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Abstract

We design an expansion of Belnap—Dunn logic with belief and plausibility functions that
allow non-trivial reasoning with inconsistent and incomplete probabilistic information. We
also formalise reasoning with non-standard probabilities and belief functions in two ways.
First, using a calculus of linear inequalities, akin to the one presented in [12]. Second,
as a two-layered modal logic wherein reasoning with evidence (the outer layer) utilises
paraconsistent expansions of Lukasiewicz logic. The second approach is inspired by [1].
We prove completeness for both kinds of calculi and show their equivalence by establishing
faithful translations in both directions.
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1 Introduction

Every day we have to make decisions based on various pieces of information. The information
at our disposal might be unequivocal (e.g., one sees the rain outside, therefore one knows it
is raining), but it might also be incomplete or contradictory. Indeed, we have no information
whether (to employ the most overused example) the decimal representation of 7 contains two
thousand 9’s in a row. On the other hand, we have both evidence for and against the efficacy of
mirror therapy in phantom pain treatment.

In the logical context, the logics that can non-trivially reason with contradictory statements
are called paraconsistent and the ones that allow incomplete information by rejecting the law of
excluded middle go under the moniker paracomplete. For our purpose, we require a logic that is
both paraconsistent and paracomplete. Ideally, this logic should explicitly differentiate between
all four types of information an agent can have regarding a statement ¢: that ¢ is only told to
be true; that ¢ is only told to be false; that ¢ one was not told whether ¢ is true or false; and
that one was told both that ¢ is true and that it is false. We choose First-Degree Entailment, or
Belnap—Dunn logic (BD), as our base logic because it was introduced specifically for reasoning
about incomplete/inconsistent pieces of information, and it is nowadays an established formalism
for that usage. Originally, in [3], BD was formulated as a four-valued logic with truth table
semantics where each value from {t, b, n, f} represents the information a computer (a reasoning
agent) might have regarding a statement.

e ¢ stands for ‘just told True’.

e f stands for ‘just told False’.

e b (or ‘both’) stands for ‘told both True and False’.

e n (or ‘neither’) stands for ‘told neither True nor False’.

However, the information one has is often not only just incomplete or inconsistent, but also
bears a degree of uncertainty. This is why one needs a probability theory that accounts for
contradictory and incomplete information. Such generalisation of the classical probability the-
ory was undertaken in [21], where non-classical probabilistic extensions of BD were presented.
Furthermore, two versions of non-classical probability functions were given a complete axiomati-
sation. The first of them is based on independent treatment of positive and negative probabilistic
information (the authors call it non-standard probability), the second one works with a direct
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assignment of probabilities to the four values of Belnap—Dunn logic (generalizing an earlier work
of M. Dunn on this topic). Both approaches were proven to be equivalent.

Many generalisations of classical probability theory, such as inner and outer measures [19],
belief and plausibility functions [28], upper and lower probabilities [9], have been developed to
account for the fact that an agent is not necessarily capable of assigning probabilities to all
events. In fact, one may even reasonably argue that this is even less the case when one wishes
to reason with contradictory evidence in a non-trivial way. Thus, a need for a more general
uncertainty measure arises in the same way it does in the classical probability theory. Then,
in [21], the authors provide an axiomatisation of non-classical probabilities in the BD framework.
The next natural step is to provide a logical calculus that would formalise the reasoning with
them.

This paper aims to answer those questions. First, we generalise belief functions over BD
logic, and, algebraically, over De Morgan algebras (recall from [14] that BD is the logic of De
Morgan algebras). This part of our work is inspired by [32] which provides treatment of belief
functions on distributive lattices. Our goal is to expand that approach to incorporate De Morgan
(but still non-classical) negation —. Second, we provide the calculi that formalise the reasoning
with both non-standard probabilities and belief functions.

This second part of our goal can be reached in two ways. The first one is by defining
a calculus that allows for the reasoning with the statements concerning probabilities or beliefs
directly. This is the way it is done in [12]: the calculi there contain three types of axioms and
rules: the ones that govern the arithmetical part, i.e., the reasoning about inequalities; the ones
that axiomatise probabilities; and the rules and axioms of the logic wherein the reasoning itself
occurs, i.e., classical propositional logic. The proposed calculus has the advantage of being quite
intuitive and easy to use, however, its axiomatisation is infinite. To address this issue, one can
undertake the second approach and utilise a two-layered modal logic in a similar manner to [1].
A calculus will then consist of three parts: the rules and axioms of the logic of events or ‘inner
logic’; the ‘outer logic’ that formalises reasoning with evidence; and finally, the modalities that
transform events into probabilistic evidence. While these two approaches may seem different at
the first glance, it is shown in [1] that they are actually equivalent for the classical probabilities
when the outer-layer logic is taken to be Lukasiewicz logic. Our goal is to provide both these
perspectives on reasoning with non-standard probabilities and belief functions. We will also
show that they are equivalent in the same way that the two formalisations of reasoning with
classical probabilities are.

Structure of the paper In Section 2, we introduce necessary preliminaries on lattices,
Belnap—Dunn logic, belief functions, and their mass functions. In Section 3, we present non-
standard probabilities, then we discuss Dempster—Shafer theory of evidence and its application
on De Morgan algebras, finally we introduce DS models on which we interpret belief and plau-
sibility on BD logic. In Section 4, we devise two types of two-layered logics that formalise
reasoning with non-standard probabilities and belief functions. First, we construct two-layered
modal logic based upon BD and paraconsistent expansions of the Lukasiewicz logic where modal-
ities are interpreted as probabilities or belief functions. In the second approach, we use linear
inequalities on the outer layer. We prove completeness of both systems and establish faithful
translations between them. Appendices A and B present the proofs of Section 2.3 and 3.

2 Preliminaries

In this section, we first recall standard definitions considering lattices and BD logic and fix
notatioal conventions. Then, we provide some background on mass, belief and plausibility
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functions.

2.1 Lattices

Let P = (P, <p) and Q = (Q), <o) be two partially ordered sets (posets). A function f: P — Q
is called monotone if, for every x,y € P, © <p y implies that f(z) <g f(y). It is called strictly
monotone if x <p y implies that f(z) <g f(y). A structure £ = (L, V, A), consisting of a set L
and two binary, commutative, associative, and idempotent operations, V and A, on L is called
a lattice if the operations satisfy the following rules: z V (z Ay) =z and z A (z Vy) = z, for all
x,y € L.

A bounded lattice is a tuple £L = (L,V, A, T, L), such that (L, V, A) is a lattice and for every
element ¢ € L : xVT =T and £ A L = 1. Obviously, every finite lattice has the least
and greatest elements, but we reserve the term ‘bounded lattice’ for the case when the lattice
signature contains T and L. For bounded lattices, we define \/ @ :== L and A\ @ = T. For finite

unbounded lattices £, we define \/ @ := A land A @ = \/ [. A lattice L is:
lel lel

o distributive if (xVy)Az=(xAz)V(yAz)holds for all x,y,z € L;

e complemented if £ is bounded and every x € L has a complement: i.e., for every x € L,
there exists ' € £, such that t A2’ = L and x V' = T;

e (bounded) De Morgan algebra if it is (bounded) distributive, and equipped with an addi-
tional unary operation — such that ——z = z and —~(z A y) = -2 V -y for any z,y € L;

e Boolean algebra if it is a De Morgan algebra s.t. ~ is its negation and ~a is the only
complement of a.

Convention. Throughout the article, we denote proper De Morgan negations with — and Boolean
negations with ~.

It is well-known that every finite Boolean algebra is isomorphic to the Boolean algebra
(P(S),C) for some set S. For a bounded lattice (P(S),C), we have V=U, A =N, T =S and
1 =g.

Notice that, in bounded De Morgan algebras, the following holds: —(z V y) = —z A -y,
=T = 1 and =1L = T. The law of excluded middle, =z V x = T, and the principle of explosion,
x A -z = 1, however, do not always hold.

A logic is a tuple L = (&, F) with £ being a language over {o1,...,0,} and FC P(¥) x Z.
A Lindenbaum algebra of L (L) is a tuple (£ /4, e1,...,,) where for each i € {1,...,n} and
each ¢,¢' € £, it holds that [¢ o; ¢'] = [¢] e; [¢'] with [¢] being the equivalence class of ¢
under .

2.2 Belnap-Dunn logic

In this section, we are presenting Belnap—Dunn logic (BD) — a propositional logic over {—, A, V}
and its conservative extension with constants T and L — BD*.

More formally, we fix a finite set Prop of propositional variables and define complex formulas
via the following grammars:

ZLep D ¢=pEProp| 9 |pNP|PVe

and
Lep D¢ =p€Prop| T|L[-¢|pAP|pVQ.
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We also define Lit = Prop U {—-p : p € Prop} and denote
Var(¢) = {p € Prop : p occurs in ¢}, Lit(¢) = {l € Lit : I occurs in ¢}.
BD can be axiomatised using the following axioms from [27]:

dAXE P pAXE X pFoVx xXEoVx
OGNV Y=oV b, xFoAX PV Y GV PV

OV (XVY)E(OVX)VY AKXV E(@AX)V(OAY) (@AX)V(OAY)E OV (XAY)

(pAX) VY (=9 V—x) VY (mpV-x)VYE(dAX) VY
“(pVX)VYE(moA=x) VY (o A=X) VY =(pVY) Ve

BD* can be axiomatised by adding the following axioms:

oFT “TVor¢ okl IR

We will say that ¢ and ¢ are equivalent, denoted ¢ —gp ¥, iff both ¢ F ¢ and ¢ F ¢ are
derivable.

There are several ways to provide semantics for BD (cf., e.g. [25]). In addition to the
already mentioned truth table semantics, one can treat BD as the logic of De Morgan algebras.
Indeed, it is clear from [14, Proposition 2.5] that Lgp = (ZBD/ g A, V, 7) is the Lindenbaum
algebra of BD and that Lgp is actually a De Morgan algebra. Hence, its —-less reduct L'JBFD =
(ZBD/4Fgp, A, V) is a distributive lattice. The Lindenbaum algebra of BD* is the bounded De
Morgan algebra Lgp = (ZBD/ g+ A, V, ) and is denoted L.

In this paper, we will opt for frame semantics with two valuations: v™ and v~ which are
intuitively interpreted as support of truth and support of falsity. This approach will allow us to
treat BD probabilistically and is also in line with its original motivation (one can think of each
state as a source that gives us information).

In this context, w E1 ¢ can be interpreted as ‘source w states that ¢ is true’. Note that this
does not exclude the possibility of w telling that ¢ is false as well. Neither not stating that ¢
is false implies that w says that ¢ is true. One can think of w as being a database that may
(or may not) have information about ¢. The database may for instance contain both ‘Tom’s
birthday is on February, 29th’ and ‘Tom’s birthday is on March, 1st’ and also no information at
all whether Tom likes apple pies. If we add constants, | represents absurdity or incoherence, a
piece of information that the agent rejects without considering it. It is important to note that
a contradiction is not absurdity or incoherence: it is perfectly possible that a source provides
inconsistent data. Dually, T is a piece of trivial information: the one that is accepted to be
true without questions and does not provide any information. Again, an instance of a classical
tautology, say pV —p, is not trivial in this framework for it is possible that a source says nothing
on p, nor on its negation.

Definition 2.1 (Belnap-Dunn models). A Belnap-Dunn model is a tuple 9t = (W, v, v7)
with W # @ and v*,v™ : Prop — P(W).
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Definition 2.2 (Frame semantics for BD). Let ¢, ¢’ € %gp. For a model M = (W, v v7), we
define notions of w F* ¢ and w F~ ¢ for w € W as follows.

wET piff wev(p) wkET piff we v (p)

wET g ifwE" ¢ wE™ ¢ if wE' ¢
wET oA iff wET ¢ and wET ¢ wE oA iffwET gorwE" ¢
wET ¢V ifwET ¢porwET ¢ wkE ¢V ifwE ¢andwkE" ¢

In BD*, the formulas L and T are interpreted as follows:
wET T wET T wkEt L wkE" L
We denote the positive and negative interpretations of a formula as follows:
6| ={w e W |wE" ¢} 67 ={weW[wE" ¢}.

Convention. In the remainder of the paper, we will not distinguish between a formula and
its equivalence class in the Lindenbaum algebra. Therefore, we will write |¢|T both for the
positive interpretation of the formula and for the set of states that satisfy all the formulas in
the equivalence class of ¢. We will always specify whether ¢ refers to the formula or to its
equivalence class.

We say that a sequent ¢ b= x is valid on 9 = (W, vt ,v™) (denoted, M = [¢ F x]) iff for any
w € W, it holds that:

o if wET ¢, then w E' x as well;
o if wET x, then wE~ ¢ as well.

A sequent ¢ F x is universally valid iff it is valid on every model. In this case, we will say
that ¢ entails x. For the sake of readability, we avoid subscripts, but we will always specify
which logic (BD or BD*) we are considering.

In what follows, we present a special version of disjunctive normal forms, X-full DNFs (with
X being a set of literals). Intuitively, an X-full DNF of ¢ lists all possible clauses over X that
entail ¢ in BD. This gives a straightforward connection to frame semantics since each state
validates some finite set of literals. Furthermore, X-full DNFs are unique up to permutations of
literals and clauses which enables their use as canonical counterparts of a given formula. We will
utilise both these traits in the completeness proofs of our calculi (cf. propositions 4.3 and 4.8).

