COMMENTARY TO THE DIRAC NOTATION

A symbol |u) denotes an element of the unitary space V. Here u is a label,
and the half-bracket (called ket) expresses the fact that we speak about a
vector.

To each vector |u) € V, the corresponding element of the dual space VT is
denoted by (u|. Again, u is a label, and the half-bracket (called bra in this
case) expresses the fact that we speak about a dual vector, which is a linear
form f, : V — C, defined by a rule

fu([0)) = ) © |v) .

The basic motivation for the Dirac notation is the ability to write (u|v),
instead of f,(|v)). This is a well established alternative notation for the
scalar product ®. Strictly speaking, the notation (u|v) is an abbreviation
for {(u|(|v)), while the equality (u|(|v)) = (u|v) can be understood as the
definition of the mapping (u| (or f,).

If A is a linear mapping of V' — V, the notation (u|A|v) is an abbreviation
for fu(A(|v))). The notation Alv), which is an abbreviation for A(|v)), is
commonly used. It is actually the identification of the representation A and
its matrix (with respect to the given base). By writing (u|A we mean a
linear form defined by the relation

((ulA)(v) := (u[A]v) = (u|(A]v)).
The notation (u|A|v) can therefore be put in parentheses in two different
ways without changing the result. This again corresponds exactly to the
associativity of the matrix multiplication (i.e. the associativity of the com-
position of mappings).
By writing |u)(v| we mean a linear representation defined by the rule

(lu) (@) (Jw)) = lu)(Jv) © w) = (|v) © [w))[u).

The notation |u)({v|w) can again be enclosed in parentheses in two ways:

) (vlw) = (Ju) (v])|w) = [u)((v]w)).

Combining the previous points we get

((z](lu)(v])) (Jw)) operator {z|(Ju)(v|) applied to w,
(z[((Ju)(v])(Jw)))  linear form f. applied to (u){v|)(w),

(2] (|u) ((v]w))) linear form f, applied to f,(w)u,

(({zu))(w]) (lw)) linear form [y, (), applied to w,

((z]u)) ({(v|w)) product of complex numbers f,(u) and f,(w).
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