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FIGURE 2.2. The same classification example in two
dimensions as in Figure 2.1. The classes are coded as
a binary variable (BLUE = 0, ORANGE = 1) and then fit
by 15-nearest-neighbor averaging as in (2.8). The pre-
dicted class is hence chosen by majority vote amongst
the 15-nearest neighbors.
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Pool of models

My pool of models ma be:
(b) suitable
(c) too restrictive
(d) too broad.

Bayesian Deep Learning and a Probabilistic Perspective of Generalization
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Figure 2. A probabilistic perspective of generalization. (a) Ideally, a model supports a wide range of datasets, but with inductive biases
that provide high prior probability to a particular class of problems being considered. Here, the CNN is preferred over the linear model
and the fully-connected MLP for CIFAR-10 (while we do not consider MLP models to in general have poor inductive biases, here we are
considering a hypothetical example involving images and a very large MLP). (b) By representing a large hypothesis space, a model can
contract around a true solution, which in the real-world is often very sophisticated. (c) With truncated support, a model will converge to an
erroneous solution. (d) Even if the hypothesis space contains the truth, a model will not efficiently contract unless it also has reasonable
inductive biases.

From this perspective, we want the support of the model to
be large so that we can represent any hypothesis we believe
to be possible, even if it is unlikely. We would even want
the model to be able to represent pure noise, such as noisy
CIFAR (Zhang et al., 2016), as long as we honestly believe
there is some non-zero, but potentially arbitrarily small,
probability that the data are simply noise. Crucially, we
also need the inductive biases to carefully represent which
hypotheses we believe to be a priori likely for a particular
problem class. If we are modelling images, then our model
should have statistical properties, such as convolutional
structure, which are good descriptions of images.

Figure 2(a) illustrates three models. We can imagine the
blue curve as a simple linear function, f(x) = w0 + w1x,
combined with a distribution over parameters p(w0, w1),
e.g., N (0, I), which induces a distribution over functions
p(f(x)). Parameters we sample from our prior p(w0, w1)
give rise to functions f(x) that correspond to straight lines
with different slopes and intercepts. This model thus has
truncated support: it cannot even represent a quadratic func-
tion. But because the marginal likelihood must normal-
ize over datasets D, this model assigns much mass to the
datasets it does support. The red curve could represent a
large fully-connected MLP. This model is highly flexible,
but distributes its support across datasets too evenly to be
particularly compelling for many image datasets. The green
curve could represent a convolutional neural network, which
represents a compelling specification of support and induc-
tive biases for image recognition: this model has the flexibil-
ity to represent many solutions, but its structural properties
provide particularly good support for many image problems.

With large support, we cast a wide enough net that the poste-
rior can contract around the true solution to a given problem

as in Figure 2(b), which in reality we often believe to be
very sophisticated. On the other hand, the simple model will
have a posterior that contracts around an erroneous solution
if it is not contained in the hypothesis space as in Figure 2(c).
Moreover, in Figure 2(d), the model has wide support, but
does not contract around a good solution because its support
is too evenly distributed.

Returning to the opening example, we can justify the high
order polynomial by wanting large support. But we would
still have to carefully choose the prior on the coefficients
to induce a distribution over functions that would have rea-
sonable inductive biases. Indeed, this Bayesian notion of
generalization is not based on a single number, but is a two
dimensional concept. From this probabilistic perspective,
it is crucial not to conflate the flexibility of a model with
the complexity of a model class. Indeed Gaussian processes
with RBF kernels have large support, and are thus flexible,
but have inductive biases towards very simple solutions. We
also see that parameter counting has no significance in this
perspective of generalization: what matters is how a distri-
bution over parameters combines with a functional form of a
model, to induce a distribution over solutions. Rademacher
complexity (Mohri & Rostamizadeh, 2009), VC dimension
(Vapnik, 1998), and many conventional metrics, are by con-
trast one dimensional notions, corresponding roughly to the
support of the model, which is why they have been found
to provide an incomplete picture of generalization in deep
learning (Zhang et al., 2016).

In this paper we reason about Bayesian deep learning from
a probabilistic perspective of generalization. The key dis-
tinguishing property of a Bayesian approach is marginaliza-
tion instead of optimization, where we represent solutions
given by all settings of parameters weighted by their pos-

Bayesian Deep Learning and a Probabilistic Perspective of Generalization

p(D|M)

Corrupted
CIFAR-10

CIFAR-10 MNIST Dataset
Structured Image Datasets

Complex Model
Poor Inductive Biases
Example: MLP

Simple Model
Poor Inductive Biases
Example: Linear Function

Well-Specified Model
Calibrated Inductive Biases
Example: CNN

(a)

True

Model

Prior Hypothesis Space

Posterior

(b)

True Model

Prior Hypothesis Space

Posterior

(c)

True Model

Prior Hypothesis Space

Posterior

(d)

Figure 2. A probabilistic perspective of generalization. (a) Ideally, a model supports a wide range of datasets, but with inductive biases
that provide high prior probability to a particular class of problems being considered. Here, the CNN is preferred over the linear model
and the fully-connected MLP for CIFAR-10 (while we do not consider MLP models to in general have poor inductive biases, here we are
considering a hypothetical example involving images and a very large MLP). (b) By representing a large hypothesis space, a model can
contract around a true solution, which in the real-world is often very sophisticated. (c) With truncated support, a model will converge to an
erroneous solution. (d) Even if the hypothesis space contains the truth, a model will not efficiently contract unless it also has reasonable
inductive biases.

From this perspective, we want the support of the model to
be large so that we can represent any hypothesis we believe
to be possible, even if it is unlikely. We would even want
the model to be able to represent pure noise, such as noisy
CIFAR (Zhang et al., 2016), as long as we honestly believe
there is some non-zero, but potentially arbitrarily small,
probability that the data are simply noise. Crucially, we
also need the inductive biases to carefully represent which
hypotheses we believe to be a priori likely for a particular
problem class. If we are modelling images, then our model
should have statistical properties, such as convolutional
structure, which are good descriptions of images.

Figure 2(a) illustrates three models. We can imagine the
blue curve as a simple linear function, f(x) = w0 + w1x,
combined with a distribution over parameters p(w0, w1),
e.g., N (0, I), which induces a distribution over functions
p(f(x)). Parameters we sample from our prior p(w0, w1)
give rise to functions f(x) that correspond to straight lines
with different slopes and intercepts. This model thus has
truncated support: it cannot even represent a quadratic func-
tion. But because the marginal likelihood must normal-
ize over datasets D, this model assigns much mass to the
datasets it does support. The red curve could represent a
large fully-connected MLP. This model is highly flexible,
but distributes its support across datasets too evenly to be
particularly compelling for many image datasets. The green
curve could represent a convolutional neural network, which
represents a compelling specification of support and induc-
tive biases for image recognition: this model has the flexibil-
ity to represent many solutions, but its structural properties
provide particularly good support for many image problems.

With large support, we cast a wide enough net that the poste-
rior can contract around the true solution to a given problem

as in Figure 2(b), which in reality we often believe to be
very sophisticated. On the other hand, the simple model will
have a posterior that contracts around an erroneous solution
if it is not contained in the hypothesis space as in Figure 2(c).
Moreover, in Figure 2(d), the model has wide support, but
does not contract around a good solution because its support
is too evenly distributed.

Returning to the opening example, we can justify the high
order polynomial by wanting large support. But we would
still have to carefully choose the prior on the coefficients
to induce a distribution over functions that would have rea-
sonable inductive biases. Indeed, this Bayesian notion of
generalization is not based on a single number, but is a two
dimensional concept. From this probabilistic perspective,
it is crucial not to conflate the flexibility of a model with
the complexity of a model class. Indeed Gaussian processes
with RBF kernels have large support, and are thus flexible,
but have inductive biases towards very simple solutions. We
also see that parameter counting has no significance in this
perspective of generalization: what matters is how a distri-
bution over parameters combines with a functional form of a
model, to induce a distribution over solutions. Rademacher
complexity (Mohri & Rostamizadeh, 2009), VC dimension
(Vapnik, 1998), and many conventional metrics, are by con-
trast one dimensional notions, corresponding roughly to the
support of the model, which is why they have been found
to provide an incomplete picture of generalization in deep
learning (Zhang et al., 2016).

In this paper we reason about Bayesian deep learning from
a probabilistic perspective of generalization. The key dis-
tinguishing property of a Bayesian approach is marginaliza-
tion instead of optimization, where we represent solutions
given by all settings of parameters weighted by their pos-
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k–Nearest-Neighbor Methods
The k–nearest-neighbor methods
(k ∈ N>0) use those observations in the
training set T closest in the input space to
x to form f̂ .

f̂ (x) = 1
k

∑
xi ∈Nk (x)

yi

In classification, majority vote is used.
Figures correspond to 15 nearest neighbor
and 1 nearest neighbor respectively.
Training error (usually) increases with
increasing k.

Effective number of parameters

The effective number of parameters of k
nearest neighbors is N/k and is generally
bigger than p of the linear regression.

Elements of Statistical Learning (2nd Ed.) c©Hastie, Tibshirani & Friedman 2009 Chap 2
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FIGURE 2.2. The same classification example in two
dimensions as in Figure 2.1. The classes are coded as
a binary variable (BLUE = 0, ORANGE = 1) and then fit
by 15-nearest-neighbor averaging as in (2.8). The pre-
dicted class is hence chosen by majority vote amongst
the 15-nearest neighbors.

Elements of Statistical Learning (2nd Ed.) c©Hastie, Tibshirani & Friedman 2009 Chap 2
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FIGURE 2.3. The same classification example in two
dimensions as in Figure 2.1. The classes are coded as
a binary variable (BLUE = 0, ORANGE = 1), and then
predicted by 1-nearest-neighbor classification.Prediction complexity

’Naive’ O(Np).
Machine Learning Overview of Supervised Learning 1 1 - 37 February 27, 2025 6 / 395



Overfitting (a narrow view)
We minimize training error (cyan) (or
a penalized version of it).
Our goal is the minimal expected
prediction error usually estimated by the
error on the test data (orange).
Usually, overfitting appears for complex
models - an increase of the test error
despite the decrease of the training
error.
This is the reason for other models then
nearest neighbor model.
Possible improvements:

Kernel methods
different weights for dimensions
local regression fits
linear models fit to a basis expansion
sums of non-linearly transformed linear
models.

Elements of Statistical Learning (2nd Ed.) c©Hastie, Tibshirani & Friedman 2009 Chap 2
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FIGURE 2.3. The same classification example in two
dimensions as in Figure 2.1. The classes are coded as
a binary variable (BLUE = 0, ORANGE = 1), and then
predicted by 1-nearest-neighbor classification.

Elements of Statistical Learning (2nd Ed.) c©Hastie, Tibshirani & Friedman 2009 Chap 2

Degrees of Freedom − N/k

T
es

t E
rr

or

0.
10

0.
15

0.
20

0.
25

0.
30

  2   3   5   8  12  18  29  67 200

151 101  69  45  31  21  11   7   5   3   1

Train
Test
Bayes

k −  Number of Nearest Neighbors

Linear

FIGURE 2.4. Misclassification curves for the simula-
tion example used in Figures 2.1, 2.2 and 2.3. A single
training sample of size 200 was used, and a test sample
of size 10, 000. The orange curves are test and the blue
are training error for k-nearest-neighbor classification.
The results for linear regression are the bigger orange
and blue squares at three degrees of freedom. The pur-
ple line is the optimal Bayes error rate.
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Double Descend (a larger view)

Double descend example
Complex model with regularization λ.

Left part: overfitting as before
Right part: more parameters than data
with regularization the model may
perform better even though it is
overparametrized.

JASON W. ROCKS AND PANKAJ MEHTA PHYSICAL REVIEW RESEARCH 4, 013201 (2022)

FIG. 1. Double-descent phenomenon. [(a) and (b)] Examples of the average training error (blue squares) and test error (black circles) for
two different models calculated via numerical simulations. In both models, the test error diverges when the training error reaches zero at the
interpolation threshold, located where the number of parameters Np matches the number of points in the training data set M (indicated by a
black dashed vertical line). (a) In linear regression without basis functions, the number of features in the data Nf matches the number of fit
parameters Np. (b) The random nonlinear features model (two-layer neural network where the parameters of the middle layer are random but
fixed) decouples the number of features Nf and the number of fit parameters Np by incorporating an additional “hidden layer” and transforms
the data using a nonlinear activation function (e.g., ReLU), resulting in the canonical double-descent behavior. (c) Schematic of the model
architecture for the random nonlinear features model. Numerical results are shown for a linear teacher model y(�x) = �x · �β + ε, a signal-to-noise
ratio of σ 2

β σ 2
X /σ 2

ε = 10, and a small regularization parameter of λ = 10−6. The y axes have been scaled by the variance of the training set labels
σ 2

y = σ 2
β σ 2

X + σ 2
ε . Each point is averaged over at least 1000 independent simulations trained on M = 512 data points with small error bars

indicating the error on the mean. In (b), there are less features than data points Nf = M/4. See Sec. II for precise definitions and Sec. S4 of
Ref. [5] for additional simulation details.

classification are so overly expressive that they can easily fit
training data with randomized labels, or even images gener-
ated from random noise, with almost perfect accuracy [3].
Despite the apparent risks of overfitting, these models seem
to perform at least as well as, if not better than, traditional
statistical models. As a result, modern best practices in deep
learning recommend using highly overparameterized models
that are expressive enough to achieve zero error on the training
data [4].

Clearly, the classical picture provided by the bias-variance
trade-off is incomplete. Classical statistics largely focuses
on underparameterized models which are simple enough
that they have a nonzero training error. In contrast, modern
deep learning methods push model complexity past the in-
terpolation threshold, the point at which the training error
reaches zero [6–10]. In the classical picture, approaching the
interpolation threshold coincides with a large increase, or
even divergence, in the test error via the variance. However,
numerical experiments suggest that the predictive perfor-
mance of overparameterized models is better described by
“double-descent” curves which extend the classic U-shape
past the interpolation threshold to account for overparameter-
ized models with zero training error [6,11,12]. Surprisingly, if
model complexity is increased past the interpolation thresh-
old, the test error once again decreases, often resulting in
overparameterized models with even better out-of-sample
performance than their underparameterized counterparts [see
Fig. 1(b)].

This double-descent behavior stands in stark contrast
with the classical statistical intuition based on the bias-
variance trade-off; both bias and variance appear to decrease
past the interpolation threshold. Therefore understanding
this phenomenon requires generalizing the bias-variance de-
composition to overparameterized models. More broadly,
explaining the unexpected success of overparameterized

models represents a fundamental problem in ML and modern
statistics.

A. Relation to previous work

In recent years, many attempts have been made to un-
derstand the origins of this double-descent behavior via
numerical and/or analytical approaches. While much of this
work has relied on well constructed numerical experiments
on complex deep learning models [3,6,8,13], many theoretical
studies have focused on a much simpler setting: the so-called
“lazy training” regime. Previously, it was observed that in the
limit of an infinitely wide network, the learning process ap-
pears to mimic that of an approximate kernel method in which
the kernel used by the model to express the data—the neural
tangent kernel (NTK)—remains fixed [14,15]. This stands in
contrast to the so-called “feature training” regime in which
the kernel evolves over time as the model learns the most
informative way to express the relationships in the data [16].

Making use of the observation that the kernel remains ap-
proximately fixed in the lazy regime, many analytical studies
have derived training and test errors for neural networks where
the top layer is trained, but the middle layer(s) remained fixed,
effectively reducing these models to linearized versions of re-
gression or classification with various types of nontrivial basis
functions [17–44]. Furthermore, some of these studies have
considered nonlinear data distributions [28,40]. Importantly,
such studies have typically combined a fixed-kernel approach
with specific choices of loss functions (e.g., mean-squared
error) to guarantee convexity, while the loss landscapes of
neural networks in practical settings are often highly noncon-
vex [45]. Despite being limited to the lazy regime and convex
loss landscapes, the closed-form solutions for the training and
test error obtained for these models exhibit the double-descent
phenomenon, demonstrating that many of the key features of

013201-2

[Figure] Jason W. Rocks and Pankaj Mehta, Memorizing without overfitting:
Bias, variance, and interpolation in overparameterized models
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Training data (and their notation)

We have
a set of random variables (features) X1, . . . ,Xp

numerical goal variable Y (for regression)
training data T = {(x1, y1), . . . , (xN , yN)}

Goal attribute
XT = vector ⟨X1 Xj Xp⟩ Y or G

xT
1

xT
i = vector ⟨x1 xj xp⟩ y or g

xT
N

x and xi are p-dimensional column vectors
X is the N × p matrix
xj is the N vector consisting of all observations on variable Xj .

y = (y1, . . . , yN)T denotes the vector of training goal data.
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Linear regression

Given a vector of inputs XT = (X1, . . . ,Xp) we predict the output Y via the
model fβ , β ∈ Rp+1

Ŷ = f̂β(X ) = β̂0 +
p∑

j=1
Xj β̂j

β̂0 is the intercept, bias, (průsečík).
We include the constant variable 1 to X , include β̂0 in β̂ to get the model in
vector form as an inner product

Ŷ =
p∑

j=0
Xj β̂j = XTβ̂

The sum
∑p

j=0 Xj β̂j can be written as XTβ̂.
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Linear regression from the data
Let i range over the data samples, X be an N × p data matrix, y is a column
vector of the goal variable. We can write:

ŷ = Xβ

We search optimal β̂ to minimize the residual sum squares RSS:

RSS(β) =
N∑

i=1
(yi − xT

i β)2 = (y− Xβ)T(y− Xβ) (1)

Differentiating w.r.t. β we get normal equations

XT(y− Xβ) = 0

If XTX is not singular, then the unique solution is given by

β̂ = (XTX)−1XTy (2)

For a given xi the estimate ŷi is ŷi = ŷ(xi) = xT
i β̂.

From a singular XTX we should remove dependent features or filter the data
to make it invertible.

Machine Learning Overview of Supervised Learning 1 1 - 37 February 27, 2025 11 / 395



Linear Regression

Let us have a data N = 6, p = 2 (Fatt11, Meat11), 1 column is for β0, does
not count:

X =



1 Fat11 Meat11
1 17 51
1 17 49
1 14 38
1 17 58
1 14 51
1 20 40

 y =



LeanMeat
56.5
57.6
55.9
61.8
63.0
54.6


We are searching parameters β = (β0, β1, β2)T to minimize:

RSS(β,X, y) =
N∑

i=1
(yi − xT

i β)2 = (y− Xβ)T(y− Xβ)

= (56.5− (1 ∗ β0 + 17 ∗ β1 + 51 ∗ β2))2 + . . .

. . .+ (54.6− (1 ∗ β0 + 20 ∗ β1 + 40 ∗ β2))2
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Linear regression from the data

If XTX is not singular, then the unique solution is given by

β̂ = (XTX)−1XTy

XT =

 1 1 1 1 1 1
17 17 14 17 14 20
51 49 38 58 51 40


X =


1 17 51
1 17 49
1 14 38
1 17 58
1 14 51
1 20 40


XTX =

 6 99 287
99 1659 4732
287 4732 14011


(XTX)(XTX)−1 =

1 0 0
0 1 0
0 0 1



(XTX)−1 =

19.7320 −0.6714120 −0.1774305
−0.6714 0.0392824 0.0004861
−0.1774 0.0004861 0.0035416
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Linear regression from the data

β̂ = (XTX)−1XTy

XT =

 1 1 1 1 1 1
17 17 14 17 14 20
51 49 38 58 51 40


y =


56.5
57.6
55.9
61.8
63.0
54.6


XTy =

 349.3498
5746.1340
16807.4663



β̂ =

19.7320 −0.6714120 −0.1774305
−0.6714 0.0392824 0.0004861
−0.1774 0.0004861 0.0035416

 349.3498
5746.1340
16807.4663

 =

53.2097294
−0.6653895
0.3343728

β0
β1
β2
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Prediction
Linear regression predicts:

ŷ = f̂ (x) = xTβ̂

Prediction for training data:

ŷ = f̂ (X) = Xβ̂ = X(XTX)−1XTy =


58.95112
58.28237
56.60044
61.29173
60.94729
53.27685


The hat matrix H = X(XTX)−1XT transforms y to ŷ.

H =

0.21 0.19 0.00 0.29 0.15 0.15
0.19 0.18 0.07 0.22 0.13 0.20
0.00 0.07 0.78 −0.25 0.31 0.09
0.29 0.22 −0.25 0.55 0.22 −0.03
0.15 0.13 0.31 0.22 0.44 −0.25
0.15 0.20 0.09 −0.03 −0.25 0.84


You may notice that trace(H) = sum(diag(H)) = 3.
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Error Measure: Residual Sum of Squares
The most common error measure Residual Sum of Squares is

RSS(β,X, y) =
N∑

i=1
(yi − xT

i β)2 = (y− ŷ)T (y− ŷ)

=




56.5
57.6
55.9
61.8
63.0
54.6

−


58.95112
58.28237
56.60044
61.29173
60.94729
53.27685





T 


56.5
57.6
55.9
61.8
63.0
54.6

−


58.95112
58.28237
56.60044
61.29173
60.94729
53.27685





=




−2.4263727
−0.7027914
−0.7105023
0.5254632
2.0123528
1.3018505





T 


−2.4263727
−0.7027914
−0.7105023
0.5254632
2.0123528
1.3018505




= 12.9065

Machine Learning Overview of Supervised Learning 1 1 - 37 February 27, 2025 16 / 395



Linear regression complexity

β̂ = (XTX)−1XTy
Linear Regression Complexity

Training complexity
The complexity of the direct approach to linear regression is
O(p2N + p3).
XTX is O(p2N)
the result is p × p matrix,
its inversion takes O(p3).

Cholevsky decomposition
O(p3 + p2

2 N)
QR decomposition

O(p2N)
Prediction complexity

To calculate βT x takes O(p).
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Improving Least Square Estimate

Reasons
improve prediction accuracy
(decrease variance)
improve interpret ability

methods
Best Subset selection
Forward- and Backward-Stepwise
Selection
Forward-Stagewise Regression

as Forward-Stepwise
do not change previous
coefficients
slow convergence
may be useful in high
dimension p!

Penalized methods.

58 3. Linear Methods for Regression
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FIGURE 3.5. All possible subset models for the prostate cancer example. At
each subset size is shown the residual sum-of-squares for each model of that size.

cross-validation to estimate prediction error and select k; the AIC criterion
is a popular alternative. We defer more detailed discussion of these and
other approaches to Chapter 7.

3.3.2 Forward- and Backward-Stepwise Selection

Rather than search through all possible subsets (which becomes infeasible
for pmuch larger than 40), we can seek a good path through them. Forward-
stepwise selection starts with the intercept, and then sequentially adds into
the model the predictor that most improves the fit. With many candidate
predictors, this might seem like a lot of computation; however, clever up-
dating algorithms can exploit the QR decomposition for the current fit to
rapidly establish the next candidate (Exercise 3.9). Like best-subset re-
gression, forward stepwise produces a sequence of models indexed by k, the
subset size, which must be determined.

Forward-stepwise selection is a greedy algorithm, producing a nested se-
quence of models. In this sense it might seem sub-optimal compared to
best-subset selection. However, there are several reasons why it might be
preferred:

3.3 Subset Selection 59

• Computational; for large p we cannot compute the best subset se-
quence, but we can always compute the forward stepwise sequence
(even when p≫ N).

• Statistical; a price is paid in variance for selecting the best subset
of each size; forward stepwise is a more constrained search, and will
have lower variance, but perhaps more bias.

0 5 10 15 20 25 30

0.
65
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Best Subset
Forward Stepwise
Backward Stepwise
Forward Stagewise

E
||β̂

(k
)
−
β
||2

Subset Size k

FIGURE 3.6. Comparison of four subset-selection techniques on a simulated lin-
ear regression problem Y = XTβ+ ε. There are N = 300 observations on p = 31
standard Gaussian variables, with pairwise correlations all equal to 0.85. For 10 of
the variables, the coefficients are drawn at random from a N(0, 0.4) distribution;
the rest are zero. The noise ε ∼ N(0, 6.25), resulting in a signal-to-noise ratio of
0.64. Results are averaged over 50 simulations. Shown is the mean-squared error
of the estimated coefficient β̂(k) at each step from the true β.

Backward-stepwise selection starts with the full model, and sequentially
deletes the predictor that has the least impact on the fit. The candidate for
dropping is the variable with the smallest Z-score (Exercise 3.10). Backward
selection can only be used when N > p, while forward stepwise can always
be used.

Figure 3.6 shows the results of a small simulation study to compare
best-subset regression with the simpler alternatives forward and backward
selection. Their performance is very similar, as is often the case. Included in
the figure is forward stagewise regression (next section), which takes longer
to reach minimum error.
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Centering, Standardization

Definition (Centering, Standardization)
To center the variables replace each feature to have zero mean,

xj ← xj − xj

The sample variance of a variable xj is defined,

s2
j ← 1

N

N∑
i=1

(xij − x j)2

Both my sources use N. I know about N − 1 used in statistics.

Standardization performs the centering and divides features by their
standard deviation,

xj ←
xj − xj

sj
.
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Sample Covariance, Correlation

Definition (Sample Covariance, Correlation)
The sample covariance is a p × p symmetric matrix

S = 1
N

N∑
i=1

(xi − x̄)(xi − x̄)T

with elements

sj,k = 1
N

N∑
i=1

(xij − x j)(xik − xk)

The sample correlation of the columns xj , xk is

ρj,k ← corr(xj , xk)← sj,k
sjsk

=
1
N
∑N

i=1(xij − x j)(xik − xk)√
1
N
∑N

i=1(xij − x j)2
√

1
N
∑N

i=1(xik − xk)2

For standardized features, the correlation is just xT
j xk
N .
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Penalized Methods

β̂ = argminβ

( N∑
i=1

(yi − β0 − xT
i β)2 + λ

p∑
j=1
|βj |q

)

We add the complexity penalty λ
∑p

j=1 |βj |q to the
RSS.
Ridge regression q = 2
Lasso regression q = 1
Elastic net penalty λ

∑p
j=1(α|βj |2 + (1− α)|βj |)

a compromise between ridge and lasso
selects variable like the lasso, and shirks together
the coefficients of correlated predictors like ridge.
It also has considerable computational advantage
over the Lq penalties.

from sklearn import linear_model
linear_model.BayesianRidge()
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FIGURE 3.8. Profiles of ridge coefficients for the prostate cancer example, as
the tuning parameter λ is varied. Coefficients are plotted versus df(λ), the effective
degrees of freedom. A vertical line is drawn at df = 5.0, the value chosen by
cross-validation.
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FIGURE 3.10. Profiles of lasso coefficients, as the tuning parameter t is varied.
Coefficients are plotted versus s = t/

∑p
1 |β̂j |. A vertical line is drawn at s = 0.36,

the value chosen by cross-validation. Compare Figure 3.8 on page 65; the lasso
profiles hit zero, while those for ridge do not. The profiles are piece-wise linear,
and so are computed only at the points displayed; see Section 3.4.4 for details.
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Rigde Regression

β̂ridge = argminβ

( N∑
i=1

(yi − β0 − xT
i β)2 + λ

p∑
j=1
|βj |2

)

The solution is

X ← centered (N × p) input matrix

β̂0 = 1
N

N∑
i=1

yi

β̂ = (XTX− λI)−1XTy.

sklearn.linear_model.Ridge
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FIGURE 3.8. Profiles of ridge coefficients for the prostate cancer example, as
the tuning parameter λ is varied. Coefficients are plotted versus df(λ), the effective
degrees of freedom. A vertical line is drawn at df = 5.0, the value chosen by
cross-validation.
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Lasso Regression

β̂lasso = argminβ

( N∑
i=1

(yi − β0 − xT
i β)2 + λ

p∑
j=1
|βj |

)

Solved by a quadratic programming
algorithm
sklearn.linear_model.Lasso

or LARS modification, that calculates full
Lasso path in in O(p2N + p3).
we use LARS on standardized data.
sklearn.linear_model.Lars

70 3. Linear Methods for Regression
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FIGURE 3.10. Profiles of lasso coefficients, as the tuning parameter t is varied.
Coefficients are plotted versus s = t/

∑p
1 |β̂j |. A vertical line is drawn at s = 0.36,

the value chosen by cross-validation. Compare Figure 3.8 on page 65; the lasso
profiles hit zero, while those for ridge do not. The profiles are piece-wise linear,
and so are computed only at the points displayed; see Section 3.4.4 for details.
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LARS Least Angle Regression Idea
For active set of parameters Ak the parameters βAk

consider current residuals rk = y− XAkβAk

and the correlation of each predictor with the residuals ⟨xj , rk⟩
the correlations are equal for the predictors in the active set Ak

we change βAk ← βAk + αδk in the direction

δk = (XT
Ak

XAk)−1XT
Ak

r

and the correlation XAk with residuals decreases.
Correlations of other features change linearly and we can calculate next
intersection point.
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LARS Least Angle Regression
democratic version of forward stepwise regression
provides an extremely efficient algorithm for computing the entire lasso path.

Least Angle Regression

1: procedure Least Angle Regression:(X, y)
2: β1, . . . , βp ← 0 initialize
3: r ← y − ȳ residuals
4: find the predictor xj most correlated with r
5: Move βj from 0 towards its least-squares coefficient ⟨xj , r⟩ until some

other competitor xk has as much correlation with the current residual as
does xj .

6: A1 ← {xj} active coefficients
7: for k = 2, . . . ,min(N − 1, p) do
8: move current set of βAk by their joint least squares coefficient of

the current residual until some other competitor xℓ catches up.
9: Ak ← Ak−1 ∪ {xℓ} active coefficients

10: end for
11: end procedure
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Lasso Modification of the Least Angle Regression

8a: If a non-zero coefficient hits zero, drop its variable from the active set
of variables and recompute the current joint least squares direction.

Complexity of LARS

LARS requires the same order of computation as that of a single least
squares fit using the p predictors.
hidden in the p’s in O(p2N + p3) or Cholevsky decomposition.
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Model Complexity

Effective Degrees of Freedom

Linear regression p
Ridge regression df (ŷ) = tr(X(XTX− λI)−1XT).
LARS: after k steps, df (ŷ) = k.
LASSO: roughly the number of predictors in the model (may take
more, some predictors drop out.
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Summary

Introduction
classification and regression,
training data,
RSS,
expected prediction error,
overfitting,
effective number of parameters,

k Nearest neighbor model,
Linear regression and its modifications

Best subset
Ridge, BayesianRidge
Lasso
LARS.
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Pathwise Coordinate Optimization

LARS modification, iteratively by the coordinates
fix the penalty parameter λ
optimize successively over each parameter, holding the other parameters fixed
at their current values.
Assume the predictors are all standardized to have mean zero and unit norm,
β̃k(λ) the current estimate for βk at penalty parameter λ

R(β̃(λ), βj) = 1
2

N∑
i=1

yi −
∑
k ̸=j

xik β̃k(λ)− xijβj

2

+ λ
∑
k ̸=j
|β̃k(λ)|+ λ|βj |

this can be viewed as a univariate lasso problem with response variable the
partial residual

yi − ỹ (j)
i = yi −

∑
k ̸=j

xik β̃k(λ).
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Pathwise Coordinate Optimization

this has an explicit solution, resulting in the update

β̃j(λ)← S
( N∑

i=i
xij(yi − ỹ (j)

i ), λ
)

where S is the soft-thresholding operator

S(t, λ) = sign(t)(|t| − λ)+ (3)

Estimators of βj in case of
orthonormal columns of X .

3.4 Shrinkage Methods 71

TABLE 3.4. Estimators of βj in the case of orthonormal columns of X. M and λ
are constants chosen by the corresponding techniques; sign denotes the sign of its
argument (±1), and x+ denotes “positive part” of x. Below the table, estimators
are shown by broken red lines. The 45◦ line in gray shows the unrestricted estimate
for reference.

Estimator Formula

Best subset (size M) β̂j · I(|β̂j | ≥ |β̂(M)|)
Ridge β̂j/(1 + λ)

Lasso sign(β̂j)(|β̂j | − λ)+

(0,0) (0,0) (0,0)

|β̂(M)|

λ

Best Subset Ridge Lasso

β^ β^2
. .β

1

β 2

β1
β

FIGURE 3.11. Estimation picture for the lasso (left) and ridge regression
(right). Shown are contours of the error and constraint functions. The solid blue
areas are the constraint regions |β1| + |β2| ≤ t and β2

1 + β2
2 ≤ t2, respectively,

while the red ellipses are the contours of the least squares error function.
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Grouped Lasso - not presented this year

Dummy variables for representing the levels of a categorical predictor.
Genes that belong to the same biological pathway.
Suppose that the p predictors are divided into L groups

with pℓ the number in group ℓ.
a matrix Xℓ represents the predictors corresponding to the ℓth group
with corresponding coefficient vector βℓ.

the grouped-lasso minimizes the convex criterion

minβ∈Rp

(
||y − β01−

L∑
ℓ=1

Xℓβℓ||22 + λ

L∑
ℓ=1

√pℓ||βℓ||2

)
(4)

|| · ||2 is the Euclidean norm (not squared)
√pℓ accounts for the varying group sizes.
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Example – Storch brings babies in Europa
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Linear methods for classification

We are given two features X1,X2 and
the goal BLUE or ORANGE .
Later, we will see better ways. For now,
we encode BLUE = 0 a ORANGE = 1,
and find a linear regression model.
The fitted values Ŷ are converted to a
fitted class variable Ĝ as follows:
Ĝ =

{
BLUE for Y ≤ 0.5

ORANGE for Y > 0.5

}
The hyperplane {x : xTβ = 0.5} is
called the decision boundary
(rozhodovací hranice).
Better to use logistic regression, that
gives also a linear decision boundary.

Elements of Statistical Learning (2nd Ed.) c©Hastie, Tibshirani & Friedman 2009 Chap 2

Linear Regression of 0/1 Response
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FIGURE 2.1. A classification example in two di-
mensions. The classes are coded as a binary variable
(BLUE = 0, ORANGE = 1), and then fit by linear re-
gression. The line is the decision boundary defined by

xT β̂ = 0.5. The orange shaded region denotes that part
of input space classified as ORANGE, while the blue region
is classified as BLUE.

Machine Learning Overview of Supervised Learning 1 1 - 37 February 27, 2025 33 / 395



Two Scenarios
The training data in each class
were generated from bivariate
Gaussian distribution with
uncorrelated components and
different means.
The linear model is (almost)
optimal.

Elements of Statistical Learning (2nd Ed.) c©Hastie, Tibshirani & Friedman 2009 Chap 2
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FIGURE 2.1. A classification example in two di-
mensions. The classes are coded as a binary variable
(BLUE = 0, ORANGE = 1), and then fit by linear re-
gression. The line is the decision boundary defined by

xT β̂ = 0.5. The orange shaded region denotes that part
of input space classified as ORANGE, while the blue region
is classified as BLUE.

The training data in each class
came from a mixture of 10
low-variance Gaussian distributions,
with individual means themselves
distributed as Gaussians.
The linear model is not optimal.

Elements of Statistical Learning (2nd Ed.) c©Hastie, Tibshirani & Friedman 2009 Chap 2
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FIGURE 2.2. The same classification example in two
dimensions as in Figure 2.1. The classes are coded as
a binary variable (BLUE = 0, ORANGE = 1) and then fit
by 15-nearest-neighbor averaging as in (2.8). The pre-
dicted class is hence chosen by majority vote amongst
the 15-nearest neighbors.
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Statistical Decision Theory (for Regression)
Let X ∈ Rp denote a real valued random input vector, and Y ∈ R a real
valued random output variable, with joint distribution P(X ,Y ).
We seek a function f (X ) for prediction Y given values of the input X .
The theory requires a loss function (chybovou funkci) L(Y , f (X )) for
penalizing errors in predictions.
The far most common and convenient is squared error loss (kvadratická
chybová funkce) L(Y , f (X )) = (Y − f (X ))2

this leads us to a criterion for choosing f , the expected (squared)
prediction error (očekávanou chybu) (EPE),

EPE (f ) = E(Y − f (X ))2

=
∫

(y − f (x))2P(dx , dy)

by conditioning on X we get
EPE (f ) = EXEY |X ([Y − f (X )]2|X )

and we see that it suffices to minimize EPE poinwise:
f (x) = argmincEY |X ([Y − c]2|X = x).

the solution is the conditional expectation also known as the regression
function.

f (x) = E (Y |X = x).
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k-NN and Conditional Expectation

We seek the conditional expectation:

f (x) = E(Y |X = x).

Therefore the best prediction of Y at any point X = x is the conditional
mean, when the best is measured by the average squared error.
Assume we have a training set of data T = {(xi , yi)}N

i=1.
The nearest neighbor methods attempt to directly implement this.

Since there are typically at most one observation at any point x , we settle for

f̂ (x) = mean(yi |x ∈ Nk(x)),

where mean denotes average, and Nk(x) is the neighborhood containing k
points in T closest to x .

Under mild regularity conditions on P(X ,Y ) one can show as k,N →∞,
such that k

N → 0 then f̂ (x)→ E(Y |X = x).
The rate of convergence decreases as the dimension increases. The
problem is the speed of the convergence.
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Piecewise Polynomials and Splines

Regression We interpolate/predict a continuous variable
Example: Bone Mineral Density for adolescent male/female

10.0 12.5 15.0 17.5 20.0 22.5 25.0
age

0.6
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Linear Regression: age to spnbmd
mal

= mal
fem

= fem
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kNN average: spnbmd
25NN mal
40NN mal
25NN fem
40NN fem

Left: Linear regression
Right: k-nearest neighbour estimate
We may generalize the linear regression
⇒ splines (piecewise polynomial regression)

We may generalize the kNN
⇐ kernel methods.
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Basis expansion and regularization, Splines
Linear assumes linear function of X .

Regression: We estimate f (X ) = E(Y |X )
Linear basis expansion in X

we replace the vector of inputs X with additional variables hm,
hm(X ) : Rp → R, m = 1, . . . ,M.

f (x) =
M∑

m=1
βmhm(X ).

’the only change’ is a different matrix of the features X , further fit is the
same.
Usually, we search fj(Xj) for each dimension by a backfitting algorithm in a
generalized additive model (GAM)

E(Y |X1, . . . ,Xp) = α+ f1(X1) + . . .+ fp(Xp)
where fj ’s are unspecified smooth functions
Xj predictors, Y the outcome.

For now, we consider one-dimensional feature X .
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Simple derived features

We fit the model:

f (x) =
M∑

m=1
βmhm(X ).

hm(X ) = Xm, m = 1, . . . ,M recovers the original linear model.
hm(X ) = X 2

j or hm(X ) = XjXk polynomial terms to achieve higher-order
Taylor expansions.

! The number of variables grows exponentially in the degreee of the polynomial.
hm(X ) = log(Xj),

√
Xj , ||X ||,. . . , other nonlinear transformations.

hm(X ) = I(Lm ≤ Xk < Um), an indicator for a region of Xk .
piecewise constant contribution for XK .
With non-overlapping regions used in regression trees.

hm(X ) = max((Xj − ξk)3, 0) piecewise-polynomial spline basis
wavelet bases.
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Piecewise Polynomials and Splines

A piecewise polynomial function f (X ) is obtained by
division the domain of X into continuous intervals by the knots ξ1, . . . , ξM−1
and representing f by a separate polynomial in each interval.
Examples:

Three basis functions:
h1(X) = I(X < ξ1), h2(X) = I(ξ1 ≤ X < ξ2), h3(X) = I(ξ2 ≤ X).
Additional linear functions:
hm+3 = hm(X) · X , m = 1, . . . , 3.
Additional cubic functions:
hm+6 = hm(X) · X2, hm+9 = hm(X) · X3, m = 1, . . . , 3.
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FIGURE 5.1. The top left panel shows a piecewise
constant function fit to some artificial data. The bro-
ken vertical lines indicate the positions of the two knots
ξ1 and ξ2. The blue curve represents the true func-
tion, from which the data were generated with Gaus-
sian noise. The remaining two panels show piecewise
linear functions fit to the same data—the top right un-
restricted, and the lower left restricted to be continuous
at the knots. The lower right panel shows a piecewise–
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Continuous functions

We add the continuity restriction: the value in ξj is the unique.
Continuous piecewise linear basis:
h1(X ) = 1, h2(X ) = X , h3(X ) = (X − ξ1)+, h4(X ) = (X − ξ2)+.
We have spared two parameters for two continuity conditions.
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FIGURE 5.1. The top left panel shows a piecewise
constant function fit to some artificial data. The bro-
ken vertical lines indicate the positions of the two knots
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tion, from which the data were generated with Gaus-
sian noise. The remaining two panels show piecewise
linear functions fit to the same data—the top right un-
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at the knots. The lower right panel shows a piecewise–
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FIGURE 5.2. A series of piecewise-cubic polynomi-
als, with increasing orders of continuity.

For the cubic fit, the figure looks ugly, we need continous first and second
derivative.
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Cubic spline!

Cubic spline is a piecewise cubic fit with continuous first and second
derivatives at the knots ξi .

The basis functions with knots ξ1, ξ2 are:
h1(X ) = 1,
h2(X ) = X ,
h3(X ) = X 2,
h4(X ) = X 3,
h5(X ) = (X − ξ1)3

+,
h6(X ) = (X − ξ2)3

+.
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FIGURE 5.2. A series of piecewise-cubic polynomi-
als, with increasing orders of continuity.

Parameter count:
(3 regions)x(4 pars per region)-(2 knots)x(3 constraints per knot)=6.
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Order-M splines

Cubic spline is an order-4 spline.
Generally, order-M spline with knots ξj , j = 1, . . . ,K is a
piecewise-polynomial of order (M − 1) and has continuous derivatives to
order (M − 2).
General truncated basis functions are:

hj(X) = X j−1, j = 1, . . . , M,
hM+ℓ = (X − ξℓ)M−1

+ , ℓ = 1, . . . , K .
Regression splines

splines with fixed knots
usually at percentiles of the data X .
the number of knots is specified by the degree an the degrees of freedom
(df −M). h0 does not count.
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B-splines
B-splines use other basis describing the same linear feature space.

{hi} is a basis of a linear space of functions
we may choose a different base to cover the same space of functions.
B-splines are more stable numerically, useful for large number of knots K .
B-splines have quite difficult recursive formula (not needed for the exam).

Bi,1(x) =
{

1 if ξi ≤ x ≤ ξi+1
0 otherwise

Bi,k+1(x) = ωi,k(x)Bi,k(x) + [1− ωi+1,k(x)]Bi+1,k(x)

ωi,k(x) =
{ x−ξi

ξi+k −ξi
if ξi+k ̸= ξi

0 otherwise.
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FIGURE 5.20. The sequence of B-splines up to order
four with ten knots evenly spaced from 0 to 1. The
B-splines have local support; they are nonzero on an
interval spanned by M + 1 knots.
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Computational complexity

Spline fit time complexity

(Standard) regression splines
N observations, K + M variables (basis functions) take
O(N(K + M)2 + (K + M)3).

B-splines
sort values of X
Cubic B splines have local support, B is lower 4-banded.
order (M + 1) B splines have local support, B is lower (M + 1)-banded.
Cholesky decomposition B = LLT can be computed easily.
Solution of f̂ is in O(N(M + 1)) operations.

B-splines implemented in scipy and statmodels.
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Natural Cubic Spline
Polynomial fit tends to be erratic near the boundaries.

Elements of Statistical Learning (2nd Ed.) c©Hastie, Tibshirani & Friedman 2009 Chap 5

X

P
oi

nt
w

is
e 

V
ar

ia
nc

es

0.0 0.2 0.4 0.6 0.8 1.0

0.
0

0.
1

0.
2

0.
3

0.
4

0.
5

0.
6

•

••
•
••

••••• •• •••••• •• •• • •• •••• • •• •• • • ••• •• ••
••
••

•

•

••
• ••

•••••
•• •••••• •• •• • ••

•••• • •• •• • • •••
•• •• ••

••

•

•

••
•
•• •••••

••
•••••

•
•• •• • ••

••••
•

•• ••
• • •••

•• ••

••
••

•

• •• • •• ••••• •• •••••• •• •• • •• •••• • •• •• • • ••• •• •• •••• •

Global Linear
Global Cubic Polynomial
Cubic Spline - 2 knots
Natural Cubic Spline - 6 knots

FIGURE 5.3. Pointwise variance curves for four dif-
ferent models, with X consisting of 50 points drawn at
random from U [0, 1], and an assumed error model with
constant variance. The linear and cubic polynomial fits
have two and four degrees of freedom, respectively, while
the cubic spline and natural cubic spline each have six
degrees of freedom. The cubic spline has two knots at
0.33 and 0.66, while the natural spline has boundary
knots at 0.1 and 0.9, and four interior knots uniformly
spaced between them.

Natural cubic spline! is a spline that the function is linear beyond the
boundary knots.
Basis functions Ni , i = 1, . . . ,K :
N1(X ) = 1,N2(X ) = X ,Nk+2(X ) = dk(X )− dK−1(X ) for

dk(X ) =
(X − ξk)3

+ − (X − ξK )3
+

ξK − ξk
.
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Smoothing Splines
Smoothing Spline! uses the maximal number of knots: N, the number of
examples.
But, we need a penalty for model complexity.

RSS(f , λ) =
N∑

i=1
(yi − f (xi))2 + λ

∫
(f ′′(t))2dt

λ is smoothing parameter
λ = 0: can be any function that interpolates the data.
λ =∞: the simple least squares line fit, no nonzero second derivative is
tolerated.

Has a unique finite-dimensional minimizer, a natural cubic spline with knots
at the unique values of the xi , i = 1, . . . ,N.
The solution is a natural cubic spline: f (x) =

∑N
j=1 Nj(x)θj .

The criterion reduces for:

RSS(θ, λ) = (y−Nθ)T (y−Nθ) + λθT ΩNθ

where {N}ij = Nj(xi) and {Ω}jk =
∫

N ′′
j (t)N ′′

k (t)dt.
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Ω

STAT602X
Homework 4

2011-03-16

Keys

14. Suppose that with p = 1,

y|x ∼ N

(
sin(12(x + .2))

x + .2
, 1

)

and N = 101 training data pairs are available with xi = (i− 1)/100 for i = 1, 2, . . . , 101. Vardeman

will send you a text file with a data set like this in it. Use it in the following.

a) Fit all of the following using first 5 and then 9 effective degrees of freedom

i) a cubic smoothing spline,

ii) a locally weighted linear regression smoother based on a normal density kernel, and

iii) a locally weighted linear regression smoother based on a tricube kernel.

Plot for 5 effective degrees of freedom all of yi and the 3 sets of smoothed values against xi. Connect

the consecutive (xi, ŷi) for each fit with line segments so that they plot as ”functions.” Then redo

the plotting for 9 effective degrees of freedom.

Neither the R function smooth.spline() nor the package pspline returns the coefficient

matrix, so I decide to implement the whole function from scratches based on the Section 4.1

of the lecture outline. (Yes, my code is really messy where using global variable is not a good

idea, and I would not recommend this way except for computing efficiency.) Please let me

know if you find an easy way to get ci of the part b) from any cubic smoothing spline function

or JMP. As HTF5.2, I use a truncated-power basis set easily obtained second derivatives, and

let a = x1 = 0, b = x101 = 1, and knots ξl = xl+1 for l = 1, . . . , K and K = 99. Also, the

basis functions for a cubic spline M = 4 are

hj(x) = xj−1 j = 1, . . . , M,

hM+l(x) = (x − ξl)
M−1
+ l = 1, . . . , K.

Then, H = (hj(xi))N,M+K where hj(xi) is for the i-th row and the j-th column. Let Ω =

(ωi,j)M+K,M+K be a symmetric matrix and the upper triangular ωi,j =
∫ b

a
h

′′
i (t)h

′′
j (t)dt is

ωi,j = 0 for i < M,

ωM,j = 1
3
b3 − 1

2
b2ξj + 1

6
ξ3
j for j > M, and

ωi,j = 1
3
(b3 − ξ3

0) − 1
2
(b2 − ξ2

0)(ξi−M + ξj−M) + (b − ξ0)ξi−Mξj−M for j ≥ i > M,

where ξ0 = max{ξi−M , ξj−M}.

Given a λ,

Ŷ λ = H(H ′H + λΩ)−1H ′Y

– 1 –

https://vardeman.public.iastate.edu/stat602/602x_hw4_sol.pdf
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Smoothing Splines solution
Smoothing spline solution is a generalized ridge regression

θ̂ = (NT N + λΩN)−1NT y
The fitted smoothing spline is given by:

f̂ (x) =
N∑

j=1
Nj(x)θ̂j

Example
Bone mineral density (BMD) in
adolescents.
Response: the change in BMD over
two consecutive visits, typically
about one year apart.
coded by gender, females precedes
growth spurt about two years.
λ ≈ 0.00022, dfλ = 12.
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FIGURE 5.6. The response is the relative change in
bone mineral density measured at the spine in adoles-
cents, as a function of age. A separate smoothing spline
was fit to the males and females, with λ ≈ 0.00022.
This choice corresponds to about 12 degrees of freedom.
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Degrees of Freedom and Smoother Matrices

Smoothing spline is a linear smoother:

f̂ = N(NT N + λΩN)−1NT y
= Sλy

Sλ is known as smoother matrix.
dfλ = trace(Sλ)

the sum of the diagonal elements
λ ≈ 0.00022 derived numerically by solving trace(Sλ) = 12.

from scipy.interpolate import make_smoothing_spline
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Smoother Matrix

rows Sλ ordered with x
right: selected rows
λ→ 0 means dfλ → N and
Sλ → I
λ→∞ means dfλ → 2 and
Sλ → H, the hat matrix for
linear regression on x.
H = X(XT X)−1XT since
(ŷ = Hy)
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FIGURE 5.8. The smoother matrix for a smoothing
spline is nearly banded, indicating an equivalent kernel
with local support. The left panel represents the ele-
ments of S as an image. The right panel shows the
equivalent kernel or weighting function in detail for the
indicated rows.
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Pollution data example
Example

128 observations of pressure
and ozone.
Two fitted smoothing
splines.
third to sixth eigenvectors
of the spline smoother
matrices uk against x .
eigendecomposition of S:
eigenvaules dk (right)

Sλ =
N∑

k=1
ρk(λ)ukuT

k

ρk(λ) = 1
1+λdk

.
Right: 3rd-6th eigenvectors
as a function of x and
smoothed df = 5 in red.
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FIGURE 5.7. (Top:) Smoothing spline fit of ozone
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Selection degrees of freedom

The degrees of freedom df
(or the complexity penalty
λ) are usually selected to
minimize the expected
prediction error.
More specifically, the
crossvalidation estimate of
the error.