Definition 2.3 (Clauses and normal forms). A conjunctive (resp., disjunctive) clause is a con-
junction (resp., disjunction) of literals and (or) constants. We define the following normal forms
of the formulas in languages Zgp and Z3p.

e ¢ is in negation normal form (NNF) iff it does not contain any of the following subformulas:

"ﬁw7 ﬁ(¢ \ ’(/)/)7 ﬁ(w A wl>7 =T, =L
e ¢ is in disjunctive normal form iff it is a disjunction of conjunctive clauses;
e ¢ is in conjunctive normal form iff it is a conjunction of disjunctive clauses.

Definition 2.4 (X-full disjunctive normal form). Let ¢ € Zgp and let further X D Lit(¢) be
finite and —-closed, i.e.
VpeVar:pe X & pe X
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A A-X-clause cl is a non-empty subset of X. An X-full disjunctive normal form of ¢
(fDNF x (¢) or fDNF(¢) if there is no risk of confusion) is defined as the disjunction of all A\-X-
clauses entailing ¢ over BD.

fDNFx(¢) == \/ d

cl Fgp ¢

To define X-full disjunctive normal form for formulas ¢ € 5y, we need A\-X-clause to be a
non-empty subset of X, L, or T. The X-full disjunctive normal form of ¢ is denoted fDNF% (¢)
or fDNF*(¢)

The next example shows how to transform a formula into its f{DNF.

Ezample 2.1. Let X = {p, —p,q, q}. Consider p and pAq. Clearly, both p and p A q are already
in DNF. We now need to add remaining clauses:

fDNFx(p) =pV (pA-p)V(PA-P)V(PAQ) V(P A—q)V
(PA-DANQV(PA-PA=G)V (PA-PAGA—Q)
fDNFx(pAq)=(Aq)V(pA-PAQV (PAGA=g)V (DA-DAGAQ)

Observe that A X itself is always present in the fDNFx.

Definition 2.5 (Irredundant disjunctive normal forms: iDNF). A conjunctive clause is irredun-
dant if it contains each literal at most once. A formula ¢ is in irredundant disjunctive normal

form if it is a disjunction of irredundant conjunctive clauses, and moreover, if ¢ = \/ p;, then,
iel
for every 4, j € I such that i # j, Lit(y;) Z Lit(e;).

Intuitively, no clause of an iDNF implies another one. For example, if Lit(¢) = {p, ¢, —p, —q}
then (p A q)V (p A —q) is in iDNF but (p A ¢) V p is not.

2.3 Monotone functions on posets and their Mobius transforms

In this article, we discuss the interpretation of belief and plausibility functions over De Morgan
algebras. Those notions were first introduced on Boolean algebras and generalised to distributive
lattices. In this section, we present standard definitions and results that will be needed in
Section 3.

First, we briefly present the link between functions on posets and their Mobius transforms
and introduce the notion of mass function. Then, we define (general) belief functions and
(general) plausibility functions, and present some useful properties for the remainder of the
paper. The proofs of this section are in Appendix A. These results are folklore, however, in
order to help the reader we provide a sketch of proofs when we cannot provide a reference to a
detailed proof.

Mobbius transform It is well-known (cf. [29, Proposition 3.7.1]) that if f is an arbitrary real-
valued function on a poset P = (P, <), then there exists a unique function g on P, called the
Mébius transform of f such that:

f@)=> gly) iff gx)=> py,2) fy) (1)

y<z y<z
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where p: P x P — R is the Mébius function defined recursively as follows:

1 ify ==,
- ny,t) iy <a,

wy, @) . S;@ (2)
0 ify > a.

Belief functions and their mass functions Let us recall the definitions of belief functions,
plausibility functions and mass functions. We slightly generalize the definitions that were ini-
tially proposed in the context of Boolean algebras in order to encompass the case of De Morgan
algebras. We need to do this because existing definitions and results consider belief functions
on bounded lattices. In the remainder of the article, however, we study belief functions within
the framework of BD which is usually considered without constants | and T. Therefore, its
associated Lindenbaum algebras are unbounded De Morgan algebras.

Definition 2.6 (k-monotonicity). Let £ be a lattice and f : £ — [0,1].

e f is k-monotone if, for every ay,...,ar € L, it holds that

LV oalz Y 0P gpl Aa ) (3)

1<i<k JCAL,... Kk} jed
£

e fis weakly totally monotone, if f is k-monotone for k£ > 1.

Definition 2.7 ((General) belief functions). Let £ be a lattice. A function bel : £ — [0, 1] is
called a general belief function if the following conditions hold:

e bel is monotone with respect to L, that is, for every x,y € L, if © <, y, then bel(z) <
bel(y),

e bel is weakly totally monotone, that is, for every £ > 1 and every ay,...,a; € L, it holds
that

bel \/ a; | < Z (—1)I1*  pe1 /\aj . (4)

1<i<k JCA{1,...,k} jeJ
J#o
A general belief function bel on a bounded lattice £ is called belief function if bel(L) =0 and
bel(T) = 1.

Definition 2.8 ((General) mass function). Let S # @. A general mass function on S is a
function m : S — [0,1] such that 0 < > m(z) < 1. A mass function on S is a function

€S
m: S — [0,1] such that > m(z) = 1.
€S
Theorem 2.9. [32, Theorem 2.8] Let L be a finite bounded lattice and f : L — [0,1] be a

monotone function such that f(T) =1 and f(L) = 0. Let further, g be the Mdbius transform
of f. Then, the following statements are equivalent:

1. f is weakly totally monotone (that is, f is a belief function);

2. g is a mass function.
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Notice that [32, Theorem 2.8] states that f is weakly totally monotone iff g is non-negative,
but it is immediate to prove that ¢ is indeed a mass function.

In what follows, we will work with a generalized notion of belief function and mass function.
Therefore, we will need the following theorem.

Theorem 2.10. Let L be a finite lattice, f : L — [0,1], and g, the Mobius transform of f. If
f is both monotone and weakly totally monotone, then g is a general mass function.

The next lemma follows from Theorems 2.9 and 2.10.

Lemma 2.11 (Mass function associated to a (general) belief function). Let £ be a finite lattice
and bel : L — [0,1] a general belief function. Then, there is a general mass function myey : L —
[0,1], called the mass function associated to bel, such that, for every x € L,

bel(z) = 3 muer(y). (5)

y<z

Ifbel is a belief function, then > mpe1(y) = 1.
yeL

In the literature on belief functions, the Mdbius transform of a belief function bel (i.e., g
from (1)) is denoted by mpe1 and called the mass function associated with bel. In the remainder
of the article, we focus on (general) belief functions, therefore we always refer to the M&bius
transforms of a (general) belief functions as its (general) mass function.

Definition 2.12 ((General) plausibility functions). Let £ be a lattice. pl: £ — [0, 1] is called
a general plausibility function if the following conditions hold:

e pl is monotone with respect to L,

e for every k > 1 and every aq,...,ar € L, it holds that

Ll A a)< > Ui\, (6)

1<i<k JC{1,...,k} JjeJ
J#

Let £ be a bounded lattice and pl a general plausibility function on L. pl is called plausibility
function if pL(L) =0 and p1(T) = 1.

Lemma 2.13 (Mass function associated to a (general) plausibility function). Let £ be a De
Morgan algebra, and pl : L — [0,1] a general plausibility function. Then, the function belp :
L — [0,1] such that belp (x) = 1 —pl(—x) is a general belief function. We denote mpy the mass
function associated to bely and we call mp; the mass function associated to pl. Then

pl(z) =1- > mu(y). (7)
y<-zx
Moreover, if pl is a plausibility function, then bely, s a belief function.

Lemma 2.14. Let £ be a De Morgan algebra and bel : L — [0,1] a general belief function.
Then, the function pl : L — [0,1] such that pl(z) = 1 — bel(—x) is a general plausibility
function. If bel is a belief function, then pl is a plausibility function.

The following lemma will be useful for the proof of theorem 3.12.
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Lemma 2.15. [32, Lemma 3.7] Let L be a finite distributive lattice, and Bz the Boolean algebra
generated by L. Any (general) belief function bel on L can be extended to a belief function bel’
on B in the sense that, for any x € L, bel’(x) = bel(z).

Proof. If bel is a belief function, then we use [32, Lemma 3.7]. Assume that bel is a general
belief function on a finite distributive lattice £ = (L, V,A). We consider bel* the extension of
bel to the distributive lattice L* obtained by adding a top and a bottom element to £. We define
bel*(L) = 0 and bel*(T) = 1. This new lattice is again a finite distributive lattice. By applying
[32, Lemma 3.7] to bel*, we obtain a belief function bel’ on Bz« such that bel’(x) = bel(z),
for every z € L. O

3 Representations of uncertainty

We are now ready to deal with the generalisation of uncertainty measures on the case of BD.
The remainder of the section is structured as follows. In Section 3.1, we define probabilistic BD
models and recall definitions of classical and non-standard probabilities introduced within the
framework of classical and Belnap Dunn logics. In Section 3.2, we discuss the interpretation
of belief and mass functions in the context of evidence-based reasoning and present Dempster—
Shafer combination rule. We show a well-known example in which it gives counterintuitive
results within the framework of classical logic, and we discuss the added value of reasoning with
belief functions within the framework of Belnap Dunn logic. In Section 3.3, we introduce DS
models to interpret belief and plausibility on formulas of BD logic. Finally, we present different
interpretations of belief and plausibility that lead to different generalisations of the classical
definition. Appendix B contains the proofs of Section 3.

3.1 Non-standard probabilities

Probability is the most traditional measure of uncertainty. It is usually introduced as a measure
on a Boolean algebra, but it can also be defined as a function on formulas of classical logic
satisfying the following axioms:

e p(T) =1 (normalisation);
e if o Fop 1 then p(p) < p(v) (monotonicity);
* p(p V) =p(p) +p(¢) for o A = L (additivity).

This definition is equivalent to introducing probability on the Lindenbaum algebra of the classical
propositional logic using Kolmogorov’s axioms.

There are various attempts in the literature to define probabilities on structures more general
than Boolean algebras. The main purpose of introducing probability measure over BD in [21]
was to enrich the framework of Belnap—Dunn logic designed to be able to capture incomplete
and/or inconsistent information with an uncertainty measure. The framework is based on the
notion of a probabilistic BD model, which is a standard BD model equipped with a (classical)
probability measure on the set of states.

Definition 3.1 (Probabilistic BD models). A probabilistic Belnap—Dunn model is a tuple
M = (W, u,v",v7), such that (W,v",v7) is a BD model and p : P(W) — [0,1] is a classi-
cal probability measure.

Probabilistic models allow for lifting the (classical) probability measure on a set of states to
probability on formulas of BD logic via their extensions: pf(v) = u(lel™), p, (») = u(lel7).

10
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As p} and p,, are related: p;, (») = u(l¢|”) = p(|=¢lT) = pu(—p), it is sufficient to work only
with p:[, whence, the index can be omitted. It is shown in [21] that the function p, satisfies
properties (i)—(iii) below. Moreover, for each function p on the formulas of BD logic satisfying
(i)—(iii) there is a probabilistic model (W, u, v+, v™) such that p(¢) = u(|e|). This allows us to
take (1)—(iii) to be an axiomatisation of probability functions over Belnap—Dunn logic, which
are in [21] called non-standard probabilities.

Definition 3.2 (Non-standard probability). A map p: Zgp — R is a non-standard probability
if it satisfies the following conditions:

(i) 0 < p(x) <1 (normalisation),;
(ii) if ¢ Fgp ¥, then p(¢) < p(¥) (monotonicity);

(iii) p(e V) =p(p) +p(¥) —p(ew A1) (inclusion/exclusion).

These axioms are weaker than Kolomogorovian ones and the resulting framework behaves
non-classically: probabilities of ¢ and its negation do not sum up to 1 any more and the
probability of ¢ A ~¢ might be bigger than one — probabilistic information might be incomplete
and/or inconsistent analogously to the background system of BD logic. It also provides us with
a continuous reading of the standard Belnap—Dunn square (Figure 1): we can see each point
in the square as an ordered couple representing positive and negative probabilistic support
assigned to a particular proposition (Figure 2). Some parts of the square suggest a natural
intuitive interpretation. The vertical line corresponds to ‘classical’ case in the sense that positive
and negative probability of a proposition sum up to 1. The left triangle represents the area
of incomplete information, while the right triangle the area of inconsistent information. The
horizontal line encodes the situation when there is equal amount of positive and negative support
of the proposition.

(1,0)
t
2N ol Nous
/

(0,1)

Figure 1: Belnap-Dunn square Figure 2: Continuous version of Belnap—

Dunn square

In the article, we do not differentiate between probabilities on BD formulas over a given set
of atomic formulas Prop and probabilities on the associated Lindenbaum algebra, that is, on
the free De Morgan algebra generated by Prop. The following Lemma ensures that those two
notions indeed coincide.

Lemma 3.3. There is a one-one correspondence between the functions on £gp satisfying the
properties (i) - (ii1) of Definition 3.2 and the functions on the Lindenbaum algebra Lgp with the
same properties.

