Econ 403: Advanced Topics in Macroeconomics
Answer key to Problem Set #3 : Real Business Cycle
Model and A Simple OLG Monetary Model

Q1: Consider the following simple RBC model: Preferences are given by
EOZﬁt bt T+ (1 — b)) 0<fB<1 (0.1)
where [ = 1 — n is leisure, technology is given by
v = ek} 0.2)
and the resource constraint:
itk —1=8k =y (0.3)

a) Set up the social planner’s problem for the economy and derive the first order
conditions.

The social planner’s problem is

t 1 n _ _ 1-n ﬁ
,nax Ey Zﬁ + (L =b)(1 —mn) "), (0.4)
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So the Lagrangian is

L= EOZBt{bct1”+(1—b)(1—n)1 N0+ Mle*kin) ™ — ¢ — ki + (1 - 0)k)}

t=0
(0.6)
So the first order conditions imply:
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So the optimality conditions are:
b c; ! 1
p— o].
L=b(1l—=mny)™ (1 —a)extkdn (0.10)
Ue(ce, 1 = ny) = BEUe(ceyr, 1 — o) fae™ ki g 1 + (1= 0)] (0.11)

where U.(c;, 1 — ny) is the partial derivative of the instantaneous utility function
with respect to ¢, and U.(c;, 1 — ny) = [bctl_77 +(1-=0b)(1— nt)l_”]ﬁflbct_".

Note that Equation 0.10 is the intratemporal optimality condition for the so-
cial planner, and Equation 0.11 is the intertemporal optimality condition for social
planner.

b) Instead of a social planner, assume there are households that mazimize utility
and firms that mazimize profit. Households and firms interact in competitive mar-
kets. Write down the decision problem s of the representative households and firms.
Derive the first order conditions and show that they imply the same equilibrium as
derived from the social planner approach.

The firms will maximize the period-to-period profit, so we have
r/g%z)f T = kMY — winy — riky (0.12)
First order conditions imply:
wy = (1 — a)e*kin, @ (0.13)
Ty = ae® kM Int e (0.14)
The households maximize their life-time utility, so we have
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S.t.
¢t + kt+1 = wny + Ttkft + (1 — 6)]{} (016)

So the Lagrangian is

> _ L
L= EO Zﬁt {[bcg K + (1 — b)(l — nt)l 7]]1_7; + ut[wtnt + 'I"tkt + (1 — 5>kt — Ct — kt+1]}
t=0
(0.17)
Following the same steps as we solve for the social planner’s problem, we can get

the following optimality conditions:
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where Ue(cy, 1 —ny) = [bey " 4 (1 — b)(1 — nt)k"]ﬁflbct_".

If you substitute Equations 0.13 and 0.14 into the above households optimality
conditions, you can find that you get Equations 0.10 and 0.11. Also, if you substitute
Equations 0.13 and 0.14 into the budget constraint of the households, you can get
the resource constraint. So the solution to the social planner’s problem is the same
as the solution to the decentralized economy (competitive equilibrium). So in the
economy the competitive equilibrium is Pareto optimal.

c) For a given value of ¢;, how does an increase in b affect the labor supply
curves? explain?

From the intratemporal optimality condition, we can get the labor supply func-
tion:
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So if b increases, we should have the RHS of the above equation decreases (for
given values of w; and ¢;), which implies the LHS should also decrease. If we have

n; increase, then 1 — n; will decrease, and (1 — n;)" will also decrease. So when b



increases, the equilibrium level of n; will also increase, for given level of ¢; and w;.
In other words, the labor supply curve should shift right.

The intuition is that 1771’ represents the relative importance of leisure to con-
sumption in the instantaneous utility function. When b increase, the households
value consumption more and value leisure less, so they will work more to increase

their consumption.