Example

f (X ) = sin(12(X+0.2))
X+0.2

Y = f (X ) + ϵ

X ∼ U[0, 1], ϵ ∼ N(0, 1),
N = 100.
df selected by
crossvalidation is 9.
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FIGURE 5.9. The top left panel shows the EPE(λ)
and CV(λ) curves for a realization from a nonlinear ad-
ditive error model (5.22). The remaining panels show
the data, the true functions (in purple), and the fit-
ted curves (in green) with yellow shaded ±2× standard
error bands, for three different values of dfλ.
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Multidimensional Splines
X ∈ R2

h1k(X1), k = 1, . . . ,M1 in
the first coordinate
h2k(X2), k = 1, . . . ,M2 in
the second coordinate.
M1 ×M2 dimensional tensor
product basis is defined by

gjk(X ) = h1j(X1)h2k(X2)

can be used for representing
a two-dimensional function:

g(X ) =
M1∑
j=1

M2∑
k=1

θjkgjk(X )

coefficients can be fitted by
least squares.
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FIGURE 5.10. A tensor product basis of B-splines,
showing some selected pairs. Each two-dimensional
function is the tensor product of the corresponding one
dimensional marginals.
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Additive logistic regression vs. tensor product

In higher dimensions, the number of basic functions and parameters grows
rapidly.
Consider to add the basic elements iteratively, as the additive MARS method
introduced later.
left: df=7, right df=16Elements of Statistical Learning (2nd Ed.) c©Hastie, Tibshirani & Friedman 2009 Chap 5

Additive Natural Cubic Splines - 4 df each
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Training Error: 0.23
Test Error:       0.28
Bayes Error:    0.21
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Training Error: 0.230
Test Error:       0.282
Bayes Error:    0.210

FIGURE 5.11. The simulation example of Fig-
ure 2.1. The upper panel shows the decision bound-

Elements of Statistical Learning (2nd Ed.) c©Hastie, Tibshirani & Friedman 2009 Chap 5

Additive Natural Cubic Splines - 4 df each
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Training Error: 0.23
Test Error:       0.28
Bayes Error:    0.21

Natural Cubic Splines - Tensor Product - 4 df each
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FIGURE 5.11. The simulation example of Fig-
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Multidimensional smoothing splines
Let us place the knot into each example
and add a complexity penalty J (below).
It can be generalized for an arbitrary
dimension.
The solution has the form:

f (x) = β0 + βT x +
∑N

j=1 αjhj(x)
where hj(x) = η(||x − xj ||) and
η(z) = z22 log z2.

complexity O(N3)
or O(NK 2 + K 3) with K knots.

Elements of Statistical Learning (2nd Ed.) c©Hastie, Tibshirani & Friedman 2009 Chap 5
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FIGURE 5.12. A thin-plate spline fit to the heart
disease data, displayed as a contour plot. The response
is systolic blood pressure, modeled as a function
of age and obesity. The data points are indicated, as
well as the lattice of points used as knots. Care should
be taken to use knots from the lattice inside the convex
hull of the data (red), and ignore those outside (green).

J [f ] =
∫ ∫

R2

[(
∂2f (x)
∂x2

1

)
+
(
∂2f (x)
∂x1∂x2

)
+
(
∂2f (x)
∂x2

2

)]
dx1dx2

implemented in R and OpenCV
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Summary

We learned about
regression splines (one dimensional X ) - these formulas you should know
B-splines - for faster fit - no formulas necessary
natural splines - linear on the borders
smoothing splines - complexity penalty for the second derivative

the solution is a natural spline.
Generalizations to more dimensions

thin plate splines
multidimensional smoothing splines.

Machine Learning Kernel Methods, Basis Expansion and regularization 2 38 - 67 February 27, 2025 57 / 395



Kernel Methods

estimate regression function
f (x) ∈ R
a different but simple model
separately at each query point x0.
The resulting f̂ (X ) is smooth in Rp.
Localization is achieved via a
weighting function er kernel
kλ(x0, xi)

assigns a weight to xi based on its
distance form x0.

λ is a parameter that dictates the
width of the neighbourhood.
memory based methods

little or no training
the model is the entire training
data set.

Elements of Statistical Learning (2nd Ed.) c©Hastie, Tibshirani & Friedman 2009 Chap 6
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FIGURE 6.1. In each panel 100 pairs xi, yi are gen-
erated at random from the blue curve with Gaussian
errors: Y = sin(4X) + ε, X ∼ U [0, 1], ε ∼ N(0, 1/3).
In the left panel the green curve is the result of a
30-nearest-neighbor running-mean smoother. The red

point is the fitted constant f̂(x0), and the red circles
indicate those observations contributing to the fit at x0.
The solid yellow region indicates the weights assigned to
observations. In the right panel, the green curve is the
kernel-weighted average, using an Epanechnikov kernel
with (half) window width λ = 0.2.
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FIGURE 6.1. In each panel 100 pairs xi, yi are gen-
erated at random from the blue curve with Gaussian
errors: Y = sin(4X) + ε, X ∼ U [0, 1], ε ∼ N(0, 1/3).
In the left panel the green curve is the result of a
30-nearest-neighbor running-mean smoother. The red

point is the fitted constant f̂(x0), and the red circles
indicate those observations contributing to the fit at x0.
The solid yellow region indicates the weights assigned to
observations. In the right panel, the green curve is the
kernel-weighted average, using an Epanechnikov kernel
with (half) window width λ = 0.2.
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Kernel Smoothing Methods
k-Nearest Neighbour kernel

Nk(x) is the set of k points
nearest to x in squared distance
all have equal weight
f̂ (x) = 1

k
∑

xi ∈Nk (x) yi .
f̂ (x) is bumpy, discontinuous.

Nadaraya-Watson kernel-weighted
average

f̂ (x0) =
∑N

i=1 kλ(x0, xi)yi∑N
i=1 kλ(x0, xi)

with the Epanechnikov quadratic
kernel
kλ(x0, x) = D

(
|x−x0|

λ

)
with

D(t) =
{ 3

4 (1− t2) if |t| ≤ 1
0 otherwise.
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FIGURE 6.1. In each panel 100 pairs xi, yi are gen-
erated at random from the blue curve with Gaussian
errors: Y = sin(4X) + ε, X ∼ U [0, 1], ε ∼ N(0, 1/3).
In the left panel the green curve is the result of a
30-nearest-neighbor running-mean smoother. The red

point is the fitted constant f̂(x0), and the red circles
indicate those observations contributing to the fit at x0.
The solid yellow region indicates the weights assigned to
observations. In the right panel, the green curve is the
kernel-weighted average, using an Epanechnikov kernel
with (half) window width λ = 0.2.
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FIGURE 6.1. In each panel 100 pairs xi, yi are gen-
erated at random from the blue curve with Gaussian
errors: Y = sin(4X) + ε, X ∼ U [0, 1], ε ∼ N(0, 1/3).
In the left panel the green curve is the result of a
30-nearest-neighbor running-mean smoother. The red

point is the fitted constant f̂(x0), and the red circles
indicate those observations contributing to the fit at x0.
The solid yellow region indicates the weights assigned to
observations. In the right panel, the green curve is the
kernel-weighted average, using an Epanechnikov kernel
with (half) window width λ = 0.2.
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Example!

Red circles: data
Blue: Epanechnikov
kernel for (−1.0)
Predicted values:
green dashed line
predicted value
f̂ (−1.0) = 1.55.

2.0 1.5 1.0 0.5 0.0 0.5 1.0 1.5 2.0
0.0

0.5

1.0

1.5

2.0

2.5

3.0

2.18

0.63

1.38

0.56

1.26

0.48

1.15

0.38

1.02

0

1.07

0

1.31

0

1.77

0

2.18

0

Weighted estimate at x0=-1
y
smoothed
epanechnikov

(0.63 ∗ 2.18 + 0.56 ∗ 1.38 + 0.48 ∗ 1.26 + 0.38 ∗ 1.15 + 0 ∗ others)
(0.63 + 0.56 + 0.48 + 0.38) = 1.55
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Kernels - variable width, shapes

The width λ may vary hλ(x0) with x0

mo general formula for he kernel

kλ(x0, x) = D
(

|x−x0|
hλ(x0)

)
for k-NN, hk(x0) = |x0 − x|k||
where x|k| is the kth closest xi to x0.

Tri-cube kernel

D(t) =
{

(1− |t|3)3 if |t| ≤ 1
0 otherwise.

Gaussian kernel
D(t) = 1

λ e− ∥x−x0∥2
2λ

Epanechnikov

D(t) =
{ 3

4 (1− t2) if |t| ≤ 1
0 otherwise.

Elements of Statistical Learning (2nd Ed.) c©Hastie, Tibshirani & Friedman 2009 Chap 6

-3 -2 -1 0 1 2 3

0.
0

0.
4

0.
8

Epanechnikov
Tri-cube
Gaussian

K
λ
(x

0
,
x
)

FIGURE 6.2. A comparison of three popular kernels
for local smoothing. Each has been calibrated to inte-
grate to 1. The tri-cube kernel is compact and has two
continuous derivatives at the boundary of its support,
while the Epanechnikov kernel has none. The Gaus-
sian kernel is continuously differentiable, but has infi-
nite support.
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Local Linear Regression

Locally-weighted averages can be badly
biased on the boundaries of the domain
or whenever X are not equally spaced.
Fitting straight lines may help (a bit).
Locally weighted regression

minα(x0),β(x0)

N∑
i=1

kλ(x0, xi)[yi−α(x0)−β(x0)xi ]2

The estimate is: f̂ (x0) = α̂(x0) + β̂(x0)x0.
For xT → (1, x), X is N × (p + 1) matrix,
W N × N diagonal matrix kλ(x0, xi ).
Then

f̂ (x0) = xT
0 (XT W (x0)X )−1XT )W (x0)y

what is linear function of y .

Elements of Statistical Learning (2nd Ed.) c©Hastie, Tibshirani & Friedman 2009 Chap 6

N-W Kernel at Boundary
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FIGURE 6.3. The locally weighted average has bias
problems at or near the boundaries of the domain.
The true function is approximately linear here, but
most of the observations in the neighborhood have a
higher mean than the target point, so despite weight-
ing, their mean will be biased upwards. By fitting a lo-
cally weighted linear regression (right panel), this bias
is removed to first order
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FIGURE 6.3. The locally weighted average has bias
problems at or near the boundaries of the domain.
The true function is approximately linear here, but
most of the observations in the neighborhood have a
higher mean than the target point, so despite weight-
ing, their mean will be biased upwards. By fitting a lo-
cally weighted linear regression (right panel), this bias
is removed to first order
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Local Polynomial Regression

Local linear fits can help bias
dramatically at the boundaries.
local quadratic fits tend to be most
helpful in reducing bias due to
curvature in the interior of the
domain.
Recommended to select the degree
by the application, not to combine
linear boundaries and quadratic
interior.
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FIGURE 6.6. The variances functions ||l(x)||2 for
local constant, linear and quadratic regression, for a
metric bandwidth (λ = 0.2) tri-cube kernel.
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FIGURE 6.5. Local linear fits exhibit bias in regions
of curvature of the true function. Local quadratic fits
tend to eliminate this bias.
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FIGURE 6.5. Local linear fits exhibit bias in regions
of curvature of the true function. Local quadratic fits
tend to eliminate this bias.
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Selecting the Width of the Kernel

crossvalidation
f̂ = Sλy

df = trace(Sλ)
Right: comparison of the tri-cube
local linear regression kernels
(orange) and smoothing splines
(blue) with matching degrees of
freedom 5.86.
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FIGURE 6.7. Equivalent kernels for a local linear
regression smoother (tri-cube kernel; orange) and a
smoothing spline (blue), with matching degrees of free-
dom. The vertical spikes indicates the target points.
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FIGURE 6.7. Equivalent kernels for a local linear
regression smoother (tri-cube kernel; orange) and a
smoothing spline (blue), with matching degrees of free-
dom. The vertical spikes indicates the target points.
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(Structured Local Regression in Rp)

kλ(x0, x) = D
(

∥x−x0∥
hλ(x0)

)
Structured local regression: a
positive semidefinite matrix A to
weigh the different coordinates:

kλ(x0, x) = D
(

(x−x0)T A(x−x0)
hλ(x0)

)

Elements of Statistical Learning (2nd Ed.) c©Hastie, Tibshirani & Friedman 2009 Chap 6
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FIGURE 6.8. The left panel shows three-dimensional
data, where the response is the velocity measurements
on a galaxy, and the two predictors record positions on
the celestial sphere. The unusual “star”-shaped design
indicates the way the measurements were made, and
results in an extremely irregular boundary. The right
panel shows the results of local linear regression smooth-
ing in IR2, using a nearest-neighbor window with 15%
of the data.
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FIGURE 6.8. The left panel shows three-dimensional
data, where the response is the velocity measurements
on a galaxy, and the two predictors record positions on
the celestial sphere. The unusual “star”-shaped design
indicates the way the measurements were made, and
results in an extremely irregular boundary. The right
panel shows the results of local linear regression smooth-
ing in IR2, using a nearest-neighbor window with 15%
of the data.
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Computational Consideration

Kernel smoothing complexity

Model is the entire training data set.
The fitting is done at evaluation or prediction.
Single observation x0 fit is O(N),
expansion in M basis functions O(M) for one evaluation, typically
M ∼ O(logN).
Basis function method have an initial cost at least O(NM2 + M3).
Smoothing parameter λ usually determined off-line by cross-validation,
at cost of O(N2).
Popular implementations of local regression loess is S-PLUS compute
the fit exactly at M locations O(NM) and interpolate to fit elsewhere
(O(M) per evaluation).
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Linear and k-NN Methods for Classification and Their
Extensions

likelihood example
logistic regression
ext. logistic regression with L1 penalty, elastic net penalty
linear and quadratic discriminant analysis
ext. regularized discriminant analysis
ext. reduced rank discriminant analysis
ext. diagonal discriminant analysis
Nearest-neighbor methods

k-NN
Local likelihood (local logistic regression)

ext. Discriminating Adaptive NN methods (DANN)
? Support Vector Machines

Machine Learning Linear Methods for Classification 3 68 - 94 February 27, 2025 67 / 395



Probability of the data given the model

Assume we have 15 red balls and 5 blue balls in a bag.
Repeat 5x:

select a ball
put it back.

The probability of the sequence red, blue, blue,red, red is 3
4 ·

1
4 ·

1
4 ·

3
4 ·

3
4 .

The logarithm log2 of the probability is ≈ −0.4− 2− 2− 0.4− 0.4 = −5.2
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Likelihood of the model given the data

Assume we do not know the probabilities, let θ be the probability of red . We
have following probabilities of data for different θ.
θ red blue blue red red
3
4

3
4

1
4

1
4

3
4

3
4

33

45

Take the log2 of the probabilities:
θ red blue blue red red
1
2 −1 −1 −1 −1 −1 −5
3
5 −0.74 −1.32 −1.32 −0.74 −0.74 −4.86
3
4 −0.4 −2 −2 −0.4 −0.4 −5.2

Probability of the data given model is called likelihood of the model θ given
the data.
Maximum likelihood θ estimate is in our case 3

5 .
Predicting probabilities, maximum likelihood estimate is the same as
maximum log-likelihood estimate.
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(Log)likelihood
train data prediction likelihood loglik
xi gi P(green|xi ) P(blue|xi ) P(yellow |xi )
1 green 1

2 0 1
2

1
2 −1

1 yellow 1
2 0 1

2
1
2 −1

2 green 2
3

1
3 0 2

3 log2
2
3

2 green 2
3

1
3 0 2

3 log2
2
3

2 blue 2
3

1
3 0 1

3 −log23
3 blue 0 1 0 1 0

−2− log23
+2log2

2
3

loglik logarithm with base e of likelihood function is defined as:

ℓ(θ) =
N∑

i=1
loge(P(G = gi |xi , θ))

Logistic regression uses:
P(G = gk |X = x) = eβk0+βT

k x

1+
∑

l=1,...,K−1
eβl0+βT

l x .
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Logistic Function
With more than two classes, the linear
regression to the class identifier may
suffer the masking problem.

Some class is masked due to the
linearity constraint (the blue class in
the figure right).
Quadratic fit to the identifier
function solves this case.
Logistic regression, LDA, SVM, k-NN
solve this case naturally.

Probability should be from the interval
⟨0, 1⟩.
Linear prediction is transformed by
logistic function (sigmoid) with the
maximum L.
logistic L

1+e−k(x−x0) .
Inverse function is called logit.
logit log p

1−p ,

4.2 Linear Regression of an Indicator Matrix 105

Linear Regression
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FIGURE 4.2. The data come from three classes in IR2 and are easily separated
by linear decision boundaries. The right plot shows the boundaries found by linear
discriminant analysis. The left plot shows the boundaries found by linear regres-
sion of the indicator response variables. The middle class is completely masked
(never dominates).

• The closest target classification rule (4.6) is easily seen to be exactly
the same as the maximum fitted component criterion (4.4).

There is a serious problem with the regression approach when the number
of classes K ≥ 3, especially prevalent when K is large. Because of the rigid
nature of the regression model, classes can be masked by others. Figure 4.2
illustrates an extreme situation when K = 3. The three classes are perfectly
separated by linear decision boundaries, yet linear regression misses the
middle class completely.

In Figure 4.3 we have projected the data onto the line joining the three
centroids (there is no information in the orthogonal direction in this case),
and we have included and coded the three response variables Y1, Y2 and
Y3. The three regression lines (left panel) are included, and we see that
the line corresponding to the middle class is horizontal and its fitted values
are never dominant! Thus, observations from class 2 are classified either
as class 1 or class 3. The right panel uses quadratic regression rather than
linear regression. For this simple example a quadratic rather than linear
fit (for the middle class at least) would solve the problem. However, it
can be seen that if there were four rather than three classes lined up like
this, a quadratic would not come down fast enough, and a cubic would
be needed as well. A loose but general rule is that if K ≥ 3 classes are
lined up, polynomial terms up to degree K − 1 might be needed to resolve
them. Note also that these are polynomials along the derived direction
passing through the centroids, which can have arbitrary orientation. So in

106 4. Linear Methods for Classification

1
1

1

1

1

1

1
1

1
1

1

1

1

1

1

1

1

1

1

11

1

1
1

1
11

1

1

1

1

1

1

1

1

1

1

11
11

1

11

11
1

1
1

1

1

1
1

1

1

1

1

1

1

1

1

1

11

1
11

1
1

1

11
1

1

1

1

1

1

111
1

1
1

11

1

1

11

11

1

111

1

11

1

1

1

11

11

1

1

1

1

1

1
1

1

1

1
1

1

1

1

1

1

1

1
1

1

1

1

1

1

1

1

1
11

1

1
1

1
11

1
1

1
1

1

111

1

222 222 2 2 2222 22 22 2 22 22222 2 22 222 22 2 22 22 22 22222 22 2 222 2 2222 222 222 222 2222 22 22 2 22 222 2222 22 222 222 222 222 222 2 22 22 222 222 22 22 2222 22 2 222 2 22 2 22 2 22 22 222 2 222 222 222 2

3
3

3

3

3

3

3
3

3
3

3

3

3

3

3

3

3

3

3

33

3

3
3

3
33

3

3

3

3

3

3

3

3
3

3

33
33

3

33

33
3

3
3

3

3

3
3

3

3

3

3

3

3

3

3

3

33

3
33

3
3

3

33
3

3

3
3

3

3

333
3

3
3

33

3

3

33

33

3

333

3

33

3

3

3

33

33

3

3

3

3

3

3
3

3

3

3
3

3

3

3

3

3

3

3
3

3

3

3

3

3

3

3

3
33

3

3
3

3
33

3
3

3
3

3

333

3

0.0

0.5

1.0

0.0 0.2 0.4 0.6 0.8 1.0

1
1

1

1

1

1

1

1

1

1
1

1

1

1

1

1

1

1

1

11

1

1

1

1
11

1

1

1

1

1

1

1

1

1

1

11

1
1

1

11

11
1

1

1

1

1

11
1

1

1

1
1

1
1

1

1

11

111
1 1

1

11
1

1
1 1

1
1

111
1

1
1

11

1

1

11
11

1

111
1

11
1

11 11 111 1
1

1
1

1 11 111
1 11 1

1
11 1 11 1 11 1 1

1 11
1

11 1 111 111 111
1

2
2

2

2

2

2

2

2

2

2
2

2

2

2

2

2

2

2

2

22

2

2

2

2
22

2

2

2

2

2

2

2

2

2

2

22

2
2

2

22

22
2

2

2

2

2 222
2

2

22
2

22 222 2222 2
2

22 2

2

2
2

22 2222 22 222
2

22 222 222
2

22 2

2

2

2
2

2
2

2

2

2

2

2

2

2

2

2

2
2

2

2

2

2

2

2

2
2

2

2

2

2

2

2

2

2
2

2

2

2

2

2

2

2
2

2

2

2

2
2

2

2

333 3
3

3
3 3 333

3

3
3

3
3

3
3

3 333
3

3

3 33 33
3

3

3

3 33 3
3

33 333
33 33 3 33

3 3

333
3

3

3
3

3

3

3

3

33

3
33

3 3

3
33

3

3

3
3

3
3

333
3

3
3

33

3

3

33

33

3
333

3

33
3

3

3

33

3
3

3

3

3

3

3

3

3

3

3

3
3

3

3

3

3

3

3

3
3

3

3

3

3

3

3

3

3
3

3

3

3

3

3

3

3
3

3

3

3

3
3

3

3

0.0

0.5

1.0

0.0 0.2 0.4 0.6 0.8 1.0

Degree = 1; Error = 0.33 Degree = 2; Error = 0.04

FIGURE 4.3. The effects of masking on linear regression in IR for a three-class
problem. The rug plot at the base indicates the positions and class membership of
each observation. The three curves in each panel are the fitted regressions to the
three-class indicator variables; for example, for the blue class, yblue is 1 for the
blue observations, and 0 for the green and orange. The fits are linear and quadratic
polynomials. Above each plot is the training error rate. The Bayes error rate is
0.025 for this problem, as is the LDA error rate.

p-dimensional input space, one would need general polynomial terms and
cross-products of total degree K − 1, O(pK−1) terms in all, to resolve such
worst-case scenarios.

The example is extreme, but for large K and small p such maskings
naturally occur. As a more realistic illustration, Figure 4.4 is a projection
of the training data for a vowel recognition problem onto an informative
two-dimensional subspace. There are K = 11 classes in p = 10 dimensions.
This is a difficult classification problem, and the best methods achieve
around 40% errors on the test data. The main point here is summarized in
Table 4.1; linear regression has an error rate of 67%, while a close relative,
linear discriminant analysis, has an error rate of 56%. It seems that masking
has hurt in this case. While all the other methods in this chapter are based
on linear functions of x as well, they use them in such a way that avoids
this masking problem.

4.3 Linear Discriminant Analysis

Decision theory for classification (Section 2.4) tells us that we need to know
the class posteriors Pr(G|X) for optimal classification. Suppose fk(x) is
the class-conditional density of X in class G = k, and let πk be the prior
probability of class k, with

∑K
k=1 πk = 1. A simple application of Bayes
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FIGURE 4.2. Classification using the Default data. Left: Estimated probabil-
ity of default using linear regression. Some estimated probabilities are negative!
The orange ticks indicate the 0/1 values coded for default(No or Yes). Right:
Predicted probabilities of default using logistic regression. All probabilities lie
between 0 and 1.

For the Default data, logistic regression models the probability of default.
For example, the probability of default given balance can be written as

Pr(default = Yes|balance).

The values of Pr(default = Yes|balance), which we abbreviate
p(balance), will range between 0 and 1. Then for any given value of balance,
a prediction can be made for default. For example, one might predict
default = Yes for any individual for whom p(balance) > 0.5. Alterna-
tively, if a company wishes to be conservative in predicting individuals who
are at risk for default, then they may choose to use a lower threshold, such
as p(balance) > 0.1.

4.3.1 The Logistic Model

How should we model the relationship between p(X) = Pr(Y = 1|X) and
X? (For convenience we are using the generic 0/1 coding for the response).
In Section 4.2 we talked of using a linear regression model to represent
these probabilities:

p(X) = β0 + β1X. (4.1)

If we use this approach to predict default=Yes using balance, then we
obtain the model shown in the left-hand panel of Figure 4.2. Here we see
the problem with this approach: for balances close to zero we predict a
negative probability of default; if we were to predict for very large balances,
we would get values bigger than 1. These predictions are not sensible, since
of course the true probability of default, regardless of credit card balance,
must fall between 0 and 1. This problem is not unique to the credit default
data. Any time a straight line is fit to a binary response that is coded as
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Logistic Regression
For K– class classification we estimate (p + 1)× (K − 1) parameters
θ = {β10, β

T
1 , . . . , β(K−1)0, β

T
K−1}.

log P(G = g1|X = x)
P(G = gK |X = x) = β10 + βT

1 x

log P(G = g2|X = x)
P(G = gK |X = x) = β20 + βT

2 x

...

log P(G = gK−1|X = x)
P(G = gK |X = x) = β(K−1)0 + βT

K−1x

that is

pk(x ; θ)← P(G = gk |X = x) = eβk0+βT
k x

1 +
∑

l=1,...,K−1 eβl0+βT
l x

pK (x ; θ)← P(G = gK |X = x) = 1
1 +

∑
l=1,...,K−1 eβl0+βT

l x .
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Fitting Logistic Regression Two class
This model is estimated iteratively maximizing conditional likelihood of G
given X .

ℓ(θ) =
N∑

i=1
log pgi (xi ; θ)

Two class model: gi encoded via a 0/1 response yi ; yi = 1 iff gk = g1.
Let p(x ; θ) = p1(x ; θ), p2(x ; θ) = 1− p(x ; θ). Then:

ℓ(θ) =
N∑

i=1
(yi log p(xi ;β) + (1− yi) log(1− p(xi ;β))

=
N∑

i=1
(yiβ

T xi − log(1 + eβT xi ))

Set derivatives to zero:

∂ℓ(β)
∂β

=
N∑

i=1
xi(yi − p(xi ;β)) = 0,

which is p + 1 nonlinear equations in β.
First component: xi ≡ 1 specifies

∑N
i=1 yi =

∑N
i=1 p(xi ;β) the expected

number of class g1 matches.Machine Learning Linear Methods for Classification 3 68 - 94 February 27, 2025 73 / 395



Newton–Raphson Algorithm

We use Newton–Raphson Algorithm to solve the system of equations

∂ℓ(β)
∂β

=
N∑

i=1
xi(yi − p(xi ;β)) = 0,

we need the second–derivative or Hessian matrix

∂2ℓ(β)
∂β∂βT = −

N∑
i=1

xixT
i p(xi ;β)(1− p(xi ;β)).

Starting with βold a single Newton–Raphson update is

βnew = βold −
(
∂2ℓ(β)
∂β∂βT

)−1
∂ℓ(β)
∂β

,

where the derivatives are evaluated at βold .
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Newton–Raphson Algorithm in Matrix Notation
Let us denote:

y the vector of yi
X N × (p + 1) data matrix xi
p the vector of fitted probabilities with ith element p(xi ;βold)

W diagonal matrix with weights p(xi ;βold)(1− p(xi ;βold))
∂ℓ(β)

∂β = XT (y− p)
∂2ℓ(β)
∂β∂βT = −XT WX

The Newton–Raphson step is (β0 ← 0)
βnew = βold + (XTWX)−1XT (y− p)

= (XTWX)−1XT W(Xβold + W−1(y− p))
= (XTWX)−1XT Wz

z = Xβold + W−1(y− p) adjusted response

p,W , z change each step
This algorithm is reffered to as iteratively reweighted least squares IRLS

βnew ← arg min
β

(z− Xβ)T W(z− Xβ)
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South African Heart Disease
Analyzing the risk factors of myocardian infarction MI
(Note: prevalence 5.1%, in the data 160 positive 302 controls, the controls
are underrepresented, consider weighting the data.)122 4. Linear Methods for Classification

TABLE 4.2. Results from a logistic regression fit to the South African heart
disease data.

Coefficient Std. Error Z Score

(Intercept) −4.130 0.964 −4.285
sbp 0.006 0.006 1.023

tobacco 0.080 0.026 3.034
ldl 0.185 0.057 3.219

famhist 0.939 0.225 4.178
obesity -0.035 0.029 −1.187
alcohol 0.001 0.004 0.136

age 0.043 0.010 4.184

in explaining the outcome. Typically many models are fit in a search for a
parsimonious model involving a subset of the variables, possibly with some
interactions terms. The following example illustrates some of the issues
involved.

4.4.2 Example: South African Heart Disease

Here we present an analysis of binary data to illustrate the traditional
statistical use of the logistic regression model. The data in Figure 4.12 are a
subset of the Coronary Risk-Factor Study (CORIS) baseline survey, carried
out in three rural areas of the Western Cape, South Africa (Rousseauw et
al., 1983). The aim of the study was to establish the intensity of ischemic
heart disease risk factors in that high-incidence region. The data represent
white males between 15 and 64, and the response variable is the presence or
absence of myocardial infarction (MI) at the time of the survey (the overall
prevalence of MI was 5.1% in this region). There are 160 cases in our data
set, and a sample of 302 controls. These data are described in more detail
in Hastie and Tibshirani (1987).

We fit a logistic-regression model by maximum likelihood, giving the
results shown in Table 4.2. This summary includes Z scores for each of the
coefficients in the model (coefficients divided by their standard errors); a
nonsignificant Z score suggests a coefficient can be dropped from the model.
Each of these correspond formally to a test of the null hypothesis that the
coefficient in question is zero, while all the others are not (also known as
the Wald test). A Z score greater than approximately 2 in absolute value
is significant at the 5% level.

There are some surprises in this table of coefficients, which must be in-
terpreted with caution. Systolic blood pressure (sbp) is not significant! Nor
is obesity, and its sign is negative. This confusion is a result of the corre-
lation between the set of predictors. On their own, both sbp and obesity

are significant, and with positive sign. However, in the presence of many
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TABLE 4.3. Results from stepwise logistic regression fit to South African heart
disease data.

Coefficient Std. Error Z score

(Intercept) −4.204 0.498 −8.45
tobacco 0.081 0.026 3.16

ldl 0.168 0.054 3.09
famhist 0.924 0.223 4.14

age 0.044 0.010 4.52

other correlated variables, they are no longer needed (and can even get a
negative sign).

At this stage the analyst might do some model selection; find a subset
of the variables that are sufficient for explaining their joint effect on the
prevalence of chd. One way to proceed by is to drop the least significant co-
efficient, and refit the model. This is done repeatedly until no further terms
can be dropped from the model. This gave the model shown in Table 4.3.

A better but more time-consuming strategy is to refit each of the models
with one variable removed, and then perform an analysis of deviance to
decide which variable to exclude. The residual deviance of a fitted model
is minus twice its log-likelihood, and the deviance between two models is
the difference of their individual residual deviances (in analogy to sums-of-
squares). This strategy gave the same final model as above.

How does one interpret a coefficient of 0.081 (Std. Error = 0.026) for
tobacco, for example? Tobacco is measured in total lifetime usage in kilo-
grams, with a median of 1.0kg for the controls and 4.1kg for the cases. Thus
an increase of 1kg in lifetime tobacco usage accounts for an increase in the
odds of coronary heart disease of exp(0.081) = 1.084 or 8.4%. Incorporat-
ing the standard error we get an approximate 95% confidence interval of
exp(0.081 ± 2 × 0.026) = (1.03, 1.14).

We return to these data in Chapter 5, where we see that some of the
variables have nonlinear effects, and when modeled appropriately, are not
excluded from the model.

4.4.3 Quadratic Approximations and Inference

The maximum-likelihood parameter estimates β̂ satisfy a self-consistency
relationship: they are the coefficients of a weighted least squares fit, where
the responses are

zi = xT
i β̂ +

(yi − p̂i)

p̂i(1 − p̂i)
, (4.29)
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efficient, and refit the model. This is done repeatedly until no further terms
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A better but more time-consuming strategy is to refit each of the models
with one variable removed, and then perform an analysis of deviance to
decide which variable to exclude. The residual deviance of a fitted model
is minus twice its log-likelihood, and the deviance between two models is
the difference of their individual residual deviances (in analogy to sums-of-
squares). This strategy gave the same final model as above.

How does one interpret a coefficient of 0.081 (Std. Error = 0.026) for
tobacco, for example? Tobacco is measured in total lifetime usage in kilo-
grams, with a median of 1.0kg for the controls and 4.1kg for the cases. Thus
an increase of 1kg in lifetime tobacco usage accounts for an increase in the
odds of coronary heart disease of exp(0.081) = 1.084 or 8.4%. Incorporat-
ing the standard error we get an approximate 95% confidence interval of
exp(0.081 ± 2 × 0.026) = (1.03, 1.14).

We return to these data in Chapter 5, where we see that some of the
variables have nonlinear effects, and when modeled appropriately, are not
excluded from the model.

4.4.3 Quadratic Approximations and Inference

The maximum-likelihood parameter estimates β̂ satisfy a self-consistency
relationship: they are the coefficients of a weighted least squares fit, where
the responses are

zi = xT
i β̂ +

(yi − p̂i)

p̂i(1 − p̂i)
, (4.29)

P(MI|xi , θ) = e−4.204+0.081xtobacco +0.168xldl +0.924xfamhist +0.044xage

1+(e−4.204+0.081xtobacco +0.168xldl +0.924xfamhist +0.044xage )

Interval estimate oddstobacco = e0.081±2×0.026 = (1.03, 1.14) increase of odds
of MI based of the increase of xtobacco .

Machine Learning Linear Methods for Classification 3 68 - 94 February 27, 2025 77 / 395



L1 regularization ’Lasso’-like

argmaxβ0,β

( N∑
i=1

(yi(β0 + βT xi)− log(1 + e(β0+βT xi )))− λ
p∑

j=1
|βj |

)

Newton–Raphson Algorithm or nonlinear programming.
λ = 0 standard logistic regression.
λ→∞ moves coefficients towards 0.
β0 is not included into the penalty.

126 4. Linear Methods for Classification

concave, and a solution can be found using nonlinear programming meth-
ods (Koh et al., 2007, for example). Alternatively, using the same quadratic
approximations that were used in the Newton algorithm in Section 4.4.1,
we can solve (4.31) by repeated application of a weighted lasso algorithm.
Interestingly, the score equations [see (4.24)] for the variables with non-zero
coefficients have the form

xT
j (y − p) = λ · sign(βj), (4.32)

which generalizes (3.58) in Section 3.4.4; the active variables are tied in
their generalized correlation with the residuals.

Path algorithms such as LAR for lasso are more difficult, because the
coefficient profiles are piecewise smooth rather than linear. Nevertheless,
progress can be made using quadratic approximations.
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FIGURE 4.13. L1 regularized logistic regression coefficients for the South
African heart disease data, plotted as a function of the L1 norm. The variables
were all standardized to have unit variance. The profiles are computed exactly at
each of the plotted points.

Figure 4.13 shows the L1 regularization path for the South African
heart disease data of Section 4.4.2. This was produced using the R package
glmpath (Park and Hastie, 2007), which uses predictor–corrector methods
of convex optimization to identify the exact values of λ at which the active
set of non-zero coefficients changes (vertical lines in the figure). Here the
profiles look almost linear; in other examples the curvature will be more
visible.

Coordinate descent methods (Section 3.8.6) are very efficient for comput-
ing the coefficient profiles on a grid of values for λ. The R package glmnet
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Linear Discriminant Analysis

LDA assumes multivariate gaussian distribution of each class with a common
covariance matrix.

ϕ(k) = 1√
|2πΣ|

e− 1
2 (x−µk )T Σ−1(x−µk )

Under this assumptions it provides bayes optimal estimate.
Different covariance matrix for each class leads to Quadratic Discriminant
Analysis.
Let us denote Nk number of training data in the class Gk .
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Linear Discriminant Analysis

FIGURE 4.4. A two-dimensional plot of the vowel
training data. There are eleven classes with X ∈ IR10,
and this is the best view in terms of a LDA model (Sec-
tion 4.3.3). The heavy circles are the projected mean
vectors for each class. The class overlap is consider-
able.
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FIGURE 4.4. Left: Two one-dimensional normal density functions are shown.
The dashed vertical line represents the Bayes decision boundary. Right: 20 obser-
vations were drawn from each of the two classes, and are shown as histograms.
The Bayes decision boundary is again shown as a dashed vertical line. The solid
vertical line represents the LDA decision boundary estimated from the training
data.

X = x to the class for which (4.12) is largest. Taking the log of (4.12)
and rearranging the terms, it is not hard to show that this is equivalent to
assigning the observation to the class for which

δk(x) = x · μk

σ2
− μ2

k

2σ2
+ log(πk) (4.13)

is largest. For instance, if K = 2 and π1 = π2, then the Bayes classifier
assigns an observation to class 1 if 2x (μ1 − μ2) > μ2

1 − μ2
2, and to class

2 otherwise. In this case, the Bayes decision boundary corresponds to the
point where

x =
μ2

1 − μ2
2

2(μ1 − μ2)
=

μ1 + μ2

2
. (4.14)

An example is shown in the left-hand panel of Figure 4.4. The two normal
density functions that are displayed, f1(x) and f2(x), represent two distinct
classes. The mean and variance parameters for the two density functions
are μ1 = −1.25, μ2 = 1.25, and σ2

1 = σ2
2 = 1. The two densities overlap,

and so given that X = x, there is some uncertainty about the class to which
the observation belongs. If we assume that an observation is equally likely
to come from either class—that is, π1 = π2 = 0.5—then by inspection of
(4.14), we see that the Bayes classifier assigns the observation to class 1
if x < 0 and class 2 otherwise. Note that in this case, we can compute
the Bayes classifier because we know that X is drawn from a Gaussian
distribution within each class, and we know all of the parameters involved.
In a real-life situation, we are not able to calculate the Bayes classifier.

In practice, even if we are quite certain of our assumption that X is drawn
from a Gaussian distribution within each class, we still have to estimate
the parameters μ1, . . . , μK , π1, . . . , πK , and σ2. The linear discriminant
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Linear Discriminant Analysis
The LDA model parameters: the mean and probability of each class {µi , πi}K

i=1
and the common covariance matrix Σ can be evaluated directly.

π̂k = Nk
N

µ̂k =
∑

{xi :G(xi )=gk } xi

Nk

Σ̂ =
K∑

k=1

∑
{xi :G(xi )=gk }

(xi − µk)(xi − µk)T

(N − K )

ϕk(x) = N(µk ,Σ)

P(G = gk |X = x) = ϕk(x)πk∑K
ℓ=1 ϕℓ(x)πℓ

To classify new instance x we predict the Gk with
maximal δk :

δk(x) = xT Σ−1µk −
1
2µ

T
k Σ−1µk + log .
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FIGURE 4.5. The left panel shows three Gaussian
distributions, with the same covariance and different
means. Included are the contours of constant density
enclosing 95% of the probability in each case. The
Bayes decision boundaries between each pair of classes
are shown (broken straight lines), and the Bayes de-
cision boundaries separating all three classes are the
thicker solid lines (a subset of the former). On the
right we see a sample of 30 drawn from each Gaussian
distribution, and the fitted LDA decision boundaries.
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Quadratic Discriminant Analysis
Quadratic discriminant analysis estimates the covariance matrix for each class
independently. The rest is the same as for the LDA.

π̂k = Nk
N

µ̂k =
∑

{xi :G(xi )=gk } xi

Nk

Σ̂k =
∑

{xi :G(xi )=gk }

(xi − µk)(xi − µk)T

(|Gk | − 1)

fk(x) = N(µk ,Σk)

P(G = gk |X = x) = fk(x)πk∑K
ℓ=1 fℓ(x)πℓ

To classify new instance x we predict the Gk with maximal δk :

δk(x) = −1
2 (x − µk)T Σ−1

k (x − µk)− 1
2 log |Σk |+ log πk .
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Quadratic and Regularized Discriminant Analysis
QDA has substantially more parameters. It is questionable whether it is
worth to increase the model complexity.

LDA parameters: (K − 1)× (p + 1)
QDA parameters: (K − 1)× ( p(p+3)

2 + 1).
Regularized discriminant analysis takes a weighted average of LDA and
QDA to tune the model complexity.

Σ̂k(α) = αΣ̂k + (1− α)Σ̂

Elements of Statistical Learning (2nd Ed.) c©Hastie, Tibshirani & Friedman 2009 Chap 4
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Regularized Discriminant Analysis on the Vowel Data

Test Data
Train Data

α

FIGURE 4.7. Test and training errors for the vowel
data, using regularized discriminant analysis with a se-
ries of values of α ∈ [0, 1]. The optimum for the test
data occurs around α = 0.9, close to quadratic discrim-
inant analysis.
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FIGURE 4.6. Two methods for fitting quadratic
boundaries. The left plot shows the quadratic de-
cision boundaries for the data in Figure 4.1 (ob-
tained using LDA in the five-dimensional space
X1, X2, X1X2, X

2
1 , X2

2 ). The right plot shows the
quadratic decision boundaries found by QDA. The dif-
ferences are small, as is usually the case.Machine Learning Linear Methods for Classification 3 68 - 94 February 27, 2025 82 / 395



Computations for LDA

Linear and Quadratic Discriminant Analysis

O(N3), often O(N2.376)
QDA and LDA may be computed using matrix decomposition:

Compute the eigendecomposition for each
(x − µ̂k)T Σ̂−1

k (x − µ̂k) = [UT
k (x − µ̂k)]T D−1

k [UT
k (x − µ̂k)]

log |Σ̂k | =
∑

ℓ
log dkℓ.

Using this decomposition, LDA classifier can be implemented by the
following pair of steps:

Sphere the data with respect to the common covariance estimate Σ̂:
X ∗ ← D− 1

2 UT X , where Σ̂ = UDUT .
The common covariance estimate of X ∗ will now be the identity.
Classify to the closest class centroid in the transformed space, modulo
the effect of the class prior probabilities πk .

Machine Learning Linear Methods for Classification 3 68 - 94 February 27, 2025 83 / 395



Reduced–Rank Linear Discriminant Analysis

Elements of Statistical Learning (2nd Ed.) c©Hastie, Tibshirani & Friedman 2009 Chap 4

+

+
+

+

FIGURE 4.9. Although the line joining the cen-
troids defines the direction of greatest centroid spread,
the projected data overlap because of the covariance
(left panel). The discriminant direction minimizes this
overlap for Gaussian data (right panel).

maxa
aT Ba
aT Wa

Finding the sequence of optimal subspaces for LDA:
compute the K × p matrix of class centroids M and the common covariance
matrix W (within–class covariance);
compute M∗ = MW − 1

2 using the eigen–decomposition of W ;
compute B∗ between–class covariance, the covariance matrix of M∗ and its
eigen–decomposition B∗ = V ∗DBV ∗T .

order DB in the decreasing order
v∗

ℓ of V ∗ in sequence define the coordinates of the optimal subspaces
Zℓ = vT

ℓ X with vℓ = W − 1
2 v∗

ℓ .

Machine Learning Linear Methods for Classification 3 68 - 94 February 27, 2025 84 / 395



Vovel Example
Example Vovel data ESL:

X ∈ R10:
k = 11 classes.

train test
Linear regression 0.48 0.67

Linear discriminant analysis 0.32 0.56
Quadratic discriminant analysis 0.01 0.53

Logistic regression 0.22 0.51

Elements of Statistical Learning (2nd Ed.) c©Hastie, Tibshirani & Friedman 2009 Chap 4
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FIGURE 4.10. Training and test error rates for the
vowel data, as a function of the dimension of the dis-
criminant subspace. In this case the best error rate is
for dimension 2. Figure 4.11 shows the decision bound-
aries in this space.
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FIGURE 4.11. Decision boundaries for the vowel
training data, in the two-dimensional subspace spanned
by the first two canonical variates. Note that in any
higher-dimensional subspace, the decision boundaries
are higher-dimensional affine planes, and could not be
represented as lines.
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Linear Discriminant Analysis

FIGURE 4.8. Four projections onto pairs of canon-
ical variates. Notice that as the rank of the canonical
variates increases, the centroids become less spread out.
In the lower right panel they appear to be superimposed,
and the classes most confused.
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Diagonal Linear Discriminant Analysis
With really many dimensions the even reduced rank does not work.
Gene expression experiment

2308 genes (columns)
63 samples (rows), from a set of
microarray experiments.
The samples arose from small, round
blue-cell tumors (SRBCT) found in
children, and are classified into four major
types:

BL (Burkitt lymphoma),
EWS (Ewing’s sarcoma),
NB (neuroblastoma),
and RMS (rhabdomyosarcoma).

There is an additional test data set of 20
observations.

Elements of Statistical Learning (2nd Ed.) c©Hastie, Tibshirani & Friedman 2009 Chap 18

BL EWS NB RMS

FIGURE 18.3. Heat-map of the chosen 43 genes.
Within each of the horizontal partitions, we have or-
dered the genes by hierarchical clustering, and similarly
for the samples within each vertical partition. Yellow
represents over- and blue under-expression.

diagonal-covariance LDA
δk(x∗) = −

p∑
j=1

(x∗
j − x jk)2

s2
j

+ 2 log(πk)

sj is the pooled within-class standard deviation of the jth gene
x jk =

∑
i∈Ck

xij
Nk

x̃k = (x̄1k , . . . , x̄jk , . . . , xpk)T is the k class centroid.
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Linear Regression with Elastic Net Penalty
Elastic net penalty

max{β0k ,βk ∈Rp}K
1

[ N∑
i=1

log P(gi |xi)− λ
( K∑

k=1

p∑
j=1

(α|βkj |+ (1− α)β2
kj)
)]
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Nearest-Neighbor Methods

The nearest-neighbor methods use those
observations in the training set T closest in
the input space to x to form f̂ .

ĝ(x) = majorityxi ∈Nk (x)g(xi)

nice, but suffers the curse of dimensionality.476 13. Prototypes and Nearest-Neighbors
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FIGURE 13.12. Median radius of a 1-nearest-neighborhood, for uniform data
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FIGURE 13.13. The points are uniform in the cube, with the vertical line sepa-
rating class red and green. The vertical strip denotes the 5-nearest-neighbor region
using only the horizontal coordinate to find the nearest-neighbors for the target
point (solid dot). The sphere shows the 5-nearest-neighbor region using both co-
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FIGURE 2.2. The same classification example in two
dimensions as in Figure 2.1. The classes are coded as
a binary variable (BLUE = 0, ORANGE = 1) and then fit
by 15-nearest-neighbor averaging as in (2.8). The pre-
dicted class is hence chosen by majority vote amongst
the 15-nearest neighbors.
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FIGURE 2.3. The same classification example in two
dimensions as in Figure 2.1. The classes are coded as
a binary variable (BLUE = 0, ORANGE = 1), and then
predicted by 1-nearest-neighbor classification.
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Disciminang Adaptive Nearest-Neighbor Methods (DANN)

The metric at a query point is defined by

D(x , x0) = (x − x0)T Σ(x − x0)

where
Σ = W − 1

2 [W − 1
2 BW − 1

2 + ϵI]W − 1
2

where ϵ = 1 adjusts the neighbourhood and
W ,B are within and between class covariance fitted at the neighbourhood.

Close to the class boundary,
the Σ shrinks out of the
boundary
in the interior it remains
circular.

478 13. Prototypes and Nearest-Neighbors
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FIGURE 13.14. Neighborhoods found by the DANN procedure, at various query
points (centers of the crosses). There are two classes in the data, with one class
surrounding the other. 50 nearest-neighbors were used to estimate the local met-
rics. Shown are the resulting metrics used to form 15-nearest-neighborhoods.

in these cases the between matrix B = 0, and the Σ in (13.8) is the identity
matrix.

13.4.1 Example

Here we generate two-class data in ten dimensions, analogous to the two-
dimensional example of Figure 13.14. All ten predictors in class 1 are in-
dependent standard normal, conditioned on the radius being greater than
22.4 and less than 40, while the predictors in class 2 are independent stan-
dard normal without the restriction. There are 250 observations in each
class. Hence the first class almost completely surrounds the second class in
the full ten-dimensional space.