The following theorem [21, Theorem 4] shows that the axioms of non-standard probability
are complete with respect to probabilistic BD models.

11



3.2 Evidential reasoning 3 REPRESENTATIONS OF UNCERTAINTY

Theorem 3.4 (Completeness of non-standard probabilities). Let Prop be a finite set of vari-
ables, and p a function satisfying the axioms in Definition 3.2. There is a probabilistic model
M = (W, p,v*,v7), such that p = p, in the sense that p(p) = u(|e|™).

The construction of a canonical model used in the proof of the previous theorem uses the
fact we previously mentioned that each formula of BD logic can be uniquely represented in
irredundant disjunctive normal form (iDNF). There is a straightforward correspondence between
BD formulas in iDNF and sets of sets of literals:!

o=\ N\l —= {0 ) 1 e Lt
g

In other words, each formula corresponds to a disjunction of a family of sets of literals
interpreted conjunctively.

Definition 3.5 (Canonical model). The canonical BD model is a tuple .#Z. = (P(S.), v}, v.),

?»Yec Ve

where S, = P(Lit) and the valuations v, v_ : Prop — P(S.) = P(P(Lit)) are defined as

c e

vi(p)={s|pes} v, (p) ={s|—pé€ s} which are uppersets in the poset (P(Lit), C).

c

Proof of Theorem 3.4. Consider the canonical model .Z. = (P(Lit),v}, v, ) introduced above.
Notice that, for every p € Prop, v} (p) and v, (p) are uppersets? in the poset (P(Lit), C). The
positive extension of a formula ¢ in iDNF, ¢ = \/!"_, 7; for some conjunctions of literals ; is the
set [¢p|T = {s|s | ¢} = {s| s D Lit(y;) for some i,1 < i < n}. Thus, extensions of formulas are
uppersets in the poset (P(Lit), C), the sets of literals +; generate the upperset |¢|* and in fact
they are the minimal set of its generators. This correspondence is one-to-one: each extension
is an upperset, and each upperset (other than @ and P(Lit))? is a positive extension (of the
formula given in iDNF using the finite antichain of the generators of the upperset). Moreover,
the mapping ¢ — || is an isomorphism of both structures understood as distributive lattices
(le V|t = el Ut and | A|T = |p|T N]|T), hence a non-standard probability function
p on formulas defines a non-standard probability function p’ on uppersets (other than @ and
P(Lit)) as p'(J¢|t) = p(p). We can extend p’ to @ and P(Lit) in the obvious way: p’(@) = 0 and
p’(P(Lit)) = 1 and we obtain what is in [32] called probability function on a distributive lattice.
Then we use Lemma 3.5 in [32], which says that a probability function on a distributive lattice
L can be uniquely extended to a probability function on the Boolean algebra B, generated by
the lattice L.

Let us note that in [21] an alternative proof is provided. It uses the fact that the required
probability measure p on the canonical model is generated by its values on singletons {s}, s €
P(Lit). As sets of literals are ordered by inclusion with the maximal element being the set
corresponding to the conjunction of all the literals, we can define the measure on singletons

inductively. We start with the conjunctive clause ypmqr, = A [, Lit = {1,...,n} and assign
leLit
p({l]1 € Lit}) = p(Ymaz)- In the induction step for s = {ly,...,lx}, k < n, we define u({s}) =

p( A\ L) = > p({s'}). .

i=1...k sCs’

3.2 Evidential reasoning via mass functions on algebras

The classical treatment of probability has two distinctive traits. First, the probability is as-
sumed to be ‘compositional’; in the sense the probability measure of any given event is uniquely

IThis correspondence is not one to one, as some of the sets correspond to a formula in DNF, but not in iDNF.
2Indeed, for every s,s’ € P(Lit), if s =1 p and s C s, then s’ =T p.
3Notice that @ and P(Lit) are the extensions of 1 and T.
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3.2 Evidential reasoning 3 REPRESENTATIONS OF UNCERTAINTY

determined by the probabilities of elementary events. Second, and related to the first, is that
probabilities of all events are assumed to be known (or at least, knowable). Formally, these
assumptions lead to sample spaces being Boolean algebras.

It may be reasonably argued that these assumptions are too optimistic and do not correspond
to the situations one encounters in practice. Indeed, given the probability assignments of some
elementary events aq, ..., a,,, one may not be able to infer probabilities of their combinations if
said assignments were obtained by different methods (i.e., the data were heterogeneous). On a
related note, it is not necessarily the case that the probability of all elementary events is known
even if one somehow obtained an assignment for a complex event composed of those.

Taking that into account, one can generalize the classical approach to probability in two
(compatible) ways. First, given a Boolean algebra B, one can define the probability assignment
on its proper subalgebra B’. The values of the events in B\ B’ can be then approximated via
more general uncertainty measures, e.g., belief and plausibility functions or inner and outer
measures. The other approach is to represent the sample space not as a Boolean algebra but in
the form of another, more general structure.

Belief and plausibility functions Belief functions were introduced in [28] as a generalisation
of probabilities for the case where the exact compositional uncertainty measures are not given to
the entire sample space of events. Originally, they were defined on Boolean algebras, however,
later work [2, 16, 32, 15] saw them further expanded on arbitrary and distributive lattices. In
this section, we will use a combination of the two approaches given above and consider belief
(and their dual counterparts, plausibility functions) on De Morgan algebras of which Boolean
algebras are a particular case and which themselves are a special case of distributive lattices
equipped with negation.

In the standard approach both belief and plausibility use in fact the same information repre-
sented by the mass function, but deal with it in a different way. While we can see belief as
the amount of information which directly supports the statement in question, plausibility rep-
resents the amount of information which does not contradict the statement. As Halpern says:
“Plausy, (U) can be thought of as the sum of the probabilities of the evidence that is compat-
ible with the actual world being in U.” ([20], p. 38). This idea is captured in the definition of

plausibility via mass function: p1(A) = > m(B). Alternatively, we can understand plausi-
ANB#@
bility as a measure of the information, which does not support the negation of the hypothesis:

pl(4) =1 —bel(A°) = > mn(B). We can also see belief and plausibility as approximations,
BZAe

as a lower and an upper bound for the ‘true’ probability: bel(A) < p(A) < pl(A). While in

the classical case all these readings coincide, in the case of BD logic they do not, which gives us

several possibilities of defining belief/plausibility pairs.

Dempster—Shafer combination rule on powerset algebras Dempster—Shafer theory [10,

] is a formal framework for decision-making under uncertainty in situations in which some
propositions cannot be assigned probabilities. The core proposal of Dempster—Shafer theory is
that, in such cases, the missing value can be replaced by a range of values, the lower and upper
bounds of which are assigned by belief and plausibility functions. In fact, the correspondence
between belief functions and mass functions is used to formalise probabilistic reasoning based
on pieces of evidence. A mass function is assigned to each piece of evidence to encode the
information contained in the evidence. For instance, if an expert states that they are 70%
certain that p V ¢ is true and that they do not give more information. One would assign the
following mass function to this piece of evidence: m(p V ¢) = 0.7 and m(T) = 0.3. Here, the
remaining mass is assigned to T, because it represents the non-informative statement. In the

13



3.2 Evidential reasoning 3 REPRESENTATIONS OF UNCERTAINTY

classical case, mass functions, belief functions and plausibility functions are connected via the
following interpretation. While mass function represents the amount of evidence committed
exactly to a particular statement, we can see belief as collecting information which directly
supports the statement in question, while plausibility represents the amount of information
which does not contradict the statement. Belief (resp., plausibility) is given by the sum of
masses of the propositions implying (resp., not contradicting) it. One can already observe
that belief and plausibility are connected via the negation and the notion of contradiction.
Therefore, shifting from classical logic to BD logic will impact the definition of plausibility
and the connection between belief and plausibility. In fact, this will open the door to many
alternative definitions of plausibility.

Since, a priori, a mass function is assigned to each piece of evidence, the natural next
step is to define a way to combine the information obtained from each piece of evidence. In
what follows, we discuss Dempster—Shafer combination rule and its interpretation on powerset
algebras. Then, we motivate interpreting it on De Morgan algebras to model more accurately
and in a more informative manner situations in which one handles contradictory evidence.

Definition 3.6 (Dempster—Shafer combination rule over a powerset algebra). Let m; and my be
two mass functions on a powerset algebra P(S). Dempster—Shafer combination rule computes
their aggregation mgo as follows.

mig2 : P(S) = [0,1] (8)
0 HX =0

X = ¢ Y {m (X)) m(Xy) | X1 N Xy = X}

DoAmi(X1) me(Xo) | X1 N X2 # O}

otherwise.

Ezample 3.1 (Two disagreeing experts. Classical reasoning). A patient is sick, and two doctors
are asked their opinions about which disease the patient has. Three diseases are being considered:
S = {a,b,c}. It is assumed that the patient can have one and only one of these diseases.
Therefore, the events a, b and ¢ are incompatible. Expert 1 thinks that the patient has disease
a with certainty 0.9 and that it is very unlikely the patient has disease b, therefore assigning
certainty 0.1 to that option. Expert 2 thinks that the patient has disease ¢ with certainty 0.9
and that it is very unlikely the patient has disease b, therefore assigning certainty 0.1 to that
option.

The opinion of expert 1 is described by the mass function m; : P({a, b, c}) — [0, 1] such that
m;({a}) = 0.9, m; ({b}) = 0.1, and m; (z) = 0 otherwise. The opinion of expert 2 is described by
the mass function mg : P({a, b, c}) — [0,1] such that mo({b}) = 0.1, ma({c}) = 0.9, and ma(x) =0
otherwise.

The aggregated mass function m; g9, using Dempster—Shafer combination rule, is as follows:

1 ifx=4{b
me2(v) = { 0 otherwgsg.
We get myga({a}) = 0 because for any two elements =,y € P({a,b,c}) such that z Ny = {a} we
have mj () - ma(y) = 0. This result comes from the fact that Dempster—Shafer combination rule
simply gets rid of contradiction.

This conclusion is counter-intuitive. Indeed, it would be more reasonable to conclude that
there is 50%-50% that the patient has disease a or disease ¢ and that it is very unlikely that it
is disease b, because both experts agree on that fact.

Notice that if one decides to assign a very small mass (e.g. 10~%) instead of 0 for m;({c})
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and my({a}), one gets the following mass functions

m; : P(S) — [0,1] mo : P(S) — [0,1]
0.89995 if z = {a} 0.0001 if z = {a}
. 0.09995 if z = {b} . 0.09995 if z = {b}
0.0001 if z = {c} 0.89995 if z = {c}
0 otherwise. 0 otherwise.

and the following aggregated mass function:*

0.00885 if 2 = {a}

) 09823 ifz={b}
me2() = (00885 if 2 = {c}
0 otherwise.

That is one still concludes that disease b is way more likely than disease a or c¢. Indeed, one gets
beliga(b) = 0.9823 and beligz({a,c}) =miga({a}) + mig2({c}) = 0.0177.

The example above shows how Dempster—Shafer combination rule can give counterintuitive
results when interpreted in a classical framework. In what follows we argue that formalising this
kind of situations within the framework of BD logic, that is, on De Morgan algebra, will lead to
more intuitive conclusions.

Dempster—Shafer combination rule on De Morgan algebras Recall that BD logic is
the logic of De Morgan algebras, therefore, in that framework, saying that a formula ¢ is true
means that “we have information supporting that fact that the statement ¢ is true”. Therefore, a
priori, no two formulas are contradictory. Indeed, one can have pieces of information supporting
contradictory statements. Therefore, if we consider De Morgan algebras, we get the following
adaptation of Dempster—Shafer combination rule.

Definition 3.7 (Dempster—Shafer combination rule over a De Morgan algebra). Let £ be a De
Morgan algebra (without the constants L and T in the language). Let m; and mp be two general
mass functions on £. Dempster—Shafer combination rule computes their aggregation mige as
follows.

mig2 : L — [0, 1] (9)
z = Z{ml(ﬂﬁl) ‘m(w2) | 1 A = x}.
Let £ be a bounded De Morgan algebra (that is, with the constants | and T in the language).

Let m; and my be two mass functions on £. Dempster—Shafer combination rule computes their
aggregation mygo as follows.

