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Abstract. Most commonly used parametric models for the size distribution of
incomes possess only a few finite moments, and hence cannot be characterized
by the sequence of their moments. However, all income distributions with a
finite mean can be characterized by the sequence of first moments of the order
statistics. This is an attractive feature since the generalized Gini coefficients of
Kakwani (1980), Donaldson and Weymark (1980, 1983) and Yitzhaki (1983)
are simple functions of expectations of sample minima. We present results
which streamline these characterizations motivated by Aaberge (2000).

1 Introduction

Parametric models for the size distribution of personal incomes have been of
interest to economists and applied statisticians for more than a hundred years.
A basic feature of empirical income distributions is that they are well approxi-
mated by models with polynomially decreasing tails, i.e., | — F(x) ~ x~*, for
some o > 0. This is known as the weak Pareto law (Mandelbrot 1960) and
implies, inter alia, that models obeying it, such as the Pareto or the Singh-
Maddala (1976) distributions, cannot be characterized in terms of their mo-
ments, since only a few of the moments exist. It is well known that another
popular income distribution, the lognormal, is not characterized by the se-
quence of its moments, although all the moments are finite (see, e.g., Heyde
1963, and Leipnik 1991).
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Recently Aaberge (2000), in an important communication, observed that
any income distribution with a finite mean is characterized up to a scale by
the moments of its ‘Lorenz curve distribution’. These moments turn out to
be affine functions of the generalized Gini coefficients of Kakwani (1980),
Donaldson and Weymark (1980, 1983) and Yitzhaki (1983). The present paper
shows that income distributions can be characterized directly in terms of these
generalized Gini coefficients. This is connected with the moment problem of
order statistics.

2 The moment problem of order statistics

Let Xi,..., X, be a sample of size n from a distribution with the c.d.f. F and
define the order statistics Xj., in the ascending order by

X < Xoop <+ < X

The cumulative distribution function (c.d.f.) Fj., of X, can be written as

) = Y1) (Y (1 - P

J=k

and its first moment is

1
Ee) = k() | ot 0= m

where F~!(p) := sup{x|F(x) < p} is the quantile function of F (see, e.g.,
David 1981).

The moment problem of order statistics inquires to what extent the c.d.f.
F is uniquely determined by (a subset of ) the first moments of all of its order
statistics

(E(Xe) |k =1,2,...,mn=1,2,3,...}. )

It follows from (1) that E|Xy.,| < ¢- E|X|, for some ¢ > 0; thus a finite mean
of the parent distribution assures the existence of the first moment of any order
statistic. This implies that characterizations in terms of the moments of order
statistics are of interest for heavy-tailed distributions of the Pareto type, for
which only a few moments exist and, consequently, no characterization in
terms of (ordinary) moments is feasible. Many parametric models for the size
distribution of income are of this type, e.g. the Pareto or Singh-Maddala (1976)
distributions.

In view of the well-known recurrence relation (see, e.g., David 1981,
p. 46)

(n— K)E(Xien) + kE(Xie1:) = BE(Xpen—1)
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it is not necessary to know the whole array (2), one merely requires to have
one moment for each sample size, e.g. the sequence of expectations of minima
E(X).,) will do. The basic characterization result is thus as follows:

Lemma 1. Let E|X| < oo. For n=1,2,3,..., let k(n) be an integer
with 1 <k(n) <n. Then, F is uniquely determined by the sequence
{Eann)|n_123 }

The most natural choices for k(n) are either 1 or n. Many extensions and
refinements of this basic result are available in the literature, see e.g., Gal-
ambos and Kotz (1978), Huang (1989) or Kamps (1998) for further details.
Huang (1989) provides a detailed survey of the results up to the late eighties.
Lemma 1 serves as the basis for Theorem 2 below; some further character-
izations are briefly discussed in Sect. 4.

3 A characterization of income distributions

An income distribution has the property that its c.d. f Fis supported on the
positive halfline, i.e. supp(F) = [0, o0). Let L(p fo t)dt, pe|0,1],
denote the Lorenz curve of F and define ¥ = {F | 0 < fxdF < o0}, the set
of all (income) distributions admitting a Lorenz curve. The most well-known
measure of income inequality is the venerated Gini coefficient. One of its def-
initions is given as twice the area between the Lorenz curve and the “equality
line’’:
1 1
G= 2J0(p—L(p))dp =1- 2J0 L(p) dp-

The Gini index is indeed a relative measure of income inequality since it
depends only on income shares. A sizable number of alternative representa-
tions of the Gini coefficient are available in the literature. For our purposes
the expression

E(X12) (1= F(x))* dx

G:I—TX'):I— FX) (3)

is the most appropriate. This formula is presumably due to Arnold and Laguna
(1977), at least in the non-Italian literature. It has been independently redis-
covered in the economics literature by Dorfman (1979).

Kakwani (1980) proposed a one-parameter family of generalized Gini
indices by introducing different weighting functions for the area under the
Lorenz curve,

1

Gy=1—n(n—1) L Lp)(1—p)" 2 dp.