In this example there are no pure noise variables, the kind that a nearest-
neighbor subset selection rule might be able to weed out. At any given
point in the feature space, the class discrimination occurs along only one
direction. However, this direction changes as we move across the feature
space and all variables are important somewhere in the space.

Figure 13.15 shows boxplots of the test error rates over ten realiza-
tions, for standard 5-nearest-neighbors, LVQ, and discriminant adaptive
5-nearest-neighbors. We used 50 prototypes per class for LVQ, to make
it comparable to 5 nearest-neighbors (since 250/5 = 50). The adaptive
metric significantly reduces the error rate, compared to LVQ or standard
nearest-neighbors.
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Local Likelihood and other methods
Logistic and log-linear models involve the covariates in a linear fashion.
We fit the model locally at x0 and weight the loglik by the kernel kλ

and center the estimate at x0.

ℓ(βx0) =
N∑

i=1
kλ(x0, xi)ℓ(yi , (x − x0)Tβx0)

=
N∑

i=1
kλ(x0, xi)

{
yiβ

T
x0

(xi − x0)− log(1 + eβT
x0

(xi −x0))
}Elements of Statistical Learning (2nd Ed.) c©Hastie, Tibshirani & Friedman 2009 Chap 6
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FIGURE 6.12. Each plot shows the binary response
CHD (coronary heart disease) as a function of a risk
factor for the South African heart disease data. For
each plot we have computed the fitted prevalence of
CHD using a local linear logistic regression model. The
unexpected increase in the prevalence of CHD at the
lower ends of the ranges is because these are retrospec-
tive data, and some of the subjects had already un-
dergone treatment to reduce their blood pressure and
weight. The shaded region in the plot indicates an es-
timated pointwise standard error band.

Note: Increased prevalence for
small values due to retrospec-
tive data: some people with
diagnosed CHD started more
healthy life.
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Generalized Additive Model (gam)

Each feature Xj is approximated by a natural spline.
The overall model is:

logit[P(CHD|X )] = θ0 + h1(X1)T θ1 + h2(X2)T θ2 + . . .+ hp(Xp)T θp

θj are vectors of coefficients multiplying their associated vector of natural
spline basis functions hj

four basis functions (three inner knots) per spline in this example.
binary familyhist with a single coefficient.
Combine all p vectors of basic functions into one big vector h(X ),
df = 1 +

∑p
j=1 dfj

each basis function is evaluated at each of the N samples
resulting in a N × df basis matrix H.
and use ’standard’ logistic regression.
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South African Heart Disease continued

Alcohol not significant by
AIC test
covariance Cov(θ̂) is
estimated by
Σ̂ = (HTWH)−1

W the diagonal weight
matrix

variance of a single variable
j is:

vj(Xj) = Var [fj(Xj)] =
hj(Xj)T Σ̂jjhj(Xj)

error bounds
f̂j(Xj)± 2

√
vj(Xj).

Elements of Statistical Learning (2nd Ed.) c©Hastie, Tibshirani & Friedman 2009 Chap 5

100 120 140 160 180 200 220

-2
0

2
4

0 5 10 15 20 25 30

0
2

4
6

8

2 4 6 8 10 12 14

-4
-2

0
2

4

-4
-2

0
2

4

Absent Present

15 20 25 30 35 40 45

-2
0

2
4

6

20 30 40 50 60

-6
-4

-2
0

2

f̂
(s
b
p
)

sbp

f̂
(t
o
b
a
c
c
o
)

tobacco

f̂
(l
d
l
)

ldl

f̂
(o
b
e
s
i
t
y
)

obesity
f̂
(a
g
e
)

age
f̂
(f
a
m
h
i
s
t
)

famhist

FIGURE 5.4. Fitted natural-spline functions for each
of the terms in the final model selected by the stepwise
procedure. Included are pointwise standard-error bands.
The rug plot at the base of each figure indicates the
location of each of the sample values for that variable
(jittered to break ties)
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Summary

likelihood example
logistic regression
ext. logistic regression with L1 penalty, elastic net penalty
linear and quadratic discriminant analysis
ext. regularized discriminant analysis
ext. reduced rank discriminant analysis
ext. diagonal discriminant analysis
Nearest-neighbor methods

k-NN
Local likelihood (local logistic regression)

ext. Discriminating Adaptive NN methods (DANN)
? Support Vector Machines
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Model Assessment and Selection

We assume i.i.d. data
independently (independent
samples)
identically (the same distribution)
distributed

Assume many iid datasets
1 line= train/test curve for 1 set
of samples (data)
data used to fit the model
Training error is
err = 1

N
∑N

i=1 L(yi , f̂ (xi )),
data not used to fit the model
Test error is
err = 1

N
∑N

i=1 L(yi , f̂ (xi )),
Test error is a point estimate of
the generalization error.
Dark red line is an average of test
errors, a more robust estimate.
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FIGURE 7.1. Behavior of test sample and training
sample error as the model complexity is varied. The
light blue curves show the training error err, while the
light red curves show the conditional test error ErrT
for 100 training sets of size 50 each, as the model com-
plexity is increased. The solid curves show the expected
test error Err and the expected training error E[err].

Definition (Generalization error)
Generalization error is the expected
prediction error over an independent
test sample

Err = E[L(Y , f̂ (X ))]

where both X and Y are drawn
randomly from their joint distribution
(population).
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Loss functions for regression

Definition
Square error loss L(y , ŷ) = (y − ŷ)2

Absolute error loss L(y , ŷ) = |y − ŷ |
Huber error loss

Lδ(y , ŷ) =
{ 1

2 (y − ŷ)2 for |y − ŷ | ≤ δ,
δ|y − ŷ | − 1

2δ
2, otherwise.
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FIGURE 10.5. A comparison of three loss functions
for regression, plotted as a function of the margin y−f .
The Huber loss function combines the good properties
of squared-error loss near zero and absolute error loss
when |y − f | is large.
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Classifier Assessment and Selection

Qualitative response G
taking one of K values
labeled as 1, . . . ,K .
Typically
Ĝ(X ) = arg maxk p̂k(X ).
Figure for binary response
encoded {−1,+1}
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FIGURE 10.4. Loss functions for two-class classi-
fication. The response is y = ±1; the prediction is
f , with class prediction sign(f). The losses are mis-
classification: I(sign(f) �= y); exponential: exp(−yf);
binomial deviance: log(1 + exp(−2yf)); squared er-
ror: (y − f)2; and support vector: (1 − yf)+ (see Sec-
tion 12.3). Each function has been scaled so that it
passes through the point (0, 1).

Definition (Loss functions for classification)
0-1 loss, misclassification

L(G , Ĝ(X )) = I(G ̸= Ĝ(X ))

log-likelihood, cross-entropy, deviance

L(G , p̂(X )) = −2I(G = k) log p̂k(X )

L{0,1}(g1, p̂1) = −2[p1 log p̂1+(1−p1) log(1−p1))]
two classes encoded {−1,+1}

exponential
e−yf

support vector

max(0, 1− yf (x))

Non-negative loss matrix L ∈ RK×K with 0
on the diagonal.
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Data Rich Situation

If we have enough data, we split the dataset
Train train the model
Validate select appropriate model parameter α, λ, usually the model
complexity, cost penalty
Test estimate the test error on an independent sample.

Recommended ratios:
1
2 : 1

4 : 1
4 with the validation set

2
3 : 1

3 without the validation need.

Machine Learning Model Assessment and Selection 4 95 - 130 February 27, 2025 97 / 395



Stratified Selection

Assume small disease prevalence.
We split the data healthy/sick and split each group separately.

Consider a model over different branches of your company:
to estimate a new branch, all data from some branches should be selected as
test ones
not a random sample from each branch.

Other methods only since we almost never have enough of the data.
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Error Estimation with a few data
Amount of data needed depends on:

true function complexity
the noise ratio.

The estimation method depends on the purpourse:

Model selection
absolute value is not necessary, the
difference is crucial
any method can be used (AIC,
BIC, cross-validation,. . . )

Elements of Statistical Learning (2nd Ed.) c©Hastie, Tibshirani & Friedman 2009 Chap 7

Subset Size p

M
is

cl
as

si
fic

at
io

n 
E

rr
or

5 10 15 20

0.
0

0.
1

0.
2

0.
3

0.
4

0.
5

0.
6

•
•

•
•

•
•

•
•

•
• • • • • • • • • • •

•
•

• •

•
•

• •

• • • • • • •
• • • • •

FIGURE 7.9. Prediction error (orange) and tenfold
cross-validation curve (blue) estimated from a single
training set, from the scenario in the bottom right panel
of Figure 7.3.

Test error estimation
absolute value is necessary
direct estimation (cross-validation,
one-leave-out) preferred.Elements of Statistical Learning (2nd Ed.) c©Hastie, Tibshirani & Friedman 2009 Chap 7
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FIGURE 7.4. AIC used for model selec-
tion for the phoneme recognition example of Sec-
tion 5.2.3. The logistic regression coefficient function

β(f) =
PM

m=1 hm(f)θm is modeled as an expansion in
M spline basis functions. In the left panel we see the
AIC statistic used to estimate Errin using log-likelihood
loss. Included is an estimate of Err based on an in-
dependent test sample. It does well except for the ex-
tremely over-parametrized case (M = 256 parameters
for N = 1000 observations). In the right panel the
same is done for 0–1 loss. Although the AIC formula
does not strictly apply here, it does a reasonable job in
this case.
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Bias Variance Decomposition
Assume Y = f (X ) + ϵ where E(ϵ) = 0 and Var(ϵ) = σ2

ϵ .
we derive the expected prediction error of the regression fit f̂ (X ) at an input
point X = x0 using squared-error loss:

Err(x0) = E[(Y − f̂ (x0))2|X = x0]
= σ2

ϵ + [Ef̂ (x0)− f (x0)]2 + E[f̂ (x0)− Ef̂ (x0)]2

= σ2
ϵ + Bias2(f̂ (x0)) + Var(f̂ (x0))

= Irreducible Error + Bias2 + Variance.
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FIGURE 5.19. Wavelet smoothing compared with
smoothing splines on two examples. Each panel com-
pares the SURE-shrunk wavelet fit to the cross-vali-
dated smoothing spline fit.
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Bias Variance Decomposition
K-Nearest neighbour

Err(x0) = E[(Y − f̂ (x0))2|X = x0]
= σ2

ϵ + [Ef̂ (x0)− f (x0)]2 + E[f̂ (x0)− Ef̂ (x0)]2

= σ2
ϵ + [f (x0)− 1

k

k∑
ℓ=1

f (x(ℓ))]2 + σ2
ϵ

k .

Linear fit

Err(x0) = E[(Y − f̂ (x0))2|X = x0]
= σ2

ϵ + [Ef̂p(x0)− f (x0)]2 + ∥h(x0)∥σ2
ϵ

h(x0)y = (xT
0 (XTX)−1XT)y = f̂p(x0).

hence Var [f̂p(x0)] = ∥h(x0)∥σ2
ϵ and its average is p

N σ
2
ϵ , hence

1
N

N∑
i=1

Err(xi) = σ2
ϵ + 1

N

N∑
i=1

[f (xi)− Ef̂ (xi)]2 + p
N σ2

ϵ ,
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Penalized model complexity
Consider ridge regression fit f̂λ(x0) with the fit

h(x0)y = xT
0 (XTX + λI)−1XTy

we break the bias more finely. Let β∗ be the fit with λ = 0,
β∗ = arg minβ E(f (X )− βT X )2.

Ex0 [f (x0)− Ef̂λ(x0)]2 = Ex0 [f (x0)− βT
∗ x0]2 + Ex0 [βT

∗ x0 − Eβ̂T
λ x0]2

= Ave[Model Bias]2 + Ave[Estimation Bias]2.Elements of Statistical Learning (2nd Ed.) c©Hastie, Tibshirani & Friedman 2009 Chap 7
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FIGURE 7.2. Schematic of the behavior of bias and
variance. The model space is the set of all possible
predictions from the model, with the “closest fit” la-
beled with a black dot. The model bias from the truth is
shown, along with the variance, indicated by the large
yellow circle centered at the black dot labeled “closest
fit in population.” A shrunken or regularized fit is also
shown, having additional estimation bias, but smaller
prediction error due to its decreased variance.
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Example: Bias-Variance Tradeoff
50 observations, 20
predictors, uniformly
distributed in the
hypercube [0, 1]20.

Left Y is 0 if X1 ≤ 1
2 and 1

if X1 >
1
2 and we apply

k-NN
Right Y is 1 if∑10

j=1 Xj > 5 and 0
otherwise, and we use
best subset linear
regression of size p.

orange error (mean square
resp. 0-1)

green squared bias
blue estimation variance
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FIGURE 7.3. Expected prediction error (orange),
squared bias (green) and variance (blue) for a simu-
lated example. The top row is regression with squared
error loss; the bottom row is classification with 0–1 loss.
The models are k-nearest neighbors (left) and best sub-
set regression of size p (right). The variance and bias

For classification, only the error differ compared to regression.
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Optimism of the Training Error Rate
training error err = 1

N
∑N

i=1 L(yi , f̂ (xi))
usually less than the true error Err = E[L(Y , f̂ (X ))].
we keep xi points fixed, we take new sample of y at these points.
in-sample error Errin = 1

N
∑N

i=1 EyEY new L(Y new
i , f̂ (xi)).

optimism op ← Errin − Ey(err).
for squared error, 0-1, and other loss functions: op = 2

N
∑N

i=1 cov(ŷi , yi)
For a linear fit with d = p inputs of basis functions and additive error model
Y = f (X ) + ϵ it simplifies

N∑
i=1

cov(ŷi , yi) = dσ2
ϵ

Errin = Eyerr + 2 d
N σ2

ϵ = Cp = AICgauss..
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FIGURE 5.19. Wavelet smoothing compared with
smoothing splines on two examples. Each panel com-
pares the SURE-shrunk wavelet fit to the cross-vali-
dated smoothing spline fit.
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The Optimism (Just for fun)

yi − ŷi = (yi − f (xi)) + (f (xi)− Ef̂ (xi)) + (Ef̂ (xi)− ŷi).
We get six terms of the sum of squares:

A1 =
∑

i(yi − f (xi))2 D1 = 2
∑

i(yi − f (xi))(f (xi)− Ef̂ (xi))
B =

∑
i(f (xi)− Ef̂ (xi))2 E = 2

∑
i(f (xi)− Ef̂ (xi))(Ef̂ (xi)− ŷi)

C =
∑

i(Ef̂ (xi)− ŷi)2 F1 = 2
∑

i(yi − f (xi))(Ef̂ (xi)− ŷi)
For the new sample Y , taking the expectation.
A2 =

∑
i EY 0(Y 0

i − f (xi))2

and similarly D2,F2.

N(Errin − err) = (A2 + B + C + D2 + E + F2)− (A1 + B + C + D1 + E + F1)
= (A2 − A1) + (D2 − D1) + (F2 − F1)

E(A1) = E(A2) = Nσ2
ϵ ,

E(D1) = 2
∑

i(E(yi)− f (xi))(f (xi)− Ef̂ (xi)) = 0 since E(yi) = f (xi)
E(D2) = 0 as well.
F2 = 2

∑
i EY 0

[
(Y 0

i − f (xi))(Ef̂ (xi)− ŷi)
]

= 0
as E(Y 0

i ) = f (xi ) and Y 0
i and ŷi are independent.

E(F1) = −2
∑N

i cov(yi , ŷi).
Machine Learning Model Assessment and Selection 4 95 - 130 February 27, 2025 105 / 395



The Covariance (Just for fun)

cov(ŷ, y) = cov((X(XTX)−1XT)y, y) = (X(XTX)−1XT)cov(y, y)
cov(y , y) = σ2

ϵ .

The values cov(ŷi , yi) are the diagonal values of the above matrix cov(ŷ, y).
Thus

N∑
i=1

cov(ŷi , yi) = trace(X(XTX)−1(XT ))σ2
ϵ

= trace((XTX)−1(XT X))σ2
ϵ

= trace(Id)σ2
ϵ = dσ2

ϵ .

Similarly,
N∑

i=1
cov(Sλyi , yi) = trace(Sλ).

https://www.waxworksmath.com/Authors/G_M/Hastie/WriteUp/Weatherwax_Epstein_Hastie_Solution_Manual.pdf
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AIC Akaike Information Criterion

Definition (AIC)
The AIC Akaike Information Criterion is defined

Logistic regression, binomial log likelihood

AIC = − 2
N loglik + 2 d

N .

Gaussian model with variance σ2
ϵ

AIC(λ) = err(λ) + 2d(λ)
N σ2

ϵ .

the sum of the training error err(λ) and the complexity penalty for d , d(λ)
model parameters, N samples, loglik the logarithm of likelihood.

The effective number of parameters
for a linear fit ŷ = Sy is d(S) = trace(S), the sum of the diagonal elements.

For 0-1 loss does not hold in general, only as approximation.
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BIC Bayesian Information Criterion

P(Mm|Z) = P(Z|Mm) · P(Mm)
P(Z)

∝ P(Z|Mm) · P(Mm)

∝ P(Mm) ·
∫

P(Z|θm,Mm)P(θm|Mm)dθm

Laplace approximation to the integral gives with θ̂m the ML estimate of θ:

log P(Z|Mm) = log P(Z|θ̂m,Mm)− dm
2 · log N + O(1)

= loglik − dm
2 · log N + O(1)

Definition (Bayesian Information Criterion (BIC))

BICm = −2loglikm + (log N) · dm

BIC may be used to compare the model posterior probabilities e
1
2 ·BICm∑M

ℓ=1
e

1
2 ·BICℓ

.
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Crossvalidation

Crossvalidation

Split the data into K roughly equal-sized parts. Usually, K = 5 or 10
or K = N

For K = 10 it is called tenfold crossvalidation.
For K = N it is called one-leave-out crossvalidation.
κ : {1, . . . , N} → {1, . . . , K} is the partition function
f̂ −k is the fitted function with kth part removed.

For k = 1, . . . ,K
For the kth part we fit the model to the other K − 1 parts of the data,
and calculate the prediction error of the fitted model when predicting
the kth part of the data.

Average the error estimates.

CV = 1
N

N∑
i=1

L(yi , f̂ −κ(i)(xi)).

10 times 10 Crossvalidation
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Parameter Tuning by Crossvalidation

Parameter Tuning by Crossvalidation

Given a set of models f (x , α)
indexed by a tuning parameter
α, we define

CV (α) = 1
N

N∑
i=1

L(yi , f̂ −κ(i)(xi , α)).

The CV (α) provides an estimate
of the test error curve and we
find the tuning parameter α̂ that
minimizes it.
Our final model is f (x , α̂).

Elements of Statistical Learning (2nd Ed.) c©Hastie, Tibshirani & Friedman 2009 Chap 7

Subset Size p

M
is

cl
as

si
fic

at
io

n 
E

rr
or

5 10 15 20

0.
0

0.
1

0.
2

0.
3

0.
4

0.
5

0.
6

•
•

•
•

•
•

•
•

•
• • • • • • • • • • •

•
•

• •

•
•

• •

• • • • • • •
• • • • •

FIGURE 7.9. Prediction error (orange) and tenfold
cross-validation curve (blue) estimated from a single
training set, from the scenario in the bottom right panel
of Figure 7.3.

Definition (One standard error rule)
We choose the most parsimonious
model whose error is no more than
one standard error above the error of
the best model.

Here, p = 9.
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Generalized Crossvalidation

For a linear fitting method we can write

ŷ = Sy.

For many linear fitting methods,

1
N

N∑
i=1

[yi − f̂ −i(xi)]2 = 1
N

N∑
i=1

[yi − f̂ (xi)
1− Sii

]2,

The generalized crossvalidation GCV approximation is

GCV = 1
N

N∑
i=1

[
yi − f̂ (xi)

1− trace(S)/N

]2

.
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Bad and good Crossvalidation

Our data
p = 500 dimensions
N = 20
random data, y independent of
x .

Wrong way of the crossvalidation
1. choose 100 good predictors
2. Using just this subset of

predictors, build a multivariate
classifier, using all of the
samples except those in fold k.

3. Use the classifier to predict the
class labels for the samples in
fold k.

This approach achieves the
crossvalidation error 3%.
What is the true error?
What is the correct crossvalidation
approach?
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FIGURE 7.10. Cross-validation the wrong and right

way: histograms shows the correlation of class labels, in 10

randomly chosen samples, with the 100 predictors chosen

using the incorrect (upper red) and correct (lower green)

versions of cross-validation.
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Best Decision Stump Example

Left top: Best decision stumps
on full data
1/5 and 4/5 split
bottom left: The stump fitted
on 4/5 produces two
missclassified validation data
(blue)
The crossvalidation error in 50
experiments is around 0.5, as it
should be.
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FIGURE 7.11. Simulation study to investigate the per-

formance of cross validation in a high-dimensional problem

where the predictors are independent of the class labels. The

top-left panel shows the number of errors made by individual

stump classifiers on the full training set (20 observations).

The top right panel shows the errors made by individual

stumps trained on a random split of the dataset into 4/5ths

(16 observations) and tested on the remaining 1/5th (4 ob-

servations). The best performers are depicted by colored

dots in each panel. The bottom left panel shows the effect of
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One–leave–out

Use all but one data samples for learning.
Evaluate the error or the hidden sample.
Repeat for each sample and calculate the average.

Advantage:
The largest possible training set.
Deterministic evaluation (no sense to repeat it).

Disadvantage:
Time consuming.
May be misleading – take randomly 50 : 50 generated goal G , the
one–leave–out error is 100%.
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Learning curve

The learning curve suggests whether additional data would improve our
model:
curve flat close to maximal data size: small expected improvement.
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FIGURE 7.8. Hypothetical learning curve for a clas-
sifier on a given task: a plot of 1−Err versus the size of
the training set N . With a dataset of 200 observations,
5-fold cross-validation would use training sets of size
160, which would behave much like the full set. How-
ever, with a dataset of 50 observations fivefold cross–
validation would use training sets of size 40, and this
would result in a considerable overestimate of predic-
tion error.
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Bootstrap

Select elements with replacement.
We have N data samples, we select with
replacement N samples – some are selected
more than one, some are not selected at all.
The not selected are used for testing.
The probability of not-selecting a sample is(
1− 1

N
)N ≈ e−1 = 0.368.

The error estimate is pessimistic since we
learn a model on N samples that come from
only 0.632 samples.
The usual error estimate is:

err = 0.632 · etest + 0.368 · etrain

Again, may be misled by similar data as
one–leave–out.
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Bootstrap

Bootstrap

replications

samples

sampleTrainingZ = (z1, z2, . . . , zN )

Z∗1 Z∗2 Z∗B

S(Z∗1) S(Z∗2) S(Z∗B)

FIGURE 7.12. Schematic of the bootstrap process.
We wish to assess the statistical accuracy of a quan-
tity S(Z) computed from our dataset. B training sets

Z∗b, b = 1, . . . , B each of size N are drawn with re-
placement from the original dataset. The quantity of
interest S(Z) is computed from each bootstrap training

set, and the values S(Z∗1), . . . , S(Z∗B) are used to as-
sess the statistical accuracy of S(Z).
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Confusion Matrix

true class \ prediction + -
+ TP – true positive FN – false negative
- FP – false positive TN true negative

Česky se říká správně/falešně positivní/negativní.
Basic measures:

celková správnost accurancy Acc = TP+TN
TP+TN+FP+FN

chyba error Err = FP+FN
TP+TN+FP+FN

přesnost precision Prec = TP
TP+FP

úplnost, sensitivita recall, sensitivity Rec = TP
TP+FN

specificita specificity Specificity = TN
TN+FP

F míra F measure F = 2·Prec·Rec
Prec+Rec = 2·TP

2·TP+FP+FN
TP rate TP

TP+FN
FP rate (=1–Specificity) FP

FP+TN
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Additional Remarks

ROC - curve
Precision recall curve

Interval estimates
t-test

paired t-test
ANOVA
Q-Q plot

R2(y , ŷ) = 1−
∑N

i=1
(yi −ŷi )2∑N

i=1
(yi −y i )2

, 1 or 0 instead of nan and infinity.

explained variance - identical for zero mean residuals.
Mc Nemar’s test (two classifiers, confusion matrix with values <5; i.e. not χ2

test).
statsmodels.stats.contingency_tables.mcnemar()
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Loss Matix, Receiver-Operating-Curve

The cost of missclassification may be dif-
ferent for each class. The general loss
specification is a loss matrix Lkk| , an el-
ement represent the cost of classifying k
as k |. Must be zero at the diagonal, non-
negative everywhere.

we can modify
Gini(m) =

∑
k ̸=k| Lkk| p̂mk p̂mk|

or weight the data samples k Lkk|

times (only in binary classification)
we classify according to
k(m) = argmink

∑
l Llk p̂ml in the

leaves.
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Bias Variance Decomposition
Assume Y = f (X ) + ϵ where E(ϵ) = 0 and Var(ϵ) = σ2

ϵ .
we derive the expected prediction error of the regression fit f̂ (X ) at an input
point X = x0 using squared-error loss:

Err(x0) = E[(Y − f̂ (x0))2|X = x0]
= σ2

ϵ + [Ef̂ (x0)− f (x0)]2 + E[f̂ (x0)− Ef̂ (x0)]2

= σ2
ϵ + Bias2(f̂ (x0)) + Var(f̂ (x0))

= Irreducible Error + Bias2 + Variance.
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FIGURE 5.19. Wavelet smoothing compared with
smoothing splines on two examples. Each panel com-
pares the SURE-shrunk wavelet fit to the cross-vali-
dated smoothing spline fit.
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Bias Variance Decomposition
K-Nearest neighbour

Err(x0) = E[(Y − f̂ (x0))2|X = x0]
= σ2

ϵ + [Ef̂ (x0)− f (x0)]2 + E[f̂ (x0)− Ef̂ (x0)]2

= σ2
ϵ + [f (x0)− 1

k

k∑
ℓ=1

f (x(ℓ))]2 + σ2
ϵ

k .

Linear fit

Err(x0) = E[(Y − f̂ (x0))2|X = x0]
= σ2

ϵ + [Ef̂p(x0)− f (x0)]2 + ∥h(x0)∥σ2
ϵ

h(x0)y = (xT
0 (XTX)−1XT)y = f̂p(x0).

hence Var [f̂p(x0)] = ∥h(x0)∥σ2
ϵ and its average is p

N σ
2
ϵ , hence

1
N

N∑
i=1

Err(xi) = σ2
ϵ + 1

N

N∑
i=1

[f (xi)− Ef̂ (xi)]2 + p
N σ2

ϵ ,
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Penalized model complexity
Consider ridge regression fit f̂α(x0) with the fit

h(x0)y = xT
0 (XTX + αI)−1XTy

we break the bias more finely. Let β∗ be the fit with α = 0,
β∗ = arg minβ E(f (X )− βT X )2.

Ex0 [f (x0)− Ef̂α(x0)]2 = Ex0 [f (x0)− βT
∗ x0]2 + Ex0 [βT

∗ x0 − Eβ̂T
α x0]2

= Ave[Model Bias]2 + Ave[Estimation Bias]2.Elements of Statistical Learning (2nd Ed.) c©Hastie, Tibshirani & Friedman 2009 Chap 7
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FIGURE 7.2. Schematic of the behavior of bias and
variance. The model space is the set of all possible
predictions from the model, with the “closest fit” la-
beled with a black dot. The model bias from the truth is
shown, along with the variance, indicated by the large
yellow circle centered at the black dot labeled “closest
fit in population.” A shrunken or regularized fit is also
shown, having additional estimation bias, but smaller
prediction error due to its decreased variance.
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Example: Bias-Variance Tradeoff

50 observations, 20
predictors, uniformly
distributed in the
hypercube [0, 1]20.

Left Y is 0 if X1 ≤ 1
2 and 1

if X1 >
1
2 and we apply

k-NN
Right Y is 1 if∑10

j=1 Xj > 5 and 0
otherwise, and we use
best subset linear
regression of size p.
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FIGURE 7.3. Expected prediction error (orange),
squared bias (green) and variance (blue) for a simu-
lated example. The top row is regression with squared
error loss; the bottom row is classification with 0–1 loss.
The models are k-nearest neighbors (left) and best sub-
set regression of size p (right). The variance and bias

Fig. 7.3.
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Optimism of the Training Error Rate
training error err = 1

N
∑N

i=1 L(yi , f̂ (xi))
usually less than the true error Err = E[L(Y , f̂ (X ))].
we keep xi points fixed, we take new sample of y at these points.
in-sample error Errin = 1

N
∑N

i=1 EyEY new L(Y new
i , f̂ (xi)).

optimism op ← Errin − Ey(err).
for squared error, 0-1, and other loss functions: op = 2

N
∑N

i=1 cov(ŷi , yi)
For a linear fit with d = p inputs of basis functions and additive error model
Y = f (X ) + ϵ it simplifies

N∑
i=1

cov(ŷi , yi) = dσ2
ϵ

Errin = Eyerr + 2 d
N σ2

ϵ = Cp = AICgauss..
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FIGURE 5.19. Wavelet smoothing compared with
smoothing splines on two examples. Each panel com-
pares the SURE-shrunk wavelet fit to the cross-vali-
dated smoothing spline fit.
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The Optimism (Just for fun)

yi − ŷi = (yi − f (xi)) + (f (xi)− Ef̂ (xi)) + (Ef̂ (xi)− ŷi).
We get six terms of the sum of squares:

A1 =
∑

i(yi − f (xi))2 D1 = 2
∑

i(yi − f (xi))(f (xi)− Ef̂ (xi))
B =

∑
i(f (xi)− Ef̂ (xi))2 E = 2

∑
i(f (xi)− Ef̂ (xi))(Ef̂ (xi)− ŷi)

C =
∑

i(Ef̂ (xi)− ŷi)2 F1 = 2
∑

i(yi − f (xi))(Ef̂ (xi)− ŷi)
For the new sample Y , taking the expectation.
A2 =

∑
i EY 0(Y 0

i − f (xi))2

and similarly D2,F2.

N(Errin − err) = (A2 + B + C + D2 + E + F2)− (A1 + B + C + D1 + E + F1)
= (A2 − A1) + (D2 − D1) + (F2 − F1)

E(A1) = E(A2) = Nσ2
ϵ ,

E(D1) = 2
∑

i(E(yi)− f (xi))(f (xi)− Ef̂ (xi)) = 0 since E(yi) = f (xi)
E(D2) = 0 as well.
F2 = 2

∑
i(EY 0

[
(Y 0

i − f (xi))(Ef̂ (xi)− ŷi)
]

= 0
as E(Y 0) = f (xi ) and Y 0

i and ŷi are independent.
E(F1) = −2

∑N
i cov(yi , ŷi).

Machine Learning Model Assessment and Selection 4 95 - 130 February 27, 2025 125 / 395



The Covariance (Just for fun)

cov(ŷ, y) = cov((X(XTX)−1XT)y, y) = (X(XTX)−1XT)cov(y, y)
cov(y , y) = σ2

ϵ .

The values cov(ŷi , yi) are the diagonal values of the above matrix cov(ŷ, y).
Thus

N∑
i=1

cov(ŷi , yi) = trace(X(XTX)−1(XT ))σ2
ϵ

= trace((XTX)−1(XT X))σ2
ϵ

= trace(Id)σ2
ϵ = dσ2

ϵ .

Similarly,
N∑

i=1
cov(Sλyi , yi) = trace(Sλ).

https://www.waxworksmath.com/Authors/G_M/Hastie/WriteUp/Weatherwax_Epstein_Hastie_Solution_Manual.pdf
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Curse of Dimensionality demonstration
Prediction

Assume xi uniformly generated form the interval ⟨−1, 1⟩p
We have Y = f (X ) = e−8∥X∥2 , without any noise, for xi we know exactly
f (xi).
We use 1–NN to estimate f (0) based on 1000 data sample.
Predicted value for x = ⟨0, . . . , 0⟩ is lower that 1 and in high dimensions p it
goes to 0.
Increasing k in k–NN does not help here.
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FIGURE 2.7. A simulation example, demonstrat-
ing the curse of dimensionality and its effect on
MSE, bias and variance. The input features are uni-
formly distributed in [−1, 1]p for p = 1, . . . , 10 The
top left panel shows the target function (no noise)

in IR: f(X) = e−8||X||2 , and demonstrates the er-
ror that 1-nearest neighbor makes in estimating f(0).
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Empirical Nearest Neighbor Distance
Assume xi uniformly generated form the interval ⟨−1, 1⟩p
We use 1–NN to estimate f (0) based on 1000 data sample.
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top left panel shows the target function (no noise)

in IR: f(X) = e−8||X||2 , and demonstrates the er-
ror that 1-nearest neighbor makes in estimating f(0).

Machine Learning Model Assessment and Selection 4 95 - 130 February 27, 2025 128 / 395



Curse of dimensionality

Most points are close to the border
Consider N instances uniformly distributed in a p–dimensional unit ball.
Median distance of the nearest neighbor from the center is:

d(p,N) =
(

1− 1
2

1
N
) 1

p

The formula: 1 point inside: dp

1p , outside: (1− dp), N outside (1− dp)N = 1
2 .

For N = 500, p = 10, we get d(p,N) ≈ 0.52, that is more than a half way to
the border.
For N = 106, p = 200, we get d(p,N) ≈ 0.93.
Close to the border, we must extrapolate, what is more difficult than
interpolation.
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Additive Models, Trees, and Related Methods

Generalized additive models (GAMs) are automatic flexible statistical
methods that may be used to identify and characterize nonlinear regression
effects.
GAM has the form

E(Y |X1, . . . ,Xp) = α+ f1(X1) + . . .+ fp(Xp)

where fj ’s are unspecified smooth functions
Xj predictors, Y the outcome.

We use a cubic smoothing spline, local polynomial regression or a kernel
smoother
we simultaneously estimate all p functions.
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GAM for non Gaussian distributions
Denote µ(X ) = P(Y = 1|X ) in a two class classification with 0-1 encoding
and recall the logistic regression

log
(

µ(X )
1− µ(X )

)
= α+ β1X1 + . . .+ βpXp,

Additive logistic regression model replaces the linear terms by the
smoothers

log
(

µ(X )
1− µ(X )

)
= α+ f1(X1) + . . .+ fp(Xp),

The conditional mean µ(X ) of a response Y is related to an additive function
of the predictors via a link function g

g [µ(X )] = α+ f1(X1) + . . .+ fp(Xp).
Examples of classical link functions are the following

g(µ) = µ the identity link, used for linear and additive models for Gaussian
response data.
g(µ) = logit(µ) as above
g(µ) = probit(µ) probit link function for modeling binomial probabilities is the
inverse of Gaussian cumulative distribution function probit(µ) = Φ−1(µ)
g(µ) = log(µ) for log-linear or log-additive models for Poisson count data.
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Models with Feature Interactions

The categorical variables are usually treated like identifiers (0-1 or -1,1)
in the logistic regression, it leads to a ’constant’ βj fitted for the variable
the slope β−j of others does not depend on the identifier
We can extend to a semiparametric model, that keeps the effect of the kth
predictor and the effect of the predictor Z additive

g(µ) = X T β + αk + f (Z).
To allow different slopes/shapes of Z based on qualitative variable V we
need an interaction term of two features

g(µ) = f (X) + gk(Z)
Generally, we may add a function gZW (Z ,W ) of two or more features

g(µ) = f (X) + gZW (Z , W ).
Note: logit, probit, log, gamma and negative-binomial distributions belong
the an exponential family, therefore have some nice properties (fit together).
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Fitting Additive Model

The backfitting algorithm for additive models

1: procedure Generalized Additive model fitting:(X, y)
2: α̂ = 1

N
∑N

1 yi , f̂j ≡ 0 initialize ∀i , j .
3: repeat for j = 1, 2, . . . , p, . . . , 1, 2, . . .
4: f̂j ← Sj

[
{yi − α̂−

∑
j ̸=k f̂k(xij)}N

1

]
,

5: f̂j ← f̂j −
∑N

i=1 f̂j(xij).
6: until the functions f̂j change less than a prespecified threshold.
7: end procedure

Sj denotes the smoother, for example the smoothing spline with predefined
degrees of freedom.
All f̂j should have zero mean, the constant is fitted by α.
Re-normalization is recommended because of rounding errors.
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Generalized Additive Logistic Regression

1: procedure Additive logistic regression:(X, y in 0-1 encoding)
2: ŷ = 1

N
∑N

1 yi , α̂ = log( ŷ
1−ŷ ), f̂j ≡ 0 initialize ∀j .

3: η̂i = α̂+
∑

j f̂j(xij) and p̂i = 1
1+exp(−η̂i )

4: repeat
5: Construct the working target variable

zi = η̂i + yi − p̂i
p̂i(1− p̂i)

.

6: Construct the weight wi = p̂i(1− p̂i).
7: Fit an additive model to the targets zi with weights wi , using a

weighted backfitting algorithm. This gives new estimates η̂j , f̂j ∀j
8: until the functions change less than a prespecified threshold.
9: end procedure

Machine Learning Additive Models, Trees, and Related Methods 5 131 - 155 February 27, 2025 134 / 395



Spam Example

Email classification as email/spam.
word frequency as X features.
Important features:302 9. Additive Models, Trees, and Related Methods

TABLE 9.2. Significant predictors from the additive model fit to the spam train-
ing data. The coefficients represent the linear part of f̂j , along with their standard
errors and Z-score. The nonlinear P-value is for a test of nonlinearity of f̂j.

Name Num. df Coefficient Std. Error Z Score Nonlinear
P -value

Positive effects

our 5 3.9 0.566 0.114 4.970 0.052
over 6 3.9 0.244 0.195 1.249 0.004
remove 7 4.0 0.949 0.183 5.201 0.093
internet 8 4.0 0.524 0.176 2.974 0.028
free 16 3.9 0.507 0.127 4.010 0.065
business 17 3.8 0.779 0.186 4.179 0.194
hpl 26 3.8 0.045 0.250 0.181 0.002
ch! 52 4.0 0.674 0.128 5.283 0.164
ch$ 53 3.9 1.419 0.280 5.062 0.354
CAPMAX 56 3.8 0.247 0.228 1.080 0.000
CAPTOT 57 4.0 0.755 0.165 4.566 0.063

Negative effects

hp 25 3.9 −1.404 0.224 −6.262 0.140
george 27 3.7 −5.003 0.744 −6.722 0.045
1999 37 3.8 −0.672 0.191 −3.512 0.011
re 45 3.9 −0.620 0.133 −4.649 0.597
edu 46 4.0 −1.183 0.209 −5.647 0.000

function is summarized by the coefficient, standard error and Z-score; the
latter is the coefficient divided by its standard error, and is considered
significant if it exceeds the appropriate quantile of a standard normal dis-
tribution. The column labeled nonlinear P -value is a test of nonlinearity
of the estimated function. Note, however, that the effect of each predictor
is fully adjusted for the entire effects of the other predictors, not just for
their linear parts. The predictors shown in the table were judged signifi-
cant by at least one of the tests (linear or nonlinear) at the p = 0.01 level
(two-sided).

Figure 9.1 shows the estimated functions for the significant predictors
appearing in Table 9.2. Many of the nonlinear effects appear to account for
a strong discontinuity at zero. For example, the probability of spam drops
significantly as the frequency of george increases from zero, but then does
not change much after that. This suggests that one might replace each of
the frequency predictors by an indicator variable for a zero count, and resort
to a linear logistic model. This gave a test error rate of 7.4%; including the
linear effects of the frequencies as well dropped the test error to 6.6%. It
appears that the nonlinearities in the additive model have an additional
predictive power.
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FIGURE 9.1. Spam analysis: estimated functions for
significant predictors. The rug plot along the bottom
of each frame indicates the observed values of the cor-
responding predictor. For many of the predictors the
nonlinearity picks up the discontinuity at zero.
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Decision Trees

Decision tree for a given goal at-
tribute G is a rooted tree with

a root and inner nodes labeled
by attributes; for each possible
value of the attribute there is an
outgoing edge from the node;
leaves are labeled with predicted
goal class g ∈ G assuming other
attributes have values as labeled
on the path from the root.
Attributes not present on the path from the root to the leaf

are irrelevant.
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FIGURE 9.5. The pruned tree for the spam example.
The split variables are shown in blue on the branches,
and the classification is shown in every node.The num-
bers under the terminal nodes indicate misclassification
rates on the test data.
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Construction

Tree construction idea:
select an attribute; create a node and split the data according the value of
the attribute
for each attribute value construct a subtree based on the appropriate part of
the data
stop if there is a unique value of the goal G in the data or no attributes to
split, create a leaf labeled by the most common class g ∈ G .

The criterion to select an attribute follows.
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Entropy

The entropy of an attribute A (’uncertainty’, negative information) we would like:
to be zero for the pure data (only one value of the attribute A)
the highest entropy for uniform distribution on values of A (no information at
all)
two step split leads to the same result as split at once:

H([2, 3, 4]) = H([2, 7]) + 7
9 · H([3, 4])

Definition

Entropy These properties has the entropy H([p1, . . . , pk ]) = −
∑k

i=1 pi log pi , the
base of the logarithm usually e, sometimes 2.
If we do not normalize we get the entropy multiplied by

∑k
i=1

pi .

The lower index A denotes the attribute to calculate the entropy HA, for the goal
attribute HG .
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The Entropy for a binary attribute
x axis: pi , y axis: entropy.
Gini = 1−

∑
i(pi)2
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ID3 algorithm
We select an attribute with the maximal information gain, defined for the data
and an attribute Xj :

Gain(data,Xj) = HG(data)−
∑

xj ∈Xj

|dataXj =xj |
|data| HG(dataXj =xj )

where dataXj =xj is a subset of data where Xj = xj , the entropy is defined

HG(data) =
∑
g∈G
−|dataG=g |
|data| · log2

|dataG=g |
|data| =

|G|∑
i=1
−pi · log2pi

where pi denotes the ratio of G = gi in the data.

It is equivalent to minimize the weighted entropy after the split, that is

arg min
Xi

∑
xj ∈Xj

|dataXj =xj |
|data|

∑
g∈G
−
|dataG=g&Xj =xj |
|dataXj =xj |

· log2
|dataG=g&Xj =xj |
|dataXj =xj |
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ID3 algorithm(data, G goal, Attributes attributes)

ID3

Create the root root
If all data have the same g , label the root g and return,
If no attributes Attributes, label the root

by the most frequent g in the data and return
otherwise

Xj ← the attribute from Attributes with the maximal Gain(data,Xj)
label root as Xj
for each possible value xj of Xj ,

add an edge from root labeled Xj = xj
dataXj =xj ← the subset of the data with Xj = xj
If dataXj =xj is empty, add a leaf labeled by

the most common class g in data and return
add a subtree ID3(dataXj =xj , G , Attributes \ {Xj})

return root
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Categorical Attribute Notes

CART in the sklearn DecisionTreeClassifier does not support categorical
attributes

uses just binary splits.
It is requires exponential complexity with respect to the number of categories
to find optimal binary split.

The recommended heuristic is to sort categories according to the goal class
probabilities and search the split in a linear time.

We should avoid the split into too many branches.
ID3 used penalization Gain∗(Xi , data) = Gain(Xi ,data)

H(Xi )

so for the identifier with unique values Gain∗(Xi , data) = Gain(Xi ,data)
log N .

min_samples_split, min_samples_leaf, min_weight_fraction_leaf can do it
too.
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Prunning Introduction

To avoid overfitting we try to remove unnecessary nodes
postprunning – build a tree, prune afterwards;

usuall way
preprunning – prune during the construction

This seems nice but we could prune two attributes combined by XOR since
both has information gain (close to) zero.

Postprunning
subtree replacement – select a tree and replace it by a leaf;

it increases the training error
it may decrease the error on validation data
step by step, we try to prune each subtree: we prune if we do not increase
validation error.

subtree raising – remove an inner node. Used in C4.5. The data samples
must be re-send to the remaining branch, it is time consuming.

Usually checked only for the most frequent branch in the tree.
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Reduced Error Pruning
Reduced Error Pruning

reduced error pruning –
we keep part of the data for
validation (pruning).
for each inner node compare

validation error with this
node as a leaf
validation error with the
(pruned) subtree of this
node

select whatever gives the
lower error.

there exist also a criterion based on
the training data
Reduced Cost Pruning CART -
few slides later.
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FIGURE 9.5. The pruned tree for the spam example.
The split variables are shown in blue on the branches,
and the classification is shown in every node.The num-
bers under the terminal nodes indicate misclassification
rates on the test data.
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Numerical attributes

64 65 68 69 70 71 72 75 80 81 83 85
yes no yes yes yes no no,yes yes,yes no yes yes no

we require a binary split
11 split points
for each split we calculate the information gain

H([9, 5])− H([4, 2], [5, 3]) = H([9, 5])− ( 6
14 · H([4, 2]) + 8

14 · H([5, 3]))

= 0.940− 0.939 bits.
We allow multiple splits based on this attribute.

Machine Learning Additive Models, Trees, and Related Methods 5 131 - 155 February 27, 2025 145 / 395



Regression trees - numerical prediction

Model tree has linear fit in the
leaves

not so popular as regression
trees; increases complexity and
discontunuity

CART
use the decrease of the square
error loss to select an attribute
binary splits
predict the average value in the
leaves.
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of the prediction surface appears in the bottom right
panel.
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CART (Classification and) Regression Trees
Regions Rm, we predict a constant cm inside any region.

f (x) =
M∑

m=1
cmI(x ∈ Rm)

ĉm = 1
Nm

∑
xi ∈Rm

yi .

Single Regression Tree for CART

Start with all data in one region R0

Select the best attribute j and its value s for the split:

min
j,s

[minc1

∑
xi ∈R1(j,s)

(yi − c1)2 + minc2

∑
xi ∈R2(j,s)

(yi − c2)2]

Inner minimum is the average ĉ1 = ave(yi | xi ∈ R1).
iterate until stop (number of samples in the leaf ≤ n0).
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Reduced Cost Pruning

Split the data into K folds
For each fold k:

use all except fold k to train the tree T
Build a sequence of subtrees T k ⊃ T k

1 ⊃ T k
2 . . . ⊃ T k

|T |
always join two leaves with the minimal increase in the training error

use fold k do calculate the crossvalidation error of each tree
consider the error function Cα(T k) as a function of α

Select α← argminα

∑
k Cα(T k)

Build a tree on the full training data
Return the subree corresponding to the optimal α.

Average error on a leaf m

Qm(T ) = 1
Nm

∑
xi ∈Rm

(yi −
1

Nm

∑
xi ∈Rm

yi)2,

Cost of the tree with α penalty for the number of leaves

Cα(T ) =
|T |∑

m=1
NmQm(T ) + α|T |.
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Missing values,Class and Samples Weights

Trees can handle missing data well.
Often we cannot omit missing data since many samples have missing values.

Furthermore, missing values in unused attributes are irrelevant.
If the value is not missing at random then take the missingness as another
value of the attribute

example: very small and very high wages are more ofter missing
If the data are missing at random

split the instance
according the data ratio following each branch
weight and average the predictions on leaves.

Similarly, we use weighted information gain to select the attribute.
by setting setting class_weight
fit(X, y, sample_weight=None).
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Complexity considerations

CART

Let us have N instances with p attributes.
Assume a reasonably balanced tree with the tree depth O(logN).
To build the tree we need O(p · N2 · logN) time.

At each depth, each instance occurs exactly ones, logN depth levels, p
attributes on each level, the time O(p · N2 · log N).

Subtree replacement O(N), Subtree raising O(N(logN)2).
Naive tree construction comlpexity is O(p ·N2 · logN) + O(N(logN)2).
With sorted features and clever indexing

Overall tree construction comlpexity is O(p · N · logN) + O(N(logN)2).

Machine Learning Additive Models, Trees, and Related Methods 5 131 - 155 February 27, 2025 150 / 395



MARS Multivariate Adaptive Regression Splines

generalization of linear regression and decision trees CART
for each feature and each data point we create a reflected pair of basis
functions
(x − t)+ and (t − x)+ where + denotes non–negative part, minimum is zero.
we have the set of functions

C = {(Xj − t)+, (t − Xj)+}t∈{x1,j ,x2,j ,...,xN,j },j=1,2,...,p

that is 2Np functions for non–duplicated data points.

Elements of Statistical Learning (2nd Ed.) c©Hastie, Tibshirani & Friedman 2009 Chap 9

0.0 0.2 0.4 0.6 0.8 1.0

0.
0

0.
1

0.
2

0.
3

0.
4

0.
5

(x − t)+(t − x)+

x
t

B
a
si

s
F
u
n
ct

io
n

FIGURE 9.9. The basis functions (x − t)+ (solid
orange) and (t − x)+ (broken blue) used by MARS.
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MARS – continuation

our model is in the form

f (X ) = β0 +
M∑

m=1
βmhm(X )

where hm(X ) is a function from C or a product of any amount of functions
from C
for a fixed set of hm’s we calculate coefficients βm by usual linear regression
(minimizing RSS)
the set of functions hm is selected iteratively.
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MARS – basis selections

We start with h0 = 1, we put this
function into the model M = {h0}.
We consider the product of any member
hℓ ∈M with any pair from C,

β̂M+1hℓ(X )·(Xj−t)++β̂M+2hℓ(X )·(t−Xj)+

we select the one minimizing training
error RSS (for any product candidate, we
estimate β̂).
Repeat until predefined number of
functions in M
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MARS – model pruning

The model is usually overfitted. We select (remove) iteratively the one
minimizing the increase of training RSS. We have a sequence of models f̂λ for
different numbers of parameters λ.
(we want to speed–up crossv-alidation for computational reasons)
we select λ (and the model) minimizing generalized cross-validation

GCV (λ) =
∑N

i=1(yi − f̂λ(xi))2

(1−M(λ)/N)2 .

where M(λ) is the number of effective parameters, the number of function
hm (denoted r) plus the number of knots K , the authors suggest to multiply
K by 3: M(λ) = r + 3K .
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Ensemble Methods

Random forest (+ Bagging)
Boosting

Adaboost - classification
Gradient boosting - regression and classification

Stacking
MARS (=earth).
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sampleTrainingZ = (z1, z2, . . . , zN )

Z∗1 Z∗2 Z∗B

S(Z∗1) S(Z∗2) S(Z∗B)

FIGURE 7.12. Schematic of the bootstrap process.
We wish to assess the statistical accuracy of a quan-
tity S(Z) computed from our dataset. B training sets

Z∗b, b = 1, . . . , B each of size N are drawn with re-
placement from the original dataset. The quantity of
interest S(Z) is computed from each bootstrap training

set, and the values S(Z∗1), . . . , S(Z∗B) are used to as-
sess the statistical accuracy of S(Z).
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Bootstrap

Select elements with replacement.
We have N data samples, we select with
replacement N samples – some are selected
more than one, some are not selected at all.
The not selected are used for testing.
The probability of not-selecting a sample is(
1− 1

N
)N ≈ e−1 = 0.368.

Selected samples used to learn a model
(usually a tree).
These are used for the OutOfBag error
computation.
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samples

sampleTrainingZ = (z1, z2, . . . , zN )

Z∗1 Z∗2 Z∗B

S(Z∗1) S(Z∗2) S(Z∗B)

FIGURE 7.12. Schematic of the bootstrap process.
We wish to assess the statistical accuracy of a quan-
tity S(Z) computed from our dataset. B training sets

Z∗b, b = 1, . . . , B each of size N are drawn with re-
placement from the original dataset. The quantity of
interest S(Z) is computed from each bootstrap training

set, and the values S(Z∗1), . . . , S(Z∗B) are used to as-
sess the statistical accuracy of S(Z).
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Random Forest for Regression or Classification

1: procedure Random Forest:( X , y training data )
2: for b = 1, 2, . . . ,B do
3: Draw a bootstrap sample Z∗ of size N
4: Grow a random forest tree Tb
5: repeat
6: Select m variables at random from p variables.
7: Pick the best variable/split–point among the m
8: Split the node into two daughter nodes.
9: until the minimum node size nmin is reached.

10: end for
11: Output the ensamble of trees {Tb}B

1 .
12: end procedure

To make a prediction at a new point x :
Regression: f̂ B

rf (x) = 1
B
∑B

b=1 Tb(x).
Classification: Let Ĉb(x) be the class prediction of the bth random–forest
tree.

Predict ĈB
rf (x) = majority vote {Ĉb(x)}B

1 .
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Bagging (Bootstrap aggregating)

It is a Random Forest, where we use all predictors, that is m = p.
both regression and classification.
Training data Z = {(x1, y1), (x2, y2), . . . , (xN , yN)}

f̂bag (x) = 1
B

B∑
b=1

f̂ ∗b(x).
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Bagging for Classification

Training data Z =
{(x1, g1), (x2, g2), . . . , (xN , gN)}
for each bootstrap sample,
b = 1, 2, . . . ,B, we fit our model,
giving prediction f̂ ∗b(x).
Take either

predict probabilities of classes
and find the class with the
highest predicted probability over
the bootstrap samples

Ĝ(x) = argmaxk

B∑
b=1

f̂ ∗b(x)

predict class and

Ĝbag (x) = majority vote {Ĝ∗b(x)}B
b=1.
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FIGURE 8.10. Error curves for the bagging example
of Figure 8.9. Shown is the test error of the original
tree and bagged trees as a function of the number of
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consensus vote, while the green points average the prob-
abilities.
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Behind Random Forest

The variance of the random forest estimate Var(f̂ B
rf (x)) = E(f̂ (x)− Ef̂ (x))2 is

iid data variables, independent features, each with variance σ2:
1
B σ2

id identically distributed data, each with variance σ2 with positive pairwise
correlation ρ:

ρσ2 + 1−ρ
B σ2.

The second part is addressed by bagging.
The idea behind random random forest is to address the first part of the
formula.

Before each split, select m ≤ p variables as candidates for splitting.
m← √p for regression, even as low as 1. p

3 for classification.
Bagging does not change linear estimates, such as the sample mean

The pairwise correlation between bootstrapped means is about 50%.
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OOB Error

Definition (Out of bag error (OOB))
For each observation zi = (xi , yi),
construct is random forest predictor by
averaging only those trees
corresponding to bootstrap samples in
which zi did not appear.

An OOB error estimate is almost
identical to that obtained by N-fold
crossvalidation.
Unlike many other nonlinear
estimators, random forests can be
fit in one sequence.
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Variable Importance (Gini, RSS)

Variable Importance of a predictor Xℓ in a single
tree T is
I2
ℓ (T ) =

∑J
t=1 î2

t · I(v(t) = ℓ)
For each internal node t of the tree, we calculate
the Gini or RSS gain
where î2

t is the Gini/RSS improvement of the
predictor in the inner node t.

Gini p̂k(t)(1− p̂k(t)) before and after the split
for K goal classes, a separate tree for each class
against others
weighted by the probability of reaching the node
t.

For a set of trees, we average over M all trees
I2
ℓ = 1

M
∑M

i=1 I2
ℓ (Tm).

Usually scaled to the interval (0, 100).
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FIGURE 15.5. Variable importance plots for a classi-
fication random forest grown on the spam data. The left
plot bases the importance on the Gini splitting index, as
in gradient boosting. The rankings compare well with
the rankings produced by gradient boosting (Figure 10.6
on page 316). The right plot uses oob randomization
to compute variable importances, and tends to spread
the importances more uniformly.
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OOB Variable Importance
OOB Variable Importance

1: procedure OOBN VarImportance:(data)
2: for b = 1, 2, . . . ,B do
3: Draw a bootstrap sample Z∗ of size N
4: Grow a random forest tree Tb
5: Calculate accuracy on OOB samples
6: for j = 1, 2, . . . , p do
7: permute the values for the jth vari-

able randomly in the OOB samples
8: Calculate the decrease in the accu-

racy
9: end for

10: end for
11: Output average accuracy gain for each j =

1, 2, . . . , p.
12: end procedure

The randomization voids the effect of a variable.
This does not measure the effect on prediction
where this variable not available, because if the
model was refitted without the variable, other
variables could be used as surrogates.

Alternative Variable
Importance

with quite different results
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FIGURE 15.5. Variable importance plots for a classi-
fication random forest grown on the spam data. The left
plot bases the importance on the Gini splitting index, as
in gradient boosting. The rankings compare well with
the rankings produced by gradient boosting (Figure 10.6
on page 316). The right plot uses oob randomization
to compute variable importances, and tends to spread
the importances more uniformly.
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Proximity plot

Proximity plot

1: procedure Proximity plot( X , y training data )
2: for b = 1, 2, . . . ,B do
3: Draw a bootstrap sample Z∗ of size N
4: Grow a random forest tree Tb
5: Calculate prediction accuracy on OOB samples
6: for any pair of OOB samples sharing the same leaf do
7: increase the proximity by one.
8: end for
9: end for

10: end procedure

Distinct samples usually come from
the pure regions
Samples in the ’star center’ are
close to the decision boundary.
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Overfitting
Though the random forest cannot overfit the limit distribution

f̂rf (x) = EΘT (x ; Θ) = lim
B→∞

f̂ B
rf (x)

the limit distribution (the average of fully grown trees) may overfit the data.
Small number of relevant variables with many irrelevant hurts the random
forest approach.
With higher number of relevant variables RF is quite robust.
6 relevant and 100 noisy variables,
m =

√
6 + 100 ∼ 10

probability of a relevant variable being
selected at any split is 0.46.
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FIGURE 15.7. A comparison of random forests and
gradient boosting on problems with increasing numbers
of noise variables. In each case the true decision bound-
ary depends on two variables, and an increasing num-
ber of noise variables are included. Random forests
uses its default value m =

√
p. At the top of each

pair is the probability that one of the relevant variables
is chosen at any split. The results are based on 50 sim-
ulations for each pair, with a training sample of 300,
and a test sample of 500.

Seldom the pruning improves
the random forest result
usually, fully grown trees are
used.

Two additive vars, 10 noisy,
plus additive Gaussian noise.

Elements of Statistical Learning (2nd Ed.) c©Hastie, Tibshirani & Friedman 2009 Chap 15

50 30 20 10 5

1.
00

1.
05

1.
10

Minimum Node Size

M
ea

n 
S

qu
ar

ed
 T

es
t E

rr
or

Shallow Deep

FIGURE 15.8. The effect of tree size on the error
in random forest regression. In this example, the true
surface was additive in two of the 12 variables, plus
additive unit-variance Gaussian noise. Tree depth is
controlled here by the minimum node size; the smaller
the minimum node size, the deeper the trees.
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Random Forest Experiments
Spam example misclassification error

bagging 5.4%
random forest 4.88%
gradient boosting 4.5%.

Nested spheres in R10, 2500 trees, the
number selected by 10–fold crossvalida-
tion
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FIGURE 15.2. The results of 50 simulations from
the “nested spheres” model in IR10. The Bayes decision
boundary is the surface of a sphere (additive). “RF-3”
refers to a random forest with m = 3, and “GBM-6” a
gradient boosted model with interaction order six; simi-
larly for “RF-1” and “GBM-1.” The training sets were
of size 2000, and the test sets 10, 000.

California housing data
Random forests stabilize at about
200 trees, while at 1000 trees
boosting continues to improve.

Boosting is slowed down by the
shrinkage
the trees are much smaller
(decision stumps, interaction
depth=1 or 2).

Boosting outperforms random
forests here.
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FIGURE 15.3. Random forests compared to gradient
boosting on the California housing data. The curves
represent mean absolute error on the test data as a
function of the number of trees in the models. Two ran-
dom forests are shown, with m = 2 and m = 6. The
two gradient boosted models use a shrinkage parameter
ν = 0.05 in (10.41), and have interaction depths of 4
and 6. The boosted models outperform random forests.
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Boosting
! Use a week classifier as a decision stump (a decision

tree with the depth= 1).

AdaBoost.M1

1: procedure Adaboost Classifier( X ,G)
2: Initialize the observation weights wi ← 1

N .
3: for m = 1, 2, . . . ,M do
4: Fit a classifier Gm(x) to the training

data using weights wi

5: compute errm ←
∑N

i=1
wi I(yi ̸=Gm(xi ))∑N

i=1
wi

6: compute αm ← log (1−errm)
errm

7: Set wi ← wi · eI(yi ̸=Gm(xi ))·αm

8: (normalize weights)
9: end for

10: Output G(x) = sign[
∑M

m=1 αmGm(x)].
11: end procedure

Two class problem
with encoding
Y ∈ {−1, 1}
err = 1

N

∑N
i=1

I(yi ̸= G(xi )).
338 10. Boosting and Additive Trees
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FIGURE 10.1. Schematic of AdaBoost. Classifiers are trained on weighted ver-
sions of the dataset, and then combined to produce a final prediction.

The predictions from all of them are then combined through a weighted
majority vote to produce the final prediction:

G(x) = sign

(
M∑

m=1

αmGm(x)

)
. (10.1)

Here α1, α2, . . . , αM are computed by the boosting algorithm, and weight
the contribution of each respective Gm(x). Their effect is to give higher
influence to the more accurate classifiers in the sequence. Figure 10.1 shows
a schematic of the AdaBoost procedure.

The data modifications at each boosting step consist of applying weights
w1, w2, . . . , wN to each of the training observations (xi, yi), i = 1, 2, . . . , N .
Initially all of the weights are set to wi = 1/N , so that the first step simply
trains the classifier on the data in the usual manner. For each successive
iteration m = 2, 3, . . . ,M the observation weights are individually modi-
fied and the classification algorithm is reapplied to the weighted observa-
tions. At step m, those observations that were misclassified by the classifier
Gm−1(x) induced at the previous step have their weights increased, whereas
the weights are decreased for those that were classified correctly. Thus as
iterations proceed, observations that are difficult to classify correctly re-
ceive ever-increasing influence. Each successive classifier is thereby forced
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Nested Spheres Example
The features X1, . . . ,X10 are standard independent Gaussian
deterministic target

Y = 1 iff
∑10

j=1 X 2
j > χ2

10(0.5) = 9.34,
Y = −1 otherwise.

2000 training cases
10000 test observations.
Decision stumps.

340 10. Boosting and Additive Trees
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FIGURE 10.2. Simulated data (10.2): test error rate for boosting with stumps,
as a function of the number of iterations. Also shown are the test error rate for
a single stump, and a 244-node classification tree.

random guessing. However, as boosting iterations proceed the error rate
steadily decreases, reaching 5.8% after 400 iterations. Thus, boosting this
simple very weak classifier reduces its prediction error rate by almost a
factor of four. It also outperforms a single large classification tree (error
rate 24.7%). Since its introduction, much has been written to explain the
success of AdaBoost in producing accurate classifiers. Most of this work
has centered on using classification trees as the “base learner” G(x), where
improvements are often most dramatic. In fact, Breiman (NIPS Workshop,
1996) referred to AdaBoost with trees as the “best off-the-shelf classifier in
the world” (see also Breiman (1998)). This is especially the case for data-
mining applications, as discussed more fully in Section 10.7 later in this
chapter.

10.1.1 Outline of This Chapter

Here is an outline of the developments in this chapter:

• We show that AdaBoost fits an additive model in a base learner,
optimizing a novel exponential loss function. This loss function is
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Additive Model
We encode the binary goal by Y ∈ {−1,+1}.
Boosting fits an additive model:

f (x) =
M∑

m=1
βmb(x ; γm)

where βm for m = 1, . . . ,M are the expansion coefficients
b(x ; γ) ∈ R are usually simple functions of the multivariate argument x

characterized by a set of parameters γ.
For trees, γ parametrizes the split variables and split points at the internal
nodes, and the predictions at the terminal nodes.
Forward stagewise Additive Modeling sequentially adds one new basis function
without adjusting the parameters and coefficients of the previously fitted.
For squared–error loss

L(y , f (x)) = (y − f (x))2,

we have
L(yi , fm−1(x) + βmb(xi ; γm)) = (yi − fm−1(x)− βmb(xi ; γm))2

= (rim − βmb(xi ; γm))2

where rim = (yi − fm−1(x)) is the residual of the current model on the ith
observation.
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Exponential Loss and AdaBoost

Let us use the Y ∈ {−1, 1} encoding and the exponential loss

L(y , f (x)) = e−yf (x).

We have to solve

(βm,Gm) = arg min
β,G

N∑
i=1

e[−yi (fm−1(xi )+βG(xi )]

= arg min
β,G

N∑
i=1

e[−yi (fm−1(xi )]e[−yi βG(xi )]

= arg min
β,G

N∑
i=1

w (m)
i e[−yi βG(xi )]

where w (m)
i = e[−yi fm−1(xi )] does not depend on β nor G(x).

this weight depends on fm−1(xi) and change with each iteration m.
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Exponential Loss and AdaBoost
From

(βm,Gm) = arg min
β,G

N∑
i=1

w (m)
i e[−yi βG(xi )]

= arg min
β,G

eβ ·
∑

yi ̸=G(xi )

w (m)
i + e−β ·

∑
yi =G(xi )

w (m)
i


= arg min

β,G

[
(eβ − e−β) ·

N∑
i=1

w (m)
i I(yi ̸= G(xi)) + e−β ·

N∑
i=1

w (m)
i

]
For any β > 0 the solution for Gm(x ; γ) is

Gm = arg min
γ

N∑
i=1

w (m)
i I(yi ̸= G(xi ; γ)),

Recall the error definition:

errm =
∑N

i=1 w (m)
i I(yi ̸= Gm(xi))∑N

i=1 w (m)
i

Machine Learning Ensamble Methods 6 156 - 186 February 27, 2025 171 / 395



Adaboost Update

arg min
β,G

[
(eβ − e−β) ·

N∑
i=1

w (m)
i I(yi ̸= G(xi)) + e−β ·

N∑
i=1

w (m)
i

]

The minimum w.r.t. βm is:

βm = 1
2 log 1− errm

errm

The approximation is updated

fm(x) = fm−1(x) + βmGm(x)

which causes the weights for the next iteration to be:

wm+1
i = wm

i · e−βmyi Gm(xi ).

using the fact −yiGm(xi) = 2 · I(yi ̸= Gm(xi))− 1 we get

wm+1
i = wm

i · eαI(yi ̸=Gm(xi )) · e−βm .

Machine Learning Ensamble Methods 6 156 - 186 February 27, 2025 172 / 395



Why exponential loss?
The population minimizer is

f ∗(x) = arg min
f (x)

EY |x (e−Yf (x)) = 1
2 log P(Y = 1|x)

P(Y = −1|x) .

therefore
P(Y = 1|x) = 1

1 + e−2f ∗(x) .

The same function f ∗(x) minimizes also deviance (cross–entropy, binomial
negative log–likelihood)

interpreting f ∗ as the logit transform. Let:

p(x) = P(Y = 1|x) = ef ∗(x)

e−f ∗(x) + ef ∗(x) = 1
1 + e−2f ∗(x) .

and define Y | = (Y + 1)/2 ∈ {0, 1}. Log–likelihood is

ℓ(Y , p(x)) = Y | log p(x) + (1− Y |) log(1− p(x))
or equivalently the deviance:

−ℓ(Y , f (x)) = log
(
1 + e−2Yf (x)) .

Exponential loss decreases long after misclassification loss is
stable at zero.

10.5 Why Exponential Loss? 345
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FIGURE 10.3. Simulated data, boosting with stumps: misclassification error
rate on the training set, and average exponential loss: (1/N)

∑N
i=1 exp(−yif(xi)).

After about 250 iterations, the misclassification error is zero, while the exponential
loss continues to decrease.

10.5 Why Exponential Loss?

The AdaBoost.M1 algorithm was originally motivated from a very differ-
ent perspective than presented in the previous section. Its equivalence to
forward stagewise additive modeling based on exponential loss was only
discovered five years after its inception. By studying the properties of the
exponential loss criterion, one can gain insight into the procedure and dis-
cover ways it might be improved.

The principal attraction of exponential loss in the context of additive
modeling is computational; it leads to the simple modular reweighting Ad-
aBoost algorithm. However, it is of interest to inquire about its statistical
properties. What does it estimate and how well is it being estimated? The
first question is answered by seeking its population minimizer.

It is easy to show (Friedman et al., 2000) that

f∗(x) = arg min
f(x)

EY |x(e−Y f(x)) =
1

2
log

Pr(Y = 1|x)
Pr(Y = −1|x) , (10.16)
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Forward Stagewise Additive Modeling
A general iterative fitting approach.
In each step, we select the best function from the dictionary b(xi ; γ), fit its
parameters γ and the weight of this basis function βm.
Stagewise approximation is often faster then iterative fitting of the full model.

Forward Stagewise Additive Modeling

1: procedure Forward Stagewise Additive Modeling( L,X ,Y , b)
2: Initialize f0 ← 0.
3: for m = 1, 2, . . . ,M do
4: Compute (βm, γm)← arg minβ,γ

∑N
i=1 L(yi , fm−1(xi) + βb(xi ; γ)).

5: Set fm(x)← fm−1(x) + βmb(xi ; γm)
6: end for
7: end procedure

For example, our basis functions are decision trees, γ represents the splits and
fitted values T (∗; γ)).
For square error loss, any new tree T (∗; γ) is the best tree fitting residuals
ri = yi − fm−1(xi).
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Gradient Tree Boosting Algorithm

Gradient Tree Boosting Algorithm

1: procedure Gradient Tree Boosting Algorithm( X ,Y , L )
2: Initialize f0(x)← arg minγ

∑N
i=1 L(yi , γ).

3: for m = 1, 2, . . . ,M do
4: for i = 1, 2, . . . ,N do
5: compute rim = −

[
∂L(yi ,f (xi ))

∂f (xi )

]
f (xi )=fm−1(xi )

=[∗] yi − fm−1(xi)
6: end for
7: Fit reg. tree to the target rim giving regions {Rjm}j=1,...,Jm .
8: for j = 1, 2, . . . , Jm do
9: Compute γjm ← arg minγ

∑
i∈Rjm

L(yi , fm−1(xi) + γ).
10: end for
11: Set fm(x)← fm−1(x) +

∑Jm
j=1 γjmI(x ∈ Rjm).

12: end for
13: Output f̂ (x) = fM(x).
14: end procedure

[*] for square error loss.
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Stacking
Over a set of models (possibly different types) learn a simple model (like a
linear regression)
Assume predictions f̂1(x), f̂2(x), . . . , f̂M(x) under square error loss
Predictors trained without ith example are denoted

f̂ −i
1 (x), f̂ −i

2 (x), . . . , f̂ −i
M (x)

we can seek weights w = (w1, . . . ,wm) such that

ŵ st = arg min
w

N∑
i=1

[
yi −

M∑
m=1

wm f̂ −i
m (x)

]2

.

The final prediction is

f̂ st(x) =
M∑

m=1
w st

m f̂m(x).

Using cross–validated predictions f̂ −i
m (x) stacking avoids giving unfairly high

weight to models with higher complexity
Better results can be obtained by restricting the weights to be nonnegative
and to sum to 1.
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Decision Rules from Decision Trees

We can represent a tree as a set of rules
one rule for each leaf.

These rules may be improved by testing each attribute in each rule
Has the rule without this test a better precision than with the test?
Use validation data
May be time consuming.

These rules are sorted by (decreasing) precision.
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Patient Rule Induction Method PRIM = Bump Hunting

Rule induction method
We iteratively search regions with
the high Y values

for each region, a rule is created.
CART runs of data after
aproximately log2(N)− 1 cuts.
PRIM can affort − log(N)

log(1−α) .
For N = 128 data samples and
α = 0.1 it is 6 and 46 respectively
29, since the number of
observations must be a whole
number.
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FIGURE 9.7. Illustration of PRIM algorithm. There
are two classes, indicated by the blue (class 0) and red
(class 1) points. The procedure starts with a rectangle
(broken black lines) surrounding all of the data, and
then peels away points along one edge by a prespecified
amount in order to maximize the mean of the points
remaining in the box. Starting at the top left panel, the
sequence of peelings is shown, until a pure red region is
isolated in the bottom right panel. The iteration number
is indicated at the top of each panel.
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PRIM Patient Rule induction Algorithm

PRIM

Consider the whole space and all data. Set α = 0.05 or 0.10.
Find Xj and its upper or lower boundary such that the cut of α · 100%
observations leads to the maximal mean of the remaining data.
Repeat until less then 10 observations left.
Enlarge the region in any direction that increases the mean value.
Select the number of regions by the crossvalidation. All regions
generated 1-4 are considered.
Denote the best region B1.
Create a rule that describes B1.
Remove all data in B1 from the dataset.
Repeat 2-5, create B2 continue until final condition met.
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FIGURE 9.8. Box mean as a function of number of
observations in the box.
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CART Weaknesses
the high variance

the tree may be very different for very similar datasets
ensemble learning addresses this issue

the cuts are perpendicular to the axis
the result is not smooth but stepwise.

MARS (Multivariate Adaptive Regression Splines) addresses this issue.
it is difficult to capture an additive structure

Y = c1I(X1 < t1) + c2I(X2 < t2) + . . .+ ck I(Xk < tk) + ϵ

MARS (Multivariate Adaptive Regression Splines) addresses this issue.8.1 The Basics of Decision Trees 315
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FIGURE 8.7. Top Row: A two-dimensional classification example in which
the true decision boundary is linear, and is indicated by the shaded regions.
A classical approach that assumes a linear boundary (left) will outperform a de-
cision tree that performs splits parallel to the axes (right). Bottom Row: Here the
true decision boundary is non-linear. Here a linear model is unable to capture
the true decision boundary (left), whereas a decision tree is successful (right).

8.1.4 Advantages and Disadvantages of Trees

Decision trees for regression and classification have a number of advantages
over the more classical approaches seen in Chapters 3 and 4:

▲ Trees are very easy to explain to people. In fact, they are even easier
to explain than linear regression!

▲ Some people believe that decision trees more closely mirror human
decision-making than do the regression and classification approaches
seen in previous chapters.

▲ Trees can be displayed graphically, and are easily interpreted even by
a non-expert (especially if they are small).

▲ Trees can easily handle qualitative predictors without the need to
create dummy variables.
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MARS Multivariate Adaptive Regression Splines

generalization of linear regression and decision trees CART
for each feature and each data point we create a reflected pair of basis
functions
(x − t)+ and (t − x)+ where + denotes non–negative part, minimum is zero.
we have the set of functions

C = {(Xj − t)+, (t − Xj)+}t∈{x1,j ,x2,j ,...,xN,j },j=1,2,...,p

that is 2Np functions for non–duplicated data points.
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FIGURE 9.9. The basis functions (x − t)+ (solid
orange) and (t − x)+ (broken blue) used by MARS.
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MARS – continuation

our model is in the form

f (X ) = β0 +
M∑

m=1
βmhm(X )

where hm(X ) is a function from C or a product of any amount of functions
from C
for a fixed set of hm’s we calculate coefficients βm by usual linear regression
(minimizing RSS)
the set of functions hm is selected iteratively.
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MARS – basis selections

We start with h0 = 1, we put this
function into the model M = {h0}.
We consider the product of any member
hℓ ∈M with any pair from C,

β̂M+1hℓ(X )·(Xj−t)++β̂M+2hℓ(X )·(t−Xj)+

we select the one minimizing training
error RSS (for any product candidate, we
estimate β̂).
Repeat until predefined number of
functions in M
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MARS – model pruning

The model is usually overfitted. We select (remove) iteratively the one
minimizing the increase of training RSS. We have a sequence of models f̂λ for
different numbers of parameters λ.
(we want to speed–up cross-validation for computational reasons)
we select λ (and the model) minimizing generalized cross-validation

GCV (λ) =
∑N

i=1(yi − f̂λ(xi))2

(1−M(λ)/N)2 .

where M(λ) is the number of effective parameters, the number of function
hm (denoted r) plus the number of knots K , the authors suggest to multiply
K by 3: M(λ) = r + 3K .
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MARS is a generalization of CART

We select piecewise constant functions I(x − t > 0) and I(x − t ≤ 0)
If hm uses multiplication we remove this function from the candidate list. It
cannot be used any more.

This guarantees binary split.
Its CART.

https://contrib.scikit-learn.org/py-earth/auto_examples/plot_classifier_comp.html
https://contrib.scikit-learn.org/py-earth/auto_examples/index.html
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Bayesian Learning

Complicated derivation of known things.
Maximum a posteriori probability hypothesis (MAP)
(nejpravděpodobnější hypotéza)
Maximum likelihood hypothesis (ML) (maximálně věrohodná hypotéza)
Bayesian optimal prediction (Bayes Rate)
Bayesian methods, bayesian smoothing
EM algorithm
Naive Bayes model (classifier).
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Candy Example (Russel, Norvig: Artif. Intell. a MA)

Our favorite candy comes in two flavors: cherry and lime, both in the same
wrapper.
They are in a bag in one of following rations of cherry candies and prior
probability of bags:

hypothesis (bag type) h1 h2 h3 h4 h5
cherry 100% 75% 50% 25% 0%
prior probability hi 10% 20% 40% 20% 10%

The first candy is cherry.
MAP Which of hi is the most probable given first candy is cherry?
Bayes estimate What is the probability next candy from the same bag is cherry?
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Maximum Aposteriory Probability Hypothesis (MAP)

We assume large bags of candies, the result of one missing candy in the bag
is negligable.
Recall Bayes formula:

P(hi |B = c) = P(B = c|hi) · P(hi)∑
j=1,...,5 P(B = c|hj) · P(hj)

= P(B = c|hi) · P(hi)
P(B = c)

We look for the MAP hypothesis maximálně aposteriorně pravděpodobná

argmaxiP(hi |B = c) = argmaxiP(B = c|hi) · P(hi).

Aposteriory probabilities of hypotheses are in the following table.
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Candy Example: Aposteriory Probability of Hypotheses

index prior cherry ratio cherry AND hi aposteriory prob. hi

i P(hi) P(B = c|hi) P(B = c|hi) · P(hi) P(hi |B = c)
1 0.1 1 0.1 0.2
2 0.2 0.75 0.15 0.3
3 0.4 0.5 0.2 0.4
4 0.2 0.25 0.05 0.1
5 0.1 0 0 0
Which hypothesis is most probable?

hMAP = argmaxiP(data|hi) · P(hi)

What is the prediction of a new candy according the most probable
hypothesis hMAP?
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Bayesian Learning, Bayesian Optimal Prediction

Bayesian optimal prediction is weigthed average of predictions of all
hypotheses:

P(N = c|data) =
∑

j=1,...,5
P(N = c|hj , data) · P(hj |data)

=
∑

j=1,...,5
P(N = c|hj) · P(hj |data)

If our model is correct, no prediction has smaller expected error then
Bayesian optimal prediction.
We always assume i.i.d. data, independently identically distributed.
We assume the hypothesis fully describes the data behavior. Observations are
mutually conditionally independent given the hypothesis. This allows the last
equation above.
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Candy Example: Bayesian Optimal Prediction

i P(hi |B = c) P(N = c|hi) P(N = c|hi) · P(hi |B = c)
1 0.2 1 0.2
2 0.3 0.75 0.225
3 0.4 0.5 0.2
4 0.1 0.25 0.02
5 0 0 0∑

1 0.645
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Maximum Likelihood Estimate (ML)

Usually, we do not know prior probabilities of hypotheses.
Setting all prior probabilities equal leads to Maximum Likelihood
Estimate, maximálně věrohodný odhad

hML = argmaxiP(data|hi)

Probability of data given hypothesis = likelihood of hypothesis given data.
Find the ML estimate:

index prior cherry ratio cherry AND hi Aposteriory prob. hi

i P(hi) P(B = c|hi) P(B = c|hi) · P(hi) P(hi |B = c)
1 0.1 1 0.1 0.2
2 0.2 0.75 0.15 0.3
3 0.4 0.5 0.2 0.4
4 0.2 0.25 0.05 0.1
5 0.1 0 0 0
In this example, do you prefer ML estimate or MAP estimate?
(Only few data, over-fitting, penalization is useful. AIC, BIC)
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Maximum Likelihood: Continuous Parameter θ

New producer on the market. We do not know the ratios of candies, any hθ,
kde θ ∈ ⟨0; 1⟩ is possible, any prior probabilities hθ are possible.
We look for maximum likelihood estimate.
For a given hypothesis hθ, the probability of a cherry candy is θ, of a lime
candy 1− θ.
Probability of a sequence of c cherry and l lime candies is:

P(data|hθ) = θc · (1− θ)l .
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ML Estimate of Parameter θ

Probability of a sequence of c cherry and l lime candies is:

P(data|hθ) = θc · (1− θ)l

Usual trick is to take logarithm:

ℓ(hθ; data) = c · log2 θ + l · log2(1− θ)

To find the maximum of ℓ (log likelihood of the hypothesis) with respect to θ
we set the derivative equal to 0:

∂ℓ(hθ; data)
∂θ

= c
θ
− l

1− θ
c
θ

= l
1− θ

θ = c
c + l .
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ML Estimate of Multiple Parameters

Producer introduced two colors of wrappers - red r and green g .
Both flavors are wrapped in both wrappers, but with different probability of
the red/green wrapper.
We need three parameters to model this situation:

P(B = c) P(W = r |B = c) P(W = r |B = l)
θ0 θ1 θ2

Following table denotes observed frequences:
wrapper\ flavor cherry lime

red rc rl
green gc gl
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ML Estimate of Multiple Parameters

Parameters are: P(B = c) P(W = r |B = c) P(W = r |B = l)
θ0 θ1 θ2

Probability of data given the hypothesis hθ0,θ1,θ2 is:

P(data|hθ0,θ1,θ2) = θrc
1 · (1− θ1)gc · θrc +gc

0 · θrl
2 · (1− θ2)gl · (1− θ0)rl +gl

ℓ(hθ0,θ1,θ2 ; data) = rc log2 θ1 + gc log2(1− θ1) + (rc + gc) log2 θ0

+rl log2 θ2 + gl log2(1− θ2) + (rl + gl) log2(1− θ0)

We look for maximum:
∂ℓ(hθ0,θ1,θ2 ; data)

∂θ0
= rc + gc

θ0
− rl + gl

1− θ0

θ0 = (rc + gc)
rc + gc + rl + gl

∂ℓ(hθ0,θ1,θ2 ; data)
∂θ2

= rl
θ2
− gl

1− θ2

θ2 = rl
rl + gl

.

Maximum Likelihood estimate is the ratio of frequences.
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ML Estimate of Gaussian Distribution Parameters

Assume x to have Gaussian distribution with unknown parameters µ a σ.

Our hypotheses are hµ,σ = 1√
2πσ

e
−(x−µ)2

2σ2 .
We have observed x1, . . . , xn.
Log likelihood is:

LL =
N∑

j=1
log 1√

2πσ
e

−(x−µ)2

2σ2

= N ·
(

log 1√
2πσ

)
−

N∑
j=1

(xj − µ)2

2σ2

Find the maximum.
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Linear Gaussian Distribution

Assume random variable (feature) X .
Assume goal variable Y with linear gaussian distribution where µ = b · x + b0

and fixed variance σ2 p(Y |X = x) = N(b · x + b0;σ) = 1√
2πσ

e
−(y−((b·x+b0))2

2σ2 .
Find maximum likelihood estimate of b, b0 given a set of observations
data = {⟨x1, y1⟩, . . . , ⟨xN , yN⟩}.
(Look for maximum of the logarithm of it; change the max to min with the
opostite sign. Do you know this formula?)

argmaxb,b0(loge(ΠN
i=1(e−(yi −(b·xi +b0))2

))) = argminb,b0(?)
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Bayesian Methods
We specify a sampling model P(Z|θ)
and a prior distribution for parameters P(θ)
then we compute

P(θ|Z) = P(Z|θ) · P(θ)∫
P(Z|θ) · P(θ)dθ

,

we may draw samples
or summarize by the mean or mode.
it provides the Bayesian optimal predictive distribution:

P(znew |Z) =
∫

P(znew |θ) · P(θ|Z)dθ.

Example
Tossing a biased coin

P(Z = head |θ) = θ

p(θ) =uniform
P(θ|Z) follows the Beta distribution.
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Discrete Model Parameter Learning
For binary features, Beta function is used, (a − 1) is the number of positive
examples, (b − 1) the number of negative examples.

beta[a, b](θ) = αθa−1(1− θ)b−1

Beta Function:
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For categorical features, Dirichlet priors and multinomial distribution is used.
(Dirichlet-multinomial distribution).
For Gaussian, µ has Gaussian prior, 1

σ has gamma prior (to stay in
exponential family).
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MAP and Penalized Methods

MAP hypothesis maximizes:

hMAP = argmaxiP(data|hi) · P(hi)

therefore minimizes:

hMAP = argmaxhP(data|h)P(h)
= argminh[−log2P(data|h)− log2P(h)]
= argminh[−loglik + complexity penalty]
= argminh[RSS + complexity penalty] Gaussian models
= argmaxh[loglik − complexity penalty] Categorical models
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Bayesian smoothing example
Training data Z = {zi , . . . , zN},
zi = (xi , yi), i = 1, . . . ,N.
We look for a cubic spline with
three knots in quartiles of the X
values. It corresponds to B-spline
basis hj(x), j = 1, . . . , 7.
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FIGURE 8.1. (Left panel): Data for smoothing ex-
ample. (Right panel:) Set of seven B-spline basis func-
tions. The broken vertical lines indicate the placement
of the three knots.

We estimate the conditional mean
E(Y |X = x): µ(x) =

∑7
j=1 βjhj(x)

Let H be the N × 7 matrix hj(xi).
RSS β estimate is
β̂ = (HT H)−1HT y.

Elements of Statistical Learning (2nd Ed.) c©Hastie, Tibshirani & Friedman 2009 Chap 8

0.0 0.5 1.0 1.5 2.0 2.5 3.0

-1
0

1
2

3
4

5

•
••• •

•

•
• ••••••

•

•

•
••

•
•

•
••

•

•
• •

•

•
•
••

•
••

•
•

•
• ••

•
•
•

•

•
•

•
•

0.0 0.5 1.0 1.5 2.0 2.5 3.0

-1
0

1
2

3
4

5

•
••• •

•

•
• ••••••

•

•

•
••

•
•

•
••

•

•
• •

•

•
•
••

•
••

•
•

•
• ••

•
•
•

•

•
•

•
•

μ
(x

)

μ
(x

)

xx

τ = 1 τ = 1000

FIGURE 8.4. Smoothing example: Ten draws from
the posterior distribution for the function μ(x), for two
different values of the prior variance τ . The purple
curves are the posterior means.

We assume to know σ2, fixed xi , we specifying prior on β ∼ N(0, τΣ).

E(β|Z) = (HT H + σ2

τ
Σ−1)−1HT y

E(µ(x)|Z) = h(x)T (HT H + σ2

τ
Σ−1)−1HT y.
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Naive Bayes Model, Bayes Classifier
Maximum Likelihood estimate is the ratio of frequences.

We may use smoothed estimate adding α samples to each possibility to avoid
zero probabilities.

ML estimite of a gaussian distribution parameters are the mean and the
variance (or covariance matrix for multivariate distribution).
Naive Bayes Model, Bayes Classifier assumes independent features given
the class variable.

Calculate prior probability of classes P(ci )
For each feature f , calculate for each class the probability of this feature
P(f |ci )
For a new observation of features f predict the most probable class
argmaxci P(f |ci ) · P(ci ).

Bayes factor
We can start with a comparison ratio of two classes P(ci )

P(cj )

after each observation xp multiply it by the bayes factor P(xp |ci )
P(xp |cj )

that is:
P(ci |x1, . . . , xp)
P(cj |x1, . . . , xp) = P(ci )

P(cj)
· P(x1|ci )

P(x1|cj)
· . . . · P(xp|ci )

P(xp|cj)
.

Bayesian Networks learn more complex (in)dependencies between features.
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Expectation Maximization Algorithm (EM Algorithm)

EM algorithm estimates the maximum likelihood model based on the data
with missing values.
used in HMM
used in clustering (Gaussian mixture model estimation)
but not restricted to this applications
It is a general approach to fill missing values based on the maximum likely
model.
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Example (EM Algorithm for Missing Data)

Two bags of bonbons mixed
together. Each bonbon has a
Wrapper and flavor Flavor and
may have Holes. Each bag had
another ratio of Wrapper color
and Flavor .

Bag

F W

Bag F W
? c r
1 l r
1 c ?
1 c g
? l ?

Initialize all parameters randomly close to uniform distribution, θ∗ ≈ 0.5.
E step

w = P̂(Zm|θ, Z) Bag F W
Pθ(Bag = 1|F = c, W = r) 1 c r
Pθ(Bag = 2|F = c, W = r) 2 c r

1 1 l r
Pθ(W = r |Bag = 1, F = c) 1 c r
Pθ(W = g |Bag = 1, F = c) 1 c g

1 1 c g
Pθ(Bag = 1, W = r |F = l) 1 l r
Pθ(Bag = 1, W = g |F = l) 1 l g
Pθ(Bag = 0, W = r |F = l) 2 l r
Pθ(Bag = 0, W = g |F = l) 2 l g

M step – update θs

θBag=1 ←
∑

Bag=1
w∑

w

θF=c|Bag=1 ←
∑

Bag=1,F=c
w∑

Bag=1
w

θF=c|Bag=2 ←
∑

Bag=2,F=c
w∑

Bag=2
w

θW =r|Bag=1 ←
∑

Bag=1,W =r
w∑

Bag=1
w

θW =r|Bag=2 ←
∑

Bag=2,W =r
w∑

Bag=2
w
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EM as a Maximization-Maximization Procedure

Z the observed data (the usual X with missing
values)
ℓ(θ; Z) the log–likelihood of the model θ
Zm the latent or missing data
T = (Z,Zm) the complete data with the
log–likelihood ℓ0(θ; T).
P̂(Zm),P̂(Zm|θ,Z) any distribution over the
latent data Zm.

Elements of Statistical Learning (2nd Ed.) c©Hastie, Tibshirani & Friedman 2009 Chap 8
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FIGURE 8.7. Maximization–maximization view of
the EM algorithm. Shown are the contours of the (aug-

mented) observed data log-likelihood F (θ′, P̃ ). The E
step is equivalent to maximizing the log-likelihood over
the parameters of the latent data distribution. The M
step maximizes it over the parameters of the log-likeli-
hood. The red curve corresponds to the observed data

log-likelihood, a profile obtained by maximizing F (θ′, P̃ )
for each value of θ′.

Consider the function F

F (θ′, P̂) = EP̂ [ℓ0(θ′; T)]− EP̂ [logP̂(Zm)]

for P̂ = P̂(Zm|θ′,Z) is F the log–likelihood of the observed data
F (θ′, P̂(Zm|θ′, Z)) = E[ℓ0(θ′; T)|θ′, Z]− E[ℓ1(θ′; Zm|Z)|θ′, Z]
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The EM Algorithm in General

P(Zm|Z, θ′) = P(Zm,Z|θ′)
P(Z|θ′) ,

P(Z|θ′) = P(Zm,Z|θ′)
P(Zm|Z, θ′) ,

In the log–likelihoods
ℓ(θ′; Z) = ℓ0(θ′; T)− ℓ1(θ′; Zm|Z)

where ℓ1 is based on the conditional density P(Zm|Z).
Taking the expectation w.r.t. T|Z governed by parameter θ gives

ℓ(θ′; Z) = E[ℓ0(θ′; T)|θ,Z]− E[ℓ1(θ′; Zm|Z)|θ,Z]
≡ Q(θ′, θ)− R(θ′, θ)

R() is the expectation of a density with respect the same density
it is maximized when θ′ = θ.

Therefore:
ℓ(θ′; Z)− ℓ(θ; Z) = [Q(θ′, θ)− Q(θ, θ)]− [R(θ′, θ)− R(θ, θ)]

≥ 0.
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The EM Algorithm

1: procedure The EM Algorithm:( Z observed data, the model(θ) )
2: θ̂(0) ← an initial guess (usually close to the uniform distribution)
3: repeat
4: Expectation step: at the jth step, compute

Q(θ′, θ̂(j)) = E(ℓ0(θ′; T)|Z , θ̂(j))

5: as a function of the dummy argument θ′.
6: Maximization step: determine the new estimate θ̂(j+1)

7: as the maximizer of Q(θ′, θ̂(j)) over θ′.
8: until convergence
9: return θ̂

10: end procedure

Full maximization is not necessary.
We need to find a value θ̂(j+1) so that Q(θ̂(j+1), θ̂(j)) > Q(θ̂(j), θ̂(j)).
Such prodecures are called generalized EM algorithms (GEM).
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BN example of EM algorithm (Russel, Norvig) - can be
omitted

Two bags of bonbons mixed together. Each bonbon has a Wrapper and
flavor Flavor and may have Holes. Each bag had another ratio of Wrapper
color, Flavor and Holes.

We can model the situation by a naive bayes model, Bag as the class variable.

Example
Example We have tested 1000 bonbones and observed:

W=red W=green
H=1 H=0 H=1 H=0

F=cherry 273 93 104 90
F=lime 79 100 94 167

Bag

F
W

H

We choose the initial parameters

θ(0) = 0.6, θ(0)
F1 = θ

(0)
W 1 = θ

(0)
H1 = 0.6, θ(0)

F2 = θ
(0)
W 2 = θ

(0)
H2 = 0.4
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EM example - can be omitted

Expectation of θ is the ratio of the expected counts

θ(1) =
1
N

N∑
j=1

P(flavorj |Bag = 1)P(wrapperj |Bag = 1)P(holesj |Bag = 1)P(Bag = 1)∑2
i=1 P(flavorj |Bag = i)P(wrapperj |Bag = i)P(holesj |Bag = i)P(Bag = i)

(normalization constant depends on parameter values).
For the type red , cherry , holes we get:

θ
(0)
F1θ

(0)
W 1θ

(0)
H1θ

(0)

θ
(0)
F1θ

(0)
W 1θ

(0)
H1θ

(0) + θ
(0)
F2θ

(0)
W 2θ

(0)
H2θ

(0)
≈ 0.835055

we have 273 bonbons of this type, therefore we add 273
N · 0.835055.

Similarly for all seven other types and we get

θ(1) = 0.6124
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EM example continued - can be omitted

The estimate of θF1 for fully observed data is #(Bag=1,Flavor=cherry)
#(Flavor=cherry)

We have to use expected counts Bag = 1&F = cherry and Bag = 1,

θ
(1)
F1 =

∑
j;Flavorj =cherry P(Bag = 1|Flavorj = cherry ,wrapperj , holesj)∑

j P(Bag = 1|cherryj ,wrapperj , holesj)

Similarly we get:

θ(1) = 0.6124, θ(1)
F1 = 0.6684, θ(1)

W 1 = 0.6483, θ(1)
H1 = 0.6558,

θ
(1)
F2 = 0.3887, θ(1)

W 2 = 0.3817, θ(1)
H2 = 0.3827.
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Hierarchical Mixture of Experts

a hierarchical extension of naive
Bayes (latent class model)
a decision tree with ’soft splits’
splits are probabilistic functions of a
linear combination of inputs (not a
single input as in CART)
terminal nodes called ’experts’
non–terminal nodes are called
gating network
may be extended to multilevel.
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Hierarchical Mixture of Experts

data (xi , yi), i = 1, . . . ,N, yi continuous or
categorical, first xi ≡ 1 for intercepts.

gi(x , γj) = eγT
j x∑K

k=1
eγT

k x , j = 1, . . . ,K children

of the root,

gℓ|j(x , γjℓ) = eγT
jℓx∑K

k=1
e

γT
jk x , ℓ = 1, . . . ,K

children of the root,
Terminals (Experts)

Regression Gaussian linear reg. model,
θjℓ = (βjℓ, σ

2
jℓ), Y = βT

jℓ + ϵ

Classification The linear logistic reg. model:
Pr(Y = 1|x , θjℓ) = 1

1+e
−θT

jℓx

EM algorithm
∆i , ∆ℓ|j 0–1 latent
variables – branching

E step expectations for ∆’s
M step estimate parameters

HME by a version of
multiple logistic
regression.
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Missing data (T.D. Nielsen)

Die tossed N times. Result reported via noisy telephone line. When transmission
not clearly audible, record missing value:

4, 2, ?, 6, 5, 4, ?, 3, 4, 1, . . .

“2” and “3” sound similar, therefore:

P(Yi =?|Xi = k) = P(Mi = 1|Xi = k) =
{

1/4 k = 2,3
1/8 k = 1,4,5,6

Distribution of the Y is (for fair die):
? 1

3
1
4 + 2

3
1
8 = 1

6
2,3 1

6
3
4 = 1

8
1,4,5,6 1

6
7
8 = 7

48
If we simply ignore the missing data items, we obtain as the maximum likelihood
estimate for the parameters of the die:

θ∗ = ( 7
48 ,

1
8 ,

1
8 ,

7
48 ,

7
48 ,

7
48 ) ∗ 6

5 = (0.175, 0.15, 0.15, 0.175, 0.175, 0.175)

Machine Learning Bayesian learning, EM algorithm 7 187 - 216 February 27, 2025 214 / 395



Incomplete data

How do we handle cases with missing values:
Faulty sensor readings.
Values have been intentionally removed.
Some variables may be unobservable.

How is the data missing?
We need to take into account how the data is missing:

Missing completely at random The probability that a value is missing is
independent of both the observed and unobserved values (a monitoring
system that is not completely stable and where some sensor values are not
stored properly).
Missing at random The probability that a value is missing depends only on
the observed values (a database containing the results of two tests, where the
second test has only performed (as a “backup test”) when the result of the
first test was negative).
Non-ignorable Neither MAR nor MCAR (an exit poll, where an extreme
right-wing party is running for parlament).
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Unsupervised Learning

No goal class (either Y nor G).
We are interested in relations in the data:

Clustering Are the data organized in natural clusters? (Clustering,
Segmentation)
EM algorithm for clustering
(Dirichlet Process Mixture Models)
(Spectral Clustering)

Association Rules Are there some frequent combinations, implication
relations? (Market Basket Analysis) later

Other The Elements of Statistical Learning Chapter 14
SOM Self Organizing Maps
PCA Principal Component Analysis Linear Algebra; k linear

combinations of features minimizing reconstruction error (=
first k principal components).
Principal Curves and Surfaces, Kernel and Spare Principal
Components

ICA Independent Component Analysis.
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Clustering Example
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We set the color of items, no colour in train data.
We want to assign same color to nearby points.
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K – means !

K–means

1: procedure K–means:(X data, K the number of clusters )
2: select randomly K centers of clusters µk
3: # either random data points or random points in the feature space
4: repeat
5: for each data record do
6: C(xi)← argmink∈{1,...,K}d(xi , µk)
7: end for
8: for each cluster k do # find new centers µk
9: µk =

∑
xi :C(xi )=k

xi
|C(k)| .

10: end for
11: until no chance in assignment
12: end procedure
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K – means

K–means

The t iterations of K–means algorithm take O(tkpN) time.

To find global optimum is NP-hard.
The result depends on initial values.
May get stuck in local minimum.
May not be robust to data sampling.

We may generate datasets by bootstrap method.
The cluster centers found in different dataset may be quite different.

(for example, different bootstrap samples may give very different clustering
results).
Each record must belong to some cluster. Sensitive to outliers.

Machine Learning Clustering 8 217 - 243 February 27, 2025 219 / 395



Distance measures

the most common distance measures:
Euclidian d(xi , xj) =

√∑p
r=1(xir − xjr )2

Hamming (Manhattan) d(xi , xj) =
∑p

r=1 |xir − xjr |

overlap (překrytí)
categorical variables d(xi , xj) =

∑p
r=1 I(xir ̸= xjr )

cosine similarity s(xi , xj) =
∑p

r=1
(xir ·xjr )√∑p

r=1
(xjr ·xjr )·

∑p
r=1

(xir ·xir )

cosine distance d(xi , xj) = 1−
∑p

r=1
(xir ·xjr )√∑p

r=1
(xjr ·xjr )·

∑p
r=1

(xir ·xir )
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Other Distance Measures

Correlation Proximity

5 10 15 20

0
5

1
0

1
5

2
0

Variable Index

Observation 1

Observation 2

Observation 3

1

2

3

Euclidian distance: Observations 1 and 3 are close.
Correlation distance: 1 and 2 look very similar.

ρX ,Y = corr(X ,Y ) = cov(X ,Y )
σXσY

= E [(X − µX )(Y − µY )]
σXσY
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Distance – key issue, application dependent

The result depends on the choice of distance measure d(xi , µk).
The choice is application dependent.
Scaling of the data is recommended.
Weights for equally important attributes j are: wj = 1

d̂ j where

d̂j = 1
N2

N∑
i1=1

N∑
i2=1

dj(xi1 , xi2) = 1
N2

N∑
i1=1

N∑
i2=1

(xi1 [j]− xi2 [j])2

Total distance as a weighted sum of attribute distances.
Distance may be specified directly by a symmetric matrix, 0 at the diagonal,
should fulfill triangle inequality

d(xi , xℓ) ≤ d(xi , xr ) + d(xr , xℓ).
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Alternative Ideas

Scaling may remove natural clusters
Weighting Attributes

Consider internet shop offering socks and computers.
Compare: number of sales, standardized data, $
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Number of Clusters
We may focus on the Within cluster variation measure:

W (C) = 1
2

K∑
k=1

∑
C(i)=k

∑
C(i|)=k

d(xi , xi|)

Notice that W (C) is decreasing also for uniformly distributed data.
We look for small drop of W (C) as a function of K or maximal difference
between W (C) on our data and on the uniform data.
Total cluster variation is the sum of between cluster variation and within
cluster variation

T (C) = 1
2

N∑
i,i|=1

d(xi , xi|) = W (C) + B(C)

= 1
2

K∑
k=1

∑
C(i)=k

(
∑

C(i|)=k

d(xi , xi|)) + 1
2

K∑
k=1

∑
C(i)=k

(
∑

C(i|) ̸=k

d(xi , xi|))
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GAP function for Number of Clusters
denote Wk the expected W for uniformly distributed data and k clusters, the
average over 20 runs
GAP is expected log(Wk) minus observed log(W (k))

K∗ = argmin{k|G(k) ≥ G(k + 1)− s |
k+1}

s |
k = sk

√
1 + 1

20 where sk is the standard deviation of log(Wk)
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Silhouette

For each data sample xi we define
a(i) = 1

|Ci |−1
∑

j∈Ci ,i ̸=j d(i , j) if |Ci | > 1

b(i) = mink ̸=i
1

|Ck |
∑

j∈Ck
d(i , j)

Definition (Silhouette)
Silhouette s is defined

s(i) = b(i)−a(i)
max{a(i),b(i)} if |Ci | > 1

s(i) = 0 for |Ci | = 1.

Optimal number of clusters k
may be selected by the SC.

Definition (Silhouette
Score)
The Silhouette score is
1
N
∑N

i s(i).

Silhouette is always between
−1 ≤ s(i) ≤ 1.
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The silhouette plot for the various clusters.
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The visualization of the clustered data.
Silhouette analysis for KMeans clustering on sample data with n_clusters = 3

Note: One cluster (−1, 1), (1, 1),
other cluster (0,−1.2), (0,−1.1),
the point (0, 0) is assigned to the
first cluster but has a negative sil-
houette. https://stackoverflow.com/a/66751204
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Country Similarity Example

Data from a political science survey: values are average pairwise dissimilarities
of countries from a questionnaire given to political science students.
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K–medoids

1: procedure K–medoids:( X data, K the number of clusters )
2: select randomly K data samples to be centroids of clusters
3: repeat
4: for each data record do
5: assign to the closest cluster
6: end for
7: for each cluster k do # find new centroids i∗

k ∈ Ck
8: i∗

k ← argmin{i :C(i)=k}
∑

C(i|)=k d(xi , xi|)
9: end for

10: until no chance in assignment
11: end procedure

To find a centroid requires quadratic time compared to linear k–means.
We may use any distance, for example number of differences in binary
attributes.

Complexity

The t iterations of K–medoids take O(tkpN2).
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Clusters of Countries
Survey of country dissimilarities.
Left: dissimilarities

Reordered and blocked according to 3-medoid clustering.
Heat map is coded from most similar (dark red) to least similar (bright red).

Right: Two-dimensional multidimensional scaling plot
with 3-medoid clusters indicated by different colors.
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Multidimensional Scaling

The right figure on previous slide was done by Multidimesional scaling.
We know only distances of countries, not a metric space.
We try to keep proximity of countries (least squares scaling).
We choose the number of dimensions p.

Definition (Multidimensional Scaling)
For a given data x1, . . . , xN with their distance matrix d , we search
(z1, . . . , zN) ∈ Rp projections of data minimizing stress function

SD(z1, . . . , zN) =

∑
i ̸=ℓ

(d [xi , xℓ]− ∥zi − zℓ∥)2

 1
2

.

It is evaluated gradiently.

Note: Spectral clustering.
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Hierarchical clustering – Bottom Up

Start with each data sample in its own cluster. Iteratively join two nearest clusters.
Measures for join

closest points (single linkage)
maximally distant points (complete linkage)
average linkage, dGA(CA,CB) = 1

|CA|·|CB |
∑

xi ∈CA,xj ∈CB
d(xi , xj)

Ward distance minimizes the sum of squared differences within all clusters.

Ward(CA,CB) =
∑

i∈CA∪CB

d(xi , µA∪B)2 −
∑
i∈CA

d(xi , µA)2 −
∑
i∈CB

d(xi , µB)2

= |CA| · |CB |
|CA|+ |CB |

· d(µA, µB)2

where µ are the centers of clusters (A, B and joined cluster).
It is a variance-minimizing approach and in this sense is similar to the k-means
objective function but tackled with an agglomerative hierarchical approach.
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Dendrograms

Dendrogram is the result plot of a hierarchical clustering.
Cutting the tree of a fixed high splits samples at leaves into clusters.

The length of the two legs of the U-link represents the distance between the
child clusters.

Average Linkage Complete Linkage Single Linkage

Machine Learning Clustering 8 217 - 243 February 27, 2025 232 / 395



Interpretation of Dendrograms – 2 and 9 are NOT close
Samples fused at very bottom are close each other.
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Mean Shift Clustering

Mean Shift Clustering

1: procedure Mean Shift Clustering:(X data, K (·) the kernel, λ the
bandwidth )

2: C ← ∅
3: for each data record do
4: repeat # shift each mean x to the weighted average

5: m(x)←
∑N

i=1
K(xi −x)xi∑N

i=1
K(xi −x)

6: until no chance in assignment
7: add the new m(x) to C
8: end for
9: return prunned C

10: end procedure

Kernels:
flat kernel λ ball
Gaussian kernel K (xi − x) = e

∥xi −x∥2

λ2
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Gaussian Mixture Model

Assume the data come from a set of k gaussian distributions
each with

prior probability πk
mean µk
covariance matrix Σk

ϕµk ,Σk (x) = 1√
(2π)p |Σk |

e− 1
2 (x−µk )T Σ−1

k (x−µk ).

We want to find the maximum likelihood estimate of the model parameters.
We use (more general) EM algorithm.

Elements of Statistical Learning (2nd Ed.) c©Hastie, Tibshirani & Friedman 2009 Chap 8
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FIGURE 8.5. Mixture example. (Left panel:) His-
togram of data. (Right panel:) Maximum likelihood
fit of Gaussian densities (solid red) and responsibility
(dotted green) of the left component density for obser-
vation y, as a function of y.
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EM learning of Mixture of K Gaussians !
Model parameters π1, . . . , πk , µ1, . . . , µk ,Σ1, . . . ,Σk such that

∑K
k=1 πk = 1.

Expectation: weights of unobserved ’fill–ins’ k of variable C :

pik = P(C = k|xi) = α · P(xi |Ci = k) · P(Ci = k)

= πkϕθk (xi)∑K
l=1 πlϕθl (xi)

pk =
N∑

i=1
pik

Maximize: mean, variance and cluster ’prior’ for each cluster k:

µk ←
∑

i

pik
pk

xi

Σk ←
∑

i

pik
pk

(xi − µk)(xi − µk)T

πk ← pk∑K
l=1 pl

.
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FIGURE 8.6. EM algorithm: observed data log-like-
lihood as a function of the iteration number.
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FIGURE 8.7. Maximization–maximization view of
the EM algorithm. Shown are the contours of the (aug-

mented) observed data log-likelihood F (θ′, P̃ ). The E
step is equivalent to maximizing the log-likelihood over
the parameters of the latent data distribution. The M
step maximizes it over the parameters of the log-likeli-
hood. The red curve corresponds to the observed data

log-likelihood, a profile obtained by maximizing F (θ′, P̃ )
for each value of θ′.
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Kernel Density Estimation
Kernel Density Estimation is an unsupervised procedure
We smooth the density estimate in the neighbourhood N (x0) with
lenghtscale λ

f̂X (x0) = #xi ∈ N (x0)
Nλ

by the Parzen kernel estimate

f̂X (x0) = 1
Nλ

N∑
i=1

Kλ(x0, xi),

Popular choice for Kλ is the Gaussian kernel density ϕλ.

Elements of Statistical Learning (2nd Ed.) c©Hastie, Tibshirani & Friedman 2009 Chap 6
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FIGURE 6.13. A kernel density estimate for systolic
blood pressure (for the CHD group). The density es-
timate at each point is the average contribution from
each of the kernels at that point. We have scaled the
kernels down by a factor of 10 to make the graph read-
able.
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Kernel Density Classification

We may estimate Kernel Density for each target class k = 1, . . . ,K , estimate
class priors πk and use Bayes’ theorem:

P̂r(G = k|X = x0) = πk f̂k(x0)∑K
j=1 πj f̂k(x0)

.

by the Parzen kernel estimate

f̂X (x0) = 1
Nλ

N∑
i=1

Kλ(x0, xi),

Popular choice for Kλ is the Gaussian kernel density ϕλ.
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FIGURE 6.14. The left panel shows the two separate
density estimates for systolic blood pressure in the CHD
versus no-CHD groups, using a Gaussian kernel density
estimate in each. The right panel shows the estimated
posterior probabilities for CHD, using (6.25).
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the posterior probabilities are formed (right).
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Radial Basis Functions and Kernels for Regression
The kernels do not have to be placed at all observation points.
We may select (fit) prototype parameters ξj and scale patameters λj to place
pre-defined number of kernels Kλj (ξj , x), j ∈ 1, . . . ,M, λj ∈ R, ξj ∈ X .
and then fit the density as a linear function of kernels as basis

f (x) =
M∑

j=1
Kλj (ξj , x)βj ,

We should either fit the lengthscale parameters λj or re-normalize the radial
basis functions. Otherwise, the RBF can leave holes (upper figure,
re-normalized down).

Elements of Statistical Learning (2nd Ed.) c©Hastie, Tibshirani & Friedman 2009 Chap 6
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FIGURE 6.16. Gaussian radial basis functions in IR
with fixed width can leave holes (top panel). Renormal-
ized Gaussian radial basis functions avoid this problem,
and produce basis functions similar in some respects to
B-splines.
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Mixuture Models for Density Estimation and Classification
One RBF kernel was fitted for each class
The data sample is classified according the more probable label (let kernels
vote).
If the covariance matrices are constrained to be scalar Σm = σmI, we actually
fit the naive Bayes model.
In this case, this method was as good as logistic regression.

Elements of Statistical Learning (2nd Ed.) c©Hastie, Tibshirani & Friedman 2009 Chap 6
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FIGURE 6.17. Application of mixtures to the heart
disease risk-factor study. (Top row:) Histograms of Age
for the no CHD and CHD groups separately, and com-
bined. (Bottom row:) estimated component densities
from a Gaussian mixture model, (bottom left, bottom
middle); (bottom right:) Estimated component densi-
ties (blue and orange) along with the estimated mixture
density (green). The orange density has a very large
standard deviation, and approximates a uniform den-
sity.
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Summary

K-means clustering - the basic one
the number of clusters:
GAP
Silhouette

The distance is crucial.
Consider standardization or weighting the features.

K-medoids - does need metric, just a distance
hierarchical clustering

different distance measures
dendrogram

other approaches (mean shift clustering, Self Organizing Maps, Spectral
Clustering).
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Frequent itemsets, Association Rules

Unsupervised learning
No goal class (either Y nor G).
Usually binary data Xij ∈ {0, 1}N×p

Value = 1 is our interest; for example purchase.
p may be very large; for example the size of the range of goods in an market.
Popular application: Market basket analysis.
Generally: We look for L prototypes v1, . . . , vL ∈ X p such that P(vℓ) is
relatively large.
With large p, we do not have enough data to estimate P(vℓ) since number of
observations with P(X = vℓ) is too small.
We seek for regions where P(x) is large, that can be written as conjunctive
rule on dimension conditions

⋂p
j=1(Xj ∈ sj) where sj are selected values of

the feature Xj .
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Hypothesis space for Apriori

ESL book Figure:
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Market Basket Analysis

For very large datasets, p ≈ 104,N ≈ 108; in unit ball is the distance to the
nearest neighbour ≈ 0.9981.
Simplifications: Test on feature Xj either equal to a specific value or no
restriction at all,
I select combinations of items with higher number of occurences (support)
than predefined threshold t.
I select all combinations fulfilling conditions above.
Categorical variables may be codded by dummy variables in advance (if not
too many).

OneHotEncoder for each class g , a new variable Xg = [X == g ].
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Apriori Algorithm!

1: procedure Apriori:(X dataset, t threshold for support )
2: i ← 1
3: Generate list of candidates of the length i
4: while Candidate set not empty do
5: for each data sample do
6: for each candidate do
7: if all items of candidate appear in the data sample then
8: increase the candidate counter by 1
9: end if

10: end for
11: end for
12: i ← i + 1
13: Discard candidates with support less than t.
14: Generate list of candidates of the length i
15: Join any two candidates from previous step having i − 2

elements common. (More pruning possible.)
16: end while
17: end procedure
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Example: Apriori Algorithm

t = 0.2
t ∗N = 2 =
0.20 ∗ 10
Data

a b c e f o
a c g
e i
a c d e g
a c e g l
e j
a b c e f p
a c d
a c e g m
a c e g n

i=1
a=8
b=2
c=8
d=2
e=8
f=2
g=5
i=j=l=o=1
p=m=n=1

i=2
ab=2
ac=8
ad=2
ae=6
af=2
ag=5
bc=2
bd=0
be=2
bf=2
bg=0
cd=2
ce=6
cf=2
cg=5
de=1
df=0
dg=1
ef=2
eg=4
fg=2

i=3
abc=2
abd=0
abe=2
abf=2
abg=0
acd=2
ace=6
acf=2
acg=5
ade=1
adf=0
adg=1
aeg=4
. . .

i=4 . . .
abce=2
abcf=2
abef=2
abeg=0
acef=2
aceg=4
adeg=1
aefg=0
. . .
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Properties of the Apriori Algorithm

Applicable for very large data (with high threshold t).
The key idea:

Only few of 2K combinations have high support > t,
subset of high–support combination has also high support.

The number of passes through the data is equal to the size of the longest
supported combination. The data does not to be in memory simultaneously.
FPgrowth algorithm needs only two passes through the data.
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Association Rules !

From each supported itemset K found by Apriori algorithm we create a list of
association rules, implications of the form A⇒ B where:

A, B are disjoint and A ∪ B = K
A is called antecedent
B is called consequent.

Support of the rule T (A⇒ B) is defined as normalized support of the
itemset K, that is normalized support of the conjunction A&B.

T (K) = |dataK|
|data|

T (A⇒ B) = |dataA&B |
|data|
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Rule Confidence and Lift
There are two important measures for a rule A⇒ B:

Confidence (predictability, přesnost)

C(A⇒ B) = T (A⇒ B)
T (A)

that is an estimate of P(B|A),
Support T (B) is an estimate of P(B),
Lift is the ration of confidence and expected precision:

L(A⇒ B) = C(A⇒ B)
T (B)

that is an estimate of P(A&B)
P(A)·P(B) .

Leverage is the difference of supports:

leverage(A⇒ B) = T (A⇒ B)− T (A) · T (B)

Conviction is the ratio:

conviction(A⇒ B) = 1− T (B)
1− C(A⇒ B) .
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Association Rule Example

ESL book example:

K = {English, own, prof/man, income>$40000},
13.4% people has all four properties,
80.8% of people with {English, own, prof/man} have income> $40000,
T (income > $40000) = 37.94%, therefore Lift = 2.13.
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The Goal of Apriori Algorithm !

Apriori finds all rules with high support.
Frequently, it finds many of rules.
We usually select lower threshold c on confidence, that is we select rules with
T (A⇒ B) > t and C(A⇒ B) > c.
Conversion of itemsets to rules is usually relatively fast compared to search of
itemsets.
See lispMiner for user interface and a lot of more.
Python Apriori library:

from mlxtend.preprocessing import TransactionEncoder

from mlxtend.frequent_patterns import apriori, association_rules
from mlxtend.frequent_patterns import fpgrowth,fpmax

from mlxtend.frequent_patterns import hmine
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Demographical Data ESL Example
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Demographical Example – Continuing

N = 9409 questionnaires, the ESL authors selected 14 questions.
Preprocessing:

na.omit() remove records with missing values,
ordinal features cut by median to binary,
for categorical create dummy variable for each category.

Apriori input was matrix 6876× 50.
Output: 6288 association rules

with max. 5 elements
with support at least 10%.
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Negated Literals – Useful, Problematic
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Non–frequent Values Dissapear
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Unsupervised Learning as Supervised Learning

We add additional attribute YG .
YG = 1 for all our data.
We generate randomly a dataset of similar size with uniform distribution, set
YG = 0 for this artificial data.
The task is to separate YG = 1 and YG = 0.
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Generalize Association Rules

We search for high lift, where probability of conjunction is greater than
expected.
Hypothesis is specified by column indexes j and subsets of values sj
corresponding features Xj . We aim:

P̂

⋂
j∈J

(Xj ∈ sj)

 = 1
N

N∑
1

I

⋂
j∈J

(xij ∈ sj)

 >> Πj∈J P̂(Xj ∈ sj)

On the data from previous slide, CART (decision tree alg.) or PRIM (’bump
hunting’) may be used.
Figure on previous slide: Logistic regression on tensor product of natural
splines.
Other methods may be used. All are heuristics compared to full evaluation by
Apriori.
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Frequent Pattern–tree data structure

The number of passes through the data of Apriory is equal to the length of
the longest frequent itemset.
With an internal data structure, we are able to reduce it to 2 passes.
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FP–tree

1: procedure FP–tree:(Data )
2: Calculate counts of items (singletons)
3: Create table header ordered by decreasing item count
4: for each data sample do
5: order items according to header
6: insert branch into the tree
7: increase all counters on the inserted branch
8: end for
9: return the tree

10: end procedure

Data ordered
a b c e f o e c a b f
a c g c a g
e i e
a c d e g e c a g d
a c e g l e c a g
e j
a b c e f p
a c d
a c e g m \\a c e g n

2. Discovering FI’s

2.1. The FP-tree and FP-growth method
The FP-growth method by Hanet al. [6] uses a data

structure called the FP-tree (Frequent Pattern tree). The FP-
tree is a compact representation of all relevant frequency
information in a database. Every branch of the FP-tree rep-
resents a frequent itemset, and the nodes along the branches
are stored in decreasing order of frequency of the corre-
sponding items, with leaves representing the least frequent
items. Compression is achieved by building the tree in such
a way that overlapping itemsets share prefixes of the corre-
sponding branches.

The FP-tree has a header table associated with it. Single
items and their counts are stored in the header table in de-
creasing order of their frequency. The entry for an item also
contains the head of a list that links all the corresponding
nodes of the FP-tree.

Compared with Apriori [1] and its variants which need
several database scans, the FP-growth method only needs
two database scans when mining all frequent itemsets. The
first scan counts the number of occurrences of each item.
The second scan constructs the initial FP-tree which con-
tains all frequency information of the original dataset. Min-
ing the database then becomes mining the FP-tree.

a b c e f o
a c g
e i
a c d e g
a c e g l
e j
a b c e f p
a c d
a c e g m
a c e g n

(a)

root

e:8

Header table
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node−links c:2

c:6 a:2

a:6

b:2 g:4

f:2 d:1

g:1 d:1

e:8

c:8

a:8

g:5

b:2

f:2

d:2

(b)

Figure 1. An Example FP-tree (minsup=20%)

To construct the FP-tree, first find all frequent items by
an initial scan of the database. Then insert these items in the
header table, in decreasing order of their count. In the next
(and last) scan, as each transaction is scanned, the set of
frequent items in it are inserted into the FP-tree as a branch.
If an itemset shares a prefix with an itemset already in the
tree, the new itemset will share a prefix of the branch rep-
resenting that itemset. In addition, a counter is associated
with each node in the tree. The counter stores the number of
transactions containing the itemset represented by the path
from the root to the node in question. This counter is up-
dated during the second scan, when a transaction causes the
insertion of a new branch. Figure 1 (a) shows an example
of a database and Figure 1 (b) the FP-tree for that database.

Note that there may be more than one node corresponding
to an item in the FP-tree. The frequency of any one item
i is the sum of the count associated with all nodes repre-
sentingi, and the frequency of an itemset equals the sum
of the counts of the least frequent item in it, restricted to
those branches that contain the itemset. For instance, from
Figure 1 (b) we can see that the frequency of the itemset
{c, a, g} is 5.

Thus the constructed FP-tree contains all frequency in-
formation of the database. Mining the database becomes
mining the FP-tree. The FP-growth method relies on the
following principle: ifX andY are two itemsets, the count
of itemsetX ∪ Y in the database is exactly that ofY in
the restriction of the database to those transactions contain-
ing X. This restriction of the database is called thecondi-
tional pattern baseof X, and the FP-tree constructed from
the conditional pattern base is calledX ’s conditional FP-
tree, which we denote byTX . We can view the FP-tree
constructed from the initial database asT∅, the conditional
FP-tree for∅. Note that for any itemsetY that is frequent in
the conditional pattern base ofX, the setX∪Y is a frequent
itemset for the original database.

Given an itemi in the header table of an FP-treeTX ,
by following the linked list starting ati in the header table
of TX , all branches that contain itemi are visited. These
branches form the conditional pattern base ofX ∪ {i}, so
the traversal obtains all frequent items in this conditional
pattern base. The FP-growth method then constructs the
conditional FP-treeTX∪{i}, by first initializing its header
table based on the found frequent items, and then visiting
the branches ofTX along the linked list ofi one more time
and inserting the corresponding itemsets inTX∪{i}. Note
that the order of items can be different inTX andTX∪{i}.
The above procedure is applied recursively, and it stops
when the resulting new FP-tree contains only one single
path. The complete set of frequent itemsets is generated
from all single-path FP-trees.

2.2. An array technique

The main work done in the FP-growth method is travers-
ing FP-trees and constructing new conditional FP-trees after
the first FP-tree is constructed from the original database.
From numerous experiments we found out that about 80%
of the CPU time was used for traversing FP-trees. Thus,
the question is, can we reduce the traversal time so that the
method can be sped up?

The answer is yes, by using a simple additional data
structure. Recall that for each itemi in the header of a con-
ditional FP-treeTX , two traversals ofTX are needed for
constructing the new conditional FP-treeTX∪{i}. The first
traversal finds all frequent items in the conditional pattern
base ofX ∪ {i}, and initializes the FP-treeTX∪{i} by con-
structing its header table. The second traversal constructs
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Frequent Itemsets with only 2 pass through data

Build an internal structure called FP-tree
Call FP-growth to generate frequent itemsets

Each construction of a conditional tree needs 2 pass through the parent tree
an optimized version with only 1 pass is presented. (It needs an additional
data structure array.)

FP-max to find maximal itemsets
non of immediate supersets is frequent

FP-close to find close itemsets
non of immediate supersets has the same support.
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FP-tree
FP-tree contains all frequency information of the
database.
Principle: If X and Y are two itemsets, the count of
itemsets X ∪ Y in the database is exactly that of Y
in the restriction of the database to those
transactions containing X .

2. Discovering FI’s

2.1. The FP-tree and FP-growth method
The FP-growth method by Hanet al. [6] uses a data

structure called the FP-tree (Frequent Pattern tree). The FP-
tree is a compact representation of all relevant frequency
information in a database. Every branch of the FP-tree rep-
resents a frequent itemset, and the nodes along the branches
are stored in decreasing order of frequency of the corre-
sponding items, with leaves representing the least frequent
items. Compression is achieved by building the tree in such
a way that overlapping itemsets share prefixes of the corre-
sponding branches.

The FP-tree has a header table associated with it. Single
items and their counts are stored in the header table in de-
creasing order of their frequency. The entry for an item also
contains the head of a list that links all the corresponding
nodes of the FP-tree.

Compared with Apriori [1] and its variants which need
several database scans, the FP-growth method only needs
two database scans when mining all frequent itemsets. The
first scan counts the number of occurrences of each item.
The second scan constructs the initial FP-tree which con-
tains all frequency information of the original dataset. Min-
ing the database then becomes mining the FP-tree.
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Figure 1. An Example FP-tree (minsup=20%)

To construct the FP-tree, first find all frequent items by
an initial scan of the database. Then insert these items in the
header table, in decreasing order of their count. In the next
(and last) scan, as each transaction is scanned, the set of
frequent items in it are inserted into the FP-tree as a branch.
If an itemset shares a prefix with an itemset already in the
tree, the new itemset will share a prefix of the branch rep-
resenting that itemset. In addition, a counter is associated
with each node in the tree. The counter stores the number of
transactions containing the itemset represented by the path
from the root to the node in question. This counter is up-
dated during the second scan, when a transaction causes the
insertion of a new branch. Figure 1 (a) shows an example
of a database and Figure 1 (b) the FP-tree for that database.

Note that there may be more than one node corresponding
to an item in the FP-tree. The frequency of any one item
i is the sum of the count associated with all nodes repre-
sentingi, and the frequency of an itemset equals the sum
of the counts of the least frequent item in it, restricted to
those branches that contain the itemset. For instance, from
Figure 1 (b) we can see that the frequency of the itemset
{c, a, g} is 5.

Thus the constructed FP-tree contains all frequency in-
formation of the database. Mining the database becomes
mining the FP-tree. The FP-growth method relies on the
following principle: ifX andY are two itemsets, the count
of itemsetX ∪ Y in the database is exactly that ofY in
the restriction of the database to those transactions contain-
ing X. This restriction of the database is called thecondi-
tional pattern baseof X, and the FP-tree constructed from
the conditional pattern base is calledX ’s conditional FP-
tree, which we denote byTX . We can view the FP-tree
constructed from the initial database asT∅, the conditional
FP-tree for∅. Note that for any itemsetY that is frequent in
the conditional pattern base ofX, the setX∪Y is a frequent
itemset for the original database.

Given an itemi in the header table of an FP-treeTX ,
by following the linked list starting ati in the header table
of TX , all branches that contain itemi are visited. These
branches form the conditional pattern base ofX ∪ {i}, so
the traversal obtains all frequent items in this conditional
pattern base. The FP-growth method then constructs the
conditional FP-treeTX∪{i}, by first initializing its header
table based on the found frequent items, and then visiting
the branches ofTX along the linked list ofi one more time
and inserting the corresponding itemsets inTX∪{i}. Note
that the order of items can be different inTX andTX∪{i}.
The above procedure is applied recursively, and it stops
when the resulting new FP-tree contains only one single
path. The complete set of frequent itemsets is generated
from all single-path FP-trees.

2.2. An array technique

The main work done in the FP-growth method is travers-
ing FP-trees and constructing new conditional FP-trees after
the first FP-tree is constructed from the original database.
From numerous experiments we found out that about 80%
of the CPU time was used for traversing FP-trees. Thus,
the question is, can we reduce the traversal time so that the
method can be sped up?

The answer is yes, by using a simple additional data
structure. Recall that for each itemi in the header of a con-
ditional FP-treeTX , two traversals ofTX are needed for
constructing the new conditional FP-treeTX∪{i}. The first
traversal finds all frequent items in the conditional pattern
base ofX ∪ {i}, and initializes the FP-treeTX∪{i} by con-
structing its header table. The second traversal constructs

i=3
abc=2
abd=0
abe=2
abf=2
abg=0
acd=2
ace=6
acf=2
acg=5
ade=1
adf=0
adg=1
aeg=4
. . .
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FPgrowth*

1: procedure FPgrowth*:(T a conditional FP-tree )
2: if T only contains a single path P then
3: for each subpath Y of P do
4: output pattern Y ∪ T .base with
5: count = smallest count of nodes in Y
6: end for
7: else
8: for each i in T .header do
9: Y ← T .base ∪ {i} with i .count

10: if T .array is not NULL then
11: construct a new header table for Y ’s FP-tree from T .array
12: else
13: construct a new header table for Y ’s from T
14: end if
15: construct Y ’s conditional FP-tree TY and its array AY ;
16: if TY ̸= ∅ then
17: call FPgrowth∗(TY )
18: end if
19: end for
20: end if
21: end procedureMachine Learning Association Rules, Apriori 9 244 - 265 February 27, 2025 263 / 395



t = 2
T{g} = [a : 5, c : 5, e : 4]

root

a:4+1

c:4+1

e:4

the new treeTX∪{i}. We can omit the first scan ofTX by
constructing an arrayAX while buildingTX . The follow-
ing example will explain the idea. In Figure 1 (a), supposing
that the minimum support is 20%, after the first scan of the
original database, we sort the frequent items ase:8, c:8,a:8,
g:5, b:2, f :2,d:2. This order is also the order of items in the
header table ofT∅. During the second scan of the database
we will constructT∅, and an arrayA∅. This array will store
the counts of all 2-itemsets. All cells in the array are initial-
ized as 0.
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Figure 2. Two array examples

In A∅, each cell is a counter of a 2-itemset, cell
A∅[d, e] is the counter for itemset{d, e}, cell A∅[d, c]
is the counter for itemset{d, c}, and so forth. Dur-
ing the second scan for constructingT∅, for each trans-
action, first all frequent items in the transaction are ex-
tracted. Suppose these items form itemsetI. To insert
I into T∅, the items inI are sorted according to the or-
der in header table ofT∅. When we insertI into T∅,
at the same timeA∅[i, j] is incremented by 1 if{i, j}
is contained inI. For example, for the first transaction,
{a, b, c, e, f} is extracted (itemo is infrequent) and sorted
as e, c, a, b, f . This itemset is inserted intoT∅ as usual,
and at the same time,A∅[f, e], A∅[f, c], A∅[f, a], A∅[f, b],
A∅[b, a], A∅[b, c],A∅[b, e], A∅[a, e],A∅[a, c], A∅[c, e] are all
incremented by 1. After the second scan, arrayA∅ keeps the
counts of all pairs of frequent items, as shown in table (a)
of Figure 2.

Next, the FP-growth method is recursively called to mine
frequent itemsets for each item in header table ofT∅. How-
ever, now for each itemi, instead of traversingT∅ along
the linked list starting ati to get all frequent items ini’s
conditional pattern base,A∅ gives all frequent items fori.
For example, by checking the third line in the table forA∅,
frequent itemse, c, a for the conditional pattern base ofg
can be obtained. Sorting them according to their counts, we
get a, c, e. Therefore, for each itemi in T∅ the arrayA∅
makes the first traversal ofT∅ unnecessary, andT{i} can be
initialized directly fromA∅.

For the same reason, from a conditional FP-treeTX ,
when we construct a new conditional FP-tree forX ∪ {i},
for an item i, a new arrayAX∪{i} is calculated. Dur-
ing the construction of the new FP-treeTX∪{i}, the array

AX∪{i} is filled. For instance, in Figure 1, the cells of
arrayA{g} is shown in table (b) of Figure 2. This array
is constructed as follows. From the arrayA∅, we know
that the frequent items in the conditional pattern base of
{g} are, in order,a, c, e. By following the linked list of
g, from the first node we get{e, c, a} : 4, so it is inserted as
(a : 4, c : 4, e : 4) into the new FP-treeT{g}. At the same
time,A{g}[e, c], A{g}[e, a] andA{g}[c, a] are incremented
by 4. From the second node in the linked list,{c, a} : 1 is
extracted, and it is inserted as(a : 1, c : 1) into T{g}. At the
same time,A{g}[c, a] is incremented by 1. Since there are
no other nodes in the linked list, the construction ofT{g} is
finished, and arrayA{g} is ready to be used for construction
of FP-trees in next level of recursion. The construction of
arrays and FP-trees continues until the FP-growth method
terminates.

Based on above discussion, we define a variation of the
FP-tree structure in which besides all attributes given in [6],
an FP-tree also has an attribute,array, which contains the
corresponding array.

Now let us analyze the size of an array. Suppose the
number of frequent items in the first FP-tree isn. Then
the size of the associated array is

∑n−1
i=1 i = n(n − 1)/2.

We can expect that FP-trees constructed from the first FP-
tree have fewer frequent items, so the sizes of the associated
arrays decrease. At any time, since an array is an attribute
of an FP-tree, when the space for the FP-tree is freed, the
space for the array is also freed.

2.3. Discussion

The array technique works very well especially when the
dataset is sparse. The FP-tree for a sparse dataset and the re-
cursively constructed FP-trees will be big and bushy, due to
the fact that they do not have many shared common pre-
fixes. The arrays save traversal time for all items and the
next level FP-trees can be initialized directly. In this case,
the time saved by omitting the first traversals is far greater
than the time needed for accumulating counts in the associ-
ated array.

However, when a dataset is dense, the FP-trees are more
compact. For each item in a compact FP-tree, the traversal
is fairly rapid, while accumulating counts in the associated
array may take more time. In this case, accumulating counts
may not be a good idea.

Even for the FP-trees of sparse datasets, the first levels of
recursively constructed FP-trees are always conditional FP-
trees forthe most common prefixes. We can therefore expect
the traversal times for the first items in a header table to be
fairly short, so the cells for these first items are unnecessary
in the array. As an example, in Figure 2 table (a), since
e, c, anda are the first 3 items in the header table, the first
two lines do not have to be calculated, thus saving counting
time.

2. Discovering FI’s

2.1. The FP-tree and FP-growth method
The FP-growth method by Hanet al. [6] uses a data

structure called the FP-tree (Frequent Pattern tree). The FP-
tree is a compact representation of all relevant frequency
information in a database. Every branch of the FP-tree rep-
resents a frequent itemset, and the nodes along the branches
are stored in decreasing order of frequency of the corre-
sponding items, with leaves representing the least frequent
items. Compression is achieved by building the tree in such
a way that overlapping itemsets share prefixes of the corre-
sponding branches.

The FP-tree has a header table associated with it. Single
items and their counts are stored in the header table in de-
creasing order of their frequency. The entry for an item also
contains the head of a list that links all the corresponding
nodes of the FP-tree.

Compared with Apriori [1] and its variants which need
several database scans, the FP-growth method only needs
two database scans when mining all frequent itemsets. The
first scan counts the number of occurrences of each item.
The second scan constructs the initial FP-tree which con-
tains all frequency information of the original dataset. Min-
ing the database then becomes mining the FP-tree.
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Figure 1. An Example FP-tree (minsup=20%)

To construct the FP-tree, first find all frequent items by
an initial scan of the database. Then insert these items in the
header table, in decreasing order of their count. In the next
(and last) scan, as each transaction is scanned, the set of
frequent items in it are inserted into the FP-tree as a branch.
If an itemset shares a prefix with an itemset already in the
tree, the new itemset will share a prefix of the branch rep-
resenting that itemset. In addition, a counter is associated
with each node in the tree. The counter stores the number of
transactions containing the itemset represented by the path
from the root to the node in question. This counter is up-
dated during the second scan, when a transaction causes the
insertion of a new branch. Figure 1 (a) shows an example
of a database and Figure 1 (b) the FP-tree for that database.

Note that there may be more than one node corresponding
to an item in the FP-tree. The frequency of any one item
i is the sum of the count associated with all nodes repre-
sentingi, and the frequency of an itemset equals the sum
of the counts of the least frequent item in it, restricted to
those branches that contain the itemset. For instance, from
Figure 1 (b) we can see that the frequency of the itemset
{c, a, g} is 5.

Thus the constructed FP-tree contains all frequency in-
formation of the database. Mining the database becomes
mining the FP-tree. The FP-growth method relies on the
following principle: ifX andY are two itemsets, the count
of itemsetX ∪ Y in the database is exactly that ofY in
the restriction of the database to those transactions contain-
ing X. This restriction of the database is called thecondi-
tional pattern baseof X, and the FP-tree constructed from
the conditional pattern base is calledX ’s conditional FP-
tree, which we denote byTX . We can view the FP-tree
constructed from the initial database asT∅, the conditional
FP-tree for∅. Note that for any itemsetY that is frequent in
the conditional pattern base ofX, the setX∪Y is a frequent
itemset for the original database.

Given an itemi in the header table of an FP-treeTX ,
by following the linked list starting ati in the header table
of TX , all branches that contain itemi are visited. These
branches form the conditional pattern base ofX ∪ {i}, so
the traversal obtains all frequent items in this conditional
pattern base. The FP-growth method then constructs the
conditional FP-treeTX∪{i}, by first initializing its header
table based on the found frequent items, and then visiting
the branches ofTX along the linked list ofi one more time
and inserting the corresponding itemsets inTX∪{i}. Note
that the order of items can be different inTX andTX∪{i}.
The above procedure is applied recursively, and it stops
when the resulting new FP-tree contains only one single
path. The complete set of frequent itemsets is generated
from all single-path FP-trees.

2.2. An array technique

The main work done in the FP-growth method is travers-
ing FP-trees and constructing new conditional FP-trees after
the first FP-tree is constructed from the original database.
From numerous experiments we found out that about 80%
of the CPU time was used for traversing FP-trees. Thus,
the question is, can we reduce the traversal time so that the
method can be sped up?

The answer is yes, by using a simple additional data
structure. Recall that for each itemi in the header of a con-
ditional FP-treeTX , two traversals ofTX are needed for
constructing the new conditional FP-treeTX∪{i}. The first
traversal finds all frequent items in the conditional pattern
base ofX ∪ {i}, and initializes the FP-treeTX∪{i} by con-
structing its header table. The second traversal constructs
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Version Space Search

Version space search is one of the first Machine Learning algorithms.
For us, introduction to Inductive Logic Programming.
Our (Tom Mitchell’s) toy data:

Example (Tennis Dataset)

Day Outlook Temperature Humidity Wind PlayTennis
D1 Sunny Hot High Weak No
D2 Sunny Hot High Strong No
D3 Overcast Hot High Weak Yes
D4 Overcast Mild High Weak Yes
D5 Overcast Mild High Strong Yes
D6 Overcast Hot Normal Weak Yes
D7 Rain Mild High Strong No
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Version Space Search
Our hypothesis is a conjunction of attribute tests that imply
PlayTennis = yes.

h = ⟨?, Cold , High, ?, ?, ?⟩ represents the hypothesis
Temperature = cold & Humidity = high⇒ PlayTennis = yes.

? is satisfied by any value
∅ cannot be satisfied

For binary attributes, we have 3|#attributes| + 1 hypotheses
hypotheses with ∅ are not satisfiable, therefore they are equivalent.
We perform a systematic search.
The hypothesis space is partially ordered by the subsumption.

Definition (More general, more specific)
The hypothesis hg is more general than the hypothesis hg ⪰ hs iff any sample that
satisfies hs satisfies also hg .
In the above case, the hypothesis hs , hg ⪰ hs is called more specific that hg .

⟨?, ?, ?, ?⟩ is more general than ⟨Sunny , . . . , Same⟩.
The most general hypothesis ⟨?, ?, ?, ?⟩ is satisfied by all data.
The most specific hypothesis ⟨∅, . . .⟩ is not satisfied by any data.
The hypothesis space for a lattice partially ordered by the ’more general’
relation.
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Find–S

We search for a hypothesis satisfied by all positive examples and no negative
example.

Find–S (to be improved)

1: procedure Find-S:(X dataset with the goal attritute yes/no )
2: h← ⟨∅, ∅, ∅, ∅⟩ # the most specific hypothesis
3: for each positive data sample xi do
4: for each attribute condition Xj = xi,j in h do
5: if xi does not satisfy Xj = xi,j then
6: replace the condition by
7: a closest more general condition satisfied by xi
8: end if
9: end for

10: end for
11: return h
12: end procedure
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Version Space Search

Example (Tennis Dataset)

Day Outlook Temperature Humidity Wind PlayTennis
D1 Sunny Hot High Weak No
D2 Sunny Hot High Strong No
D3 Overcast Hot High Weak Yes
D4 Overcast Mild High Weak Yes
D5 Overcast Mild High Strong Yes
D6 Overcast Hot Normal Weak Yes
D7 Rain Mild High Strong No
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Version Space

Now we look for all hypotheses consistent with the data.

Definition (Version Space)
The version space for the hypothesis space H and the data X is a subset of
H that is consistent with X

VS(H,X ) = {h ∈ H|Consistent(h,X )}.

The version space is characterized by the most general and the most specific
boundary.
Any hypothesis between these boundaries is consistent with the data.

Definition (General Boundary)
The general boundary for the hypothesis space H and the data X is a set
of most general hypothesis from H that are consistent with X

G(H,X ) = {g ∈ H|Consistent(g ,X )&(∄g1 ∈ H)[g1 ≻ g&Consistent(g1,X )]}.

Machine Learning Inductive Logic Programming 10 266 - 300 February 27, 2025 269 / 395



Definition (Specific Boundary)
The specific boundary for the hypothesis space H and the data X is a set
of most specific hypothesis from H that are consistent with X

S(H,X ) = {s ∈ H|Consistent(s,X )&(∄s1 ∈ H)[s ≻ s1&Consistent(s1,X )]}.

{<Sunny, Warm, ?,Strong,?,?>}

{<Sunny,?,?,?,?,?>  <?, Warm, ?,?,?,?>}

{<Sunny, ?, ?,Strong,?,?>} {<Sunny, Warm, ?,?,?,?>} {<?, Warm, ?,Strong,?,?>}

G:

S:

Figure 1: Prostor verzı́ s částečným uspořádánı́m inkluzı́.We search for a hypothesis satisfied by all positive examples and no negative
example.
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1: procedure Candidate–Elimination:(X data,the goal att. yes/no)
2: G ← {⟨?, ?, ?, ?⟩},S ← {⟨∅, ∅, ∅, ∅⟩} # general,specific
3: for each data sample xi do
4: if xi is positive then
5: remove from G all h inconsistent with xi
6: for each s ∈ S inconsistent with xi do
7: add to S all minimal generalizations h
8: Consistent(h, xi)&(∃g ∈ G)(g ⪰ h)
9: remove from S {s|(∃s1 ∈ S)(s ≻ s1)} # not most specific

10: end for
11: else xi is negative example
12: remove from S all h inconsistent with xi
13: for each g ∈ G inconsistent with xi do
14: add to G all minimal specifications h
15: Consistent(h,X )&(∃s ∈ S)(h ⪰ s)
16: remove from G {g |(∃g1 ∈ G)(g1 ≻ g)} # not most gen.
17: end for
18: end if
19: end for
20: return G ,S
21: end procedure
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Predicate Logic
Recall predicate logic.
CNF, DNF the conjunctive and disjunctive normal form
clause: a disjunction of literals father(X ,Y ) ∨ ¬parent(X ,Y ) ∨ ¬male(X )
Horn clauses with at most one positive literal, written as a rule

definite clause father(X , Y ) : −male(X), parent(X , Y ).
fact - no negative literal male(adam).
goal clause - no positive literal false : −father(X , bob).

Ground term, clause - a term, a clause without variables.
We have our data in the form of a set of clauses B, E+, E−,

the background knowledge B is a set of (Horn) clauses,
the positive and examples E+, E− are sets of ground literals (facts).

Example

B =


lego_builder(alice).

enjoys_lego(A) : −lego_builder(A).
estate_agent(dave).
enjoys_lego(alice).
enjoys_lego(claire).


E+ =

{
happy(alice).

}
E− =

 happy(bob).
happy(claire).
happy(dave).
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Substitution, Subsumption
Clauses ale implicitly generally quantified.
They should not have a variable with the same name.

Definition (Substitution, Subsumption)
Given a substitution θ = {vi/ti} and formula F . Fθ is formed by replacing
every variable vi in F by ti .
Substitution θ unifies atom A and B in the case Aθ = Bθ.
Atom A subsumes atom B, A ⪰ B, iff there exists a substitution θ such
that Aθ = B.
Clause C subsumes clause D, C ⪰ D, iff there exists a substitution θ such
that Cθ ⊆ D.

Example
C1 = f (A,B) : −head(A,B).
C2 = f (X ,Y ) : −head(X ,Y ), empty(Y ).
C1 subsumes C2 since C1θ ⊆ C2 with θ = {A/X ,B/Y }.
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Definition (Generalisation)
Clause C is more general than clause D, iff C |= D.
Clause C is more general than clause D with respect to B, iff B,C |= D.

B is the background knowledge.

Example
Statement A: Daffy Duck can fly. can_fly(daffy)
Statement B: All ducks can fly. can_fly(X ) ⪰ can_fly(daffy).

Example
Statement C: Marek lives in London.
Statement D: Marek lives in England.

lives(marek, london)
lives(marek, england)
Background knowledge lives(x , england) : −lives(x , london).
B,C |= D, ’C is more general than D with respect to B’.
C ⪰ D with respect to B.
http://www.doc.ic.ac.uk/~shm/FLOC_ILP/Lecture1.1.pdf
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ILP general logical setting

Definition (Hypothesis Properies)
The background knowledge B and the hypothesis H should entail E , that is:

Necessity B ̸|= E+ we need H
Sufficiency, Completeness B &H |= E+ H explains positive examples
Weak consistency B &H ̸|= ⊥ H does not contradict B
(Strong) consistency B &H &E− ̸|= ⊥ ... neither negative examples

Definition (ILP task)
ILP task is

Given
B background knowledge (logic program)
E+, E− examples – sets of ground unit clauses

Given B,E find a logic program H such that is necessary, sufficient and
consistent.
Often, we assume noisy data and accept some errors, but we try to minimize
them.
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Example

B =



lego_builder(alice).
lego_builder(bob).

estate_agent(claire).
estate_agent(dave).
enjoys_lego(alice).
enjoys_lego(claire).


E+ =

{
happy(alice).

}
E− =

 happy(bob).
happy(claire).
happy(dave).


Our hypothesis space:

H =



h1 : happy(A) : −lego_builder(A).
h2 : happy(A) : −estate_agent(A).
h3 : happy(A) : −enjoys_lego(A).

h4 : happy(A) : −lego_builder(A), estate_agent(A).
h5 : happy(A) : −lego_builder(A), enjoys_lego(A).
h6 : happy(A) : −estate_agent(A), enjoys_lego(A).


B ∪ h1 ⊨ happy(bob) therefore h1 is inconsistent.
B ∪ h2 ⊭ happy(alice) therefore h2 is incomplete.
B ∪ h3 ⊨ happy(claire) therefore h3 is inconsistent.
B ∪ h4 ⊭ happy(alice) therefore h4 is incomplete.
h5 is both complete and consistent.
B ∪ h6 ⊭ happy(alice) therefore h1 in incomplete.
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Hypothesis Space
To specify (restrict) the hypothesis space usually mode declarations are used.

Definition (Mode declarations)
Mode declarations denote which literals may appear in the head/body of a rule. A
mode declaration is of the form:

mode(recall , pred(m1,m2, . . . ,ma))

where recall is the maximum number of occurrences of the predicate
mi are the argument types and they may be assigned as input +, output −,
constant #.

Example
modeb(2,parent(+person,-person)).
modeh(1,happy(+person)).
modeb(*,member(+list,-element)).
modeb(1,head(+list,-element)).

A. Cropper and S. Dumancic. Inductive logic programming at 30: a new introduction.
CoRR, abs/2008.07912, 2020.Machine Learning Inductive Logic Programming 10 266 - 300 February 27, 2025 278 / 395



Non-monotonic reasoning

In Prolog, there is negation as a failure.

Example

Program =
{

sunny .
happy : −sunny , not weekday .

}
Prolog tries to prove weekday .
It does not prove it, therefore it concludes happy .
With additional knowledge weekday some of entailments are not true any
more.

