatis M =6, hi(x) =1, ha(x) = v/2xq, o i
h3(x) = V2x2, ha(x) = x2, hs(x) = x3,
hG(X) = \/§X1X2.

Ll Support Vector Machines 13 219 - 282 May 23, 2025 117 / 124



SVM Example

@ kernel functions are function to replace scalar
product with a scalar product in a transformed

space.

SVM - Degree-4 Polynomial in Feature Space

dth Degree polynomial:

K(x,x‘) =(1+ <x,x|))d

Radial basis

2

K(x,x!) = exp(=270)

Neural network

K(x,x") = tanh(k1(x,x!) + k,)

@ For example a degree 2 with two dimensional input:
K(x,x') = (1+ (x,x))? =
(1 + 2x1x] + 2x0x5 + (x1x1)? + (x2x5)? + 2x15] X2X5)
o thatis M =6, hi(x) = 1, ha(x) = v2xq,
h3(x) = V2x2, ha(x) = x2, hs(x) = x3,

hG(X) = \/§X1X2.

The classification function

F(x) = h(x)TB+Bo = Sy aiyi{h(x), h(x:)) + Bo

does not need evaluation of h(i), only the scalar

product (h(x), h(x;)).
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String Kernels and Protein Classification

IPTSALVKETLALLSTHRTLLIANETLRIPVPVHKNHQLCTEEIFQGIGTLESQTVQGGTV
ERLFKNLSLIKKYIDGQKKKCGEERRRVNQFLDYLQEFLGVMNTEWI

PHRRDLCSRSIWLARKIRSDLTALTESYVKHQGLWSELTEAERLQENLQAYRTFHVLLA
RLLEDQQVHFTPTEGDFHQAIHTLLLQVAAFAY QIEELMILLEYKIPRNEADGMLFEKK

@ Consider all possible sequences a € A, of length m.
@ We define a feature map

Om(x) = {a(x)}aca,,

@ The kernel function is the inner product:
Km(x1,%2) = (Pm(x1), Pm(x2))-

@ where ¢,(x) is the number of occurence a in x.
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SVM as a Penalization Method

o We fit a linear function wrt. basis
{hi(x)}: f(x) = h"5 + Bo. 2
@ Consider the loss function 2
L(y,f) =[1—yfl4 ]

o The optimization problem 2

ming, s Som 1= yfle +AIBIE o1

—— Hinge Loss

—— Class Huber

Binomial Deviance
Squared Error

@ is equivalent to SVM 5
. N
o ming s 51817+ DL, &

e subject to & > 0 and Loss Functior]
yi(x"B + Bo) = (1 - &).

Lly, f(2)]

Minimizing Function

Binomial
Deviance

@ is similar to smoothing splines

log[1 + e~ ¥/

L P = 1)
J@) =log 5y —11)

penalty: SVM Hinge

Loss

1—yf(z)+

f(x) = sign[Pr(Y = +1|z) - }

e Ming,aq Z,’N:1[1 —yfls + A" Ka o

= f@) = [ - vf@)*

flz) =2Pr(Y = +1|z) — 1

o where a"Ka = J(f) is the —
smoothing penalty.

Hinge Loss

—4yf(z) yf(a) <-1
1—yf(x)]2 otherwise

fla) =2Pr(Y = +1jz) — 1
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SVM and Kernel Dimsension

@ The first Simulated example
o 100 observations of each class
o First class: four standard normal
independent features

X1, Xo, X3, Xa.
e Second class conditioned on

9 < Z )(12 < 16. Test Error (SE)
Method No Noise Features Six Noise Features
SV Classifier 0.450 (0.003) 0.472 (0.003)
SVM/poly 2 0.078 (0.003) 0.152 (0.004)
SVM/poly 5 0.180 (0.004) 0.370 (0.004)
SVM/poly 10 0.230 (0.003) 0.434 (0.002)
BRUTO 0.084 (0.003) 0.090 (0.003)
MARS 0.156 (0.004) 0.173 (0.005)
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SVM and Kernel Dimsension

@ The first Simulated example
o 100 observations of each class
o First class: four standard normal
independent features

X1, X2, X3, Xa.
e Second class conditioned on
9 < Z )(12 < 16. Test Error (SE)
Method No Noise Features Six Noise Features
@ Second exam p|e SV Classifier 0.450 (0.003) 0.472 (0.003)
. . SVM/poly 2 0.078 (0.003) 0.152 (0.004)
o The first one augmented with an /)10 5 0.180 (0.004) 0.370 (0.004)
additional six standard Gaussian SVM/poly 10 | 0.230 (0.003) 0.434 (0.002)
. BRUTO 0.084 (0.003) 0.090 (0.003)
noise features. MARS 0.156 (0.004) 0.173 (0.005)
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SVM and Kernel Dimsension