M2 : L — [O, 1] (10)
0 ifo=1
T4 Y Amy () mo(w2) | 11 Axg = 2}

S {my(z1) mo(xe) | 21 Axg # L}

4Note that those are rounded numbers.

otherwise.
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Notice that in equation (9), there is no normalisation term. Indeed, here ) .. mig2(z) =
> {mi(z1) -ma(z2) | x1, 22 € L}. In addition, we have

D migo(x) = Y {mi(w1) ma(wa) [ @1 Awy =}

xeL zeL

= Z{ml(xl) 'm2($2) | T1,T2 € ﬁ}
— Z Z m(z1) - mo(x2)

r1ELT2EL
= Z ml(zl) . Z mg(l‘g).
r1EL zo2EL

Therefore, m; g9 is a general mass function, because 0 < >~ my(z1) < land0< 3 my(zg) < 1.
T1EL xo €L

Lemma 3.8. In the case of Dempster—Shafer combination rule for bounded De Morgan algebras,
if we consider the free De Morgan algebra generated by a finite set of variables Prop and constants
{L, T}, then we have that for every x € L,

mige2(x) = Z{ml(xl) ~mo(x2) | 21 A xo = z}. (11)

Proof. In equation (10), notice that 1 A xo = L iff either 1 = L or x5 = L. This implies that

> Ami(w1) -ma(wa) | w1 Awg # L}
= Z Z ml(xl) 'mg(l'g)

z1ELN L zoELN L

= Z Z my(z1) - mo(x2) (because my (L) =mo(L) =0)

r1EL T2 EL
=2 m(®): ) mo(a)
r1EL zo€L
= Z my (71) (because Zmzeﬁ mo(x2) = 1)
z1EL
=1 (because », c,mi(z1) =1)
Therefore, if x # 1, we have myga(z) = > {mi(z1) - mo(z2) | 21 Ao = z}. If £ = L, then
S {mi(z1) -ma(z2) | 1 Axo =z} = 0, because either z; = L or x5 = L. 0

Remark 3.1. In Section 3.3, we introduce DS models (Definition 3.9) on which we define belief
functions over BD logic. Notice that we define bel™ and bel™, that generalise the non-standard
probabilities ¥ and 1, on the Lindenbaum algebra associated to the model. Therefore, we
consider belief functions over free De Morgan algebras.

Ezample 3.2 (Two disagreeing experts. Reasoning with BD logic). We consider the previous
case study, but we consider the general mass functions over the free De Morgan algebra DM
generated by {a, b, c}:

my : DM3 — [0, 1] mo : DM3 — [0, 1]
09 ifz=a 09 ifz=c
T 01 ifz=0b T 01 ifz=0b
0 otherwise. 0 otherwise.
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We get the following aggregated mass function

081 ifx=aAc

009 ifz=aAborz=bAc
mo2() =4 001 ifx—b

0 otherwise.

Here, one still has miga(a) = mig2(c) = 0, but mjg2(b) = 0.01 is now small. In addition
beliga(a) = miga(a) + mg2(a Ab) +miga(a Ac) =0.9

is 4.7 times larger than
beligo(b) =mig2(b) + mga(a Ab) +mige(bAc) =0.19.

Here, the mass function mygs tells us that the evidence strongly supports the fact that the
patient has disease a and ¢, and that the evidence is less conclusive concerning disease b.

One could object that in the classical case, it is assumed that it is impossible for the patient
to have two diseases, in which case, one might want to formalise the example with the following
mass functions:

mp : DMg — [0, ].] my : DM3 — [0, ].]
09 ifz=aN-bA-c 09 ifz=—-aA-bAc
T 01 ifz=—-aAbA-c T 01 ifz=—-aAbA-c
0 otherwise. 0 otherwise.

This gives us the following aggregated mass function:

0.81 ifx=aA-aAN-bAcA—c
) 009 ifr=aA-aANbA-bA-corz=—aAbA-bAcA-c
me2(T) =4 001 if g = —anbA e
0 otherwise.

Here, the mass function highlights that (1) experts agree the patient does not have disease b
and (2) the agent has contradictory information which might lead to the conclusion that further
investigation is necessary. Indeed, if one asks two equally qualified experts about their opinions
and if they contradict each other, it is only natural to consult more experts. In the same time,
we still have beljga(a) = beligz(c) = 0.9 and belig2(b) = 0.19.

This framework also has the advantages to allow us to formalise a situation in which both
experts did not consider the same set of eventualities. Assume that expert 1 simply did not
consider disease ¢ as an option (because they forgot, because they are not aware of it, because
they could not test for it...) and expert 2 did not consider disease a as an option. Then the
initial mass functions become:

m; : DM3 — [0,1] mg : DM3 — [0, 1]
09 ifz=an-bd 09 ifz=-bAc
T 01 ifz=—-aAbd T — 01 ifz=bA-c
0 otherwise. 0 otherwise.

and we get the aggregated mass function

081 ifx=aAN-bAc
) 009 ifr=aAbA-bA-corz=—-aAbA-bAC
mp2(7) = 0.01 fz=-aAbA-c
0 otherwise.

Here, the conclusion is that the patient is likely to have disease a and c.
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In the following, we propose to reason with belief functions within the framework of Belnap
Dunn logic. Indeed, this counterintuitive result in the classical framework comes from the fact
that classical logic cannot deal with contradictory information. Here, we introduce a slightly
generalized notion of belief function that does not require belief of false and true to be 0 and
1. Indeed, within the framework of Belnap Dunn logic, we usually do not have the constant
symbols to talk about the false 1 and true T.

Notice that many alternatives to Dempster—Shafer combination rule have been proposed.
For instance, Dubois and Prade [11] have proposed a “hybrid” rule intermediate between the
conjunctive and disjunctive sums, in which the product m;(B) - ma(C) is assigned to BN C
whenever BNC # &, and to BUC otherwise. This rule is not associative, but it usually provides
a good summary of partially conflicting items of evidence. This rule deals with contradictory
evidence by stating that at least one of the two options supported by the two pieces of evidence
must be true, while Dempster—Shafer combination rule disregards the two pieces of evidence.
In our generalisation of Dempster—Shafer combination rule (Definition 3.7), we end up keeping
track of the contradictions and where they come from. However, notice that if we work on
an arbitrary bounded De Morgan algebra, we could still have cases where x Ay = L even
though neither x = L nor y = L. This would happen if, even though the agent is tolerant to
contradiction, they consider that it is impossible to get information that z and y are both true.
Therefore, in this situation it could make sense to use the combination rule proposed by Dubois
and Prade, but on a De Morgan algebra rather than on a powerset algebra:

migo () :Z{ml(xl) ‘ma(x2) | T1 Azg = 2} (12)

+ Z{ml(xl) ‘mo(x2) | £1 Axe = L and 21 V zo = x}.

3.3 Two-dimensional reading of belief and plausibility

In this section, we introduce DS models on which we define belief and plausibility of formulas.
Then we discuss different interpretations of the notions of belief and plausibility within the
two-dimensional treatment of evidence of BD logic.

Definition 3.9 (DS models and their associated belief functions). Let Lgp be the Lindenbaum
algebra for Belnap—Dunn logic over the set of propositional letters Prop. A DS model is a tuple
A = (S,P(S),bel, v, v7) such that (S,v",v™) is a BD model and bel is a belief function on
P(S). We denote bel?, : Lgp — [0,1] and bel , : Lgh — [0,1] the maps such that, for every
» € Lgp,

bel’,(p) =bel(lp|*) and  bell,(p) = bel(lp|”) = bel(|-p|"). (13)
We drop the subscript whenever there is no ambiguity on the model .# we are considering.

In the classical case (i.e., on a Boolean algebra B), one can define plausibility and belief
function in terms of one another or via the mass function associated to the belief in several
ways. This is why, there is no need to define both plausibility and belief on classical Dempster—
Shafer structures. Indeed, the plausibility of a € B can be construed as the lack of belief in its
negation:

pl(a) =1 —bel(~a) (14)

or, equivalently, as the sum of the mass of every statement compatible with a:

pl(a) = Y  m(b). (15)

aNb# L
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Equations (14) and (15) are, however, not equivalent on unbounded and free De Morgan algebras.
Consider a free De Morgan algebra A and a (general) mass function m on A. If A is unbounded,
(15) cannot be defined. If A is bounded, it gives pl(a) = 1 for every a € A. Indeed, if A is free,
then a Ab= 1L iff a =1L or b= 1. But m(L) = 0, whence pl(a) = 1 for any a # L. On the
other hand, (14) does not necessarily equal to 1 on every a # L should one substitute Boolean
negation ~ for the De Morgan —.

Definition 3.10 (DSpl models and their associated plausibility functions). Let Lgp be the
Lindenbaum algebra for Belnap—Dunn logic over the set of propositional letters Prop. A DSp;
model is a tuple .# = (S,P(S),bel,pl,v",v™) such that (S, P(S),bel,v", v™) is a DS model,
pl is a plausibility function on P(S). We denote p1', : Lgp — [0,1] and p1, : Lgh — [0,1]
the maps such that, for every ¢ € Lgp,

pll, (¢) =pl(lpl")  and  pll,(p) =pl(el") = pl(-¢|"). (16)
We drop the subscript whenever there is no ambiguity on the model .# we are considering.

Notice that like in the case of non-standard probabilities (see Lemma 3.3), it is equivalent
to define belief and plausibility on the Lindenbaum algebra or on the set of formulas.

Lemma 3.11. Let .# = (S,P(S),bel,pl,vt,v™) be a DSpy model. bel™t (resp., p1T) is a
general belief (resp., plausibility) function on the Lindenbaum algebra. bel™ (resp., pl~) is a
general belief (resp., plausibility) function on the dual of the Lindenbaum algebra L.

The previous lemma shows that each DS model generates a function on the Lindenbaum,
and by extension on the set of formulas of BD logic, that satisfies the axioms of (general) belief
functions from Definition 2.7. The following theorem shows that the converse holds as well: for
every (general) belief function on BD formulas, and by extension on the Lindenbaum algebra,
we can define a canonical DS model equipped with a belief function such that both functions
correspond.

Theorem 3.12 (Completeness of belief axioms). Let bel be a function on BD formulas satisfy-
ing the azioms of (general) belief function (see Definition 2.7). Then there is a canonical model
M. and a belief function bel’ on the powerset of states of M. such that bel(p) =bel’(|o|1).

Proof. The proof goes along the same lines as the one of Theorem 3.4. We start with the
canonical model .#, = (P(Lit), v}, v, ) from Definition 3.5. The general belief function bel on
BD formulas can be equivalently represented as a general belief function bel on the Lindenbaum
algebra Lpp. Using this general belief function bel on the Lindenbaum algebra Lgp, we define
the belief function bel* on the uppersets of the poset (P(Lit),C) (we assign bel* (@) = 0 and
bel*(P(Lit)) = 1). Then, we finish the proof by applying Lemma 2.15. Notice that unlike in
the case of probabilities this lemma does not guarantee uniqueness of the extension of bel*.

O

The proof of the completeness of the plausibility axioms (Theorem 3.13) relies on the fol-
lowing remark that allows us to define a De Morgan negation on the powerset of the domain of
the canonical model that coincides with the BD negation on the extensions of formulas.

Remark 3.2 (De Morgan negation on P(P(Lit))). Let w C Lit. We build the set Lit*(w) as
follows

T(p) € Lit*(w) iff p € w,~p¢w
B(p) € Lit*(w) iff p,-pew
N(p) € Lit*(w) iff p,-p ¢ w
F(p) € Lit*(w) iff p¢ w,—pecw

Vp € Prop : (17)
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E.g., if Prop = {p,¢,7} and w = {-p, ¢, ~¢}, then Lit*(w) = {F(p),B(q),N(r)}. We call Xp’s
‘4-literals’.

It is clear that, for any A € P(P(Lit)), there is a unique (up to permutations) disjunctive
normal form Fm(X) whose conjunctive clauses contain 4-literals and that every BD formula ¢
is represented by exactly one A € P(P(Lit)) which we denote S(¢).

We now need to define a proper De Morgan negation on (P(P(Lit)), C) that extends the BD
negation on .Zgp formulas. We take A C P(Lit) and then Fm(A). Now we transform —Fm(A)
into its disjunctive normal form using the following additional rules

—X(p) ~ [~4X](p) X(p) ANY(p) ~ [X A1 Y](p) X(p)VY(p) ~ [XVaY](p)

with =4, V4, and A4 following the truth-table definitions of negation, disjunction, and conjunc-
tion in BD. Notice that if A = S(¢) for some ¢ € Zpp, then =A = S(—¢).

Theorem 3.13 (Completeness of plausibility axioms). Let pl be a function on BD formulas
satisfying the axioms of (general) plausibility function (see Definition 2.12). Then, there is a
canonical model M, and a plausibility function pl’ on the powerset of states of M. such that

pL(y) =Pl (l¢T)-
Proof. We start with the canonical model .. = (P(Lit), v}, v_) from Definition 3.5. Let PT(Lit)

denote the distributive lattice generated by the upsets of (P(Lit), C). The general plausibility
function pl on BD formulas can be equivalently represented as a general plausibility function pl
on the Lindenbaum algebra Lgp. Using this general plausibility function pl on the Lindenbaum
algebra Lgp, we define the plausibility function p1* on PT(Lit) (we assign pl*(@) = 0 and
pl*(P(Lit)) = 1). Since the lattice PT(Lit) is isomorphic to the lattice reduct of Ly (the
Lindenbaum algebra for BD*), we can define a De Morgan negation —p on it that coincides with
the negation of L. Therefore, (PT(Lit),U,N, —~p,d, P(Lit)) is a finite bounded De Morgan
algebra.

Now, consider the function bel* : (PT(Lit), ) — [0,1] such that bel*(S) = 1 — pl*(—=p9)
for every S € PT(Lit). From Lemma 2.13, we know that bel* is a belief function on (PT(Lit), C).
Let m* : (PT(Lit),C) — [0,1] be the mass function of bel*. We can extend it to PP(Lit) as
follows:

' : PP(Lit) — [0, 1]
. {m*(S) if S € PT(Lit),

0 otherwise.