Definition (Normal logic program)
Normal logic programs may include negated literals in the body of a clause, e.g.

h : −b1, . . . , bn, not bn+1, . . . , not bm.
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Aleph ILP system (based on Progol)
Given

A set of mode declaration M
Background knowledge B in the form of a normal program
allows negation, with the semantics negation as a failure
Positive E+ and negative E− examples as a set of ground facts

Return: A normal program hypothesis H that:
H is consistent with M
∀e ∈ E+, H ∪ B ⊨ e (H is complete)
∀e ∈ E−, H ∪ B ⊭ e (H is consistent).

Aleph

1. Select a positive example to generalize.
2. Construct the most specific clause consistent with M that entails the

example (the bottom clause).
3. Search for the ’best’ clause more general than the bottom clause.
4. Add the clause to the hypothesis and remove all examples covered.
5. If a positive example left, return to step 1.
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Bottom Clause Construction
Definition (Bottom clause)
Let H be a clausal hypothesis and C be a clause. The bottom clause ⊥(C) is the
most specific clause such that:

H ∪ ⊥(C) ⊨ C .
The purpose is to bound the search in the step in 3.
Without mode declarations, the bottom clause may have infinite cardinality.

Example (Bottom clause)

M =


: −modeh(∗, pos(+shape)).
: −modeb(∗, red(+shape)).

: −modeb(∗, square(+shape)).
: −modeb(∗, triangle(+shape)).
: −modeb(∗, polygon(+shape)).

 B =



red(s1).
blue(s2).

square(s1).
triange(s2).

polygon(A) : −rectangle(A).
rectangle(A) : −square(A).


Let e be the positive example pos(s1). Then:

⊥(e) = pos(A) : −red(A), square(A), rectangle(A), polygon(A).
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Clause Search
Aleph performs a bounded breadth-first search to enumerate the shorter
clauses before longer ones.
The search is bounded by several parameters (max. clause size, max. proof
depth).

Inductive Logic Programming At 30: A New Introduction

pos(A):-

pos(A):- red(A) pos(A):- square(A) pos(A):- rectangle(A) pos(A):- polygon(A)

pos(A):-
red(A),
square(A).

pos(A):-
red(A),
rectangle(A).

pos(A):-
red(A),
polygon(A).

pos(A):-
square(A),
rectangle(A).

pos(A):-
square(A),
polygon(A).

pos(A):-
rectangle(A),
polygon(A).

pos(A):-
red(A),
square(A),
rectangle(A).

pos(A):-
red(A),
square(A),
polygon(A).

pos(A):-
square(A),
rectangle(A),
polygon(A).

pos(A):-
red(A),
square(A),
rectangle(A),
polygon(A).

Most general hypothesis

Most specific hypothesis

Figure 5: Aleph bounds the hypothesis space from above (the most general hypothesis) and below (the
most specific hypothesis). Aleph starts the search from the most general hypothesis and spe-
cialises it (by adding literals from the bottom clause) until it finds the best hypothesis.

6.1.3 Discussion

Advantages. Aleph is one of themost popular ILP systems because (i) it has a stable and easily available
implementation with many options, and (ii) it has good empirical performance. Moreover, it is a single
Prolog file, which makes it easy to download and use40. Because it uses a bottom clause to bound the
search, Aleph is also efficient at identifying relevant constant symbols that may appear in a hypothesis,
which is not the case for pure top-down approaches41. Aleph also supports many other features, such as
numerical reasoning, inducing constraints, and allowing user-supplied cost functions.

Disadvantages. Because it is based on inverse entailment, and only learns a single clause at a time,
Aleph struggles to learn recursive programs and optimal programs and does not support PI. Aleph also
uses many parameters, such as parameters that change the search strategy when generalising a bottom
clause (step 3) and parameters that change the structure of learnable programs (such as limiting the
number of literals in the bottom clause). These parameters can greatly influence learning performance.
Even for experts, it is non-trivial to find a suitable set of parameters for a problem.

40. Courtesy of Fabrizio Riguzzi and Paolo Niccolò Giubelli, Aleph is now available as a SWIPL package at https://www.swi-
prolog.org/pack/list?p=aleph

41. As the Aleph manual states, “the bottom clause is really useful to introduce constants (these are obtained from the seed
example”.

43
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Aleph 2, Popper, FlexFringe
Aleph default evaluation function is coverage defined as P − N,

P is the number of positive examples covered by the clause
N is the number of negative examples covered by the clause
that means it accepts some noise.

It starts from the most general one pos(A) : −.
It tries to specialize the clause

by adding literals to the body of it, which it selects from the bottom clause
or by instantiating variables.
Each specialization is called refinement.
Aleph Advantages

one Prolog file, easy to download and use.
https://www.cs.ox.ac.uk/activities/programinduction/Aleph/aleph.html

It has good empirical performance.
Allows numerical reasoning, user defined cost functions, handles noisy data.

Aleph Disadvantages
It has many parameters to tune.
It struggles to learn recursive programs and optimal programs

since it learns only a single clause a time.
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Metagol
Given

A set of metarules M
Background knowledge B in the form of a normal program
Positive E+ and negative E− examples as a set of facts (atoms).

Return: A definite program hypothesis H that:
H is consistent with M
∀e ∈ E+, H ∪ B ⊨ e (H is complete)
∀e ∈ E−, H ∪ B ⊭ e (H is consistent)
∀h ∈ H, ∃m ∈ M such that h = mθ

where θ is a substitution that grounds all the existentially quantified variables in
m.

Example (Metarule)
An example is the chain metarule P(A,B)← Q(A,C),R(C ,B)
that allows Metagol to induce programs such as

f (A,B) : − tail(A,C), tail(C ,B).
grandparent(A,B) : − parent(A,C), parent(C ,B).
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Metagol

Metagol is a form of ILP besed on a Prolog meta-interpreter.

Metagol

1. Select a positive example to generalize.
If none exists, test the hypothesis on the negative examples.

If the hypothesis does not entail any negative example
stop and return the hypothesis.
otherwise backtrack to a choice point at step 2 and continue.

2. Try to prove the atom by:
using given BK or an already induced clauses
unifying the atom with the head of a metarule
binding the variables in the metarule to symbols in the predicate and
constant signatures
save the substitution
try to prove the body of the metarule
by treating the body atoms as examples and applying step 2 to them.
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Recursion

Metagol can learn recursive programs.

Example (Reachability)
Consider learning the concept of reachability in a graph. Without recursion, with
the maximal depth 4 we could learn:

reachable(A,B) : − edge(A,B).
reachable(A,B) : − edge(A,C), edge(C ,B).
reachable(A,B) : − edge(A,C), edge(C ,D), edge(D,B).
reachable(A,B) : − edge(A,C), edge(C ,D), edge(D,E ), edge(E ,B).

With recursion, we can learn:

reachable(A,B) : − edge(A,B).
reachable(A,B) : − edge(A,C), reachable(C ,B).
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Iterative deepening

iterative deepening

Metagol uses iterative deepening to search for hypotheses.
at depth d = 1, at most one metasub.
at iteration d , it introduces d − 1 new predicate symbols and is allowed
to use d clauses.
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Metagol Example

Example (Kinship example)

B =


mother(ann, amy).mother(ann, andy).

mother(amy , amelia),mother(amy , bob).
mother(linda, gavin).

father(steve, amy).father(steve, andy).
father(andy , sponegebob).father(gavin, amelia).


metarule(ident, [P,Q], [P,A,B], [[Q,A,B]]).
metarule(chain, [P,Q,R], [P,A,B], [[Q,A,C ], [R,C ,B]]).

E+ =


grandparent(ann, amelia).

grandparent(steve, amelia).
grandparent(ann, spongebob).

grandparent(linda, amelia).


E− =

{
grandparent(amy , amelia).

}
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Tracing Metagol
It select the first example to generalize grandparent(ann, amelia).
It tries to prove it from BK and induced clauses. It fails.
Metagol tries to use the first metarule:

grandparent(ann, amelia) : −Q(ann, amelia).

stores sub(ident, [grandparent,Q])
and tries to unify Q, but fails.
Metagol tries to use the second metarule:

grandparent(ann, amelia) : −Q(ann,C),R(C , amelia).

stores sub(chain, [grandparent,Q,R])
and recursively tries to prove Q(ann,C) and R(C , amelia).
It succeedes with the metasum sub(chain, [grandparent,mother ,mother ])
and induces the first clause;

grandparent(A,B) : −mother(A,C),mother(C ,B).
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Metagol Trace 2
Then, it select the second example to generalize grandparent(steve, amelia).
It tries to prove it from BK and induced clauses. It fails.
Metagol can again use the second metarule with another substitution:
stores sub(chain, [grandparent, father ,mother ])
and induces the second clause;

grandparent(A,B) : −father(A,C),mother(C ,B).
Given no bound on the program size, the Metagol would prove the other two
examples the same way and form the program:

grandparent(A,B) : − mother(A,C),mother(C ,B).
grandparent(A,B) : − father(A,C),mother(C ,B).
grandparent(A,B) : − father(A,C), father(C ,B).
grandparent(A,B) : − mother(A,C), father(C ,B).

With predicate invention, it learns:
grandparent(A,B) : − grandparent_1(A,C), grandparent_1(C ,B).

grandparent_1(A,B) : − father(A,B).
grandparent_1(A,B) : − mother(A,B).
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Tail Recursive Metarule

Example (Tail Recursive Metarule)
An example is the tail recursive metarule P(A,B)← Q(A,C),P(C ,B)
Metagol can also learn mutually recursive programs, such:

even(0).
even(A) : − successor(A,B), even_1(B).

even_1(A) : − successor(A,B), even(B).

We even do not have to provide the concept of an odd number. We can let the
Metagol to invent such predicate (even_1).
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Automata Example
Mach Learn (2014) 94:25–49 27

(a)

Finite Production Definite Clause
acceptor rules Grammar (DCG)

q0 →
q0 → 0 q0

q0 → 1 q1

q1 → 0 q1

q1 → 1 q0

q0([], []) ←
q0([0|A],B) ← q0(A,B)

q0([1|A],B) ← q1(A,B)

q1([0|A],B) ← q1(A,B)

q1([1|A],B) ← q0(A,B)

(b)

E+ E− Meta-interpreter Ground facts
λ

0
00
11
000
011
101

1
01
10
001
010
100
111

parse(S) ← parse(q0, S, []).

parse(Q, [], []) ← acceptor(Q).
parse(Q, [C|X], Y ) ←

delta1(Q,C,P ),
parse(P,X,Y ).

acceptor(q0) ←
delta1(q0,0, q0) ←
delta1(q0,1, q1) ←
delta1(q1,0, q1) ←
delta1(q1,1, q0) ←

Fig. 1 (a) Parity acceptor with associated production rules, DCG; (b) positive examples (E+) and negative
examples (E−), Meta-interpreter and ground facts representing the Parity grammar

blurs the normal distinctions between abductive and inductive techniques (see Flach and
Kakas 2000). Usually abduction is thought of as providing an explanation in the form of a
set of ground facts while induction provides an explanation in the form of a set of universally
quantified rules. However, the meta-interpreter in Fig. 1b can be viewed as projecting the
universally quantified rules in Fig. 1a onto the ground facts associated with acceptor/1 and
delta1/3 in Fig. 1b. In this way abducing these ground facts with respect to a meta-interpreter
is equivalent to induction, since it is trivial to map the ground acceptor/1 and delta1/3 facts
back to the original universally quantified DCG rules.

In this paper, we show that the MIL framework can be directly implemented using declar-
ative techniques such as Prolog and Answer Set Programming (ASP). In this way, the search
for an hypothesis in a learning task is delegated to the search engine in Prolog or ASP. Al-
though existing abductive systems can achieve predicate invention if loaded with the meta-
interpreter introduced in this paper, a direct implementation of MIL has the following ad-
vantages.

1. As a declarative machine learning (De Raedt 2012) approach, it can make use of the
advances in solvers. For example, techniques ASP solvers such as Clasp (Gebser et al.
2007) compete favourably in international competitions. Recently Clasp has been ex-
tended to Unclasp (Andres et al. 2012) which is highly efficiency for optimisation tasks.
This advance is exploited in the experiments of this paper, as we use Unclasp for our
experiments.

2. As demonstrated by the experiments in this paper, direct implementation of the approach
using a meta-interpreter has increased efficiency due to an ordered search in the case of
Prolog and effective pruning in the case of ASP. While existing abductive systems like
SOLAR (Nabeshima et al. 2010), A-System (Kakas et al. 2001) and MC-TopLog do not
have an ordered search, but instead enumerate all hypotheses that are consistent with the
data.

3. The resulting hypotheses achieve higher predictive due to global optimisation, as opposed
to the greedy covering algorithm used in many systems including MC-TopLog.

http://www.doc.ic.ac.uk/~shm/FLOC_ILP/Paper03.pdf
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Louise Example Grammar Learning

Example (Module)
:-module(anbn, [background_knowledge/2

,metarules/2
,positive_example/2
,negative_example/2
,a/2
,b/2
]).

Example (Background knowledge)
background_knowledge(s/2,[a/2,b/2]).
a([a|T],T).
b([b|T],T).

Example (Metarules)
metarules(s/2,[chain]).
% (Chain) ∃.P,Q,R ∀.x,y,z: P(x,y)← Q(x,z),R(z,y)
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Louise Example Continued

Example (Positive Examples)
positive_example(s/2,E):-

member(E, [%s([a,b],[])
s([a,a,b,b],[])
]).

Example (Negative Examples)
negative_example(s/2,E):-

member(E,[s([a,a],[])
,s([b,b],[])
,s([a,a,b],[])
,s([a,b,b],[])
]).

Example (Parameter Tuning)
:- auxiliaries:set_configuration_option(clause_limit, [3]).
:- auxiliaries:set_configuration_option(max_invented, [1]).
:- auxiliaries:set_configuration_option(reduction, [none]).
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Louise Example Continued 2

Example (Learned Program)
’$1’(A,B):-a(A,C),a(C,B).
’$1’(A,B):-a(A,C),s(C,B).
’$1’(A,B):-b(A,C),b(C,B).
’$1’(A,B):-s(A,C),b(C,B).
s(A,B):-’$1’(A,C),’$1’(C,B).
s(A,B):-’$1’(A,C),b(C,B).
s(A,B):-a(A,C),’$1’(C,B).
s(A,B):-a(A,C),b(C,B).
true.

Example (Learned Program)
?- auxiliaries:set_configuration_option(unfold_invented, [true]).
?-make.
?- learn(s/2).
s(A,B):-a(A,C),b(C,B).
s(A,B):-a(A,C),s(C,D),b(D,B).
true.
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ASPAL algorithm

ASPAL uses Answer Set Programming.
ASP program can have one, many, or none models (answer sets).
Computation in ASP is the process of finding models.
We may specify the range of the number of clauses from a set beeing true.
0{sunny .,weekday ., happy(A) : −lego_builder(A)}3
We may specify an evaluation function to optimize (like to minimize the
number of ’true’ clauses, e.g. the size of the hypothesis.

ASPAL

Generate all possible rules consistent with the given mode declarations.
Assign each rule a unique identifier and add an guessable atom in each
rule.
Use an ASP solver to find a minimal subset of the rules
by formulating the problem as an ASP optimization problem.
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Example (ASPAL)

B =



bird(alice).
bird(betty).

can(alice, fly).
can(betty , swim).

ability(fly).
ability(swim).


M =

 modeh(1, penguin(+bird)).
modeb(1, bird(+bird)).

modeb(∗, not can(+bird ,#ability)).


E+ = {penguin(betty).}
E− = {penguin(alice).}

Given the modes, the possible rules are:

penguin(X ) : − bird(X ).
penguin(X ) : − bird(X ), not can(X , swim).
penguin(X ) : − bird(X ), not can(X , fly).
penguin(X ) : − bird(X ), not can(X , swim), not can(X , fly).

ASPAL replaces constants and adds extra literal:

penguin(X ) : − bird(X ), rule(r1).
penguin(X ) : − bird(X ), not can(X ,C1), rule(r2,C1).
penguin(X ) : − bird(X ), not can(X ,C1), not can(X ,C2), rule(r3,C1,C2).
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ASPAL passes to an ASP solver:

bird(alice).
bird(betty).
can(alice, fly).
can(betty , swim).
ability(fly).
ability(swim).
penguin(X ) : −bird(X ), rule(r1).
penguin(X ) : −bird(X ), not can(X ,C1), rule(r2,C1).
penguin(X ) : −bird(X ), not can(X ,C1), not can(X ,C2), rule(r3,C1,C2).
0{rule(r1), rule(r2, fly), rule(r2, swim), rule(r3, fly , swim)}4
goal : −penguin(betty), not penguin(alice).
: −not goal .

The answer is: rule(r2, c(fly))
Which is translated to a program:

penguin(A) : −bird(A), not can(A, fly).
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ILP aplications

Bioinformatics
ILP can make predictions based on the (sub)structured biological data.
Predict mutagenic activity of molecules and alert the causes of chemical
cancers
learning protein folding signatures.

Robot scientist.
BK knowledge represents the relationship between protein-coding sequences,
enzymes, and metbolites in pathway.
Automatically generates hypotheses, run experiments, iterprets results.

Games
Sokoban
Bridge
Checkers.
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Undirected (Pairwise, Continuous) Graphical Models
The generative model represents the full probability distribution P(X ).
Missing edges represent conditional independence of the variables.
Chapter 17 Elements of Statistical Learning

Gaussian graphical models
Markov random fields
Ising model, (restricted) Boltzmann machine
other not mentioned
Bayesian networks, Mixed interaction models, . . .

Cytometry dataset (ESLII)
N = 7466 cells
p = 11 proteins
We ame to model protein
co-occurence probability.

626 17. Undirected Graphical Models

Raf

Mek

Plcg

PIP2

PIP3

Erk Akt

PKA

PKC

P38

Jnk

FIGURE 17.1. Example of a sparse undirected graph, estimated from a flow
cytometry dataset, with p = 11 proteins measured on N = 7466 cells. The net-
work structure was estimated using the graphical lasso procedure discussed in this
chapter.

As we will see, the edges in a graph are parametrized by values or po-
tentials that encode the strength of the conditional dependence between
the random variables at the corresponding vertices. The main challenges in
working with graphical models are model selection (choosing the structure
of the graph), estimation of the edge parameters from data, and compu-
tation of marginal vertex probabilities and expectations, from their joint
distribution. The last two tasks are sometimes called learning and inference
in the computer science literature.

We do not attempt a comprehensive treatment of this interesting area.
Instead, we introduce some basic concepts, and then discuss a few sim-
ple methods for estimation of the parameters and structure of undirected
graphical models; methods that relate to the techniques already discussed
in this book. The estimation approaches that we present for continuous
and discrete-valued vertices are different, so we treat them separately. Sec-
tions 17.3.1 and 17.3.2 may be of particular interest, as they describe new,
regression-based procedures for estimating graphical models.

There is a large and active literature on directed graphical models or
Bayesian networks; these are graphical models in which the edges have
directional arrows (but no directed cycles). Directed graphical models rep-
resent probability distributions that can be factored into products of condi-
tional distributions, and have the potential for causal interpretations. We
refer the reader to Wasserman (2004) for a brief overview of both undi-
rected and directed graphs; the next section follows closely his Chapter 18.

sklearn.covariance.GraphicalLasso # basics

gRbase # the recommended R package
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Sparse Conditional Gaussian Graphical Model Application

Yin, Jianxin & Li, Hongzhe. (2011). A sparse conditional Gaussian graphical model for analysis
of genetical genomics data. The annals of applied statistics. 5. 2630-2650.

Cytometry dataset (ESLII)
pY = 54 gene level expressions
pX = 188 markers (discrete)
Y pY |X pX ∼
N (MpY ×pX X pX ,ΣpY ×pY )
conditional Gaussian distribution
Top: Black color indicates
significant association
p − value < 0.01 in the linear
regression.
Bottom: The undirected graph of
43 genes constructed on the
cGGM.

A SPARSE CONDITIONAL GAUSSIAN GRAPHICAL MODEL 15

(a)

(b)

Fig. 2. Analysis of yeast MAPK pathway. (a) Association between 188 markers and 54
genes in the MAPK pathway based on simple regression analysis. Black color indicates
significant association at p-value < 0.01. (b) The undirected graph of 43 genes constructed
based on the cGGM.Machine Learning Undirected Graphical Models 11 301 - 338 February 27, 2025 301 / 395



Data: carcass

Data: carcass #Source: Soren Hojsgaard, David Edwards, Steffen Lauritzen:
Graphical Models with R, Springer.

mean.
Fat11 16.00

Meat11 52.00
Fat12 14.00

Meat12 52.00
Fat13 13.00

Meat13 56.00
LeanMeat 59.00

Σ Fat11 Meat11 Fat12 Meat12 Fat13 Meat13 LeanMeat
Fat11 11.34 0.74 8.42 2.06 7.66 -0.76 -9.08

Meat11 0.74 32.97 0.67 35.94 2.01 31.97 5.33
Fat12 8.42 0.67 8.91 0.31 6.84 -0.60 -7.95

Meat12 2.06 35.94 0.31 51.79 2.18 41.47 6.03
Fat13 7.66 2.01 6.84 2.18 7.62 0.38 -6.93

Meat13 -0.76 31.97 -0.60 41.47 0.38 41.44 7.23
LeanMeat -9.08 5.33 -7.95 6.03 -6.93 7.23 12.90
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Gaussian Graphical Models (Undirected Graphs)

Multivariate Gaussian Distribution on variables X = (X1, . . . ,Xp)
ϕ(x) = 1√

|2πΣ|
e− 1

2 (x−µ)Σ−1(x−µ)

|.| is the determinant. we denote p the number of components in x. Then
|2πΣ| = (2π)p|Σ|.

If Σ is not invertible it has dependent columns. It means that the variables xj
are lineary dependent.

If the rank of Σ is ℓ then there exists a matrix A and a vector ν so:
x = Az + ν for new coordinates z with ℓ dimensions
We just consider the new coordinates and assume Σ has a full rank.
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Concentration matrix

Concentration (Precision, koncentrační) matrix
K = Σ−1

Lemma
For u ̸= v, kuv = 0 if and only if yu and yv are conditionally independent given all
other variables.

k*100 Fat11 Meat11 Fat12 Meat12 Fat13 Meat13 LeanMeat
Fat11 44 3 -20 -7 -16 4 10

Meat11 3 16 -3 -6 -6 -6 -3
Fat12 -20 -3 54 6 -21 -5 9

Meat12 -7 -6 6 14 -1 -9 -0
Fat13 -16 -6 -21 -1 56 3 7

Meat13 4 -6 -5 -9 3 16 -1
LeanMeat 10 -3 9 -0 7 -1 26

If looking for small values better to ’scale’ the entries into Partial Correlation
matrix.
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Partial correlation matrix

Definition (Partial correlation matrix)
Partial correlation matrix is defined from K by

ρuv |V \{uv} = −kuv√
kuukvv

.

Lemma
In contrast to concentrations, the partial correlations are invariant under a change
of scale and origin in the sense that if X∗

j = ajXj + bj , j = 1, . . . , p then
av auk∗

uv = kuv and ρ∗
uv |V \{uv} = ρuv |V \{uv}.

ρ ∗ 100 Fat11 Meat11 Fat12 Meat12 Fat13 Meat13 LeanMeat
Fat11 - -11 41 30 32 -16 -29

Meat11 -11 - 9 41 19 35 16
Fat12 41 9 - -24 38 18 -24

Meat12 30 41 -24 - 2 61 2
Fat13 32 19 38 2 - -9 -18

Meat13 -16 35 18 61 -9 - 7
LeanMeat -29 16 -24 2 -18 7 -
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Models

The simplest model just removes edges with small |ρuv |V \{uv}|. Penalized
criteria will be introduced later.AIC

Fat11

Meat11

Fat12

Meat13

LeanMeat

Fat13

Meat12

BIC

Fat11

Meat11

Fat12

Meat13

Meat12

Fat13

LeanMeat

Machine Learning Undirected Graphical Models 11 301 - 338 February 27, 2025 306 / 395



Undirected Gaussian graphical model

Definition (Undirected Gaussian graphical model)
An undirected Gaussian graphical model is represented by an undirected graph
G = (X ,E ), X = {X1, . . . ,Xp} represent the set of variables and E is a set of
undirected edges.
When a random vector x follows a Gaussian distribution Np(µ,Σ), the graph G
represents the model where K = Σ−1 is a positive definite matrix with ku,v = 0
whenever there is no edge between vertices u, v in G .
This graph is called the dependence graph of the model.

Lemma
For any non adjacent vertices u, v ∈ G it holds: u⊥⊥v |X \ {u, v}.

Definition (Generating class)
Let C = {C1, . . . ,Ck} be the set of cliques of the dependence graph G. A set of
functions g1(), g2(), . . . , gk() defined on gi(xCi ) is called a generating class for
the distribution

f (x) =
∏

i=1,...,k
gi(xCi ).
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Marginalization

We have 1√
|2πΣ|

e− 1
2 (x−µ)Σ−1(x−µ)

We want the distribution over variables
{x3, x5, x7} ⊂ {x1, . . . , xp}

Marginal of a Gaussian Distribution

The marginal of a Gaussian distribution is
calculated by removing appropriate dimen-
sions from the mean and covariance matrix.

µ3,5,7 = (µ3, µ5, µ7) and

Σ3,5,7 =

Σ33 Σ35 Σ37
Σ53 Σ55 Σ57
Σ73 Σ75 Σ77


ϕx3,x5,x7 =

1√
|2πΣ3,5,7|

e− 1
2 (x3,5,7−µ3,5,7)Σ−1

3,5,7(x3,5,7−µ3,5,7)

Histogram of s1[, 2]

s1[, 2]

F
re

qu
en

cy

−60 −40 −20 0 20 40 60

0
20

40
60

80
10

0
12

0

Machine Learning Undirected Graphical Models 11 301 - 338 February 27, 2025 308 / 395



Conditioning

We ame for ϕ(A|B) where
A ⊂ {x1, . . . , xp} having q elements,
the rest B = {x1, . . . , xp} \ A has (p − q) elements.

We rearrange the rows and columns to have A together. Then we get

x =
[
xA
xB

]
(one column), µ =

[
µA
µB

]
(one column),

Σ =
[
ΣAA ΣAB
ΣBA ΣBB

]
with dimensions

[
q × q q × (p − q)

(p − q)× q (p − q)× (p − q)

]
.

Conditional Gaussian

The parameters of the conditional Gaussian distribution ϕ(A|B = b) =
N(µA|B=b,ΣA|B=b) are:

µA|B=b = µA + ΣABΣ−1
BB(b − µB)

ΣA|B=b = ΣAA − ΣABΣ−1
BBΣBA.

Covariance matrix differs but does not depend on the observation b. It depends
on the fact B was observed.

Machine Learning Undirected Graphical Models 11 301 - 338 February 27, 2025 309 / 395



Conditional Gaussian Example

µT = (1, 2, 3, 4)

Σ =


10 1 5 4
1 10 2 6
5 2 10 3
4 6 3 10


We observed (X3,X4) to be
(2.8, 4.1)
We ask for ϕ(A|B) =
ϕ({X1,X2}|{X3,X4})

ΣAB =
[
5 4
2 6

]
ΣBB =

[
10 3
3 10

]
Σ−1

BB
.=
[

0.11 −0.033
−0.033 0.11

]

ΣABΣ−1
BB

.=
[

0.418 0.275
0.0220 0.593

]
µA|B=b = µA + ΣABΣ−1

BB(b − µB)

µA|B
.=
[
1
2

]
+
[

0.418 0.275
0.0220 0.593

] [
(2.8− 3)
(4.1− 4)

]
µA|B

.=
[
1
2

]
+
[
−0.056
0.055

]
=
[
0.944
2.055

]
ΣA|B=b = ΣAA − ΣABΣ−1

BBΣBA

ΣA|B=b
.=
[
10 1
1 10

]
−
[
2.53 2.26
2.26 4.13

]
ΣA|B=b

.=
[

7.47 −1.26
−1.26 3.65

]
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Partition Matrix Inverse Properties

The concentration matrix K = Σ−1 is the inverse of the correlation matrix,
therefore: (

KAA KAB
KBA KBB

)(
ΣAA ΣAB
ΣBA ΣBB

)
=
(

IAA 0
0 IBB

)

From the top right part we get:

KAAΣAB + KABΣBB = 0
−KAAΣABΣ−1

BB = KAB(1) (5)
ΣABΣ−1

BB = −K−1
AA KAB(2). (6)

Take the top left part and substitute (1):

KAAΣAA + KABΣBA = IAA

KAAΣAA + (−KAAΣABΣ−1
BBΣBA) = IAA

K−1
AA = ΣAA − ΣABΣ−1

BBΣBA.
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Regression Coefficients

µA|B=b = µA + ΣABΣ−1
BB(b − µB)

ΣA|B=b = ΣAA − ΣABΣ−1
BBΣBA

Consider x1 to be a linear function of others with the noise ϵ1 ∼ N(0, σ2
1):

x1|2...p = β1 + β12x2 + β13x3 + . . .+ β1pxp + ϵ1

Set A the first dimension, B the remaining (p − 1)× (p − 1) matrix:

x1|B=(x2,...,xp)T = µA|B + ΣABΣ−1
BB

 x2
. . .
xp

− µB

+ ϵ

Recall (2): ΣABΣ−1
BB = −K−1

AA KAB
then σ2

1 = 1
k11

with coefficients β

(β12, . . . , β1p) = − (k12, . . . , k1p)
k11

.
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Fit Linear Gaussian CPD

To fit ML model of a linear gaussian CPD,
you fit the linear regression.

y = β0 + β1x1 + β2x2 + . . .+ βpxp + ϵ1

β̂ = (XTX)−1XTy
σ̂Y = Cov(Y ,Y )−

∑
i

∑
j
βiβjCov [Xi ; Xj ]

Cov(Xi ; Xj) = E [(Xi − E[Xi ])(Xj − E[Xj ])]

E[Xj ] = 1
Nrows

∑
i∈rows

xij

from pgmpy.factors.continuous import LinearGaussianCPD
ml=maximum_likelihood_estimator(data, states)
cpdY.fit(data, states, estimator=ml, complete_samples_only=True)
https://cedar.buffalo.edu/~srihari/CSE674/Chap7/7.2-GaussBNs.pdf
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Parameter Learning for a Gaussian Graphical Model
Let us have the data xT

1 , . . . , xT
N over variables x ∼ Np(µ,Σ).

S = 1
N
∑N

i=1(xi − x̄)(xi − x̄)T is the empirical covariance matrix.
Our model is represented by the concentration matrix Θ = Σ−1 and mean µ.
Log-likelihood of the data is

loglik(Θ, µ) = N
2 log |Θ| − N

2 tr(ΘS)− N
2 (x̄ − µ)T Θ(x̄ − µ).

for a fixed Θ is the maximum for µ: µ = x̄ and the last term is 0. We get
loglik(Θ, µ) ∝ log |Θ| − tr(ΘS)
where tr(ΘS) =

∑
u
∑

v θuv suv , therefore only suv corresponding to non-zero
θuv are considered by the sum.
We replace the equality conditions by Lagrange multiplyers:
ℓC (Θ) = log |Θ| − tr(ΘS)−

∑
(j,k)/∈E γjkθjk

We maximize. The derivative Θ should be zero (Γ is a matrix with non-zero
for missing edges):

Θ−1 − S − Γ = 0
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Towards the Algorithm
We iterate one row/column after another.
We start with the sample covariance matrix

W0 ← S

We derive the formula for the last row/column: the derivative(
W11 w12
wT

12 w22

)
−
(

S11 s12
sT
12 s22

)
−
(

Γ11 γ12
γT

12 γ22

)
= 0

The upper right block can be written as w12 − s12 − γ12 = 0.
W is inverse of Θ (

W11 w12
wT

12 w22

)(
Θ11 θ12
θT

12 θ22

)
=
(

I 0
0T 1

)
therefore the last column without last row is:

w12 = −W11θ12/θ22 = W11β

Substitute into the derivative W11β − s12 − γ12 = 0
we solve for the rows with zero γ: β̂∗ = (W ∗

11)−1s∗
12.

The diagonal θ22 is (1 bottom right): 1
θ22

= w22 − wT
12β.
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Estimation of an Undirected Graphical Model Parameters

1: procedure Graphical Regression:( S sample covariance )
2: W ← S initialize
3: repeat
4: for j = 1, 2, . . . , p do
5: Partition W ; jth row and column, W11 the rest
6: solve W ∗

11β
∗ − s∗

12 = 0 for reduced system
7: β̂ ← β̂∗ by padding with zeros
8: update w12 ←W11β̂
9: end for

10: until convergence
11: for j = 1, 2, . . . , p do
12: lines 5:-8: above and set
13: θ̂22 ← 1

w22−wT
12β̂

14: θ̂12 ← −β̂ · θ̂22
15: end for
16: end procedure
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Example (ESLII)

X1

X2 X3

X4

W0 = S =


10.00 1.00 5.00 4.00
1.00 10.00 2.00 6.00
5.00 2.00 10.00 3.00
4.00 6.00 3.00 10.00



W11 =

10.00 2.00 6.00
2.00 10.00 3.00
6.00 3.00 10.00


W ∗

11 =
[
10.00 6.00
6.00 10.00

]
W ∗,−1

11 =
[

0.156 −0.094
−0.094 0.156

]
β∗ = [−0.22, 0.53]T

β = [−0.22, 0, 0.53]T

w12 ← [1.00, 1.16, 4.00]T

W22 =

10.00 1.16 4.00
1.16 10.00 3.00
4.00 3.00 10.00


W ∗

22 =
[
10.00 1.16
1.16 10.00

]
W ∗,−1

22 =
[

0.101 −0.012
−0.012 0.101

]
β2∗ = [0.08, 0.19]T

β2 = [0.08, 0.19, 0]T

w2r ← [1.00, 2, 0.88]T
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Structure Learning
We add a lasso penalty ||Θ||1 which denotes the L1 norm

the sum of the absolute values of the elements of Θ and we ignore the
diagonal.
The negative penalized log-likelihood is a convex function of Θ.

we maximize penalized log-likelihood

log |Θ| − tr(ΘS)− λ||Θ||1 (7)

the gradient equation is now

Θ−1 − S − λSign(Θ) = 0 (8)

sub-gradient notation
Sign(θjk) = sign(θjk) for θjk ̸= 0
Sign(θjk) ∈ [−1, 1] for θjk = 0

the update for the first row and column will be

W11β − s12 + λSign(β) = 0 (9)

since β and θ12 have opposite signs.
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1: procedure Graphical Lasso:( S sample covariance,λ penalty )
2: W ← S + λI initialize
3: repeat
4: for j = 1, 2, . . . , p do
5: Partition W ; jth row and column, W11 the rest
6: solve W11β − s12 + λSign(β) = 0 using the cyclical
7: . . . coordinate-descent algorithm for the modified lasso
8: update w12 by W11β̂
9: end for

10: until convergence
11: for j = 1, 2, . . . , p do
12: solve θ̂22 ← 1

s22−wT
12β̂

13: solve θ̂12 ← −β̂ · θ̂22
14: end for
15: end procedure
16: procedure CoordinateDescent:( V ←W11 )
17: repeat j = 1, 2, . . . , p − 1
18: β̂j ← S(s12j −

∑
k ̸=j Vkj β̂k , λ)/Vjj

19: until convergence
20: end procedure #S(x , t) = sign(x)(|x | − t)+
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Example (glasso)

λ← 1 W0 = S+λI =


11.00 1.00 5.00 4.00
1.00 11.00 2.00 6.00
5.00 2.00 11.00 3.00
4.00 6.00 3.00 11.00



W11 =

11.00 2.00 6.00
2.00 11.00 3.00
6.00 3.00 11.00


sT
12 =

[
1.00 5.00 4.00

]
βT ,(0) =

[
0 0 0

]
V ← W11

β
(1)
2 = S(1− 0, 1)/11 = 0

β
(1)
3 = S(5− 0, 1)/11 = 4

11
β

(1)
4 = S(4− 3 · 4

11 , 1)/11 = 21
121

β
(2)
2 = S(1− 2 · 4

11 −
6 · 21
121 , 1)/11 ≈ −0.16

β
(2)
3 = S(5 + 0.32− 3 · 21

121 , 1)/11 ≈ 0.35

β
(2)
4 = . . .

. . .

β̂1 ≈ [−0.22; 0.32; 0.30]

W1 ≈


11.00 0.05 4.03 3.01
0.05 11.00 2.00 6.00
4.03 2.00 11.00 3.00
3.01 6.00 3.00 11.00
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Graphical Lasso Properties

Computational speed
The graphical lasso algorithm is extremely fast
can solve a moderately sparse problem with 1000 nodes in less than a minute.
It can be modified to have edge–specific penalty parameters λjk
setting λjk =∞ will force θ̂jk to be zero
graphical lasso subsumes the parameter learning algorithm.

Missing data
some missing observations may be imputed by EM algorithm from the model
latent – fully unobserved variables – do not bring more power in Gaussian
graphical model
latent variables are very important in discrete distributions.

sklearn.covariance.graphical_lasso
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Model Quality (Model Selection)

Definition (Saturated model, GGM Deviance, iDeviance, Likelihood Ratio Test)
saturated model - full model with all edges, it has maximal loglikelihood
Deviance

D = dev = 2 · (ℓ̂sat − ℓ̂) = N log |S
−1|
|K̂ |

= −N log |SK̂ |

independent model - no edges, it has minimal likelihood
iDeviance

iD = idev = 2 · (ℓ̂− ℓ̂ind) = N
(

log |K̂ |+
p∑

i=1
log sii

)

lrt likelihood ratio test for models M1 ⊆M0

lrt = 2 · (ℓ̂0 − ℓ̂1) = N log |K̂0|
|K̂1|

.
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Undirected Graphical Models and Their Properties

Definition (Undirected Graphical Model, Markov Graph)
An Undirected Graphical Model (Markov graph, Markov network) is a graph
G = (V ,E ), where nodes V represent random variables and the absence of an
edge (A,B) denoted A ⊥⊥G B implies that the corresponding random variables are
conditionally independent given the rest in the probability distribution P(V ).

A ⊥⊥G B =⇒ A ⊥⊥P B|V \ {A,B}. (10)

is known as the pairwise Markov independencies of G.

Definition (Separators)
If A, B and C are subgraphs, then C is said to separate A and B if every
path between A and B intersects a node in C .
C is called a separator.

Separators break the graph into conditionally independent pieces.
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Markov Properties

Definition (Global Markov Property)
A probability measure P over V is (globally) Markov with respect to an
undirected graph G iff for any subgraphs A, B and C holds:

if C separates A and B then the conditional independence A ⊥⊥P B|C holds,
that is

A ⊥⊥G B|C =⇒ P(A|C) · P(B|C) = P(A,B|C). (11)

Theorem
The pairwise and global Markov properties of a graph are equivalent for graphs
with strictly positive distributions.

Gaussian distribution is always positive.
We may infer global independence relations from simple pairwise properties.
The global Markov property allows us to decompose graphs into smaller more
manageable pieces.
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Markov Random Fields (Markovská náhodná pole)
A probability density function f over a Markov graph G with the set of
maximal cliques {C1, . . . ,Ck} can be represented as

f (x) =
∏

i=1,...,k
ψi(xCi ) = ψ1(xC1) · . . . · ψk(xCk ) (12)

where ψi are positive functions called clique potentials.
they capture the dependence in XCi by scoring certain instances xCi higher
than others.
with the normalizing constant (partition function) Z

Z =
∫

X
exp

 ∑
i=1,...,k

log gi(xCi )

 .

Such set of random variables is called Markov Random Field or Markov
graph. If the potentials represent conditional probabilities with respect to
some observation, it is called a Conditional Markov Random Field.
For Markov networks with positive distributions the probability density
function (12) implies a graph with independence properties defined by the
cliques in the product.
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Pairwise Markov Graphs

A graphical model does not always uniquely
specify the higher–order dependence structure of
ta joint probability distribution.

f (2)(x , y , z) = 1
Z ψ1(x , y)ψ2(x , z)ψ3(y , z)

f (3)(x , y , z) = 1
Z ψ(x , y , z)

For Gaussian distribution, pairwise interactions
fully specify the model.

X

Y Z

We focus on pairwise Markov Graphs
where at most second order interactions are represented (like f (2)).
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MRF for Image Denoising

Given a noisy image v , perhaps with missing pixels, recover an image u,
un,m ∈ R that is both smooth and close to v .
Let each pixel be a node in a graph G = (V ,E ), with 4-connected
neighborhood. Only pairwise interactions are present.
We minimize the energy function (add missing margin on your own)

E (u) =
∑

(m,n)∈P

(um,n−vm,n)2+λ
∑

(m,n)∈P

[
(un+1,m − un,m)2 + (un,m+1 − un,m)2]

We can solve u iteratively
sm,n = un−1,m + un+1,m + un,m−1 + un,m+1,

u(t+1)
n,m =

{
1

1+4λ
(vn,m + λs(t)

n,m) for (n, m) ∈ v
1
4 s(t)

n,m for missing v

}
The goal is to find the signal u that minimizes the
energy E (u).

Image Denoising

Consider image restoration: Given a noisy imagev, perhaps with miss-

ing pixels, recover an imageu that is both smooth and close tov.

Let each pixel be a node in a graphG = (V , E), with 4-connected

neighourhoods. The maximal cliques are pairs of nodes.

vj

uj

Accordingly, the energy function is given by

E(u) =
∑

i∈V
D(ui) +

∑

(i,j)∈E
V (ui, uj) (3)

• Unary (clique) potentialsD stem from the measurement model,

penalizing the discrepancy between the datav and the solutionu.

This models assumes conditional independence of observations.

The unary potentials are pixel log likelihoods.

• Interaction (clique) potentialsV provide a definition of smooth-

ness, penalizing changes inu between pixels and their neighbours.

Goal: Find the imageu that minimizesE(u) (and thereby maximizes

p(u|v) since, up to a constant,E is equal to the negative log posterior).

2503: Markov Random Fields Page: 5

Estimation by Max-flow/Min-Cut in a specific graph or Gibbs sampling.
https://www.cs.toronto.edu/~fleet/courses/2503/fall11/Handouts/mrf.pdf
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Definition (Ising Model, Boltzmann Machine (in ESLII))
The Ising model is defined by a graph G = (X ,E ) of binary variables
Xi ∈ X and a set of parameters Θ. The joint probabilities are given by:

p(X ,Θ) = e
∑

(j,k)∈E
θjk Xj Xk −Φ(Θ) for X ∈ X

Φ(Θ) = log
∑
x∈X

[
e
∑

(j,k)∈E
θjk xj xk

]
.

it models only binary interactions (and unary)
for technical reasons requires constant node X0 ≡ 1 to be included.
Originally from statistical mechanics.
This model is equivalent to a first-order-interaction Poisson log-linear model
for multiway tables of counts (Bishop et al., 1975).
it implies a logistic form for each node conditional on the others

P(Xj = 1|X−j = x−j) = 1
1− exp(−θj0 −

∑
(j,k)∈E θjkxk) .

Θ is fitted iteratively (Iterative proportional fitting, gradient descend, Poisson
log-linear modeling, Mean field approximation, Gibbs sampling).
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Restricted Boltzmann Machines (RBM)

We have visible V and hidden H
variables.
’restricted’ means the variables are
organized in two layers:

the hidden layer
the visible layer that is split to
input V1 and output variables V2.
(pixels of image/digit label).
no edges inside any layer
an edge between each hidden and
visible variable.

The structure enables faster
parameter estimation.

Exercises 645

FIGURE 17.7. Example of a restricted Boltzmann machine for handwritten
digit classification. The network is depicted in the schematic on the left. Displayed
on the right are some difficult test images that the model classifies correctly.

second RBM that has 500 visible units and 500 hidden units. Finally, the
hidden states of the second RBM are used as the features for training an
RBM with 2000 hidden units as a joint density model. The details and
justification for learning features in this greedy, layer-by-layer way are de-
scribed in Hinton et al. (2006). Figure 17.7 gives a representation of the
composite model that is learned in this way and also shows some examples
of the types of distortion that it can cope with.

Bibliographic Notes

Much work has been done in defining and understanding the structure of
graphical models. Comprehensive treatments of graphical models can be
found in Whittaker (1990), Lauritzen (1996), Cox and Wermuth (1996),
Edwards (2000), Pearl (2000), Anderson (2003), Jordan (2004), and Koller
and Friedman (2007). Wasserman (2004) gives a brief introduction, and
Chapter 8 of Bishop (2006) gives a more detailed overview. Boltzmann
machines were proposed in Ackley et al. (1985). Ripley (1996) has a detailed
chapter on topics in graphical models that relate to machine learning. We
found this particularly useful for its discussion of Boltzmann machines.

Exercises

Ex. 17.1 For the Markov graph of Figure 17.8, list all of the implied condi-
tional independence relations and find the maximal cliques.

An Introduction to Restricted Boltzmann Machines 23

Gibbs sampler to the stationary distribution of the MRF is bounded by the
following inequality (see for example [6]):

|μPk − π| ≤ 1

2
|μ − π|(1 − e−N�)k, (19)

where  = supl∈V δl and δl = sup{|E(x)−E(y)|;xi = yi∀i ∈ V with i �= l}. Here
μ is an arbitrary starting distribution and 1

2 |μ − π| is the distance in variation
as defined in (15).

4 Restricted Boltzmann Machines

A RBM (also denoted as Harmonium [34]) is an MRF associated with a bipar-
tite undirected graph as shown in Fig. 1. It consists of m visible units V =
(V1, ..., Vm) to represent observable data and n hidden units H = (H1, ..., Hn)
to capture dependencies between observed variables. In binary RBMs, our focus
in this tutorial, the random variables (V ,H) take values (v,h) ∈ {0, 1}m+n

and the joint probability distribution under the model is given by the Gibbs
distribution p(v,h) = 1

Z e
−E(v,h) with the energy function

E(v,h) = −
n∑

i=1

m∑

j=1

wijhivj −
m∑

j=1

bjvj −
n∑

i=1

cihi . (20)

For all i ∈ {1, ..., n} and j ∈ {1, ...,m}, wij is a real valued weight associated
with the edge between units Vj and Hi and bj and ci are real valued bias terms
associated with the jth visible and the ith hidden variable, respectively.

Fig. 1. The undirected graph of an RBM with n hidden and m visible variables

The graph of an RBM has only connections between the layer of hidden and
visible variables but not between two variables of the same layer. In terms of
probability this means that the hidden variables are independent given the state
of the visible variables and vice versa:

E (v , h) = −
n∑

i=1

m∑
j=1

wijhivj −
m∑

j=1
bjvj −

n∑
i=1

cihi
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Contrastive divergence×

1: procedure Contrastive divergence:( S batch for update)
2: ∆wij ,∆bj ,∆ci ← 0
3: repeat
4: for each training sample in a batch S do
5: Sample H given V1, V2
6: Sample V(last)

1 , V(last)
2 given H

7: Sample H given V(last)
1 , V(last)

2
8: ∆wij ← ∆wij +p(Hi = 1|v (0)) ·v (0)

j −p(Hi = 1|v (last)) ·v (last)
j

9: ∆bj ← ∆bj + v (0)
j − v (last)

j
10: ∆ci ← ∆ci + p(Hi = 1|v (0))− p(Hi = 1|v (last))
11: end for
12: until convergence
13: return ∆wij , ∆bj , ∆ci to adjust the parameters.
14: end procedure

Fischer, A., Igel, C. (2012). An Introduction to Restricted Boltzmann Machines.
In: Alvarez, L., Mejail, M., Gomez, L., Jacobo, J. (eds) Progress in Pattern
Recognition, Image Analysis, Computer Vision, and Applications. CIARP 2012.
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Example: Hidden CRF for Gesture Recognition
Sy Bor Wang, A. Quattoni, L. . -P. Morency, D. Demirdjian and T. Darrell,
"Hidden Conditional Random Fields for Gesture Recognition," 2006 IEEE
Computer Society Conference on Computer Vision and Pattern Recognition
(CVPR’06), 2006, pp. 1521-1527, doi: 10.1109/CVPR.2006.132.

Figure 1. Illustrations of the six gesture classes for the experiments. Below each image is the abbreviation for the gesture class. These
gesture classes are: FB - Flip Back, SV - Shrink Vertically, EV - Expand Vertically, DB - Double Back, PB - Point and Back, EH - Expand
Horizontally. The green arrows are the motion trajectory of the fingertip and the numbers next to the arrows symbolize the order of these
arrows.

5.2. Models

Figures 2, 3 and 4 show graphical representations of the
HMM model, the CRF model, and the HCRF (multi-class)
model used in our experiments.

HMM Model - As a first baseline, we trained a HMM
model per class. Each model had four states and used a
single Gaussian observation model. During evaluation, test
sequences were passed through each of these models, and
the model with the highest likelihood was selected as the
recognized gesture.

CRF Model - As a second baseline, we trained a sin-
gle CRF chain model where every gesture class had a corre-
sponding state. In this case, the CRF predicts labels for each
frame in a sequence, not the entire sequence. During evalu-
ation, we found the Viterbi path under the CRF model, and
assigned the sequence label based on the most frequently
occurring gesture label per frame. We ran additional exper-
iments that incorporated different long range dependencies
(i.e. using different window sizes ω, as described in Section
4).

HCRF (one-vs-all) Model - For each gesture class, we
trained a separate HCRF model to discriminate the gesture
class from other classes. Each HCRF was trained using six
hidden states. For a given test sequence, we compared the
probabilities for each single HCRF, and the highest scoring
HCRF model is selected as the recognized gesture.

HCRF (multi-class) Model - We trained a single HCRF
using twelve hidden states. Test sequences were run with
this model and the gesture class with the highest probability
was selected as the recognized gesture. We also conducted
experiments that incorporated different long range depen-
dencies in the same way as described in the CRF experi-
ments.

For the HMM model, the number of Gaussian mixtures
and states were set by minimizing the error on training data,
and for hidden state models the number of hidden states was

Models Accuracy (%)
HMM ω = 0 65.33
CRF ω = 0 66.53
CRF ω = 1 68.24

HCRF (multi-class) ω = 0 71.88
HCRF (multi-class) ω = 1 85.25

Table 1. Comparisons of recognition performance (percentage ac-
curacy) for head gestures.

set in a similar fashion.

6. Results and Discussion

For the training process, the CRF models for the arm and
head gesture dataset took about 200 iterations to train. The
HCRF models for the arm and head gesture dataset required
300 and 400 iterations for training respectively.

Table 1 summarizes the results for the head gesture ex-
periments. The multi-class HCRF model performs better
than the HMM and CRF models at a window size of zero.
The CRF has slightly better performance than the HMMs
for the head gesture task, and this performance improved
with increased window sizes. The HCRF multi-class model
made a significant improvement when the window size was
increased, which indicates that incorporating long range de-
pendencies was useful.

Table 2 summarizes results for the arm gesture recogni-
tion experiments. In these experiments the CRF performed
better than HMMs at window size zero. At window size
one, however, the CRF performance was poorer; this may
be due to overfitting when training the CRF model parame-
ters. Both multi-class and one-vs-all HCRFs perform better
than HMMs and CRFs. The most significant improvement
in performance was obtained when we used a multi-class
HCRF, suggesting that it is important to jointly learn the
best discriminative structure.
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Figure 5. Sample image sequence with the estimated body pose superimposed on the user in each frame.

Figure 2. HMM model

Figure 3. CRF Model

Figure 4. HCRF Model

Figure 6 shows the distribution of states for different ges-
ture classes learned by the best performing model (multi-
class HCRF). This graph was obtained by computing the
Viterbi path for each sequence (i.e. the most likely assign-

Models Accuracy (%)
HMM ω = 0 84.22
CRF ω = 0 86.03
CRF ω = 1 81.75

HCRF (one-vs-all) ω = 0 87.49
HCRF (multi-class) ω = 0 91.64
HCRF (multi-class) ω = 1 93.81

Table 2. Comparisons of recognition performance (percentage ac-
curacy) for body poses estimated from image sequences.
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Figure 6. Graph showing the distribution of the hidden states for
each gesture class. The numbers in each pie represent the hidden
state label, and the area enclosed by the number represents the
proportion.

ment for the hidden state variables) and counting the num-
ber of times that a given state occurred among those se-
quences. As we can see, the model has found a unique
distribution of hidden states for each gesture, and there is
a significant amount of state sharing among different ges-
ture classes. The state assignment for each image frame
of various gesture classes is illustrated in Figure 7. Here,
we see that body poses that are visually more unique for a
gesture class are assigned very distinct hidden states, while
body poses common between different gesture classes are
assigned the same states. For example, frames of the FB
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HCRF Example
Figure 5. Sample image sequence with the estimated body pose superimposed on the user in each frame.

Figure 2. HMM model

Figure 3. CRF Model

Figure 4. HCRF Model

Figure 6 shows the distribution of states for different ges-
ture classes learned by the best performing model (multi-
class HCRF). This graph was obtained by computing the
Viterbi path for each sequence (i.e. the most likely assign-

Models Accuracy (%)
HMM ω = 0 84.22
CRF ω = 0 86.03
CRF ω = 1 81.75

HCRF (one-vs-all) ω = 0 87.49
HCRF (multi-class) ω = 0 91.64
HCRF (multi-class) ω = 1 93.81

Table 2. Comparisons of recognition performance (percentage ac-
curacy) for body poses estimated from image sequences.
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Figure 6. Graph showing the distribution of the hidden states for
each gesture class. The numbers in each pie represent the hidden
state label, and the area enclosed by the number represents the
proportion.

ment for the hidden state variables) and counting the num-
ber of times that a given state occurred among those se-
quences. As we can see, the model has found a unique
distribution of hidden states for each gesture, and there is
a significant amount of state sharing among different ges-
ture classes. The state assignment for each image frame
of various gesture classes is illustrated in Figure 7. Here,
we see that body poses that are visually more unique for a
gesture class are assigned very distinct hidden states, while
body poses common between different gesture classes are
assigned the same states. For example, frames of the FB
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Models Accuracy (%)
HCRF ω = 0 86.44
HCRF ω = 1 96.81
HCRF ω = 2 97.75

Table 3. Experiment on 3 arm gesture classes using the multi-class
HCRF with different window sizes. The 3 different gesture classes
are: EV-Expand Vertically, SV Shrink Vertically and FB - Flip
Back. The gesture recognition accuracy increases as more long
range dependencies are incorporated.

gesture are uniquely assigned a state of one while the SV
and DB gesture class have visibly similar frames that share
the hidden state four.

The arm gesture results with varying window sizes are
shown in Table 3. From these results, it is clear that incor-
porating some amount of contextual dependency is impor-
tant, since the HCRF performance improved with increas-
ing window size.

7. Conclusion

In this work we presented a discriminative hidden-state
approach for gesture recognition. Our proposed model
combines the two main advantages of current approaches to
gesture recognition: the ability of CRFs to use long range
dependencies, and the ability of HMMs to model latent
structure. By regarding the sequence label as a random vari-
able we can train a single joint model for all the gestures and
share hidden states between them. Our results have shown
that HCRFs outperform both CRFs and HMMs for certain
gesture recognition tasks. For arm gestures, the multi-class
HCRF model outperforms HMMs and CRFs even when
long range dependencies are not used, demonstrating the
advantages of joint discriminative learning.

References

[1] Quasi-newton optimization toolbox in matlab.
[2] M. Assan and K. Groebel. Video-based sign language recog-

nition using hidden markov models. In Int’l Gest Wksp:
Gest. and Sign Lang., 1997.

[3] M. Brand, N. Oliver, and A. Pentland. Coupled hidden
markov models for complex action recognition. In CVPR,
1996.

[4] A. Culotta and P. V. amd A. Callum. Interactive informa-
tion extraction with constrained conditional random fields.
In AAAI, 2004.

[5] D. Demirdjian and T. Darrell. 3-d articulated pose tracking
for untethered deictic reference. In Int’l Conf. on Multimodal
Interfaces, 2002.

[6] S. Fujie, Y. Ejiri, K. Nakajima, Y. Matsusaka, and
T. Kobayashi. A conversation robot using head gesture
recognition as para-linguistic information. In Proceedings
of 13th IEEE International Workshop on Robot and Human Figure 7. Articulation of the six gesture classes. The first few con-

secutive frames of each gesture class are displayed. Below each
frame is the corresponding hidden state assigned by the multi-class
HCRF model.

Proceedings of the 2006 IEEE Computer Society Conference on Computer Vision and Pattern Recognition (CVPR’06) 
0-7695-2597-0/06 $20.00 © 2006 IEEE 

Authorized licensed use limited to: Charles University. Downloaded on November 07,2022 at 11:43:17 UTC from IEEE Xplore.  Restrictions apply. 

top Hidden Markov Model for each gesture.
middle Conditional Random Field: For each frame,

the gesture type Y is estimated, the most
frequent one is used for classification.

Different window size ω is used.
bottom 12 hidden states for each frame are

learned; the overall classification is base on
these estimated states.

Potentials

the joints in a particular configuration (see FB illustration
in Figure 1) we can predict with certainty the flip-back ges-
ture. Therefore, we would expect that this gesture would
be easier to learn with a discriminative model. We would
also like a model that incorporates long range dependencies
(i.e., that the state at time t can depend on observations that
happened earlier or later in the sequence.) An HCRF can
learn a discriminative state distribution and can be easily
extended to incorporate long range dependencies.

To incorporate long range dependencies, we modify the
potential function Ψ in Equation 1 to include a window pa-
rameter ω that defines the amount of past and future his-
tory to be used when predicting the state at time t. Here,
Ψ(y, s,x; θ, ω) ∈ � is defined as a potential function pa-
rameterized by θ and ω.

Ψ(y, s,x; θ, ω) =

n∑

j=1

ϕ(x, j, ω) · θs[sj ] +

n∑

j=1

θy[y, sj ]

+
∑

(j,k)∈E

θe[y, sj , sk] (3)

The graph E is a chain where each node corresponds to a
hidden state variable at time t; ϕ(x, j, ω) is a vector that can
include any feature of the observation sequence for a spe-
cific window size ω. (i.e. for window size ω, observations
from t − ω to t + ω are used to compute the features.)

The parameter vector θ is made up of three components:
θ = [θe θy θs]. We use the notation θs[sj ] to refer to the
parameters θs that correspond to state sj ∈ S. Similarly,
θy[y, sj ] stands for parameters that correspond to class y
and state sj and θe[y, sj, sk] refers to parameters that corre-
spond to class y and the pair of states sj and sk.

The inner product ϕ(x, j, ω) · θs[sj ] can be interpreted
as a measure of the compatibility between the observation
sequence and the state at time j at window size ω. Each pa-
rameter θy[y, sj] can be interpreted as a measure of the com-
patibility between a hidden state k and a gesture y. Finally,
each parameter θe[y, sj, sk] measures the compatibility be-
tween pairs of consecutive states j and k and the gesture
y.

Given a new test sequence x, and parameter values θ∗

learned from training examples, we will take the label for
the sequence to be:

argmax
y∈Y

P (y | x, ω, θ∗). (4)

Since E is a chain, there are exact methods for inference
and parameter estimation as both the objective function and
its gradient can be written in terms of marginal distributions
over the hidden state variables. These distributions can be
computed using belief propagation [17].

5. Experiments

We conducted two sets of experiments comparing HMM,
CRF, and HCRF models on head gesture and arm gesture
datasets. The evaluation metric that we used for all the ex-
periments was the percentage of sequences for which we
predicted the correct gesture label.

5.1. Datasets

Head Gesture Dataset: To collect a head gesture
dataset, pose tracking was performed using an adaptive
view-based appearance model which captured the user-
specific appearance under different poses [14]. We used
the fast Fourier transform of the 3D angular velocities as
features for gesture recognition.

The head gesture dataset consisted of interactions be-
tween human participants and an embodied agent [15]. A
total of 16 participants interacted with a robot, with each
interaction lasting between 2 to 5 minutes. Human partici-
pants were video recorded while interacting with the robot
to obtain ground truth. A total of 152 head nods, 11 head
shakes and 159 junk sequences were extracted based on
ground truth labels. The junk class had sequences that did
not contain any head nods or head shakes during the inter-
actions with the robot. Half of the sequences were used for
training and the rest were used for testing. For the exper-
iments, we separated the data such that the testing dataset
had no participants from the training set.

Arm Gesture Dataset: We defined six arm gestures for
the experiments (see Figure 1). In the Expand Horizontally
(EH) arm gesture, the user starts with both arms close to the
hips, moves both arms laterally apart and retracts back to the
resting position. In the Expand Vertically (EV) arm gesture,
the arms move vertically apart and return to the resting posi-
tion. In the Shrink Vertically (SV) gesture, both arms begin
from the hips, move vertically together and back to the hips.
In the Point and Back (PB) gesture, the user points with one
hand and beckons with the other. In the Double Back (DB)
gesture, both arms beckon towards the user. Lastly, in the
Flip Back (FB) gesture, the user simulates holding a book
with one hand while the other hand makes a flipping mo-
tion, to mimic flipping the pages of the book.

Users were asked to perform these gestures in front of
a stereo camera. From each image frame, a 3D cylindrical
body model, consisting of a head, torso, arms and forearms
was estimated using a stereo-tracking algorithm [5]. Figure
5 shows a gesture sequence with the estimated body model
superimposed on the user. From these body models, both
the joint angles and the relative co-ordinates of the joints
of the arms are used as observations for our experiments
and were manually segmented into six arm gesture classes.
Thirteen users were asked to perform these six gestures; an
average of 90 gestures per class were collected.
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Figure 5. Sample image sequence with the estimated body pose superimposed on the user in each frame.

Figure 2. HMM model

Figure 3. CRF Model

Figure 4. HCRF Model

Figure 6 shows the distribution of states for different ges-
ture classes learned by the best performing model (multi-
class HCRF). This graph was obtained by computing the
Viterbi path for each sequence (i.e. the most likely assign-

Models Accuracy (%)
HMM ω = 0 84.22
CRF ω = 0 86.03
CRF ω = 1 81.75

HCRF (one-vs-all) ω = 0 87.49
HCRF (multi-class) ω = 0 91.64
HCRF (multi-class) ω = 1 93.81

Table 2. Comparisons of recognition performance (percentage ac-
curacy) for body poses estimated from image sequences.
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Figure 6. Graph showing the distribution of the hidden states for
each gesture class. The numbers in each pie represent the hidden
state label, and the area enclosed by the number represents the
proportion.

ment for the hidden state variables) and counting the num-
ber of times that a given state occurred among those se-
quences. As we can see, the model has found a unique
distribution of hidden states for each gesture, and there is
a significant amount of state sharing among different ges-
ture classes. The state assignment for each image frame
of various gesture classes is illustrated in Figure 7. Here,
we see that body poses that are visually more unique for a
gesture class are assigned very distinct hidden states, while
body poses common between different gesture classes are
assigned the same states. For example, frames of the FB
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Mixed interaction models

Discrete and Gaussian variables together.
Conditional Gaussian density for x = (i , y), i is the list of discrete variables, y
is the list of continuous variables.
Directed graphs: a discrete child of a continuous parent is not allowed.
Undirected graphs: If there is a path between two discrete variables A,B,
then they are connected by a path without any continuous variable.
f (i , y) = p(i)(2π)− q

2 |Σ|− 1
2 exp(− 1

2 (y − µ(i))Σ−1(y − µ(i)))
The parameters p(i), µ(i), i ∈ I,Σ are called moment parameters
in the exponential form we get

f (i , y) = exp
{

g(i) + h(i)T y − 1
2yT Ky

}
= exp

{
g(i) + Σuhu(i)yu −

1
2Σu,v Ku,v yuyv

}
parameters g(i), h(i), i ∈ I,K are called canonical parameters.

Machine Learning Undirected Graphical Models 11 301 - 338 February 27, 2025 333 / 395



Mixed interaction models

A marginal distribution is not necessarily a conditional Gaussian distribution
it is a mixture of conditional Gaussians
it is still tractable for evaluation
and learning.

Is this possible for other kind of distributions?
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Markov Properties (Zeros are dangerous)

Definition (Markov properties: Global, Local, Pairwise)
Let G be an undirected graph over V , let P be a probability measure P over V .
(GM) P is (globally) Markov with respect to G iff

∀(A,B ∈ V , C ⊆ V ) A ⊥⊥G B|C ⇒ A ⊥⊥P B|C in P.

(LM) A probability measure has the local Markov property iff
(∀A ∈ V ) : A ⊥⊥P V \ FaA|NA

(PM) P has the pairwise Markov property iff ∀A,B ∈ V ,A ̸= B not connected
by an edge holds A ⊥⊥P B|V \ {A,B}.

Theorem
These properties are equivalent for strictly positive measures.

Counterexamples for measures with zero probability everywhere except (0, 0, 0)
and (1, 1, 1).
See [Milan Studený:Struktury podmíněné nezávislosti, Matfyzpress 2014].
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Examples

Example (P has the pairvise but not the local
property)
V = {A,B,C},E = {(b, c)}. Let us have a
binary probability measure V nonzero at points
(0, 0, 0) and (1, 1, 1) [Studený p.101].
A ⊥⊥ B|{C}
A ⊥⊥ C |{B}& does not imply A ⊥⊥ BC |{}.

A B C

Example (P has the local but not the global
property)
V = {A,B,C ,D},E = {(a, b), (c, d)}. Let
P(V ) be nonzero only at points (0, 0, 0, 0) and
(1, 1, 1, 1) [Studený p.101].
A ⊥⊥ CD|{B}
B ⊥⊥ CD|{A}
C ⊥⊥ AB|{D}
D ⊥⊥ AB|{C}

& does not imply A ⊥⊥ C |{}.

A

B

C

D

Machine Learning Undirected Graphical Models 11 301 - 338 February 27, 2025 336 / 395



Nonparanormal Graphical Models
A continuous pairwise interaction model.
We model marginal distributions,
and the most important relations by gaussian copula.
https://www.stat.cmu.edu/~larry/=sml/GraphicalModels.pdf
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Three examples of nonparanormals.

We can estimate G using a two stage procedure:

1. Estimate each Zj = fj(xj) = Φ−1(Fj(xj)).

2. Apply the glasso to the Zj’s.

Let f̂j(xj) = Φ−1(F̂j(xj)). The usual empirical F̂j(xj) will not work if d increases with n. We
use a Winsorized version:

F̃j(x) =





δn if F̂j(x) < δn

F̂j(x) if δn ≤ F̂j(x) ≤ 1− δn
(1− δn) if F̂j(x) > 1− δn,

where

δn ≡
1

4n1/4
√
π log n

.

This choice of δn provides the right bias-variance balance so that we can achieve the desired
rate of convergence in our estimate of Ω and the associated undirected graph G. Now compute
the sample covariance Sn of the Normalized variables: Zj = f̂j(Xj) = Φ−1(F̃j(Xj)). Finally,
apply the glasso to Sn. Let S∗n be the covariance using the true fj’s.

19
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Active Learning

You havee ’easy to get’ unlabeled data.
The evaluation of data is expensive.
The task is to select the next data sample to evaluate.

scikit-activeml

Gaussian Processes coupled with Bayesian optimization may be viewed as a
special case for active learning.
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Gaussian Processes

An infinite (continuous) number of Gaussian variables
to any value x a new variable N(µ = f (x),Σx |rest)
we have only a finite number of observations which means a finite number of
variables

we can marginalize unobserved variables out (the integral is 1, we multiply by
1, we just remove),

we can predict at any x , continuously.
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Gaussian Processes

C. E. Rasmussen & C. K. I. Williams, Gaussian Processes for Machine Learning,
the MIT Press, 2006

Definition (Gaussian Process)

A Gaussian process is a set of random variables where any finite subset follows
multivariate Gaussian distribution.

We define the mean m(x) and the symmetric positive semidefinite covariance
function k(x , x |):

m(x) = E[f (x)]
k(x, x|) = E[(f (x)−m(x))(f (x|)−m(x|))]

a Gaussian process is

f (x) = GP(m(x), k(x, x|)).

We assume m(x) = 0 it simplifies the formulas.
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Brownian Motion (Wiener Process)
https://www.coursera.org/lecture/stochasticprocesses/week-4-6-two-definitions-of-a-brownian-motion-THRqL

Definition (Brownian motion 1)
B0 = 0 for sure
stationary and independent
increments
Bs − Bt ∼ N(0, s − t)
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Definition (Brownian motion 1)
B0 = 0 almost surely
Bt stationary and
independent increments
Bs − Bt ∼ N(0, s − t)

Definition (Brownian motion 2)
Gaussian process with

m = 0 and
k(x , x ′) = min(x , x ′).

Positive semidefinite:
min(t, s) =

∫∞
0 ft(x)fs(x)dx

ft(x)fs(x) = 1 iff x ∈ [0, t]&x ∈ [0, s]

Lemma (2⇒1)
K (0, 0) = min(0, 0) = 0
The process has variance 0 at t = 0 and m(0) = 0.
covariance is linear in both arguments, s ≥ t

cov(Bs − Bt ,Bs − Bt) = cov(Bs ,Bs)− cov(Bt ,Bs)− cov(Bs ,Bt) + cov(Bt ,Bt)
= s − 2t + t = s − t

increments, s ≥ t ≥ b ≥ a # independence skipped, from Gaussian vectors

cov(Bb − Ba, Bs − Bt) = cov(Bb, Bs)− cov(Ba, Bs)− cov(Bb, Bt) + cov(Ba, Bt)
= b − a − b + a = 0.
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Normal Distribution

Definition (Brownian motion 2)
Gaussian process with

m = 0 and
k(x , x ′) = min(x , x ′).
The covariance on y is defined by the covariance on the inputs x.
the covariance defines also the distribution on functions f :

f∗ ∼ N(0,K (X∗,X∗)).

Without noise, we observe y and we want to predict f∗:[
y
f∗

]
∼ N

(
0,
[

K (X ,X ) K (X ,X∗)
K (X∗,X ) K (X∗,X∗)

])

X=[3,7]
yT =[ 0.5, 1.11]
K(xs,X)=[min(xs,a) for a in X]

K (X ,X ) =
[
min(3, 3) min(3, 7)
min(3, 7) min(7, 7)

]
=
[
3 3
3 7

]
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Prediction
noisy-free observations y = f (x)

cov(yp, yq) = k(xp, xq)

noisy observations y = f (x) + ϵ, ϵ ∼ N(0, σ2
n)

cov(yp, yq) = k(xp, xq) + σ2
nδpq

cov(y) = K (X ,X ) + σ2
nI

We observe y and we want to predict f∗:[
y
f∗

]
∼ N

(
0,
[
K (X ,X ) + σ2

nI K (X ,X∗)
K (X∗,X ) K (X∗,X∗)

])
Predictive distribution

f∗|X , y,X∗ ∼ N(f∗, cov(f∗))
f∗ ≜ E[f∗|X , y,X∗] = K (X∗,X )[K (X ,X ) + σ2

nI]−1y
cov(f∗) = K (X∗,X∗)− K (X∗,X )[K (X∗,X ) + σ2

nI]−1K (X ,X∗)
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f∗|X , y,X∗ ∼ N(f∗, cov(f∗))
f∗ ≜ E[f∗|X , y,X∗] = K (X∗,X )[K (X ,X ) + σ2

nI]−1y
cov(f∗) = K (X∗,X∗)− K (X∗,X )[K (X∗,X ) + σ2

nI]−1K (X ,X∗)

f∗ ≜ E
[
f∗|
[
3
7

]
,

[
0.5
11

]
, [4]
]

= [3, 4]
[
3 + σ2

n 3
3 7 + σ2

n

]−1 [0.5
11

]
cov(f∗) = min(4, 4)− [3, 4]

[
3 + σ2

n 3
3 7 + σ2

n

]−1 [3
4

]
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Predictive distribution
Prediction

is a linear function of observations y
for α⇐ (K + σ2

nI)−1y
we predict
f (x∗)⇐

∑N
i=1 αi k(xi , x∗)

The red vertical bars show
the variance due to the
observation noise.
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Definition (First Set of Kernel Functions)
Radial Basis Function (RBF) covariance function with the length scale
parameter ℓ is defined

cov(f (xp), f (xq)) = RBF (xp, xq) = exp
(
−1

2
|xp − xq|2

ℓ2

)
.

Constant covariance function with the constant parameter is defined

cov(f (xp), f (xq)) = Constant(xp, xq) = constant.

Squared exponential (SE) covariance function with hyperparameters ℓ2

lenghtscale and σ2
f signal variance

k(xp, xq) = σ2
f exp

(
−1

2
|xp − xq|2

ℓ2

)
= Constant(xp, xq)∗RBF (xp, xq)

can be defined as a product kernel of the Constant and RBF kernels.
There is also a sum kernel kernel function +.
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Scikitlearn Examples

Noiseless observations.
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Gaussian Process sklearn Example
f(x) = x sin(x)
Observations
Prediction
95% confidence interval

The red vertical bars show the
variance due to the observation
noise.
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f(x) = x sin(x)
Prediction
95% confidence interval
Observations

The parameters may be fitted by the gradient update.
The observation noise alpha may be specific for each observation (right),
identically 0 (left) or constant.

kernel = C(1.0, (1e-3, 1e3)) * RBF(10, (100e-2, 100e2))
gp = GaussianProcessRegressor(kernel=kernel, alpha=dy ** 2)
gp.fit(X, y)
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Marginal likelihood
The parameters may be automatically tuned by gradiently maximize the
marginal likelihood.
’In sample’ prediction f follows: f ∼ N(0,K (X ,X )).

Lemma
The marginal log likelihood is

for noisy-free observations y = f:

log p(y|X ) = log p(f|X ) = −1
2 fT K−1f − 1

2 log |K | − N
2 log 2π

For noisy observations y|f ∼ N(f, σ2
nI), y ∼ N(0,K + σ2

nI)

log p(y|X ) = −1
2yT (K + σ2

nI)−1y− 1
2 log |K + σ2

nI| − N
2 log 2π.

The noise level may be tuned as well by (sum)adding the WhiteKernel.
WhiteKernel= noise_level iff we address the same variable (xp, xp), otherwise
WhiteKernel = 0.
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Hyperparameter Fit

Scikitlearn example:
The log-marginal function has two
local maxima.
The log-marginal maxima
corresponds to the two models.
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Initial: 1**2 * RBF(length_scale=100) + WhiteKernel(noise_level=1)
Optimum: 0.00316**2 * RBF(length_scale=109) + WhiteKernel(noise_level=0.637)

Log-Marginal-Likelihood: -23.87233736198489
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Definition (Further Kernel Functions)
ExpSineSquared kernel function with the parameters length scale ℓ and the
periodicity p > 0 (d is the distance) is defined

cov(f (xq), f (xr )) = exp
(
−2 sin2(πd(xq, xr )/p)

ℓ2

)
.

Usefull for periodic functions.
Dot product kernel function with the inhomogenicity parameter σ0 is
defined

cov(f (xp), f (xq)) = σ0 + xp · xq.

Useful to capture the trend, often combined with exponential kernel.
Rational Quadratic kernel function with hyperparameters ℓ2 lenghtscale and
mixture α

k(xp, xq) =
(

1 + d(xp, xq)2

2αℓ2

)−α

The mixure of many RBF kernel lengthscales.
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Conditional Covariance

Consider the conditional
covariance, the relation of two
unobserved points x and x0.

left Noiseless Brown motion example.
The covariance is zero outside the
x0 closest observations interval.

right Brown motion with a high noise
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Conditional covariance cov(x, x0|X), noise = 25
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x0=6000
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Conditional Covariance Rassmussen Example

The conditional covariance may be also negative.
Most kernels have a continuous first derivative. This makes the conditional
covariance negative with points on the other side of the closest observation.
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Matérn

Most kernel function have many derivatives.
The Matérn kernel ν = 1.5 (’nu’) has only the first derivative. It is able to
model less smooth functions.
As ν →∞, it becomes a RBF kernel.

Definition (Matérn kernel)

The Matérn kernel with parameters ν = k + 1
2 and ℓ is defined

k(xp, xq) = 1
2ν−1Γ(ν)

(√
2ν
ℓ

d(xp, xq)
)ν

Kν

(√
2ν
ℓ

d(xp, xq)
)

The Modified Bessel functions (for α not integer, the limit otherwise) are
defined

Iα(x) =
∑∞

m=0
1

m!Γ(m+α+1)
( x

2
)2m+α

Kα(x) = π
2

I−α(x)−Iα(x)
sinαπ .
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Bayesian Optimization
Bayesian Optimization is used when

We are solving: x∗ = arg minx f (x)
f (x) is a black box function
f is expensive to evaluate
the evaluations may be noisy.

If any condition is not true, a better algorithm exists.
We search the point x to observe.
scikit-optimize = skopt Python package
we minimize y and search the maximal probability of improvement
’the chance to improve’ is expressed by the Expected improvement (EI)

Bayesian Optimization Algorithm

Evaluate y on X , let y = y(X ) and calculate conditional means and
covariances
repeat forever

xnew = argmaxx EI(x) add x into X
Evaluate y = y(x) and add y to y.
re–estimate the Gaussian process (the parameters of the covariance).
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Bayesian Optimization Example [Skopt]
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Expected Improvement Aquisition Function
we search the point x to observe
we minimize y , we already have the training data X ,y
the search the maximal probability of improvement is expressed by the
Expected improvement (EI)

EI(x) = E[(min(Y (X ))− Y (x))+|Y (X ) = y]
= E[(min(y)− Y (x))+|Y (X ) = y]

this can be solved analytically (Φ cummulative df, ϕ pdf Gaussian distribution):

EI(x) = (min(y)− µ(x))Φ
(

min(y)− µ(x)
σ(x)

)
+ σ(x)ϕ

(
min(y)− µ(x)

σ(x)

)
to maximize y:

EI(x) = (µ(x)−max(y))Φ
(
µ(x)−max(y)− ξ

σ(x)

)
+σ(x)ϕ

(
µ(x)−max(y)− ξ

σ(x)

)
.

if ’xi’ ξ > 0 we ignore small improvements.
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Paralelization: The Constant Liar

EI(x) = E[(min(Y (X ))−min(Y (x (n+1)),Y (x (n+2)), . . . ,Y (x (n+k))))+|Y (X ) = y]
= E[(min(y)− Y (x))+|Y (X ) = y]

it does not have direct formula. It is solved by Markov Chain simulation.
We estimate the observations y by an estimate (min, max, mean)
and run the evaluation in parallel.

That means the covariance is correctly estimated, the mean must be corrected
later.
ParBayesianOptimization R package

Definition (Other Aquisition Functions)

Probability of Improvement: PI(f (x∗) < min(y)) = Φ
(

min(y)−µ(x∗)
σ(x∗)

)
Lower Confidence Bound: LCB(x) = µ(x)− κ · σ(x).
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GP for Classification
GP for classification are more complex and ’only an approximation’
still, it is worth to try the
sklearn.gaussian_process.GaussianProcessClassifier .
We estimate a latent function f as before
we link it to ⟨0, 1⟩ interval by the sigmoid function (or Φ).
The log-marginal-likelihood does not have a closed analytical form anymore.
can be approximated by Hessian matrix, the algorithm works in O(N3), not
too bad.

0 1 2 3 4 5
Feature

0.2

0.0

0.2

0.4

0.6

0.8

1.0

1.2

1.4
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Initial kernel: 1**2 * RBF(length_scale=1)
Optimized kernel: 66.3**2 * RBF(length_scale=1.33)
Train data
Test data
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POMDP Applications

Karkus, Hsu, Lee: QMDP-Net: Deep Learning for Planning under
Partial
Observability
https://proceedings.neurips.cc/paper/2017/file/e9412ee564384b987d086df32d4ce6b7-
Paper.pdf
Eric Mueller and Mykel J. Kochenderfer :Multi-Rotor Aircraft Collision
Avoidance using Partially Observable Markov Decision Processes,
American Institute of Aeronautics and Astronautics
https://aviationsystemsdivision.arc.nasa.gov/publications/2016/AIAA-2016-
3673.pdf
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POMDP Aircraft Collision Avoidance
the algorithms designed for
fixed-wing aircraft analyze

turns
vertical meneuvers

multirotor aircraft (drones) and
helicopters can also

horizontal plane accelerations
state 2D, (3D)

relative range states rx , ry , (rz)
velocities for the ownship vox , voy ,
(voz)
velocities for the intruder vix , viy ,
(viz)
absolute displacement from the
desired trajectory dx , dy , (dz)
the desired trajectory is
normalized to unit velocity in the
xaxis and zero velocity in the y
axis.

algorithm must decide to take action laterally or vertically rather than continue to postpone actions that
would actually resolve the encounter.

The implication of a aircraft’s ability to hover is that, for optimal performance, tracking of the planned
trajectory should be built directly into the collision avoidance maneuver logic. Decomposing the encounter
into a collision resolution phase and an independent return-to-path phase would require not only two different
algorithms for the two phases, the algorithms would need to undergo extensive interoperability verification
checks. On the other hand, incorporating the two phases into a single optimization problem exponentially
increases its size and the time required to find an optimal solution to it. Compounding this exponential
increase is the fact that encounters no longer count down reliably to CPA, which means that solution
approaches like Gauss-Seidel value iteration, employed by the first implementation of ACAS X, can no
longer be used to find the optimal policy in just a single iteration.7 These special considerations in the use
of longitudinal (speed) maneuvers means that simple extensions to algorithms designed to use vertical or
horizontal maneuvers are unlikely to be successful.

C. Dynamics

The collision avoidance problem is formulated in the two horizontal dimensions (2D) in order to assist in
tuning and visualization of results. The eight states that characterize the 2D problem are defined in fig. 1
and are described in table 1: two relative range states (rx and ry), two velocities for the ownship (vox and
voy) and two for the intruder (vix and viy), and two states that indicate the absolute displacement from
the desired trajectory at that time (dx and dy). The desired trajectory is normalized to unit velocity in the
x-axis and zero velocity in the y-axis. This simplification reduces the number of states required to specify
the desired trajectory and avoids loss of generality because the coordinate frame of the ownship may be
rotated and scaled into the POMDP coordinate frame to find the appropriate action. A companion paper
contains a detailed explanation of how the dimensionless distance units are computed in real time so they
are compatible with the algorithm.5 The algorithm may be extended to three dimensions by adding relative
altitude between the ownship and intruder, absolute altitude of the ownship (so that collisions with the
ground may be avoided), and absolute vertical velocities of the ownship and intruder.

dx

dy

rx

ry

vox

voy

vix

viy

Figure 1: States used to formulate the collision avoidance algorithm

The dynamic equations used to model the aircraft trajectories are relatively simple because the prediction
horizon they are used over is very short, with updates done every 0.1 to 1 seconds. Related work has also
not found a benefit to using more complex dynamic equations.7
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MDP Transitions

the prediction horizon is very short
updates done every 0.1 to 1 seconds
simple update equation are sufficient
not a benefit to using more complex dynamic
equations.
ax , ay acceleration by the ownship
N∗ noise to the ownship, intruder, x and y axis

No(µ = 0, 0.30s−2), Ni (µ = 0, 0.45s−2),
Bellman update
transition from s with acceleration a to s |

Q[s, a]← R(s, a)+γ
∑

s|

T (s ||s, a)maxa|Q[s |, a|].

ṙx = vix − vox

ṙy = viy − voy

v̇ox = ax + Nox

v̇oy = ay + Noy

v̇ix = Nix

v̇iy = Niy

ḋx = vtx − vox

ḋy = vty − voy
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Reward

Minimum reward Rmin
collision
physically impossible states
keeps the sum finite

we prefer no acceleration
we prefer long distance to the intruder
we prefer short distance to the desired trajectory
Ks ,KT , Rmin weights was learned, k weights was = 1.

R(s, a) = max
[
Rmin,−(kax |ax |+ kay |ay |)− Ks

1
krx r2

x + kry r2
y
− KT (kdx d2

x + kdy d2
y )
]
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QMDP Approximation

offline optimization
a few hours for coarse discretization, 1 PC
initially stationary intruders
intruders moving at uniform velocity with a variety of relative headings angles
intruders state and dynamic uncertainty were added to the encounters.

all values normalized
the coarse set contained a total of 765,625 discrete states
the finely discretized version contained 9,529,569 states.

approach, value iteration (described in section C), can be parallelized and so this computation time could
be reduced significantly using multiple cores.

Table 1: State variable descriptions and coarse and fine discretization points

State variable State Description Discretization

rx, ry Intruder range components −15, [−7,−3],−1, 0, 1, [3, 7], 15
vox, voy ownship velocity components −5,−3,−1, 0, 1, 3, 5 s−1

vix, viy intruder velocity components −5, [−3],−1, 0, 1, [3], 5 s−1

dx, dy desired trajectory distance −10, [−3],−1, 0, 1, [3], 10

The coarse set of grid discretizations provided adequate separation and trajectory deviation performance
with a reasonable computational burden, but improved performance was possible by more finely discretizing
each of the states. This finer discretization included the state values shown in table 1 that are surrounded
by brackets. While the coarse set contained a total of 765,625 discrete states, the finely discretized version
was more than twelve times larger with 9,529,569. The coarse set was used to select an optimal set of reward
parameters, as will be discussed in section IVB, because offline convergence time was reasonable, but the
results presented in section VI were generated with the finer set once the optimal reward parameters had
been selected. Convergence of this finer scheme took more than 11 days, even with the coarsely discretized
Q(s, a) matrix as a starting point, but performance improved significantly in several important ways that
will be discussed in section VIE, and so that policy was implemented for the batch simulations.

C. Value Iteration

The optimal policy can be obtained to arbitrary precision by following a basic dynamic programming ap-
proach known as value iteration.7 The Bellman update (eq. (1)) is applied to each of the discretized state-
action combinations in turn, calculating the state-action value function at every point using the sigma-point
sampling approach described previously. When every point has been evaluated the process is repeated,
iterating until a stopping criterion is met that indicates the current policy will not change substantially
with further iterations. For this problem, the stopping criteria were a combination of the maximum error in
Q(s, a) from one iteration to the next and a maximum number of optimal action changes from one iteration
to the next.

Considerable improvement in convergence speed can be obtained by initializing the estimate of the value
function to a previously evaluated policy with the same state-action discretization and a similar value of
the maximum negative reward parameter. This latter parameter was found to have the largest impact
on convergence speed of the reward parameters. The discount factor, γ, also had an important effect
on convergence speed, with larger values around 0.99 taking hundreds of iterations to converge. This large
discount factor was necessary to ensure the optimal policy would return to the desired trajectory after passing
the intruder instead of taking a “greedy” strategy of maximizing short-term reward by simply accelerating
away from the intruder.

Several examples of the optimal policies that resulted from the value iteration solution to the POMDP
are shown in fig. 2. In those policy plots, the ownship is shown as a quadrotor aircraft at the origin, and
the colors surrounding it represent the optimal actions to take based on the location of the intruder. The
entire eight-dimensional space cannot be represented here, so a “slice” through that state space showing the
effect of intruder range is shown. In the left diagram, both the intruder and ownship velocities are zero and
the ownship has no error from the desired trajectory. In the right diagram, the ownship is moving in the
positive y-axis direction at 1 s−1 with zero trajectory error and the nominal trajectory matches this velocity.
The intruder is stationary. For the stationary case on the left, the colors indicate, for example, that when
the intruder position lies in the black region centered around a relative range of (0,−10) the optimal action
is to move in the positive y-axis direction. The examples shown here are consistent with intuition, but to
show that the algorithm is working properly it is impossible to manually examine all relevant “slices” of the
state space. Instead, metrics that represent desired algorithm behavior must be formulated and evaluated
for a large number of realistic encounter trajectories.
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Evaluation Function
The primary goal is to remain safely
separated from the intruder aircraft.

r5%CPA ’the closest point of
approach’, we allow 5%
trajectories a little bit closer.

Figure: required 1.5 units, never
closer than 1.1 units.
Mean deviation distance from
the desired trajectory µdev .

A. Reward Parameter Tuning Metrics

The primary goal of a collision avoidance algorithm is to remain safely separated from intruder aircraft.
The first metric used to evaluate the QMDP algorithm, r5%CPA, therefore, is the separation achieved in
most, but not all, encounters. The cumulative distribution of separations for 500 simulated encounters with
stationary intruders shown in fig. 3 illustrates the desired behavior: for a required separation of 1.5 units,
approximately 5% have a CPA within this range and none are closer than 1.1 units. The red line shows the
distribution of original predicted minimum separations before any avoidance actions are taken; nearly all
encounters are predicted to violate required separation. Specifying the separation metric as the horizontal
distance at CPA achieved by 95% of encounters improves the robustness of the algorithm to noise by allowing
a small number of minor violations of the separation standard without requiring large trajectory deviations.

The second optimization metric, µdev, accounts for the desire to avoid course deviation. It is defined
simply as the average deviation distance over time, averaged over all the simulated encounters. An example
cumulative distribution of mean and maximum trajectory deviations for 500 simulated encounters is shown
in fig. 4. Cumulative distributions on the left side of the chart are desirable, they indicate smaller deviations
from the desired trajectory. The maximum single-point deviation distribution for each encounter, which is
another relevant algorithm evaluation metric, is also shown in fig. 4. Each simulation is concluded shortly
after the ownship has passed the intruder and had sufficient time to return to the desired trajectory.

Figure 3: Separation metric used to evaluate the collision avoidance algorithm

Figure 4: Deviation metric used to evaluate the collision avoidance algorithm

B. Multi-Objective Optimization

The overall optimization approach for this algorithm consists of two loops as shown in fig. 5. In the first loop,
a given set of reward parameters is selected and the collision avoidance algorithm is posed as a POMDP. This
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Reward Tuning – Bayesian Optimization

We tune RP = (KT ,Ks ,Rmin)
β weights the two objective
functions

F (RP) = (β×(r5%CPA)−1+(1−β)×µdev ).

Gaussian process models F (RP).
We determine the point at
which the objective function is
expected to have the largest
improvement, E [I(F (RP))] over
that of the current minimum.
This set of RP is passed to
QMDP to evaluate.
until convergence.

POMDP is solved via value iteration to find the optimal set of state-action combinations across a discretized
state space as described in the previous section. The reward parameters that are varied in the inner part of
the optimization loop include

RP = (KT ,KS , Rmin). (5)

The state-action pairs are next used in a batch simulation to determine the trajectories followed by the
ownship for a set of stochastic initial conditions with ownship and intruder dynamic uncertainty (see section
VB). These trajectories are used to calculate the separation and deviation metrics, and are combined into a
single objective function through the use of a relative weighting factor, β, as shown in eq. (6). The objective
is to be minimized over the reward parameters used to generate the QMDP policy,

min
KS ,KT ,Rmin

F (RP ) =
(
β × (r5%CPA)

−1 + (1− β)× µdev
)
. (6)

In order to combine metrics in which one is to be maximized (separation) and the other minimized
(deviation), the inverse of the CPA metric is used instead of its actual value. The relationship between the
metrics and objective function evaluations is modeled by a GP, which is then sampled to determine the point
at which the objective function is expected to have the largest improvement, E [I (F (RP ))], over that of the
current minimum. This set of reward parameters, RP , is then passed back into the MDP optimization and
the process repeats until the convergence criteria are met.

Reward
Parameters

Dynamic
Programming

Policy Simulation

Metrics
Objective
Function

Gaussian
Process

β Range

Rp Q(s, a) π(b)

trajectories

r5%CPA, µdevF (RP )

E [I (F (RP ))]

β

Figure 5: Process for tuning POMDP reward parameters

C. Gaussian Process Surrogate Model

A GP approach16 to determining the set of parameters, RP , that provided the minimum objective function
(see eq. (6)) was selected because it required far fewer evaluations of the objective function compared with
traditional gradient-based optimization techniques (e.g., quasi-Newton methods17) or even direct methods
(e.g., Nelder-Meade18). This characteristic is important because each optimization and batch simulation
loop may take up to three hours, so sparse sampling of the objective function is critical.

The GP surrogate model was created by first selecting a grid of reward parameters, RP , based on
previous experience with the algorithm. Sampling of the grid was done using several Latin hypercubes
to ensure adequate coverage across the parameter search space. These “seeds” condition the probability
distribution of the GP, giving it essentially a first guess at the topography of the objective function. A
squared exponential kernel function was selected for the covariance, with an initial length scale based on
observations of the features of the objective function during the grid evaluation step. That length scale
could be varied automatically based on a mean-square error metric.19 The parameter set with the maximum
expected improvement upon the current minimum of the objective function, E [I (F (RP ))], was used to select
the next set of reward parameters, RP , for the subsequent optimization iteration. The uncertainty in the
two metrics was estimated through repeated evaluations of the same POMDP-optimized algorithm in batch
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Bayesian Optimization

we know QMDP and F values for
one or more x = RP points
we search the point x = R∗

P to
observe
we minimize y = F (R∗

P) and search
the maximal probability of
improvement
’the chance to improve’ is
expressed by the Expected
improvement (EI)

Figure 1: Illustration of BayesOpt, maximizing an objective function f with a 1-dimensional continuous
input. The top panel shows: noise-free observations of the objective function f at 3 points, in blue; an
estimate of f(x) (solid red line); and Bayesian credible intervals (similar to confidence intervals) for f(x)
(dashed red line). These estimates and credible intervals are obtained using GP regression. The bottom panel
shows the acquisition function. Bayesian optimization chooses to sample next at the point that maximizes
the acquisition function, indicated here with an “x.”

We construct the mean vector by evaluating a mean function µ0 at each xi. We construct the
covariance matrix by evaluating a covariance function or kernel Σ0 at each pair of points xi, xj . The
kernel is chosen so that points xi, xj that are closer in the input space have a large positive correlation,
encoding the belief that they should have more similar function values than points that are far apart.
The kernel should also have the property that the resulting covariance matrix is positive semi-definite,
regardless of the collection of points chosen. Example mean functions and kernels are discussed below in
Section 3.1.

The resulting prior distribution on [f(x1), . . . , f(xk)] is,

f(x1:k) ∼ Normal (µ0(x1:k),Σ0(x1:k, x1:k)) , (2)

where we use compact notation for functions applied to collections of input points: x1:k indicates the
sequence x1, . . . , xk, f(x1:k) = [f(x1), . . . , f(xk)], µ0(x1:k) = [µ0(x1), . . . , µ0(xk)], and Σ0(x1:k, x1:k) =
[Σ0(x1, x1), . . . ,Σ0(x1, xk); . . . ; Σ0(xk, x1), . . . ,Σ0(xk, xk)].

Suppose we observe f(x1:n) without noise for some n and we wish to infer the value of f(x) at some
new point x. To do so, we let k = n + 1 and xk = x, so that the prior over [f(x1:n), f(x)] is given by
(2). We may then compute the conditional distribution of f(x) given these observations using Bayes’
rule (see details in Chapter 2.1 of Rasmussen and Williams (2006)),

f(x)|f(x1:n) ∼ Normal(µn(x), σ2
n(x))

µn(x) = Σ0(x, x1:n)Σ0(x1:n, x1:n)−1 (f(x1:n)− µ0(x1:n)) + µ0(x)

σ2
n(x) = Σ0(x, x)− Σ0(x, x1:n)Σ0(x1:n, x1:n)−1Σ0(x1:n, x).

(3)

This conditional distribution is called the posterior probability distribution in the nomenclature of

4

Peter I. Frazier: A Tutorial on Bayesian Op-
timization, rXiv:1807.02811v1 [stat.ML] 8
Jul 2018
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Value Iteration, QMDP Policies
considerable improvement in
convergence speed by
initializing by the value of
previously evaluated policy
the value of maximum negative
reward influenced the
convergence speed
γ ← 0.99 taking hundred
iterations to converge.
smaller γ did not ensure the
return to the desired path.

Figures: Owhship at the origin
different intruder positions
policies indicated by color: black=up,
red=right
left: both own and intruder velocities
are zero, d = 0
right: owhship is moving in the positive
y–axis direction at 1 s−1 with zero
trajectory error and nominal trajectory
matches the velocity.
The intruder is stationary.

Figure 2: Policies resulting from value iteration solution of POMDP formulation. Arrows indicate actions.

D. Beliefs

A POMDP is an extension of the MDP formulation in which the current state is not precisely known.
Instead, observations are received at each step and those are used to update one’s “belief” about the true
state of the system. This “belief state” may be a continuous probability distribution over the states, or, as
is done in this approach to solving the POMDP, a discrete set of possible states, each with an associated
probability. In this QMDP approach, the MDP is solved using the Bellman update defined in eq. (1) without
any consideration of state uncertainty (the dynamic equations do contain acceleration uncertainties). State
uncertainty is incorporated only when actions are selected during algorithm execution: a set of potential
states is calculated from the observations received at each step using a sigma point sampling technique.15

These potential states become the beliefs used to select an action:

π(b) = max
a

[∑

k

Q
(
s(k), a

)
b(k)

]
(4)

The states, s(k), are unlikely to lie exactly on one of the discretized grid points given in table 1. The value
of Q

(
s(k), a

)
is therefore calculated for each action by interpolating between the 2n nearest neighbor states

using rectangular interpolation, or between the n+1 neighbor states using simplex interpolation. Although
the eight state variables require 256 interpolants under the rectangular method, the much more complex
determination of the 9 interpolants in the simplex method means that rectangular interpolation is actually
faster. The sum of Q

(
s(k), a

)
, weighted by b(k), is computed for each action, and the action with the highest

value is executed. This method of extending MDPs to partial observability is one of the simplest ways to
incorporate state uncertainty, and it was employed here because prior work has found little benefit to using
more sophisticated approaches.15

IV. Collision Avoidance Algorithm Optimization

The collision avoidance policy obtained by value iteration is guaranteed to be optimal for the specific
reward parameters, discount factor, state-action discretization, and assumed model of the POMDP for-
mulation. However, if the parameters are not selected carefully then the algorithm may not provide the
appropriate avoidance behavior. Surrogate modeling has been shown to be effective in improving collision
avoidance problems posed as POMDPs.4 This section describes an approach to automatically tune the
reward parameters to balance the separation with an intruder and the deviation from the desired trajectory.
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Beliefs

Uncertainty does not increase with time
State uncertainty is incorporated only when actions are selected
a set of potential states is calculated from the observations received at each
step.
the potential states become the beliefs used to select an action.

π(b) = maxa

[∑
k

Q(s(k), a)b(k)

]

The value Q(s(k), a)b(k) approximated from QMDP solutions
rectangular interpolation between 2n nearest neighbor
simplex interpolation between n + 1 nearest neighbor
prior work has found little benefit to using more sophisticated approaches.
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Pareto Optimal frontier

194 parameter sets evaluated
β between 0.01 and 0.99 .
resulting in nine non-dominated, Pareto–optimal designs.
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Figure 6: Pareto-optimal front of reward parameter design options

Intruder aircraft moving with uniform velocity are a typical encounter case and one which allows evalua-
tion of overall avoidance performance as a function of a range of relative headings and speeds. The relative
heading is the difference between the ownship and intruder heading at CPA, so a value of 180° is a head-on
encounter. Each combination of velocity and heading is replayed ten times under different sequences of state
and dynamic uncertainty in order to ensure a range of reasonable behavior is obtained for each encounter
type. The parameters that were systematically varied for this class of intruders and their values are shown
in table 3. A total of 1320 uniform velocity encounters were simulated for each experimental condition (i.e.,
level of state and dynamic uncertainty).

Table 3: Encounter parameters for uniform velocity intruders

Encounter Parameter Minimum Value Step Size Maximum Value

Relative heading (deg) 30 30 330

Relative velocity(s−1) 0.25 0.25 3.0

Number of uncertainty histories 10

The intruder trajectories generated by the encounter model are meant to simulate realistic flights by
hobbyist unmanned aircraft and represent the most difficult encounter conditions: maneuvering (or, equiva-
lently, accelerating) intruders. In some cases it may be impossible for the ownship to avoid a close encounter
when an intruder maneuvers at close range to the ownship with high relative velocity. Details of the charac-
teristics of these intruder trajectories and how they were shown to be realistic are provided in a companion
paper.6 A total of 7000 encounter model intruders were simulated for each experimental condition.

VI. Results

This section presents the results of simulations using several types of initial conditions and levels of
surveillance uncertainty. The available design tradeoffs for different sets of reward parameters are shown,
each of which delivers a different combination of separation and deviation distances. Example collision
avoidance resolution trajectories are discussed next. The sections following this discussion describe the
algorithm’s performance in terms of separation and deviation for a single set of reward parameters, and
the last section compares the performance of the coarsely and finely discretized state variables specified in
table 1.
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Human Expert Check

Left: intruder starts at (0, 0),
random heading, fixed velocity of
the intruder
the ownship starts at the blue cross

Right: The goal is hovering
the intruder comes from the
right with the unknown
behaviour.

Figure 7: QMDP collision avoidance maneuver examples

solution to handle both types of ownship initial conditions with only a small change to the desired trajectory
parameters is an important test of its flexibility and robustness. In each encounter the ownship initially
moves perpendicular to the intruder’s velocity and slightly away from it, which has the effects of immediately
increasing the predicted separation at CPA and lengthening the time to CPA. When the intruder reaches
5.0 units longitudinally and 3.0 units laterally, the ownship begins accelerating in the positive longitudinal
direction, which hastens the time at which the aircraft begin to diverge. Shortly after CPA, the ownship
accelerates back towards its starting point and holds position there. The behavior of the collision avoidance-
equipped aircraft in both of these cases confirms the algorithm is working in a reasonable manner and is
ready for aggregate evaluation.

C. Separation Metrics

The cumulative distribution of separations for the QMDP algorithm are shown in fig. 8. Examining the pool
of 1320 uniform velocity intruders first, uncertainty has the primary effect of spreading out the proportion of
separations at the largest values while leaving the minimum separation distances below 3.0 nearly identical.
This spread is largely due to the algorithm increasing separation only when the CPA metric is predicted
to be low, which compresses the distributions together at the bottom end of the CPA chart. As dynamic
uncertainty increases the intruders have the potential to be driven farther from a direct collision, which
spreads out the CPA distance at the higher separation end of the distribution. In general, the rate of serious
separation violations (i.e., CPA distance is less than 3.0) is low for all these levels of uncertainty.

The 7,000 encounter model trajectories on the right side of fig. 8 have a smaller spread of CPA distances
than were seen in the uniform velocity encounters. Part of the explanation for this difference is the fact
that stochastic dynamic uncertainty is not present for these intruders; their acceleration uncertainties come
from the encounter model itself. The second reason state and dynamic uncertainty have less of an effect on
minimum separations is that intent uncertainty is dominating the encounter. The unexpected accelerations
that comprise such uncertainties govern the CPA separations, and those accelerations are not affected by
the level of uncertainty. The failure of the algorithm to prevent the 19% of encounters that have CPA
separations under 3.0 is an outcome of the intent uncertainty as well. It is only at the 30% of encounters
with the highest CPA separations, greater than about 5.0, that the metric’s distributions spread out and the
uncertainty levels can be distinguished.

D. Trajectory Deviation Metrics

The maximum deviation values for the QMDP algorithm as a function of uncertainty are shown in fig. 9. The
deviations are a weak function of uncertainty for all of the uniform velocity intruders, with the maximum
deviation decreasing as uncertainty increases. This effect is largely due to dynamic uncertainty moving the
intruder away from a direct collision and making the required amount of deviation lower. In approximately
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State Discretization

The fine discretization improves the results.

other for these close encounters. However, the coarse discretization does not possess grid points at ranges
between 1.0 and 15.0, so it provides more than the required separation for a majority of the encounters. The
implication of this excessive separation is that the maximum trajectory deviations are also much larger than
required. The selection of an appropriate discretization scheme has a major effect on the performance of the
QMDP algorithm, so it is important that care is taken to balance the additional computational costs of a
finely discretized scheme against that increased performance.
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(a) CPA separations
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(b) Maximum trajectory deviations

Figure 10: Cumulative distributions of encounter model metrics as a function of state discretization

VII. Conclusions

This paper presented a formulation of the collision avoidance problem for multi-rotor aircraft as a par-
tially observable Markov decision process (POMDP). The approach extends the ACAS X methodology to
incorporate speed, in the form of horizontal plane accelerations, as a significant degree of freedom. The
parameters for a horizontal, two-dimensional version of this algorithm were presented, and a set of metrics
proposed that would be directly applicable to defining aircraft performance by the user of such an algorithm.
These metrics, which relate to the minimum separation from an intruder and the deviation from the desired
trajectory, are used to judge the performance of the algorithm for a given parameter set. An optimization
loop was created to automatically select reward parameters that balance separation requirements with devi-
ation. That optimization loop includes the POMDP formulation, an approximately optimal QMDP method
for selecting actions, a simulation capability to evaluate the metrics, and a Gaussian process surrogate model
to select reward parameters for subsequent iterations. The optimization was run for a range of values of
relative importance between the two metrics in the inner loop.

The Gaussian process-based optimization scheme generated a large set of collision avoidance algorithms,
each with a different set of reward parameters, that provided different tradeoffs between separation and
trajectory deviation. One of those algorithms was used to show the individual trajectories flown by a sim-
ulated vehicle in the presence of state and dynamic uncertainty for a variety of initial conditions, including
a stationary ownship and a moving intruder and ownship with three different relative headings. The result-
ing trajectories match the expectations for typical collision avoidance behavior and take advantage of the
speed degree of freedom in normally difficult-to-resolve encounters. This use of speed, enabled by the novel
formulation of the collision avoidance problem presented in this paper, could provide significant benefit over
algorithms that only allow turns or vertical maneuvers. Aggregate statistics measuring the performance of
this algorithm over thousands of encounters were also presented, illustrating the robustness of the algorithm
to different initial conditions and degrees of uncertainty.
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List of topics
1 Linear, ridge, lasso regression, k-neares neighbours,(formulas) overfitting,

curse of dimensionality, (LARS)
2 Splines - the base, natural splines, smoothing splines; kernel smoothing:

kernel average, Epanechnikov kernel.
3 Logistic regression, Linear discriminant analysis, generalized additive models
4 Train/test error and data split, square error, 0-1, crossentropy, AIC,

BIC,(formulas) crossvalidation, one-leave-out CV, wrong estimate example
5 decision trees, information gain/entropy/gini, CART prunning,(formulas)
6 random forest (+bagging), OOB error, Variable importance, boosting

(Adaboost(formulas) and gradient boosting), stacking, MARS ,
7 Bayesian learning: MAP, ML hypothesis (formulas), Bayesian optimal

prediction, EM algorithm
8 Clustering: k-means, Silhouette, k-medoids, hierarchical
9 Apriori algorithm, Association rules, support, confidence, lift
10 Inductive logic programming basic: hypothesis space search, background

knowledge, necessity, sufficiency and consistency of a hypothesis, Aleph
11 Undirected graphical models, Graphical Lasso procedure, deviance , MRF

12 Gaussian processes: estimation of the function and its variance (figures,
ideas).
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Further ML Methods

Linear Projections
Principal Component Analysis (PCA): ’the most spread variance’ directions

Sparse PCA. (sklearn)
Partial Least Squares: not mentioned here. (sklearn)
Archetypal analysis: extremes, instead of ’centers’ from clustering; data=lin.
comb. of archetypes (archetypes)
NMF Nonnegative Matrix Factorization: ’linear r -dimensional autoencoder’
(sklearn)
Factor analysis: A view on ’independent factors’ observed via a linear
combination mixture with a gaussian noise (sklearn)
Independent Component Analysis: splits the signal according to
non-gaussian features (max. divergence from gaussian) (sklearn)
Procrustes transformation - curve fitting.

Principal curves and surfaces (predefined fj(λ), curve paramater λ)
(prinPy),
Kernel PCA. (sklearn)
Spectral Clustering. (sklearn)
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PCA Principal Components, Curves and Surfaces
The principal components of a set of data in Rp

provide a sequence of best linear approximations to
that data, of all ranks q ≤ p.
let µ be a location vector in Rp, Vq is a p × q
matrix with q orthogonal unit vectors as columns, λ
is a q vector of parameters.
f (λ) = µ+ Vqλ represents an affine hyperplane of
rank q.
We minimize the reconstruction error (by least
squares)

minµ,{λi }
∑N

i=1 ∥xi − µ− Vqλi∥2.
We can partially optimize

µ̂ = x
λ̂i = V T

q (xi − x).
This leaves us to find the orthogonal matrix Vq

minVq

∑N
i=1
∥∥(xi − x)− VqV T

q (xi − x)
∥∥2 .

We center the data x = 0 to simplify the formulas.
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FIGURE 14.20. The first linear principal component of a set of data. The line
minimizes the total squared distance from each point to its orthogonal projection
onto the line.

In this application the authors have developed a “zoom” feature, which
allows one to interact with the map in order to get more detail. The final
level of zooming retrieves the actual news articles, which can then be read.

14.5 Principal Components, Curves and Surfaces

Principal components are discussed in Sections 3.4.1, where they shed light
on the shrinkage mechanism of ridge regression. Principal components are
a sequence of projections of the data, mutually uncorrelated and ordered
in variance. In the next section we present principal components as linear
manifolds approximating a set of N points xi ∈ IRp. We then present
some nonlinear generalizations in Section 14.5.2. Other recent proposals
for nonlinear approximating manifolds are discussed in Section 14.9.

14.5.1 Principal Components

The principal components of a set of data in IRp provide a sequence of best
linear approximations to that data, of all ranks q ≤ p.

Denote the observations by x1, x2, . . . , xN , and consider the rank-q linear
model for representing them
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FIGURE 14.21. The best rank-two linear approximation to the half-sphere data.
The right panel shows the projected points with coordinates given by U2D2, the
first two principal components of the data.

two-dimensional principal component surface fit to the half-sphere data
(left panel). The right panel shows the projection of the data onto the
first two principal components. This projection was the basis for the initial
configuration for the SOM method shown earlier. The procedure is quite
successful at separating the clusters. Since the half-sphere is nonlinear, a
nonlinear projection will do a better job, and this is the topic of the next
section.

Principal components have many other nice properties, for example, the
linear combination Xv1 has the highest variance among all linear com-
binations of the features; Xv2 has the highest variance among all linear
combinations satisfying v2 orthogonal to v1, and so on.

Example: Handwritten Digits

Principal components are a useful tool for dimension reduction and com-
pression. We illustrate this feature on the handwritten digits data described
in Chapter 1. Figure 14.22 shows a sample of 130 handwritten 3’s, each a
digitized 16 × 16 grayscale image, from a total of 658 such 3’s. We see
considerable variation in writing styles, character thickness and orienta-
tion. We consider these images as points xi in IR256, and compute their
principal components via the SVD (14.54).

Figure 14.23 shows the first two principal components of these data. For
each of these first two principal components ui1 and ui2, we computed the
5%, 25%, 50%, 75% and 95% quantile points, and used them to define
the rectangular grid superimposed on the plot. The circled points indicate
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Handwritten 3 Example

130 handwritten digits 3, each 16×16 grayscale
image.

x ∈ R256

First two principal component plot
For the first two principal components quantiles
5,25,50,75,95 percent.
First component - x axis: mainly the length of 3
Second component - the thickness.

The projection on the first two components is:

14.5 Principal Components, Curves and Surfaces 537

FIGURE 14.22. A sample of 130 handwritten 3’s shows a variety of writing
styles.

those images close to the vertices of the grid, where the distance measure
focuses mainly on these projected coordinates, but gives some weight to the
components in the orthogonal subspace. The right plot shows the images
corresponding to these circled points. This allows us to visualize the nature
of the first two principal components. We see that the v1 (horizontal move-
ment) mainly accounts for the lengthening of the lower tail of the three,
while v2 (vertical movement) accounts for character thickness. In terms of
the parametrized model (14.49), this two-component model has the form

f̂(λ) = x̄+ λ1v1 + λ2v2

= + λ1 · + λ2 · . (14.55)

Here we have displayed the first two principal component directions, v1
and v2, as images. Although there are a possible 256 principal components,
approximately 50 account for 90% of the variation in the threes, 12 ac-
count for 63%. Figure 14.24 compares the singular values to those obtained
for equivalent uncorrelated data, obtained by randomly scrambling each
column of X. The pixels in a digitized image are inherently correlated,
and since these are all the same digit the correlations are even stronger.

First 12 components account for 63% data
variations.
Explained variance by PCA (blue) and randomized
directions (orange).
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FIGURE 14.22. A sample of 130 handwritten 3’s shows a variety of writing
styles.

those images close to the vertices of the grid, where the distance measure
focuses mainly on these projected coordinates, but gives some weight to the
components in the orthogonal subspace. The right plot shows the images
corresponding to these circled points. This allows us to visualize the nature
of the first two principal components. We see that the v1 (horizontal move-
ment) mainly accounts for the lengthening of the lower tail of the three,
while v2 (vertical movement) accounts for character thickness. In terms of
the parametrized model (14.49), this two-component model has the form

f̂(λ) = x̄+ λ1v1 + λ2v2

= + λ1 · + λ2 · . (14.55)

Here we have displayed the first two principal component directions, v1
and v2, as images. Although there are a possible 256 principal components,
approximately 50 account for 90% of the variation in the threes, 12 ac-
count for 63%. Figure 14.24 compares the singular values to those obtained
for equivalent uncorrelated data, obtained by randomly scrambling each
column of X. The pixels in a digitized image are inherently correlated,
and since these are all the same digit the correlations are even stronger.
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FIGURE 14.23. (Left panel:) the first two principal components of the hand-
written threes. The circled points are the closest projected images to the vertices
of a grid, defined by the marginal quantiles of the principal components. (Right
panel:) The images corresponding to the circled points. These show the nature of
the first two principal components.
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FIGURE 14.24. The 256 singular values for the digitized threes, compared to
those for a randomized version of the data (each column of X was scrambled).
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FIGURE 14.23. (Left panel:) the first two principal components of the hand-
written threes. The circled points are the closest projected images to the vertices
of a grid, defined by the marginal quantiles of the principal components. (Right
panel:) The images corresponding to the circled points. These show the nature of
the first two principal components.
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FIGURE 14.24. The 256 singular values for the digitized threes, compared to
those for a randomized version of the data (each column of X was scrambled).
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Sparse Principal Components
We often interpret PCA by examining loadings: direction vectors vj .
This interpretation is easier if the loadings are sparse.

Definition (Sparse PCA)
Sparse principal component technique solves
for a single component:

minθ,v

N∑
i=1
∥xi − θvT xi∥2

2 + λ∥v∥2
2 + λ1∥v∥1

subject to ∥θ∥2 = 1.

If both λ = λ1 = 0 and
N > p, than v = θ is the
largest principal component
direction.
When p ≫ N the solution
may not be unique unless
λ > 0. For λ > 0 and λ1 = 0
is the solution proportional to
the largest principal
component direction.

Sparse principal component for multiple components minimizes Θ and V p ×K
matrices

minΘ,V

N∑
i=1
∥xi −ΘV T xi∥2

2 + λ

K∑
k=1
∥vk∥2

2 +
K∑

k=1
λ1k∥vk∥1

subject to ΘT Θ = IK .
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Corpus Callosum (CC) Sparse PCA Example

552 14. Unsupervised Learning

FIGURE 14.32. An example of a mid-saggital brain slice, with the corpus col-
losum annotated with landmarks.

ple PCA is applied to shape data, and is a popular tool in morphometrics.
For such applications, a number of landmarks are identified along the cir-
cumference of the shape; an example is given in Figure 14.32. These are
aligned by Procrustes analysis to allow for rotations, and in this case scal-
ing as well (see Section 14.5.1). The features used for PCA are the sequence
of coordinate pairs for each landmark, unpacked into a single vector.

In this analysis, both standard and sparse principal components were
computed, and components that were significantly associated with various
clinical parameters were identified. In the figure, the shape variations cor-
responding to significant principal components (red curves) are overlaid on
the mean CC shape (black curves). Low walking speed relates to CCs that
are thinner (displaying atrophy) in regions connecting the motor control
and cognitive centers of the brain. Low verbal fluency relates to CCs that
are thinner in regions connecting auditory/visual/cognitive centers. The
sparse principal components procedure gives a more parsimonious, and po-
tentially more informative picture of the important differences.

The Corpus Callosum scan.
The area represented by a number
of points aligned by Procrustes
analysis,
a set of 2d points for now.14.5 Principal Components, Curves and Surfaces 551

Walking Speed

Verbal Fluency

Principal Components Sparse Principal Components

FIGURE 14.31. Standard and sparse principal components from a study of
the corpus callosum variation. The shape variations corresponding to significant
principal components (red curves) are overlaid on the mean CC shape (black
curves).

For multiple components, the sparse principal components procedures
minimizes

N∑

i=1

||xi −ΘVTxi||2 + λ

K∑

k=1

||vk||22 +

K∑

k=1

λ1k||vk||1, (14.71)

subject to ΘT Θ = IK . Here V is a p×K matrix with columns vk and Θ
is also p×K.

Criterion (14.71) is not jointly convex in V and Θ, but it is convex in
each parameter with the other parameter fixed7. Minimization over V with
Θ fixed is equivalent to K elastic net problems (Section 18.4) and can be
done efficiently. On the other hand, minimization over Θ with V fixed is a
version of the Procrustes problem (14.56), and is solved by a simple SVD
calculation (Exercise 14.12). These steps are alternated until convergence.

Figure 14.31 shows an example of sparse principal components analysis
using (14.71), taken from Sjöstrand et al. (2007). Here the shape of the
mid-sagittal cross-section of the corpus callosum (CC) is related to various
clinical parameters in a study involving 569 elderly persons8. In this exam-

7Note that the usual principal component criterion, for example (14.50), is not jointly

convex in the parameters either. Nevertheless, the solution is well defined and an efficient

algorithm is available.
8We thank Rasmus Larsen and Karl Sjöstrand for suggesting this application, and

supplying us with the postscript figures reproduced here.
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Archetypal Analysis

Archetypal Analysis approximates data points by a linear combination of
prototypes

that are themselves linear combinations of data points.
Each data point is approximated by a convex combination of prototypes.
This forces the prototypes to lie on the convex hull of the data cloud.
In this sense, they are ’archetypal’.

K-means clustering
approximates any point by one
prototype
each prototype is a linear
combination of samples (the
mean of a cluster).

14.7 Independent Component Analysisand Exploratory Projection Pursuit 557

2 Prototypes 4 Prototypes 8 Prototypes

FIGURE 14.35. Archetypal analysis (top panels) and K-means clustering (bot-
tom panels) applied to 50 data points drawn from a bivariate Gaussian distribu-
tion. The colored points show the positions of the prototypes in each case.

archetypes, respectively. As expected, the algorithm has produced extreme
3’s both in size and shape.

14.7 Independent Component Analysis and
Exploratory Projection Pursuit

Multivariate data are often viewed as multiple indirect measurements aris-
ing from an underlying source, which typically cannot be directly measured.
Examples include the following:

• Educational and psychological tests use the answers to questionnaires
to measure the underlying intelligence and other mental abilities of
subjects.

• EEG brain scans measure the neuronal activity in various parts of
the brain indirectly via electromagnetic signals recorded at sensors
placed at various positions on the head.

• The trading prices of stocks change constantly over time, and reflect
various unmeasured factors such as market confidence, external in-
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Archetypal Analysis

“linear autoencoder" of the dimension r

Definition (Archetypal Analysis)
A non-negative N × p data matrix X is modeled X ∼WH,

H = BX is r × p matrix of r archetypes (rows of H),
B is r × N matrix where bki ≥ 0 and (∀k) (

∑N
i=1 bki = 1).

W is N × r matrix where wik ≥ 0 and (∀i) (
∑r

k=1 wik = 1).
We minimize over W and B: J(W , B) = ∥X −WH∥2 = ∥X −WBX∥2.

Its minimized in an alternating fashion,
with each separate minimization involving a
convex optimization.
Converges to a local minimum.
Figure: 2,3, and 4 prototypes for the
Handwritten 3 example.
Extreme 3’s both in size and shape.

558 14. Unsupervised Learning

FIGURE 14.36. Archetypal analysis applied to the database of digitized 3’s. The
rows in the figure show the resulting archetypes from three runs, specifying two,
three and four archetypes, respectively.

fluences, and other driving forces that may be hard to identify or
measure.

Factor analysis is a classical technique developed in the statistical liter-
ature that aims to identify these latent sources. Factor analysis models
are typically wed to Gaussian distributions, which has to some extent hin-
dered their usefulness. More recently, independent component analysis has
emerged as a strong competitor to factor analysis, and as we will see, relies
on the non-Gaussian nature of the underlying sources for its success.

14.7.1 Latent Variables and Factor Analysis

The singular-value decomposition X = UDVT (14.54) has a latent variable
representation. Writing S =

√
NU and AT = DVT /

√
N , we have X =

SAT , and hence each of the columns of X is a linear combination of the
columns of S. Now since U is orthogonal, and assuming as before that the
columns of X (and hence U) each have mean zero, this implies that the
columns of S have zero mean, are uncorrelated and have unit variance. In
terms of random variables, we can interpret the SVD, or the corresponding
principal component analysis (PCA) as an estimate of a latent variable
model
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Non-negative Matrix Factorization

Definition (Non-negative Matrix Factorization)
A centered N × p data matrix X is modeled
X ∼WH,
W is N × r matrix, H is r × p,
r ≤ max(N, p).
We assume xij ,wik , hkj ≥ 0.
We maximize over W and H: L(W ,H) =∑N

i=1
∑p

j=1[xij log(WH)ij − (WH)ij ].

NMF assumes xij has a Poisson distribution
with mean (WH)ij

we maximize the loglikelihood.

14.6 Non-negative Matrix Factorization 555

VQ

× =

NMF

=×

PCA

=×

Original

FIGURE 14.33. Non-negative matrix factorization (NMF), vector quantization
(VQ, equivalent to k-means clustering) and principal components analysis (PCA)
applied to a database of facial images. Details are given in the text. Unlike VQ
and PCA, NMF learns to represent faces with a set of basis images resembling
parts of faces.
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NMF
NMF

1: procedure NMF:(X centered data)
2: repeat

3: wik ← wik

∑p
j=1

hkj xij /(WH)ij∑p
j=1

hkj
,

4: hkj ← hkj

∑N
i=1

wik xij /(WH)ij∑N
i=1

bik

5: until convergence
6: return W , H
7: end procedure

The NMF solution
is not unique.

Any h1, h2 basis vectors in the open space

between the coordinate axes and data work

(given an exact reconstruction of the data).
556 14. Unsupervised Learning

h1

h2

FIGURE 14.34. Non-uniqueness of the non-negative matrix factorization.
There are 11 data points in two dimensions. Any choice of the basis vectors h1

and h2 in the open space between the coordinate axes and data, gives an exact
reconstruction of the data.

Figure 14.35 shows an example with simulated data in two dimensions.
The top panel displays the results of archetypal analysis, while the bottom
panel shows the results from K-means clustering. In order to best recon-
struct the data from convex combinations of the prototypes, it pays to
locate the prototypes on the convex hull of the data. This is seen in the top
panels of Figure 14.35 and is the case in general, as proven by Cutler and
Breiman (1994). K-means clustering, shown in the bottom panels, chooses
prototypes in the middle of the data cloud.

We can think of K-means clustering as a special case of the archetypal
model, in which each row of W has a single one and the rest of the entries
are zero.

Notice also that the archetypal model (14.75) has the same general form
as the non-negative matrix factorization model (14.72). However, the two
models are applied in different settings, and have somewhat different goals.
Non-negative matrix factorization aims to approximate the columns of the
data matrix X, and the main output of interest are the columns of W
representing the primary non-negative components in the data. Archetypal
analysis focuses instead on the approximation of the rows of X using the
rows of H, which represent the archetypal data points. Non-negative matrix
factorization also assumes that r ≤ p. With r = p, we can get an exact
reconstruction simply choosing W to be the data X with columns scaled
so that they sum to 1. In contrast, archetypal analysis requires r ≤ N ,
but allows r > p. In Figure 14.35, for example, p = 2, N = 50 while
r = 2, 4 or 8. The additional constraint (14.76) implies that the archetypal
approximation will not be perfect, even if r > p.

Figure 14.36 shows the results of archetypal analysis applied to the
database of 3’s displayed in Figure 14.22. The three rows in Figure 14.36
are the resulting archetypes from three runs, specifying two, three and four

sklearn.decomposition.NMF has the objective function:

0.5∥X −WH∥2
loss + αW · l1ratiop∥vec(W )∥1 + 0.5αW · (1− l1ratio)p∥W ∥2

Fro

+ αH · l1ratioN∥vec(H)∥1 + 0.5αH · (1− l1ratio)N∥H∥2
Fro

∥vec(W )∥1 =
∑

i,j abs(Wi,j) elementwise L1 norm

∥W ∥2
Fro =

∑
i,j W 2

i,j Frobenius norm
loss is Frobenius norm or another beta-divergence loss, l1ratio = 0.
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Independent Component Analysis

Multivariate data as multiple
indirect measurements from an
underlying source.
Examples: EEG brain scans, ’body
fat’, trading prices.
Factor analysis

typically wed to Gaussian
distributions
which has hindered their
usefulness
and has no unique solution

any linear transformation is a
solution.

566 14. Unsupervised Learning

FIGURE 14.41. Fifteen seconds of EEG data (of 1917 seconds) at nine (of
100) scalp channels (top panel), as well as nine ICA components (lower panel).
While nearby electrodes record nearly identical mixtures of brain and non-brain
activity, ICA components are temporally distinct. The colored scalps represent the
ICA unmixing coefficients âj as a heatmap, showing brain or scalp location of the
source.
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Latent Variables and Factor Analysis

Take the singular value decomposition X = UDV T

we assume that the columns of X have zero mean
where D is a diagonal matrix
U is orthogonal.

X has a latent variable decomposition X = SAT

where S =
√

NU, AT = 1√
N DV T

each of the columns of X is a linear combination of the columns of S
columns of S have zero mean, are uncorrelated and have unit variance,
Cov(S) = I.
we can interpret the SVD, or the corresponding PCA as an estimate of a
latent variable model X = AS

X1 = a11S1 + a12S2 + . . .+ a1pSp

X2 = a21S1 + a22S2 + . . .+ a2pSp

. . .

Xp = ap1S1 + ap2S2 + . . .+ appSp

Notice that for any orthogonal p× p matrix R is X = AS = ART RS = A∗S∗.
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Factor Analysis
In the SVD decomposition any rank q < p truncated decomposition
approximates X in an optimal way.
Factor analysis model (popular in psychometrics)

with q < p, a factor analysis model has the form X = AS + ϵ

X1 = a11S1 + a12S2 + . . . + a1qSq + ϵ1

X2 = a21S1 + a22S2 + . . . + a2qSq + ϵ2

. . .

Xp = ap1S1 + ap2S2 + . . . + apqSq + ϵp

S is a vector of q < p underlying latent variables or factors
A is a p × q matrix of factor loadings

used to name and interpret the factors
ϵj are uncorrelated zero–mean disturbances.
Typically, Sℓ and ϵj are modeled as Gaussian random variables, and the model
is fit by maximum likelihood.
The parameters all reside in the covariance matrix

Σ = AAT + Dϵ

where Dϵ = diag [Var(ϵ1), Var(ϵ2), . . . , Var(ϵp)]
S independent factors like intelligence, drive in a battery of educational tests.
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Independent Component Analysis

X1 = a11S1 + a12S2 + . . .+ a1pSp

X2 = a21S1 + a22S2 + . . .+ a2pSp

. . .

Xp = ap1S1 + ap2S2 + . . .+ appSp

S are assumed statistically independent rather than uncorrelated
correlation: second order interaction
independence: all orders of interactions.
Multivariate Gaussian is determined by its second moments alone (up to
rotation).
Otherwise, the extra moments allow to identify the elements of A uniquely.

We assume X has been whitened to have Cov(X ) = I; Simplest: multiply by
W = Σ− 1

2 , typically achieved via the SVD to D− 1
2 V T .

Var(S) = I, therefore is A orthogonal.
ICA searches an orthogonal S such that S = AT X are independent
(not-Gaussian) components.
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Example

Cocktail party problem Different microphones Xj pick up mixtures of
different independent sources Sℓ (music, speech from different speakers).
ICA is able to perform blind source separation

by exploiting the independence and non–Gaussianity of the original sources.14.7 Independent Component Analysis and Exploratory Projection Pursuit 561

Source Signals Measured Signals

PCA Solution ICA Solution

FIGURE 14.37. Illustration of ICA vs. PCA on artificial time-series data. The
upper left panel shows the two source signals, measured at 1000 uniformly spaced
time points. The upper right panel shows the observed mixed signals. The lower
two panels show the principal components and independent component solutions.

source separation, by exploiting the independence and non-Gaussianity of
the original sources.

Many of the popular approaches to ICA are based on entropy. The dif-
ferential entropy H of a random variable Y with density g(y) is given by

H(Y ) = −
∫
g(y) log g(y)dy. (14.82)

A well-known result in information theory says that among all random
variables with equal variance, Gaussian variables have the maximum en-
tropy. Finally, the mutual information I(Y ) between the components of the
random vector Y is a natural measure of dependence:

I(Y ) =

p∑

j=1

H(Yj)−H(Y ). (14.83)

The quantity I(Y ) is called the Kullback–Leibler distance between the
density g(y) of Y and its independence version

∏p
j=1 gj(yj), where gj(yj)

is the marginal density of Yj . Now if X has covariance I, and Y = ATX
with A orthogonal, then it is easy to show that

I(Y ) =

p∑

j=1

H(Yj)−H(X)− log | detA| (14.84)

=

p∑

j=1

H(Yj)−H(X). (14.85)

Finding an A to minimize I(Y ) = I(ATX) looks for the orthogonal trans-
formation that leads to the most independence between its components. In
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Entropy

entropy H(Y ) = −
∫

g(y) log g(y)dy

mutual information I(Y ) =
p∑

j=1
H(Yj)− H(Y )

I(Y ) =
p∑

j=1
H(Yj)− H(X )− log | det(A)|

=
p∑

j=1
H(Yj)− H(X )

since Cov(X ) = I, Y = AT X and A is orthogonal.
We search A to minimize I(Y ) = I(AT X )

looks for the orthogonal transformation that leads to the most independence
between its components
minimizes the sum of the entropies of the separate components of Y
this amounts to maximizing their departures from Gaussianity.
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Negentropy, FastICA
For each Yj , let Zj be a Gaussian random variable
with the same variance as Yj .
The negentropy J(Yj) is defined

J(Yj) = H(Zj)− H(Yj)

It is non–negative, and measures the departure of Yj
from Gaussianity.
Can be approximated by

J(Yj) ∼ [EG(Yj)− EG(Zj)]2

G(u) = 1
a log cosh(au) for 1 ≤ a ≤ 2.

FastICA

ICA starts from essentially a factor analysis
solution
and looks for rotations that lead to
independent components.

14.7 Independent Component Analysis and Exploratory Projection Pursuit 563
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FIGURE 14.39. A comparison of the first five ICA components computed using
FastICA (above diagonal) with the first five PCA components(below diagonal).
Each component is standardized to have unit variance.

Gaussian as possible. With pre-whitened data, this amounts to looking for
components that are as independent as possible.

ICA starts from essentially a factor analysis solution, and looks for rota-
tions that lead to independent components. From this point of view, ICA is
just another factor rotation method, along with the traditional “varimax”
and “quartimax” methods used in psychometrics.

Example: Handwritten Digits

We revisit the handwritten threes analyzed by PCA in Section 14.5.1. Fig-
ure 14.39 compares the first five (standardized) principal components with
the first five ICA components, all shown in the same standardized units.
Note that each plot is a two-dimensional projection from a 256-dimensional

Above diagonal:
first five ICA
components
Below diagonal:
first five PCA
components
all standardized to
unit variance.
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FastICA
X are centered and whitened data with Cov(X ) = I

typically achieved via the SVD, X ←
√

DU from X = UDV T .
q the number of components

Only one is allowed to follow Gaussian distribution.
a a parameter.

FastICA

1: procedure FastICA:(X, a ∈ ⟨1, 2⟩, q ≤ p )
2: w1, . . . ,wq ← randomly initialize N-dimensional weight vectors
3: for ℓ = 1, . . . , q do
4: repeat
5: w+

ℓ ←
∑N

i=1 x tanh(awT
ℓ x)−

(∑N
i=1

1
cosh2(wT

ℓ
x)

)
w

6: wℓ ← w+
ℓ −

∑ℓ−1
j=1 wT

ℓ wjwj # orthogonal to previous
7: wℓ ← wℓ√

wT
ℓ

wℓ

# normalize
8: until convergence
9: end for

10: end procedure
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Procrustes Transformations
Assume each handwritten S is represented as
N = 96 points.
Both X1 and X2 are N × 2 matrices (green, orange
curve).

with column means x1, x2, centered to X̃1, X̃2.
To find landmarks (points) are difficult and subject
specific.
In this example, dynamic time wrapping of the
speed signal along each signature was used.

14.5 Principal Components, Curves and Surfaces 539

A relatively small subset of the principal components serve as excellent
lower-dimensional features for representing the high-dimensional data.

Example: Procrustes Transformations and Shape Averaging

FIGURE 14.25. (Left panel:) Two different digitized handwritten Ss, each rep-
resented by 96 corresponding points in IR2. The green S has been deliberately
rotated and translated for visual effect. (Right panel:) A Procrustes transforma-
tion applies a translation and rotation to best match up the two set of points.

Figure 14.25 represents two sets of points, the orange and green, in the
same plot. In this instance these points represent two digitized versions
of a handwritten S, extracted from the signature of a subject “Suresh.”
Figure 14.26 shows the entire signatures from which these were extracted
(third and fourth panels). The signatures are recorded dynamically using
touch-screen devices, familiar sights in modern supermarkets. There are
N = 96 points representing each S, which we denote by the N ×2 matrices
X1 and X2. There is a correspondence between the points—the ith rows
of X1 and X2 are meant to represent the same positions along the two S’s.
In the language of morphometrics, these points represent landmarks on
the two objects. How one finds such corresponding landmarks is in general
difficult and subject specific. In this particular case we used dynamic time
warping of the speed signal along each signature (Hastie et al., 1992), but
will not go into details here.

In the right panel we have applied a translation and rotation to the green
points so as best to match the orange—a so-called Procrustes3 transforma-
tion (Mardia et al., 1979, for example).

Consider the problem

min
µ,R
||X2 − (X1R + 1µT )||F , (14.56)

3Procrustes was an African bandit in Greek mythology, who stretched or squashed

his visitors to fit his iron bed (eventually killing them).

14.5 Principal Components, Curves and Surfaces 539

A relatively small subset of the principal components serve as excellent
lower-dimensional features for representing the high-dimensional data.

Example: Procrustes Transformations and Shape Averaging

FIGURE 14.25. (Left panel:) Two different digitized handwritten Ss, each rep-
resented by 96 corresponding points in IR2. The green S has been deliberately
rotated and translated for visual effect. (Right panel:) A Procrustes transforma-
tion applies a translation and rotation to best match up the two set of points.

Figure 14.25 represents two sets of points, the orange and green, in the
same plot. In this instance these points represent two digitized versions
of a handwritten S, extracted from the signature of a subject “Suresh.”
Figure 14.26 shows the entire signatures from which these were extracted
(third and fourth panels). The signatures are recorded dynamically using
touch-screen devices, familiar sights in modern supermarkets. There are
N = 96 points representing each S, which we denote by the N ×2 matrices
X1 and X2. There is a correspondence between the points—the ith rows
of X1 and X2 are meant to represent the same positions along the two S’s.
In the language of morphometrics, these points represent landmarks on
the two objects. How one finds such corresponding landmarks is in general
difficult and subject specific. In this particular case we used dynamic time
warping of the speed signal along each signature (Hastie et al., 1992), but
will not go into details here.

In the right panel we have applied a translation and rotation to the green
points so as best to match the orange—a so-called Procrustes3 transforma-
tion (Mardia et al., 1979, for example).

Consider the problem

min
µ,R
||X2 − (X1R + 1µT )||F , (14.56)

3Procrustes was an African bandit in Greek mythology, who stretched or squashed
his visitors to fit his iron bed (eventually killing them).

Procrustes transformation
R is an orthonormal p × p matrix,

R̂ ← UV T from X̃T
1 X̃2 = UDV T .

µ a p vector of location coordinates
µ← x2 − R̂x1.

∥X∥2
F = trace(X T X) =

∑N
i=1

∑p
j=1 |xij |2 is the squared Frobenius matrix norm

We minimize the Procrustes distance

minµ,R
∥∥X2 − (X1R + 1µT )

∥∥2
F .
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Shape Averaging, Procrustes Average
! From now on, we assume the data are centered.

Definition (Procrustes average)
The Procrustes average of a collection
of L shapes is M that minimizes

min{Rℓ}L
1 ,M

L∑
ℓ=1
∥XℓRℓ −M∥2

F .
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FIGURE 14.26. The Procrustes average of three versions of the leading S in
Suresh’s signatures. The left panel shows the preshape average, with each of the
shapes X′

ℓ in preshape space superimposed. The right three panels map the pre-
shape M separately to match each of the original S’s.

min
{Aℓ}L

1 ,M

L∑

ℓ=1

||XℓAℓ −M||2F , (14.60)

where the Aℓ are any p× p nonsingular matrices. Here we require a stan-
dardization, such as MT M = I, to avoid a trivial solution. The solution is
attractive, and can be computed without iteration (Exercise 14.10):

1. Let Hℓ = Xℓ(X
T
ℓ Xℓ)

−1XT
ℓ be the rank-p projection matrix defined

by Xℓ.

2. M is the N×p matrix formed from the p largest eigenvectors of H̄ =
1
L

∑L
ℓ=1 Hℓ.

14.5.2 Principal Curves and Surfaces

Principal curves generalize the principal component line, providing a smooth
one-dimensional curved approximation to a set of data points in IRp. A prin-
cipal surface is more general, providing a curved manifold approximation
of dimension 2 or more.

We will first define principal curves for random variables X ∈ IRp, and
then move to the finite data case. Let f(λ) be a parameterized smooth
curve in IRp. Hence f(λ) is a vector function with p coordinates, each a
smooth function of the single parameter λ. The parameter λ can be chosen,
for example, to be arc-length along the curve from some fixed origin. For
each data value x, let λf (x) define the closest point on the curve to x. Then
f(λ) is called a principal curve for the distribution of the random vector
X if

f(λ) = E(X|λf (X) = λ). (14.61)

This says f(λ) is the average of all data points that project to it, that is, the
points for which it is “responsible.” This is also known as a self-consistency
property. Although in practice, continuous multivariate distributes have
infinitely many principal curves (Duchamp and Stuetzle, 1996), we are

Procrustes Average

1: procedure Procrustes Average:(N × p shapes {Xℓ}L
ℓ=1 )

2: M ← X1 # init the average
3: repeat
4: X ′

ℓ ← XℓR̂ℓ # M fixed, solve L Procruster rotations R̂ℓ

5: M ← 1
L
∑L

ℓ=1 X ′
ℓ # average

6: until convergence
7: end procedure
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Principal Curves and Surfaces
To find a principal curve f (λ) of a distribution, we
consider
f (λ) = [f1(λ), f2(λ), . . . , fp(λ)] its coordinate
functions and let
XT = (X1, . . . ,Xp)

Principal Curves and Surfaces

1: procedure Principal Curve:(f (λ),X )
2: repeat
3: f̂j(λ)← E[Xj |λ(X ) = λ], j = 1, . . . , p,

4: λ̂f (x)← arg minλ′

∥∥∥x − f̂ (λ′)
∥∥∥2

.
5: until convergence
6: end procedure

A scatterplot smoother is used to estimate the
conditional expectations in step 3: by smoothing
each Xj as a function of the arc-length ˆλ(X ).
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f(λ) = [f1(λ), f2(λ)]f(λ) = [f1(λ), f2(λ)]f(λ) = [f1(λ), f2(λ)]f(λ) = [f1(λ), f2(λ)]f(λ) = [f1(λ), f2(λ)]f(λ) = [f1(λ), f2(λ)]f(λ) = [f1(λ), f2(λ)]f(λ) = [f1(λ), f2(λ)]f(λ) = [f1(λ), f2(λ)]

FIGURE 14.27. The principal curve of a set of data. Each point on the curve
is the average of all data points that project there.

interested mainly in the smooth ones. A principal curve is illustrated in
Figure 14.27.

Principal points are an interesting related concept. Consider a set of k
prototypes and for each point x in the support of a distribution, identify
the closest prototype, that is, the prototype that is responsible for it. This
induces a partition of the feature space into so-called Voronoi regions. The
set of k points that minimize the expected distance from X to its prototype
are called the principal points of the distribution. Each principal point is
self-consistent, in that it equals the mean of X in its Voronoi region. For
example, with k = 1, the principal point of a circular normal distribution is
the mean vector; with k = 2 they are a pair of points symmetrically placed
on a ray through the mean vector. Principal points are the distributional
analogs of centroids found by K-means clustering. Principal curves can be
viewed as k =∞ principal points, but constrained to lie on a smooth curve,
in a similar way that a SOM constrains K-means cluster centers to fall on
a smooth manifold.

To find a principal curve f(λ) of a distribution, we consider its coordinate
functions f(λ) = [f1(λ), f2(λ), . . . , fp(λ)] and let XT = (X1, X2, . . . , Xp).
Consider the following alternating steps:

(a) f̂j(λ) ← E(Xj |λ(X) = λ); j = 1, 2, . . . , p,

(b) λ̂f (x) ← argminλ′ ||x− f̂(λ′)||2. (14.62)

The first equation fixes λ and enforces the self-consistency requirement
(14.61). The second equation fixes the curve and finds the closest point on
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FIGURE 14.28. Principal surface fit to half-sphere data. (Left panel:) fitted
two-dimensional surface. (Right panel:) projections of data points onto the sur-
face, resulting in coordinates λ̂1, λ̂2.

the curve to each data point. With finite data, the principal curve algorithm
starts with the linear principal component, and iterates the two steps in
(14.62) until convergence. A scatterplot smoother is used to estimate the
conditional expectations in step (a) by smoothing each Xj as a function of

the arc-length λ̂(X), and the projection in (b) is done for each of the ob-
served data points. Proving convergence in general is difficult, but one can
show that if a linear least squares fit is used for the scatterplot smoothing,
then the procedure converges to the first linear principal component, and
is equivalent to the power method for finding the largest eigenvector of a
matrix.

Principal surfaces have exactly the same form as principal curves, but
are of higher dimension. The mostly commonly used is the two-dimensional
principal surface, with coordinate functions

f(λ1, λ2) = [f1(λ1, λ2), . . . , fp(λ1, λ2)].

The estimates in step (a) above are obtained from two-dimensional surface
smoothers. Principal surfaces of dimension greater than two are rarely used,
since the visualization aspect is less attractive, as is smoothing in high
dimensions.

Figure 14.28 shows the result of a principal surface fit to the half-sphere
data. Plotted are the data points as a function of the estimated nonlinear
coordinates λ̂1(xi), λ̂2(xi). The class separation is evident.

Principal surfaces are very similar to self-organizing maps. If we use a
kernel surface smoother to estimate each coordinate function fj(λ1, λ2),
this has the same form as the batch version of SOMs (14.48). The SOM
weights wk are just the weights in the kernel. There is a difference, however:
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Kernel Principal Components

We can select any kernel function, like
radial K (xi , xi′) = e− ∥x−x′∥2

c .
We set M = 11T/N and calculate
double-centered version of K

K̃ = (I −M)K (I −M) = UD2UT

then principal components variables are
Z = UD.

The elements of the mth component zm
(mth column of Z) can be written (up to
centering)
zim =

∑N
j=1 αjmK(xi , xj), where αjm = ujm

dm
.

Figure: Radial kernel (top) and spectral
clustering without NN (bottom right) on
the previous 3-’circles’ example.
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FIGURE 14.30. Kernel principal components applied to the toy example of Fig-
ure 14.29, using different kernels. (Top left:) Radial kernel (14.67) with c = 2.
(Top right:) Radial kernel with c = 10. (Bottom left): Nearest neighbor radial ker-
nel W from spectral clustering. (Bottom right:) Spectral clustering with Laplacian
constructed from the radial kernel.
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Spectral Clustering

The idea is to put close points into the same cluster.
We form a weighted adjacency graph for data samples.
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Spectral Clustering

FIGURE 14.29. Toy example illustrating spectral clustering. Data in top left are
450 points falling in three concentric clusters of 150 points each. The points are
uniformly distributed in angle, with radius 1, 2.8 and 5 in the three groups, and
Gaussian noise with standard deviation 0.25 added to each point. Using a k = 10
nearest-neighbor similarity graph, the eigenvector corresponding to the second and
third smallest eigenvalues of L are shown in the bottom left; the smallest eigen-
vector is constant. The data points are colored in the same way as in the top left.
The 15 smallest eigenvalues are shown in the top right panel. The coordinates of
the 2nd and 3rd eigenvectors (the 450 rows of Z) are plotted in the bottom right
panel. Spectral clustering does standard (e.g., K-means) clustering of these points
and will easily recover the three original clusters.

Spectral Clustering

1: procedure SC:(X as N points in Rp, c > 0 scale, k > 0 )
2: sii′ ← exp(−d(i , i ′)2/c) # calculate the similarity matrix
3: W ,G ← zero matrix N × N
4: for i , i ′ symmetric nearest neighbors do
5: wii′ ← sii′ # connect them
6: end for
7: for i ∈ X do
8: gii ←

∑
i′ wii′ # the degree of vertex i

9: end for
10: L← G −W # the graph Laplacian (unnormalized)
11: (or L̃← I − G−1W # (normalized))
12: find m eigenvectors ZN×m with smalest eigenvalues of L
13: return ZN×m rows clustered by standard k −means
14: end procedure
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Spectral Clustering

For any vector f

f T Lf =
N∑

i=1
gii f 2

i −
N∑

i=1

N∑
i′=1

fi fi′wii′

= 1
2

N∑
i=1

N∑
i′=1

wii′(fi − fi′)2.

1T L1 = 0 for any graph.
For a graph with m connected
components,

reordered so that L is a block diagonal
with a block for each component

then L has m eigenvectors of eigenvalue
zero.

In practice zero eigenvalues are
approximated by small eigenvalues.
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Spectral Clustering

FIGURE 14.29. Toy example illustrating spectral clustering. Data in top left are
450 points falling in three concentric clusters of 150 points each. The points are
uniformly distributed in angle, with radius 1, 2.8 and 5 in the three groups, and
Gaussian noise with standard deviation 0.25 added to each point. Using a k = 10
nearest-neighbor similarity graph, the eigenvector corresponding to the second and
third smallest eigenvalues of L are shown in the bottom left; the smallest eigen-
vector is constant. The data points are colored in the same way as in the top left.
The 15 smallest eigenvalues are shown in the top right panel. The coordinates of
the 2nd and 3rd eigenvectors (the 450 rows of Z) are plotted in the bottom right
panel. Spectral clustering does standard (e.g., K-means) clustering of these points
and will easily recover the three original clusters.
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List of topics
1 Linear, ridge, lasso regression, k-neares neighbours,(formulas) overfitting,

curse of dimensionality, (LARS)
2 Splines - the base, natural splines, smoothing splines; kernel smoothing:

kernel average, Epanechnikov kernel.
3 Logistic regression, Linear discriminant analysis, generalized additive models
4 Train/test error and data split, square error, 0-1, crossentropy, AIC,

BIC,(formulas) crossvalidation, one-leave-out CV, wrong estimate example
5 decision trees, information gain/entropy/gini, CART prunning,(formulas)
6 random forest (+bagging), OOB error, Variable importance, boosting

(Adaboost(formulas) and gradient boosting), stacking, MARS ,
7 Bayesian learning: MAP, ML hypothesis (formulas), Bayesian optimal

prediction, EM algorithm
8 Clustering: k-means, Silhouette, k-medoids, hierarchical
9 Apriori algorithm, Association rules, support, confidence, lift
10 Inductive logic programming basic: hypothesis space search, background

knowledge, necessity, sufficiency and consistency of a hypothesis, Aleph
11 Undirected graphical models, Graphical Lasso procedure, deviance , MRF

12 Gaussian processes: estimation of the function and its variance (figures,
ideas).
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