
Autotopisms of a group

Lemma. Let Q be a loop (i.e., a quasigroup with a unit, say 1) and let (α, β, γ) be
an autotopism of Q.

(i) If α(1) = 1 and β(1) = b, then β = γ = Rbα.
(ii) If β(1) = 1 and α(1) = a, then α = γ = Laβ.

Proof. Since (i) and (ii) are mirror symmetric, only (i) will be proved. If x ∈ Q,
then β(x) = 1 · β(x) = α(1)β(x) = γ(1 · x) = γ(x). Thus β(x) = γ(x) = γ(x · 1) =
α(x)β(1) = Rbα(x). �

Proposition. Let G be a group. Then Atp(G) = {(La ϕ,Rb ϕ,LaRb ϕ); a, b ∈ G
and ϕ ∈ Aut(G)}.

Proof. If a, b ∈ G, then (La, idG, La) ∈ Atp(G) and (idG, Rb, Rb) ∈ Atp(G). Con-
sider (α, β, γ) ∈ Atp(G). Put a = α(1), b = β(1). Then L−1

a α(1) = R−1
b β(1) = 1.

Applying the lemma to the autotopism (L−1
a α,R−1

b β, L−1
a R−1

b γ) shows that the lat-
ter autotopism is equal to (ϕ,ϕ, ϕ) for a permutation ϕ of G. Thus ϕ ∈ Aut(G). �
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