The traditional Gini coefficient is obtained for n = 2. Donaldson and Wey-
mark (1980, 1983) have arrived at the same family from different consider-
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ations. These authors also defined a family of ‘equally-distributed-equivalent-
income functions’ of the form

2= | xat - P,
0
which may be rewritten as =, = [;"(1 — F(x))" dx, and an ‘absolute’ Gini in-
dex of the form G/ = E(X) — Z,. Muliere and Scarsini (1989) observed that
Z,, which they also call an absolute Gini index, equals E(X.,) and that
En E(Xl :n)

Gl = T B @

Equation (4) is a straightforward generalization of (3).
The following characterization is an immediate consequence of Lemma 1
via the moment problem of order statistics:

Theorem 2. Any F € ¥ is characterized by its sequence of absolute Gini indices,
{&,}.

It is more common to measure inequality by relative indices, for which the
following variant of Theorem 2 is valid:

Corollary 3. Any F € &% is characterized (up to a scale) by its sequence of
relative Gini indices, {G,}.

Aaberge (2000) recently obtained a similar result using a different approach.
Considering the Lorenz curve as a distribution function, he observes that this
‘Lorenz curve distribution’ has bounded support and is therefore charac-
terized by the sequence of its moments. These moments, as well as Aaberge’s
new ‘Lorenz measures’ of inequality, turn out to be affine functions of the
generalized Gini coefficients presented above. In particular, the first Lorenz
curve moment fol pdL(p) equals G/2 + 1/2, where G is the “traditional” Gini
coefficient. Consequently our Corollary 3 also follows from Aaberge’s result.
In addition, Aaberge has a representation of the Lorenz measures of in-
equality in terms of expectations of sample maxima (his Eq. (2.6)), and
therefore a characterization of income distributions in terms of expectations of
sample maxima. Thus, his results can also be considered as a consequence of
Lemma 1.

We shall clarify the results presented above by means of a number of
examples of specific distributions:

Examples:

(a) For the uniform distribution on [0, 1], X}., ~ Beta(k,n — k + 1), so that
E(Xy,) =1/(n+ 1) = Z,, and this sequence characterizes the U[0, 1] dis-
tribution. Similarly, any uniform distribution on [0, 5] is characterized up
to a scale by the sequence {G, |G, =1—-2/(n+1)}.

(b) For exponential F, with scale parameter equal to unity, E(X,) = 1/n,
so that {G, | G, = | — 1/n} characterizes the family of exponential distri-
butions.
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(c) For the Pareto distribution, with 1 — F(x) = (x/a) *, where x > >0
and o > 0, one has E(X),,) = o -, and therefore G, = (n—1)/(on — 1),
a sequence that characterizes Pareto distributions up to a scale.

(d) The Singh-Maddala (1976) distribution, called the Pareto (IV) distribu-
tion by Arnold and Laguna (1977), is perhaps one of the most popular
income distribution models, given by the c.d.f. F(x) =1 — (1 + (x/a)") "7,
where x >0 and all parameters are positive. Arnold and Laguna
show that E(Xy,) =0l (na—1/y)I'(1 4+ 1/y)/I(na). Therefore G, =
1 —I'(no— 1/y) () /(I (na) (e — 1/y)) and this sequence characterizes

Singh-Maddala distributions up to a scale.

We observe that the distributions described in (a) and (b) possess the ordinary
moments of all orders which is not the case for the distributions in (c) and (d).
It is worth noting that the lognormal distribution, a distribution known not
to be determined by the sequence of its moments (see e.g., Heyde 1963), can
be characterized in terms of generalized Gini coefficients. Unfortunately there
are no simple expressions for moments of lognormal order statistics (see, e.g.,
Gupta et al. 1974).

4 Extensions

A natural question which arises in connection with Lemma 1 is as follows: are
the expectations of all minima E(X7.,) required to determine F, or will certain
subsequences be sufficient? In view of (1) this problem reduces to the question
of L'-completeness of the sequence of functions

{(1=p)"Ipel0,1;n=ni,ny,n3,...}. ()

It is well-known from Miintz’s (1914) theorem that a necessary and sufficient
condition for L'-completeness, and therefore determinacy of F, is:

1
=17

see e.g., Huang (1989). This leads to

:QO7

~

Theorem 4. (a) Any F € & is determined by any subsequence of absolute Gini
indices, {Z,}, for which Miintz’s condition holds.

(b) Any F € & is determined up to a scale by any subsequence of relative Gini
indices, { Gy}, for which Miintz’s condition holds.

An example of a sequence of integers satisfying the Miintz condition is the
sequence {p,} of all prime numbers.

Evidently it is also possible to obtain characterizations in terms of expec-
tations of moment differences, e.g. differences of successive generalized Gini
coeflicients, or Donaldson and Weymark’s (1980) absolute Gini indices, {G/1}.
Details are omitted and an interested reader is referred to Kamps (1998).
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