The function m’ is clearly a mass function, therefore it defines a belief function bel’ : PP(Lit) —
[0,1] on the distributive lattice (PP(Lit),U,N, <, P(Lit)). Using Remark 3.2, we can extend
the De Morgan negation —p to the distributive lattice (PP(Lit),U,N, @, P(Lit)). Therefore,
bel’ defines a belief function on the finite De Morgan algebra (PP(Lit),U, N, —p, d, P(Lit)).
From Lemma 2.14, we know that pl’ : PP(Lit) — [0,1] such that pl’(S) = 1 — bel’(-p95)
is a plausibility function on (PP(Lit),U,N, —p, @, P(Lit)). Therefore, pl’ is also a plausibil-
ity function on its lattice reduct (PP(Lit),U,N, @, P(Lit)) and on the underlying Boolean al-
gebra (PP(Lit),U,N, (-)¢,a,P(Lit)). Notice that, for every ¢ € Zgp, we have pl'(|¢|") =
I~ bel’(~p|[*) = 1 - be1*(=pldi ) = p1*(I6]") = p1(4). .

We have introduced BD models equipped with belief and plausibility functions. Here, we
propose different ways to combine belief and plausibility with a two-dimensional interpretation
in order to introduce modalities in Section 4.
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3.3.1 Belnapian belief

We consider the following two-dimensional reading of belief. We look at belief as a generalisation
of non-standard probabilities, where the import-export axiom (see axiom (iii) of Definition 3.2)
is weakened to the property of being weakly totally monotone (see Definition 2.7). If we consider
a probabilistic BD model 9 = (W, u, v, v™), then the two-dimensional value of the probability
of a formula ¢ is (u(|¢|T), #(J¢| ™)) and it is interpreted as follows. Positive probability u(|ep|™)
is the degree to which evidence supports truth of ¢, while negative probability u(|¢|™) is the
degree to which evidence supports its falsity (which is the same as positive probability of —p).

Following these lines we define a Belnapian belief (bel(|¢|*),bel(|p|™)) based on a DS
model .. Analogously to the case of non-standard probabilities the value bel(|¢|") represents
the degree to which the evidence supports ¢ and bel(|p| ™) represents the degree to which the
evidence supports its negation. A natural way to introduce plausibility of a formula ¢ is to use
the classical definition via the belief of the negation of . This definition is correct, because
we know from Lemma 2.14 that since bel™ is a general belief function on Lgp, then the map
pl™ defined as p1T(p) = 1 — bel™(—yp) is a general plausibility function on Lgp. Similarly,
pl () =1 —bel (—p) is a general plausibility function on L£g}. Observe that in the case of
strong contradictory belief in some proposition it can happen that plausibility is strictly smaller
than belief, contrary to the intuition understanding them as upper and lower bound.

Formally, we can work with belnapian plausibility and take the pair (p1*(¢),pl~(¢)) as the
primary notion while belief would be a derived one, but this choice is less appealing from the
point of view of an interpretation. In Example 4.1, we will show that within this framework we
can introduce a logic that allows us to characterise evidence in terms of how classical, incomplete
or contradictory it is regarding a specific topic ¢. Indeed, in our framework, one can separate
pieces of evidence within three categories: classical (where the evidence for and evidence against
add up exactly to 1), incomplete (the evidence for and evidence against add up to a number
smaller than 1), or contradictory (the evidence for and evidence against add up to a number
greater than 1). Each of these gives us different signals. In particular, classical information
might be intuitively interpreted as indicative of us being on the right track in the investigation.
Le., if the information on p is classical, then investigation into p can be deemed satisfactory. In
this vein, incomplete information can be interpreted as us needing to investigate p further, while
contradictory information on p shows us that our previous investigation was faulty, whence we
need to re-investigate once again.

3.3.2 Combining belief and plausibility

Independence of positive and negative support which is in the key idea of the Belnap-Dunn ap-
proach gives us more freedom in combining belief and plausibility than in the classical approach.
While in the previous case both positive and negative supports were represented by the same
uncertainty measure, now we discuss the possibility of combining them. The idea behind the
classical belief—plausibility relation is that we can see plausibility of a proposition as a lack of
support for its negation. This motivates our second choice for the representation of negative
support of a proposition: it is not a (straightforward) support of its negation as in the previous
case, but rather a lack of support of the proposition itself.

Formally, we consider a DSy, model containing both belief and plausibility (in general they
might be computed from different mass function, so they are not mutually definable) and define
the positive and negative support pair as (bel™ (), pl~(¢)) = (bel™ (p),pl™(—¢)).
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3.3.3 Belief and plausibility as lower and upper bounds

In this section, we focus on the interpretation of belief and plausibility as a lower and an upper
approximation of the probability of a formula. To do so, we have to consider DSy models
M = (S,P(S),bel,pl,vT,v~) with both belief and plausibility introduced independently, and
study the implications of the following property:

bel(X) < pl(X), for every X C P(S). (18)

Within the framework of BD logic, this immediately implies that one cannot define pl via bel
without imposing strong constraints on the valuation of the BD model. Therefore, here we are
studying the meaning of having a general belief function and a general plausibility function
generated by two different mass functions. First, notice that equation (18) is equivalent to

> ma(X)<1- > mu(X). (19)

XClplt XC|=p|*

Indeed, from Lemma 2.11 and Lemma 2.13, we have

bel(lp|") = Y mea(X) <pl(lp|") =1-beln(j-p[H)=1- >  mu(X).
XClpl* XCl=p|*

In addition, since bel and pl are respectively belief and plausibility functions, then we get the
constraint

bel(lp|™) = D ma(X)< D ma(X)=pl(pl"), (20)

XClpl* XZlpl~

because

bel(lp|") = Y mea(X)<pl(p/N)=1- > ma(X)

XClpl* XC|-pl+
= Y maX) - > ma(X)
XeP(S) XCl-plt
= Y ma(X)= ) mu(X)
XZ|-p|* XZlp|~

We consider the following two-dimensional interpretation for belief and plausibility of ¢ respec-
tively: B¢ = (bel™(¢),bel™(¢)) and Plg = (p17(¢), p1~(¢)).

Interpretation of the mass functions my; and m, Here, B(¢) = (z,y) is interpreted as
follows: x = bel™(¢) is how much the agent is persuaded that ¢ is true based on the evidence,
and y = bel™ (¢) is how much the agent is persuaded that ¢ is false based on the evidence.
Persuasion relies on a wide range of evidence: reliable scientific evidence, but also emotional
reaction to an argument. Therefore, one could ignore the contradictoriness of some evidence to
strengthen one’s opinion and one can ignore scientific evidence due to some bias. Hence, when
computing mye;, the agent uses a weak standard for saying that a piece of evidence supports some
statement and is influenced by its own bias: highly contradictory evidence can be considered to
support a statement and reliable evidence can be ignored.

However, the agent uses a different standard of evidence to decide that a statement is not
plausible. We have pl(|p|™) = 2o xg|-p+ Bp1(X), therefore, p is considered plausible if there is
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very little strong evidence supporting —p. We interpret this as follows: the agent considers p
plausible, if they are not convinced that —p is the case. Conviction is built on ‘reliable’ evidence.
The meaning reliable will depend on the context: in a court, it could be the kind of evidence
accepted by the court, in science it could be detailed proofs that have been reviewed by experts...
One can for instance believe that a mathematical statement is false because of some personal
intuition based on experience, even if there is a verified proof of the statement which makes it
not very plausible (but not impossible) that it is false. Indeed, with time, some proofs are found
to be false.

We propose the following interpretation of the mass functions. mpe; is computed by asking
the question “does the evidence persuade the agent?”, while m,; is computed by asking the
question “is the evidence considered convincing by some given authority?” In order to get a
better intuition on what is going on, let us have a look at some examples.

S0 - S1 - p S ¢ TP §3 ¢+ D,7P

Figure 3: Canonical model over Prop = {p}.

Ezample 3.3 (Strong belief in p A =p). Consider the set of variables Prop = {p}. The canonical
model is in Figure 3. Assume that bel(|p A —p|") = 1. Therefore,

Z Mpe1 (X)) = Z Mpe1 (X ) = Mpe1 (D) + mpe1 ({s3}) = 1.
X ClpA-plt XC{ss}

Since bel is a belief function on P(S), we have mpe1 (@) = 0, therefore mpe1({s3}) = 1. This
means that based on the available evidence, the agent is persuaded that p A —p is the case.
Notice that

pllpA-plT) = D mp(X)= > ma(X)

XZ|pA=p|~ XZ|=(pA=p)|T

= > mX)= > maX)
XZ|=pVp|* XZ|=p|TU|p|*+

= Z g1 (X)

XZ|pl=Ulp|*+

Therefore, the condition that bel < pl implies that

L= > ma(X)= Y ma(X)=m(9) (21)
XZlpl~Ulpl* XZ{s1,52,53}

Therefore, evidence that is strongly persuasive considering p A —p is inconclusive regarding the
plausibility of either p or —p.
Ezample 3.4 (Weak belief in either p or —p). We still consider the previous model. Assume now
that bel(|p V —p|T) = 0. Therefore ZXQ{81782783}mbe1(X) = 0 and mpe1 ({50, 51, 82,53}) = 1.
The condition that bel < pl does not constrain the value of my; in any way. Therefore, the
available evidence might be convincing from the point of view of a given authority, however it
did not persuade the agent.

4 Two-layered logics for uncertainty measures

Reasoning about events and reasoning about the uncertainty measures based on evidence about
events are two separate things of a different nature, and we might want to use different logics to
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formalise these two types of reasoning. To distinguish the reasoning about events, and evidence,
from that about the uncertainty measures based on those, we use two-layered logical framework.
It is a two-sorted setting which combines an inner logic and an outer logic with the connecting
layer of modalities. The inner logic captures reasoning about events, the modalities capture
the uncertainty measures of choice to quantify evidence about the events, and the outer logic
captures reasoning about such modal formulas expressing the uncertainty measures.

When dealing with two-layered modal logics to reason about uncertainty, the main decision
one hast to take is how to formalise statements such as ‘probability of ¢ is twice as high as
probability of x’. There are two options. First: allow the numerical reasoning with inequalities
directly on the outer layer. This is the way it was originally done in [12]. Another approach,
more ‘puristic’ from a logical point of view, would be to use an outer-layer logic that can express
addition and subtraction, e.g., Lukasiewicz logic. This approach originated with [18], and has
been investigated further in an abstract algebraic manner e.g. in [1, 8]. Most of the existing
logics use the classical propositional logic on the inner layer, with an exception of a BD-based
logic for belief functions considered by Zhou in [32].

In this section, we are going to present proof systems, which use the logic BD on the inner
layer, and are based on both the approaches mentioned above. We begin with the calculus of
inequalities, as it is less formal and more intuitive. We then design two-layered modal logics
whose upper layer consist of paraconsistent expansions of L, introduced originally in [4, 5].

4.1 Two-layered logics with inequalities

In this section, we present two-layered logics axiomatising reasoning with non-standard belief
and plausibility functions that follow the approach of [12]. Namely, we employ %gp-formulas
on the inner layer and linear inequalities on the outer one.

4.1.1 Logic for non-standard probabilities

Definition 4.1 (BD weight formulas and their semantics). A primitive weight formula (PWF)
is an expression of the form

Zai -wi(gbi) >c
i=1

with a;,c € Z, and ¢; € Lgp. The left hand side of a PWF is called a weight term. A weight
formula is a Boolean combination of primitive weight formulas.

Let .# = (W,vt,v™, 1) be a probabilistic BD model, m, the mass function associated to p,
and «, a weight formula. The satisfaction relation .# = « is defined as follows®.

///'zZai-wi(qﬁ)}ciff Zai- Z m(w) > ¢
i1 i1

wET ¢
M= ~a il M
MEaNd ff A Eaand A=
Other connectives: V, D, etc. can be defined in a usual manner.

A weight formula is called wvalid iff it is satisfied on every model. We say that a set of weight
formulas Z entails o (2 Fpgp ) iff there is no model Z s.t. A4 |= E but A - «a.

Below, we give a calculus that proves weight formulas.

50Observe that weights correspond to sums of masses of states where formulas are verified or falsified, i.e., to
their probabilities.
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Definition 4.2 (Axioms for BD weight formulas — calculus wBD).
CPL as.t. CPLF«

a a—pf
B

ineq All instances of valid formulas about linear inequalities.

MP

W1 wt(9) > 0, wk(g) < 1
W2 ¥ (9) = wt ()

W3 wt < V ¢i) = > (=1l 1yt (/\ ¢j>
1<i<k JC{ k) jer
J Ao

W4 wt(¢) <wh(¢') and w(¢p) = w(¢') for all ¢, ¢’ € Lpp s.t. ¢ Fep ¢'.
Theorem 4.3 (Completeness). wBD F « iff « is valid.

Proof. The soundness part can be obtained by verifying that all axioms hold on all probabilistic
BD models. Indeed, we reason classically about the mass, and W1-W4 are just the axioms for
non-standard probabilities.

For the completeness part, we reason by contraposition. Assume that wFDE ¥ ~a. We
show that « is satisfiable. Since we reason with the weight formulas using CPL, we can w.l.o.g.
assume that « is in DNF. Moreover, a DNF is satisfiable iff at least one of its clauses is. Thus,

n
we can consider only weight formulas of the form o = A m; with m;’s being either PWFs or
i=1
their negations. Notice however that a negation of a PWF is provably equivalent via ineq to
a PWF

~ <Z a; ~w+(¢)i) 2 C) 4FWFDE Z —a; ~w+(¢)i) > —cC (22)
i=1 1=1

Thus, we assume w.l.o.g. that each m; is a PWF. Furthermore, using W2 we can get rid of
w~ and work with formulas containing w* only.

Now, using W3, W4 and the fact that each ¢ € Zgp has a unique representation as an fDNF
over a given set of literals (cf. Definition 2.4) up to permutation of clauses and variables we
conduct the following provably equivalent transformations.

First, take one 7, (1 <k < n)

T =a;-wi(¢1)+...+as w(ds) > ck (23)
and put fDNFj(q)(¢;)’s instead of ¢;’s. We denote the transformed formula with 7y
7 = ay - w (fDNFiigay(41)) + .. + as - w (DNFig(a) (05)) = e (24)

Now, we use W3 and ineq to remove terms of the form wt (¢ V ¢'). Namely, let

u

fDNFLig(a) (65) = \/ cls

t=1
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with cl; being a conjunction of literals. Then, by W3, ineq, and propositional reasoning, we
obtain

aj -w+(fDNFLit(Q)(¢j)) = Z (_1)|J|+1 Saj - wt (/\ Clt) (25)

JCHL,...,u} teJ
J# @

Using W4, we remove repeating literals from a; - w" ( N c|t> 's. After that, we also add the
teJ

following formulas as conjuncts (here, A cli’s are A cli’s without repeating literals).
teJ teJ

> (—ptgt (/\d;) <1A > (pt gt (/\dQ) > 0| (26)

TC{l,...,u} teJ TJC{L,...,u} teJ
J£ o J# o

Observe that (26) is provable from (25) by ineq. We denote the resulting formula with (7)".
Then, we set

a’ =

=

(m)"

Finally, for each A cl; and A cl}, present in o/ s.t. A cl; Fepe A cly, we add
teJ veJ teJ treJ’

() (b (e (p)]

as new conjuncts (again, observe that they are axioms). We call the resulting formula (a™)*.
It is clear that wFDE F o <+ (o) since all our transformations preserved provable equivalence.

Now, observe that (o)™ is satisfiable iff the system of inequalities obtained from its con-
juncts by replacing w™ (¥)’s with :ci’s has a solution (but if it does not, then ~(a™)* € ineq,

k

> =

whence ~a € ineq, contrary to our initial assumption). Indeed, A cl}’s correspond to states in
teJ
a model, and the constraints on their masses are given in (26) and (27).

Now, we construct a model from the solution to the system of inequalities setting W =
P(Lit(e)). For this, we need to translate weights into the mass assignments. First, we order
A cli’s w.r.t. Fepe. Note that by the construction described in (24) and (27), there is the least
teJ
element w.r.t. this order, namely, the conjunction of all literals generated by the Var(«) (in fact,

every fDNF contains such clause). Observe, further, that due to (27) it has the smallest positive

weight.
Following the proof of [21, Theorem 4], we define masses of states inductively, starting from
Lit(a). We set m(Lit(a)) = wt(Lit()). As for the other states obtained from A cl}’s, we define

teJ
their masses as follows.

" ( A d;> et ( A d;) e ( A cv,> o8)
teJ teJ /\ C|/,7( FEDE /\ C|; treJ’
teJ

t'eJ’ ¢

If the sum of masses so acquired is still smaller than 1, the remainder goes to the state that
corresponds to the empty set of literals. All other states get mass zero. The measure can be
then reconstructed from m. O
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4.1.2 Logic for general belief functions

Definition 4.4 (BD belief formulas and their semantics). A primitive belief formula (PBF) is
an expression of the following form

D aibE(¢) > ¢
i=1

with a;,c € Z, and ¢; € ZLpp. The left hand side of a PBF is called a belief term. A belief
formula is a Boolean combination of PBFs.
Let now .# = (A,bel,bels) be a De Morgan algebra with a pair belief functions such that

bel;(z) = bel;(—x) (¢,5 € {1,2}, ¢ # j) for all x € A on it, and « be a belief formula. We
define the satisfaction relation .# = « as follows.

MED a;i 0T (di) = ciff Y a; - beli(v(gr)) = ¢

=1 i=1

M= a0 (¢i) = ciff > a;-bela(v(i)) = c
=1

i=1
M= ~oiff A
MEaNS M M Eaand A=

« is called valid iff it is satisfied on every ..
Definition 4.5 (Axioms for BD belief formulas — calculus bBD).

CPL as.t. CPLF «

a a—pf
5

ineq All instances of valid formulas about linear inequalities.

MP

Bl b%(6) > 0, b¥(¢) < 1
B2 b¥(9) = b*(~9)

B3 bt < \Y; ¢i) > Y (-pMitpt (/\ qu)

1<i<k JC{,..., k} JjEJ

B4 bt (¢) < bt (¢') and b~ (¢) = b~ (¢') for all ¢, ¢’ € Lpp s.t. ¢ Fgp &'

Definition 4.6. Let 7 = {Z a; - bE(¢;) = c} be a PBF and let X D Lit(w). We call m X-
i=1

canonical iff ¢; is not equivalent to ¢, for any ¢,j € {1,...,n} s.t. ¢ # j, all occurring ¢;’s are
in fDNF w.r.t. X, and all occurrences of b* are positive.

Proposition 4.7. For any PBF w and for any X D Lit(w) there exists a canonical PBF ¢ s.t.
bBD F 7« 7.

Proof. Observe that we can use ineq, B2, and B4 to make a PBF canonical. O
Theorem 4.8. bBD - « iff a is valid.
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Proof. To verify soundness part, we just check that all axioms are valid. For the completeness
part, we reason by contraposition. Assume that bBD ¥ ~«a. We show that « is satisfiable.
We assume w.l.o.g. that « is in DNF. Whence, we can reduce « to a conjunction of PBFs
(recall that because of (22) a negation of PBF is a PBF as well). Furthermore, using propo-
n

sition 4.7, we can further assume that all PBFs are Lit(«)-canonical. Thus we set a == A 7§
i=1

with
5= Zaj ~bi(fDNFLit(a)(¢j)) 2 ¢ (29)
j=1

We add the following conjuncts to «.

L. bt (fDNF g0 (¢)) = > (=)l I+1pt ( N c|k> for every ¢ over Var(a) up to -gp°.
JC{1,...,r} keK
J# @

2. b¥(¢) < bt (¢) for each ¢ and ¢’ added to a on step 1 s.t. ¢ Fgp ¢'.
3. 0 < b"(¢) <1 for each ¢ added to a on the previous steps.

Observe that these conjuncts are axioms. Hence, the new formula (we dub it with o) is
provably equivalent to o. Furthermore, it is clear that a™ is just a system of linear equations
which is satisfiable (otherwise, ~a™ is an instance of ineq).

It remains to construct a model. For this, we take the Lindenbaum algebra generated by
Var(a), and define b™[¢] using a solution for a®. Note that because of 2, b™ is defined for
every element. Then define b~ [¢] as b*[—-¢]. Clearly, b* and b~ are belief functions on the
Lindenbaum algebras because items 1, 2, and 3 are exactly the belief functions axioms. O

4.2 Lukasiewicz logic and its two-dimensional expansions

In this part of Section 4 we will develop two-layered modal logics to reason about probabilities,
and belief and plausibility functions. Before we do so, we concentrate on two outer logics of the
two-layered framework, introduce their syntax, semantics, and prove their finite strong standard
completeness.

As a starting point, we have chosen to use Lukasiewicz infinitely-valued logic (cf. [17, 7]),
which we introduce briefly together with its standard semantics on the real interval [0,1]. The
choice is motivated by the fact that in the language of Lukasiewicz logic one can express the
order and arithmetical operations, and consequently formulate the probability or belief function
axioms. For the sake of translations between the linear inequalities based formalism and the
Lukasiewicz logic based formalism, we consider Lukasiewicz logic extended with globalisation
(Baaz delta) operator A.

Definition 4.9 (Language and standard semantics of L. and LA). The logic LA has the following
language %4, (L refers to the A-free fragment):

a=pla—p]|~al A,

6Recall that BD is tabular (locally finite), whence there are only finitely many pairwise non-equi-provable
formulas over a given finite set of variables.
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with p € Propy, and with additional connectives definable as

aVp=(a—p)—p) anf=(a—=p&a
a®B=r~a—f a©fi=~(a—f)
a&f = ~(a— ~f) 1 :=~(p—p)

We interpret the language on the standard MV algebra [0, 1]y, = ([0, 1], =, ~1, A1), with the
following operations (we list some of the defined connectives as well for convenience)

a&yb := max{0,a +b— 1} a =g b:=min{l,1 —a+b)}
a @y, b:= min{l,a + b} a ©p, b := max{0,a — b}
a A'b:=min{a, b} a Vb :=max{a,b}
1, ifa=1
Apa:=1< ~pai=1-—
L4 {0 else L4 ¢

The logic L (LA) is semantically given as the 1-preserving consequence relation over [0, 1], in
the corresponding language”.

The logic L can be axiomatised by the Lukasiewicz axioms in the language {—,~}, or
equivalently as an extension of the basic fuzzy logic BL with the involution axiom [17]. LA is
axiomatised by extending L with additional A-axioms and A-necessitation rule. Both the logics
L and LA are known to be finitely strongly standard complete w.r.t their standard semantics.
The axiomatisations, together with a proof of their finite strong standard completeness (FSSC),
can be found e.g. in [17] or [7].

We will expand the language of L, and extend the logics L, LA in the following sections,
to encompass a two-dimensional nature of positive / negative information reflected in the un-
certainty measures developed in Subsections 3.1 and 3.3. The axiomatisations of L, LA will
therefore appear as part of our later definitions, and we will comment on and refer to the
particular places in the literature throughout the following section.

To encompass a two-dimensional nature of the reasoning semantically, we will use two
different expansions of the twist product algebra [0,1]%, i.e. twist product® of the lattice
([0, 1], min, max), as the algebra of values of the outer layer.

Definition 4.10 (Twist product [0,1]"). The twist product algebra [0,1]* with the truth
(vertical) order < and the information (horizontal) order <; is defined as [0,1]™ := (]0, 1] x
[0,1]°P, A, V, =), where

(1,0)
(a1,a2) A (b1,b2) = (a1 A b1,a2 V ba)
(ar,a2) V (bi,b2) = (a1 V by, az A b) 0.0) Q\O W
—'(G1,a2) = (a27a1) ’ ’
(a1,az) < (b1, bo) iff a1 <17 by and by <jo.1) as
(a1,az2) < (b1,b2) iff a1 <po,1) b1 and az <jo.1) ba (0,1)

We will use different expansions of the twist product [0, 1] with Lukasiewicz-derived con-
nectives as the algebras (or to be precise, matrices) for the outer logic. There are some design

"This consequence is infinitary [17]. Therefore one in general only obtains strong completeness for its finitary
restriction.

8In the context of Nelson’s paraconsistent logics such product construction has been called twist product of
algebras [30], or twist structures [23, Chapter 8|.
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choices to make, most importantly the following: (i) the choice of the set of designated values,
and (ii) the choice how to interpret the additional connectives (mainly, the implication) in their
second coordinate, i.e. choosing how they are to be negated with —, in other words, what type
of information constitutes grounds for them to be refuted.

As for (i), we will use the following two natural choices: first, we can use the singleton
{(1,0)}, i.e. the top of the underlying truth order as the only designated value. This entails
that only formulas whose truth is absolutely supported and their falsity absolutely refuted are
going to be valid. This in general yields a logic whose (A,V,—) fragment coincides with the
Exactly-true logic ETL [26]. Another choice is to put the filter (1,1)" = {a | a; = 1} as the
set of designated values. This entails that all formulas whose truth is absolutely supported are
valid, so, the concept of validity only employs the first coordinate of their semantical value. This
in general yields a logic whose (A, V, =) fragment coincides with the logic BD.

As for (ii), there are (at least) two natural ways of negating implication: (a) a ’de Morgan’
way, dualising implication with a co-implication (which in case of Lukasiewicz logic is ©y,) as

=(a = b) := (=b© —a),

and (b) a 'Nelson’ way, combining positive and negative semantical values with a suitable con-

junction as
—(a—b) = (a & b).

The former mimics one of the options how to negate implications listed in [31], the latter is
inspired directly by how implication is negated in Nelson’s paraconsistent logic N4 [22], and
it yields an implication whose associated equivalence connective is not congruential, and it is
therefore referred to as a weak implication (and we will use a different symbol to denote it).

Logics of both kinds have been considered in [5], namely the two logics L?LO)(—>) and
L%Ll)T (—) (the lower index pointing to the set of designated values). There, constraint tableaux
calculi were provided to decide their sets of tautologies and both logics were shown to be coNP-
complete. The logic L%LO)(—>) has previously been introduced and proven complete in [4] under
the name L.

In this paper, we employ the logic L?LO)(H), extended with a A operator, to reason about
probabilities or belief functions over the logic BD. We will refer to this logic as a Belnapian
extension of L, and describe it in detail in the following Subsection 4.2.1. Next, we will employ
the logic L?l,l)T(_D) to reason about belief and plausibility as described in the Subsection 3.3.2.
We will refer to this logic as a Nelson-style extension of L, and describe it in detail in the
Subsection 4.2.2.

4.2.1 A Belnapian extension of Lukasiewicz logic

In this paper, we first opt to use the logic L%LO)(—)) of [5], expanded with a globalisation A
operator. We will skip mentioning the language in the index throughout this subsection for
simplicity of notation, and use L? to refer to the logic.

Definition 4.11 (Language and semantics of L?). The logic L? has the following language .%; 2
a=pla—p|~a|lal a,

with p € Propy, and with additional connectives definable as

aVp=((a—=p)—=P) alf=(a— B)&a
a®f=~a—f a6 fi=~(a—=p)
a&f = ~(a— ~f) L=~(p—p)
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To interpret the language, we expand the twist product [0,1]” with the following operations
derived from the standard MV algebra (we list the semantics for some of the derived connectives
as well for convenience):

(ar,az) — (b1,b2) = (a1 =1 b1, b2 O b1) (a1,az2) © (b1,b2) = (a1 O, b1, by —1, b1)
(a1,a2)&(b1,b2) = (a1&rb1, a2 @, ba) (a1,a2) © (b1, b2) = (a1 O, b1, azd&erbz)
N(a1,a2) = (NL a1, ~L a2) A(a1,a2) = (ALal,NLALNLGQ)
~(a1, a2) = (az,a1)
(1,0)
We put the singleton {(1,0)} to be the set of designated values, and
denote the resulting matrix ([0, 1], {(1,0)}). Observe, that we can
(0,0) - (O (1,1)  understand the —+-negation geometrically as the symmetry along the
horizontal line, while the ~-negation ~(x,y) = (1 —y,1 — x) geo-
metrically denotes the symmetry along the middle point (0.5,0.5).
(0,1)

The semantical consequence of L? is defined as {(1,0)} preservation over all valuations v :
Prop;, — [0,1]{" (extended to the whole language .4} as expected):

r ’:[0,1]5 a iff Vo@[] C {(1,0)} = v(a) = (1,0)).

Remark 4.1. The matrix ([0, 1];,{(1,0)}) can be equivalently seen as the product MV algebra
[0, 1]y, x [0,1]{?, where [0, 1]y, is the standard MV algebra and [0, 1]{” is its dual: the operations
and order of the standard MV algebra ([0, 1], A, V, =1, &1, S5, B, ~1.), are turned upside down
and dualized in the dual algebra as ([0, 1]°?, V, A, ©y,, B, =1, &1, ~1). The natural dual of the
globalisation Baaz delta operator Ay, (”definitely true”) is then the operator ~yAy,~y, which
results in 0 if its argument is 0, and in 1 otherwise.

Remark 4.2 (The two-dimensional delta operators). Observe that A(aq, az) can only result in the
four values (1,0), (1,1),(0,0),(0,1) in [0, 1]{*: A(a1,az) = (1,0) if and only if ((a1,az2) = (1,0)),
A(ai,az) = (1,1) if and only if a; = 1,a2 # 0, A(ay,a2) = (0,0) if and only if a; # 1,a9 = 0,
and A(ay,a2) = (0,1) else. Defining the following operator

Aa = Aa A ~=Aa,

we obtain the (1,0)-detecting operator in [0,1];: it has value (1,0) iff the argument has the
value (1,0), and is (0,1) everywhere else.

It is well known that the Lukasiewicz language expanded with A can define the Godel
implication (cf. [6, CH.I, 2.2.1]) as o —¢ B = A(a — §) V 8. Similarly, co-implication can be
defined as 8 <¢ a := B A ~A(S — «). Thus in [0, 1]},

A(a — b) Vb= (A(al —L bl) V by, NAN(bQ O, ag) AN bg)
= (A(al —L bl) \Y bl,NA(bg — CLQ) A bg)
= (a1 —¢ b1, b2 <g az)

defines the implication (and consequently also other connectives) of the two-dimensional bi-
Godel logic G(21’0)(—>) introduced in [5] to reason about comparative uncertainty.

It is worth observing, that due to A, we can express both the order and the strict order of
the [0,1]}': First, a — b is designated if and only if a < b, thus A(a — b) is (1,0) if a < b, and
it is (0,1) otherwise. Next, the formula A(a — b) A ~A(b — a) is (1,0) if a < b, and it is (0,1)
otherwise.
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Definition 4.12 (Axiomatisation of LQ). The logic L? is axiomatised by the following axioms
and rules:

(w) a— (— ) (A1) AaV ~Aa

) (@=f (B o@—m) (82) Aa—a

(waj) ((a=p8)—=8) = ((B—a)—a) (A3) VAR WAVANGY

(co) (~8 = ~a) = (a— P) (A4) AlaV B) = AaV AB
(dn—) a4+ a (A5) ANla— 8) = Aa— A
(=~) QS A (=D) —Aa & ~AN~—a
(K~m) (v = ~f) & ~=(a— f) (Nec) abF A«

E\/) aVp e ((a—p)—B) (Conf) abF ~—a

MP)  a,a—BFf

The axioms of weakening, suffixing, Wajsberg’s axiom, and (converse) contraposition (w, sf,
waj, co) together with the rule (MP) completely axiomatise Lukasiewicz logic in the language
{—=,~} (cf. [17]). Axiom (V) is the definition of disjunction, which we need to formulate two of
the the A axioms.

The delta axioms (Al — 5) and the (Nec) rule above, except the additional (=A) axiom,
present the usual complete axiomatisation of Baaz Delta operator over Lukasiewicz logic (cf. |
Def. 2.4.5] or [6, CH 1,2.2.1]).

First, observe that the — negations can provably be pushed to the atomic formulas, and we
can thus consider formulas, up to provable equivalence, in a negation normal form (NNF), i.e.
formulas built using {—, ~, A} from literals of the form p, —p:

)

Lemma 4.13 (NNF). For each formula « in %2 there is a formula in =-negation normal form
a* such that
Fie a < o™,

Proof. We have the axiom (—A), and we have -~a < ~=a and =(a = f) < ~~=(a —
B) +» ~(~—a — ~—f) provable. A procedure can therefore be defined which turns each «
into a* in nnf, so that we can prove, by induction, that (~a)* < ~a*, (Aa)* + Aa*, and
(a = B)* & ~(~ar — ~0). O

Remark 4.3 (The conflation). The composition of the two negations ~— works semantically as
follows: ~=(aj,az) = (1 — az,1 — a1), and we can geometrically understand it on the [0, 1]{'
algebra as the symmetry along the vertical line. Such operation is often referred to as conflation
(cf., e.g. [13, 24]), and it is a form of an involutive information negation (indeed, we have provably
~T 4 Q).

One can easily prove in the calculus above that conflation distributes with all the Lukasiewicz
connectives {—,~, A, &, A, V,®,6} (it suffices to use (K~—,-~) and (—A) axioms, together
with the definitions of the derived connectives).

Remark 4.4 (The A and A operators). Observe that the A operator has some useful additional
properties (we list only those we will need later: proofs of most of them in L can be found e.g.,
in [17, Lemma 2.4.11], and they can also similarly be proven in the calculus above):

Frz Aa & Alaka) + Aa&kAa
Frz Ala&p) < Aa&AS < Ala A B)
Fiz (Ao — (La = B)) = (Aa — B)

The last formula is a form of the contraction principle for A-formulas, and its provability follows
immediately from the (Al) and (V) axioms.
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Observing that Aa = Aa A ~=Aa and thus, by the above principles and conflation distri-
bution over A, provably Aa <> A(aA~—a), one can consequently prove all the above principles
for A-formulas as well. Namely, the contraction principle (Aa — (Aa — B)) = (Aa — j)
is provable. Moreover, the (Al — 2, A4 — 5) axioms and the (Nec) rule with A replaced by A
remain both sound and derivable. It is worth noting that it is not the case for the remaining
(A3) axiom. As an additional principle we can prove that A-formulas are fixpoints of conflation:
~=Aa + Aa.

Applying the insights remarked on above, we can prove that the logic L? has the following
A-deduction theorem (cf. [17, Th. 2.4.14] or [6, Ch.I, Th. 2.2.1]):

Lemma 4.14 (DTA).
F,Oé FL2 ﬂ 'lﬁ FFLZ A« 4)/8

Proof. The proof of the theorem is rather standard, by induction on the length n of the proof
of I'a Fy2 B.

n = 1: In this case (§ is either an instance of an axiom, or an assumption form I', or a = (.
In the first two cases, the result follows by the (w) axiom. The remaining case uses that
A«a — « is provable.

n > 1: We assume that for all shorter proofs the results holds, and let v, ..., 7,8 be a proof
of  from I" U {a}. We distinguish three cases:

(Conf) Let 8 := ~—y, be obtained by the conflation rule. By the induction hypothesis,
Ao — 7, is provable. By an application of (Conf), (K~-) and (MP) we obtain
~=Aa — ~—y,. By ~=Aa < Aa (see Remark 4.4) it follows that Aa — ~—y, as
desired.

(Nec) Let 8 := A, be obtained by the necessitation rule. By the induction hypothesis,
Ao — 7y, is provable. By an application of (Nec), using provability of A(Aa —
) = (AAa — Av,), and (MP) we obtain AAa — A~,. Using provability of
AAa + Aa (see Remark 4.4) we conclude Aa — A~y, as desired.

(MP) Let m < n and let .., % = vm — (/0 be an instance of modus ponens. By the
induction hypothesis we have Aa — ~,, and Aa — (v, — ) provable. From the
latter we have also 7, — (Aa — ) provable. Thus, by (suf) and (MP) we obtain
Aa — (Aa — (). By the contraction principle of Remark 4.4 we finally obtain
Aa — (B as desired.

O

We proceed to prove finite strong standard completeness (FSSC for short) of L2, i.e. strong
completeness of the finite consequence of L? w.r.t. the matrix ([0,1]},{(1,0)}). We do so by
reducing the provability in L2 to that in LA, which itself is known to be finite strong standard
complete, i.e. finite strong complete w.r.t. the standard MV algebra [0, 1]y, (see e.g. [17, Th.
3.2.14]):

Lemma 4.15 (Reducing L2 to LA). For any finite set of formulas T, in a NNF,
['bFi2 a0 iff  for some finite ¥ : @I, X Fpa a,

where A == ~—=T'UT, and X contains instances of —-axioms.
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Proof. The right-left direction is almost trivial: LA is a subsystem of L2, and all the axioms in
¥ are provable in L2, and, thanks to the ~—-rule, ¥ by @y for each v € X.

For the other direction, we proceed in a few steps. First, we denote by Fy2- provability in
L? without the ~—-rule. By routine induction on proofs (and using that ~— distributes from/to
implications, negations, and A), we can see that

F |_L2 [0 lﬁ EF |_L2— Q.
Then we can list all the instances of —-axioms in the proof above in ¥, and obtain:
Ol Fy2- o iff ol Y Foa a.

First, note that we can include in ¥ all instances of —-axioms for all subformulas of I', « as
well and still keep the Lemma valid. This will come handy in the following completeness proof.
Second, we stress that in the final proof @X, ¥ Fra a in LA, we still use language of L2, where
formulas starting with — are seen from the point of view of LA as atomic. O

Lemma 4.15 provides a translation of provability in L2 to provability in LA, and allows us
in particular to observe that the extension of LA by — is conservative. Now, using finite strong
standard completeness of LA, we can see that L2 is finitely strongly standard complete:
Lemma 4.16 (FSSC). For a finite set of formulas T,

F'ke2a iff T ':[0,1};“ a.
Proof. The left-right direction expresses soundness, and consists of checking that all the axioms
are valid and all the rules sound. We only do some cases:

First the ~—-rule: assume that v is given and v(a) = (1,0). Then

v(~ma) = ~~(1,0) = ~(0,1) = (1,0).
Next, for any v,

v(~=(a = P))

~=(v(a) — v(B))
~=(v(a)1 = v(B)1, ~1(v(B)2 =1 v(a)2))

((v(B)2 =1 v(a)2), ~p(v(a)1 =L v(B)1)),

and,

v(~ma = ~af) = ~w(a) = ~w(6)

(~rv(a)z, ~pv(a)) = (~ev(B)2, ~Lv(B)1)
= (~pv(a)2 = ~Lv(B)2, v(a)i1&n~Lv(B)1)
= ((v(B)2 =1 v(a)2), ~L(v(a)1 =L v(B)1))-

Next, for any v,

v(=~a) = () = (vpo(a)z, ~po(a)i) = ~w(a) = v(~a).
Last, for any v,

v(-Aa) = ~(v(Aa)) = (Apv(a)r, ~pAr~pv(e)z)

(~pAp~po(a)s, Apv(a)i,)
~(Ap~pv(a)z, ~LApo(a), )
~A(~pv(a)z, ~po(a)i)
= ~A~ma.
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We leave the rest of the proof of soundness for the reader.

For the right-left direction, let us assume that I ;2 a. Then for some finite ¥ containing
instances of —-axioms (in particular those for subformulas of ¥,«a), we have @Y, ¥ Fia «a.
Because LA is finitely standard complete, there is an evaluation v : At — [0, 1]y, sending all
formulas in @Y, Y to 1, while v(a) < 1. Here, At contains literals from 3, a of the form p, —p,
and atoms and formulas of the form —o from EX, Y. We define v’ : Prop; — [0, 1]; by

v'(p) = (v(p),v(=p)).

Let us denote 8 the NNF of =3 (i.e. (—=8)*). We can then prove, by routine induction, that
for each formula 8 a subformula of X, o, we have

v'(B) = (v(B),v(87))-

To do so, we use the fact that v[X] C {1}, and ¥ contains all instances of —-axioms for all
subformulas of ¥, o, and, subsequently, ¥ ensures that v(—=8) = v(87).

We now immediately see that v'(«) < (1,0), because v(a) < 1. To prove that indeed v'[I'] C
{(1,0)}, we use the fact that v[@T] C {1}: as for all v € T, v(~—y) = 1, v(—y) = v(y") = 0.
For the latter, we again need to use the fact that v[X] C {1}, and ¥ contains all instances of
—-axioms for all subformulas of I', as they prove, by means of LA, that =y <+ 7™, and v has to
respect that. Now we conclude, that for all v € T, v'(v) = (v(%),v(y7)) = (1,0). O

Remark 4.5 (Changing the designated values). Changing the set of designated values in L2 to
the filter (1,1)" yields the logic L%l,l)T (=) of [5], expanded with A. It can be axiomatised by
removing the conflation rule (Conf) from the axiomatisation of L? provided in Definition 4.12.
Its (A, V, ) fragment coincides with BD, while the (A, V, =) fragment of L? coincides with ETL.
We will not use this logic in this paper, however, it can be proved finitely strongly complete by
similar manner as L2.

Ezample 4.1 (What L? can express). Recall first that, semantically, — is the symmetry along the
horizontal, ~ is the symmetry along the middle point, and the conflation ~— is the symmetry
along the vertical line. Let now v(p); quantify the evidence for p and v(p)2 quantify the evidence
against p. As discussed in Section 3.3.1, given any statement p, we can determine whether the
evidence we have about it is classical, incomplete, or contradictory:

The formula —p <> ~p, or equivalently p <> ~—p, defines the vertical line: for each valuation
v, v(—p > ~p) = (1,0) if and only if v(p); = 1 —v(p)2. In a sense, p ++ ~—p measures the degree
of classicality of p, i.e., how close our information about it is to the non-controversial classical
case. Moreover, from the semantics of A, it is clear that we can test whether the information is
classical by

(1,0) ifv(p)r =1 —wv(p)
v(A(p & ~p)) = 30
(Alp P) {(0, 1)  otherwise (30)
(30) is a useful tool. Assume, we have some finite set of statements {aj,...,an}. Then,

using finite strong completeness of L, we can check whether those entail classicality of p by
establishing the following inference

a1, .0 b2 Alp & ~—p).

Unfortunately, p — ~—p proves ~—p — p, and thus we cannot really distinguish the left-hand
triangle (incompleteness) from the right-hand triangle (contradictoriness) using these implica-
tions. However, if p is not classical, we can establish whether it is contradictory or incomplete
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for example as follows:

1 iff p is incomplete

v1(A(p — ~p)) = { (31)

0 iff p is contradictory

4.2.2 A Nelson-style extension of Lukasiewicz logic

For part of reasoning about belief functions and plausibilities, we will employ the logic L%LI)T (—)
of [5]. The interpretation of implication in this logic takes a direct inspiration in Nelson’s
paraconsistent logic. We will again skip mentioning the language in the index throughout this
subsection, and use simply NL to refer to the logic L?M)T(w).

Definition 4.17 (Language and semantics of NL). The logic NL has the following language %y.:
a=plaAnB|a—p|~a]|a,

with p € Prop;. We call the — connective the weak implication. Additional connectives are
definable as follows (where =, < are called strong implication and strong equivalence):

a&f = ~(a — ~f) a=f:=(a—=PL)A (=S — a)
o es fi= (0= B) A (S — a) o6 fi= (a e B) A(na o0 =f)
a®f=~a—f asf=r~(a—p)

aV p=-(-aA-8) L :=~(p—p)

To interpret the language, we expand the bilattice [0,1]* with the following operations, de-
rived again from the standard MV algebra (we spell out the semantics of some of the defined
connectives for convenience):

(a1,a2) — (b1,b2) = (a1 =1 b1, a1&wbs) (a1,a2)&(b1,b2) = (a1&rbr, a1 =1, ~b1)
N(al,az) = (NLahal) _‘(a17a2) = (a27a1)
(a1,a2) ® (b1,b2) = (a1 Dr ag, ~par&rbz)  (a1,a2) © (b1, b2) = (a1 O az,a1 —y b1)

(1,0) We put the filter (1,1)T := {(z,y) | = 1} to be the set of desig-

i nated values, and denote the resulting matrix ([0, 1] , (1,1)T). Ob-

.\ serve, that ~ now behaves differently than in the logic L?: namely,

0,0) : ® (1) its value is always on the classical vertical line. The semantical con-

’ ’ sequence of NL is defined as (1,1)" preservation over all valuation
in this algebra (where v(a) = (v1 (@), v2(@))):

(0,1) D Epue o iff Yo(ui[l] € {1} = vi(a) =1).

Remark 4.6 (Strong and weak implication). The connective —» is called the weak implication. If
v(a — B) is designated, then we only know that v(«); < v(8)1. The derived weak equivalence
a <« (= (a— B)A(B — «) is not congruential, because its provability does not entail equality
of the semantical values, only of their first coordinates. It is therefore useful to define the strong
counterparts of the two connectives. In particular, the strong equivalence a < f = (a +»
B) A (ma «» =8) is congruential.

Observe that, thanks to the peculiar nature of the logic, some of the usual definitions of
Lukasiewicz connectives only work as weak equivalences when lifted to NL: namely, a A § <«
(a = B)&a and oV 5« ((aw — ) — () are valid, but it is no longer the case when both sides
of the equivalences are —-negated.
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Definition 4.18. The logic NL is axiomatised by the following axioms and rules:

) a— (B —a) V) ((a—=pB)—=B)=aVp
(sf) (=)= ((B—=7)—(a=7) (&) a&Be~(a—~p)
(waj)  ((@a—=B)—=B)—=((B—a)—>a) (A aABe(a—pPa
(co (~B = ~a) — (a — B) (=A)  ~(anp) & —aVv B
(dn—) o & a (=) =(aVp)Ee -aA-p
(=) —(a— B) < (a&—pB) (-~)  —a e a
(MP)  a,a—BFp

J

The axioms (w, sf, waj, co, V, A) with the rule (MP) axiomatise Lukasiewicz logic in terms
of weak implication, (&) is the (strong) definition of the fusion. The remaining are —-axioms,
analogous to those of the Nelson’s paraconsistent logic N4.

We can, up to weak equivalence, consider formulas in the —-normal form:

Lemma 4.19 (NNF). For each formula o in £y, there is a formula in —-negation normal form
o™ such that
l_NL a > o,

As (MP) is the only rule, the logic possesses a local deduction theorem (LDT) in terms of
the weak implication, as in L (cf. [6, Ch.I,Th. 1.2.10]).

We proceed to prove the finite strong standard completeness (FSSC) of the logic NL. We do
so by means of a reduction to Lukasiewicz logic, which itself is well-known to be finite strong
standard complete, i.e. finite strong complete w.r.t. the standard MV algebra [0, 1]y, [17, Th.
3.2.14].

Lemma 4.20 (Reduction of NL to L). W.lo.g. we assume that T, consist of formulas in
—-NNF.
Ikne o iff T,X Fy a for 3 a finite set consisting of instances of —-axioms.

Proof. This is almost immediate: NL is an extension of L, so any proof in NL can be understood
as a proof in L, with additional assumptions consisting of all the (finitely many) instances of
—-axioms occurring in the proof. Observe, that we can equivalently include (finitely many)
additional instances of —-axioms for subformulas of I', @ in ¥, and the claim remains true. [

Lemma 4.21 (FSSC). for T',« a finite set of formulas in Ay,
I l_NL (0% Zﬁ I ):[071]'514L .

Proof. W.l.o.g. we assume that I', o consist of formulas in —-negation normal form. Assume
that ' Fn «. By the Lemma 4.20, it is the case if and only if I', ¥ Ff, a for ¥ a finite set
consisting of instances of —-axioms. We will add the following (finitely many) formulas to X:
(i) instances of —-axioms for subformulas of T, «, (ii) for each subformula 8 of T, & of the form
listed on the left, we include an equivalence listed on the right (57 denotes the NNF of -3, i.e.

(=8)"):

B1 A B2 ((B1)"V (B2)7) <> (B1 A B2)”

B1V B2 ((B1)"A(B2)7) <> (B1V B2)”

B1 — P2 (B1&(B2)7) > (B1 — B2)”

B1& B2 (B1 — ~Ba) «» (B1&f2)”
~f B> (~B)”
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We call the resulting finite set ¥'. First we observe that all the equivalences listed are provable
from 3 by means of the logic L and —-axioms instances for subformulas of I', o (we opt for
enlisting them explicitly for convenience). In particular, we have:

F,EFLO[ iff F,E/FLO[.

Assume now that T', ¥’ ¥y, . By the FSSC of L, we know there is an evaluation v : & — [0, 1],
where ® consists of (i) literals from T, ¥/, «, and (ii) =-subformulas of 3’, so that: v(TUY’) C {1}
while v(a) < 1. We define an evaluation v' : Prop;, — [0, 1], by

v'(p) = (v(p),v(—p)).

Next, we can easily prove by induction, for each subformula 3 of I', o, that the extended valuation
satisfies

v'(B) = (v(B),v(B7)).

The proof essentially uses the fact that formulas contained in ¥’ are v-evaluated by 1.

To conclude, we observe that because v(a) < 1, by the above we have v'(«); < 1. Similarly,
because for each v € T v(7y) = 1, we have that v'(y); = 1, making all formulas from I' designated
and « not designated, as desired. O

Ezample 4.2 (What we can express in NL). Recall first that for each v, v(~p) is always on
the vertical, classical line. Observe that, in contrast with L?, we can now directly express
incompleteness and contradictoriness: indeed, v(~p — —p) is designated if and only if v(p)
lays within the right triangle, v(—p — ~p) is designated if and only if v(p) lays within the left
triangle, and v(~p <> —p) is designated if and only if v(p) lays on the vertical line. In NL, we
can thus define ‘p is not incomplete’ as ~p — —p, and ‘p is not contradictory’ as -p — ~p, and
'p is classical’ as ~p <> —p.

Moreover, v((p — ¢) A (-p — —q)) is designated if and only if both v(p); < v(g); and
v(p)2 < v(q)2, and therefore the formula captures the information order (the left-right horizontal
order) on the [0, 1]*.

4.3 Two-layered logic for probabilities

In this subsection, we introduce a two-layered logic Pri2 designed to capture reasoning about
non-standard probabilities of Subsection 3.1. The inner layer consists of the language, semantics
and axiomatisation of the logic BD as described in Subsection 2.2. The outer layer consists of
the language, semantics and axiomatisation of the logic L? as described in Subsection 4.2.1.
The two layers are connected with a single modality P (which can be read as ’probably’). An
application of the modality to an inner formula yields an atomic modal outer formula, which
is to be interpreted using a probability function over the underlying probabilistic BD model,
outputting a value in the outer algebra [0,1];. Other application of the modality are forbidden
in the syntax, in particular, modalities do not nest.

Definition 4.22 (Language and semantics of Pr}i). The two-layered language of the logic PrIA2
is of the form (Zgp, {P}, Z2), with P a unary modality, and it is defined as follows:

inner formulas: formulas of %p

atomic modal formulas: Let ¢ € Zgp, then P¢ is a modal atomic formula.
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outer formulas: Let P¢ range over modal atomic formulas, the set of outer formulas is defined
via the following grammar, with the connectives of % 2:

a=Po|-ala—al~alla.
Other connectives — 1, A,V, &, © and & — can be defined as in %2 of Definition 4.11.

The semantics of the two-layered language is given over a BD probabilistic model .# = (W,v", v, p)
(see Section 3.1), and the outer algebra [0,1]{, as follows:

inner formulas: for each ¢ € %p the model provides sets |¢|T = {w | w ET ¢} and |¢|” =
{w | wE~ ¢}, as described in Definition 4.30.

atomic modal formulas: for each P¢ an atomic modal formula, v# (P¢) in [0, 1]} is defined
as

v (Pg) = (v (Pg),v5” (P9)) = (p(lo]), P16l 7)) = | D mp(w), D mp(w)

wkET ¢ wkE= ¢

outer formulas: The map v*# is extended to the outer formulas in an expected manner, fol-
lowing the Definition 4.11 of the interpretation of .42 connectives in the algebra [0, 1];.

The outer formula « is said to be valid in ., if v () is designated (i.e. v (a) = (1,0)). It is
said to be valid, if it is valid in all BD probabilistic models. The consequence relation for I', o
a set of outer formulas is defined as

T Fpue o iff Vo (v 0] C (1,0) = v¥(a) = (1,0)).

Definition 4.23 (Axiomatisation of Prf). The two-layered axiomatisation of logic Pr}A2 =
(BD, M,,,L?) consists of the following parts:

inner logic: the axiomatisation of BD in the language £gp of Definition 4.30

modal axioms: M, where ¢, are in Zpp:

{Po — Py | ¢ Fep 1}
PