
Trace of a matrix and positive operators

The trace of a square matrix A is the sum of its diagonal elements. We denote
it by tr(A). The trace satisfies the cyclic property:

tr(AB) = tr(BA).

Note that it does not follow, and in general does not hold, that tr(ABC) =
tr(BAC). However, it follows from here that tr(A) = tr(QAQ−1) for any regu-
lar matrix Q. The trace is thus the same for similar matrices, which also suggests
its importance: it is a property of the linear operator, not just of its particular ma-
trix form. For example, if the operator A has a basis of eigenvectors, it is possible
to sum the diagonal (in any basis) to obtain the sum of the eigenvalues (including
multiplicity).

Another useful property of trace is the relation ⟨ψ|A|ψ⟩ = tr (A|ψ⟩⟨ψ|), which is
valid for any unit vector |ψ⟩, as can be easily seen from the equation

tr (A|ψ⟩⟨ψ|) =
∑
i

⟨i|A|ψ⟩⟨ψ|i⟩ = ⟨ψ|A|ψ⟩,

where the sum runs over some orthonormal basis containing |ψ⟩.

We call an operator A positive if for every vector |ψ⟩, ⟨ψ|A|ψ⟩ ≥ 0 holds. (Note
that this is shorthand for an operator, or matrix, that is positively semidefinite.)
For the positive operator A, specifically, ⟨ψ|A|ψ⟩ is a real number for every |ψ⟩. It
follows that the positive operators are Hermitian (see note below).

It is easy to verify that operators of the form A†A are positive, and thus in
particular also all projections |ψ⟩⟨ψ|. Such operators have therefore diagonal form
with non-negative eigenvalues. The diagonal form of |ψ⟩⟨ψ| is a matrix with a single
non-zero coefficient 1 on the diagonal corresponding to the eigenvector |ψ⟩.

∗
Note: For diagonalizable positive operators, it is obvious that they are Hermitian.
For a general operator, the positivity implies ⟨x|A|x⟩ ∈ R for any |x⟩, and hence
⟨x|A|x⟩ = ⟨x|A†|x⟩. Now we can use the polarization relation:

4⟨x|A|y⟩ = ⟨x+ y|A|x+ y⟩ − ⟨x− y|A|x− y⟩ −i⟨x+ iy|A|x+ iy⟩+ i⟨x− iy|A|x− iy⟩ .
We abuse Dirac notation and write |x + λy⟩ instead of |x⟩ + λ|y⟩; and ⟨x + λy|
instead of (|x⟩+ λ|y⟩)†.

Alternatively, note that A = C + iD, where C and D are Hermitian operators

C =
A+A†

2
, D =

iA† − iA

2
.

Then ⟨x|A|x⟩ = ⟨x|C|x⟩+ i⟨x|D|x⟩, where ⟨x|C|x⟩, ⟨x|D|x⟩ ∈ R. Thus ⟨x|D|x⟩ = 0
for each x. Since D is Hermitian and hence diagonalizable, we get D = 0.
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