@ The first Simulated example
o 100 observations of each class
o First class: four standard normal
independent features

X1, X2, X3, Xa.
e Second class conditioned on
9 < Z )(12 < 16. Test Error (SE)
Method No Noise Features Six Noise Features
@ Second example SV Classifier 0 150 (0.003) 0.472 (0.003)
. . SVM/poly 2 0.078 (0.003) 0.152 (0.004)
o The first one augmented with an /)10 5 0.180 (0.004) 0.370 (0.004)
additional six standard Gaussian SVM/poly 10 | 0.230 (0.003) 0.434 (0.002)
. BRUTO 0.084 (0.003) 0.090 (0.003)
noise features. MARS 0.156 (0.004) 0.173 (0.005)

e BRUTTO: Additive spline model.

@ BRUTTO and MARS has the ability
to ignore noisy features.

@ We can see the overfitting of SVM.
The degree 2 polynomial kernel is
the best since the decision boundary
is quadratic.
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SVM Complexity, Kernel Parameter Tuning

SVM Complexity

The SVM complexity is m® 4+ mN + mpN, where m is the number of support
vectors.

Parameter tuning for different radial basis lengthscale v, C is the cost penalty ~.

¥y=5 vy=1 v=0.5 v=0.1
8
< o
wover ®
L
o / o
3 / 4 N,
/ / ™~
4
4 \
& 4
o
b"\l’
i E e e
° T T T T T T T T T T T T
1le-01 le+01 1e+03 1le-01 1le+01 1e+03 1le-01 le+01 1e+03 le-01 1le+01 1e+03
C
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SVM for Regression

e In regression, we fit a function: f(x) = x' 3+ 3y
e We consider error function V. (left figure)

|r] — €, otherwise.

if
Ve(r){o if |r| <,

@ and minimize:

N

A
SVR(5, fo) = ; Ve(yi — f(xi)) + 5”5”2
[*]
F“ 4 240(2 4 47’2 (; 2(.4
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SVM for Regression 2

@ The solution has the form: &;,&f > 0

A N
B = Z(@Zf — Gy)xy,
A ZJ—VI
flx) = (& — &q) (@, zi) + Bo,
=1

@ and solve the quadratlc programming problem
N

1
nnn EZ af + ;) Zyl o — ;) +3 Z (o — ;) (0 — ar ) (@i, )
o i—1

0,4/ =1

@ subject to the constraints
0<a, of <1/A,

N
Enfalf

aja; =0.
@ Support vectors are those with nonzero (a - a,)
@ With scaled response y, you may use the default €
@ A is tuned by cross-validation.
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SVR

sklearn.svm.SVR

Support Vector Regression

— RBF model —— Linear model — Polynomial model
O RBF support vectors 5 Linear support vectors ©  Polynomial support vectors
O other training data O other training data © other training data

target

0 1 2

4 5 0 1 2 3 a 5 [ 1 2 3 4 5
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List of topics

@ Linear, ridge, lasso regression, k-nearest neighbors, overfitting, curse of
dimensionality, (LARS)
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@ Splines - the base, natural splines, smoothing splines; kernel smoothing:
kernel average, Epanechnikov kernel.
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List of topics

@ Linear, ridge, lasso regression, k-nearest neighbors, overfitting, curse of
dimensionality, (LARS)

@ Splines - the base, natural splines, smoothing splines; kernel smoothing:
kernel average, Epanechnikov kernel.

@ Logistic regression, Linear discriminant analysis, (generalized additive models)

@ Train/test error and data split, square error, 0-1, cross-entropy, AIC, BIC,
cross-validation, one-leave-out CV, biased estimate example
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List of topics

o
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Linear, ridge, lasso regression, k-nearest neighbors, overfitting, curse of
dimensionality, (LARS)

Splines - the base, natural splines, smoothing splines; kernel smoothing:
kernel average, Epanechnikov kernel.

Logistic regression, Linear discriminant analysis, (generalized additive models)
Train/test error and data split, square error, 0-1, cross-entropy, AlC, BIC,
cross-validation, one-leave-out CV, biased estimate example

decision trees, information gain/entropy/gini, CART « pruning
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kernel average, Epanechnikov kernel.

Logistic regression, Linear discriminant analysis, (generalized additive models)
Train/test error and data split, square error, 0-1, cross-entropy, AlC, BIC,
cross-validation, one-leave-out CV, biased estimate example

decision trees, information gain/entropy/gini, CART « pruning

random forest (+bagging), OOB error, Variable importance, boosting
(Adaboost and gradient boosting), stacking, ( ),
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@ Linear, ridge, lasso regression, k-nearest neighbors, overfitting, curse of
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@ Splines - the base, natural splines, smoothing splines; kernel smoothing:

kernel average, Epanechnikov kernel.

Logistic regression, Linear discriminant analysis, (generalized additive models)

Train/test error and data split, square error, 0-1, cross-entropy, AlC, BIC,

cross-validation, one-leave-out CV, biased estimate example

decision trees, information gain/entropy/gini, CART « pruning

random forest (+bagging), OOB error, Variable importance, boosting

(Adaboost and gradient boosting), stacking, ( ),

Bayesian learning: MAP, ML hypothesis, Bayesian optimal prediction

Iformulas!, EM algorithm
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List of topics

@ Linear, ridge, lasso regression, k-nearest neighbors, overfitting, curse of
dimensionality, (LARS)

@ Splines - the base, natural splines, smoothing splines; kernel smoothing:

kernel average, Epanechnikov kernel.

Logistic regression, Linear discriminant analysis, (generalized additive models)

Train/test error and data split, square error, 0-1, cross-entropy, AlC, BIC,

cross-validation, one-leave-out CV, biased estimate example

decision trees, information gain/entropy/gini, CART « pruning

random forest (+bagging), OOB error, Variable importance, boosting

(Adaboost and gradient boosting), stacking, ( ),

Bayesian learning: MAP, ML hypothesis, Bayesian optimal prediction

Iformulas!, EM algorithm

Clustering: k-means, Silhouette, k-medoids, hierarchical

o
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kernel average, Epanechnikov kernel.

Logistic regression, Linear discriminant analysis, (generalized additive models)
Train/test error and data split, square error, 0-1, cross-entropy, AlC, BIC,
cross-validation, one-leave-out CV, biased estimate example

decision trees, information gain/entropy/gini, CART « pruning

random forest (+bagging), OOB error, Variable importance, boosting
(Adaboost and gradient boosting), stacking, ( ),

Bayesian learning: MAP, ML hypothesis, Bayesian optimal prediction
Iformulas!, EM algorithm
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Apriori algorithm, Association rules, support, confidence, lift

Inductive logic programming basic: hypothesis space search, background
knowledge, necessity, sufficiency and consistency of a hypothesis, Aleph
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dimensionality, (LARS)
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kernel average, Epanechnikov kernel.

Logistic regression, Linear discriminant analysis, (generalized additive models)
Train/test error and data split, square error, 0-1, cross-entropy, AlC, BIC,
cross-validation, one-leave-out CV, biased estimate example

decision trees, information gain/entropy/gini, CART « pruning

random forest (+bagging), OOB error, Variable importance, boosting
(Adaboost and gradient boosting), stacking, ( ),
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Linear, ridge, lasso regression, k-nearest neighbors, overfitting, curse of
dimensionality, (LARS)

Splines - the base, natural splines, smoothing splines; kernel smoothing:
kernel average, Epanechnikov kernel.

Logistic regression, Linear discriminant analysis, (generalized additive models)
Train/test error and data split, square error, 0-1, cross-entropy, AlC, BIC,
cross-validation, one-leave-out CV, biased estimate example

decision trees, information gain/entropy/gini, CART « pruning

random forest (+bagging), OOB error, Variable importance, boosting
(Adaboost and gradient boosting), stacking, ( ),

Bayesian learning: MAP, ML hypothesis, Bayesian optimal prediction
Iformulas!, EM algorithm

Clustering: k-means, Silhouette, k-medoids, hierarchical

Apriori algorithm, Association rules, support, confidence, lift

Inductive logic programming basic: hypothesis space search, background
knowledge, necessity, sufficiency and consistency of a hypothesis, Aleph
Undirected graphical models, Graphical Lasso procedure, ( , )
Gaussian processes: estimation of the function and its variance !figures, ideas!
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List of topics

o

Linear, ridge, lasso regression, k-nearest neighbors, overfitting, curse of
dimensionality, (LARS)

@ Splines - the base, natural splines, smoothing splines; kernel smoothing:

o
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o
o
o
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kernel average, Epanechnikov kernel.

Logistic regression, Linear discriminant analysis, (generalized additive models)
Train/test error and data split, square error, 0-1, cross-entropy, AlC, BIC,
cross-validation, one-leave-out CV, biased estimate example

decision trees, information gain/entropy/gini, CART « pruning

random forest (+bagging), OOB error, Variable importance, boosting
(Adaboost and gradient boosting), stacking, ( ),

Bayesian learning: MAP, ML hypothesis, Bayesian optimal prediction
Iformulas!, EM algorithm

Clustering: k-means, Silhouette, k-medoids, hierarchical

Apriori algorithm, Association rules, support, confidence, lift

Inductive logic programming basic: hypothesis space search, background
knowledge, necessity, sufficiency and consistency of a hypothesis, Aleph
Undirected graphical models, Graphical Lasso procedure, ( , )
Gaussian processes: estimation of the function and its variance !figures, ideas!
Support Vector Machines (optimal separating hyperplane, slacks, kernels).
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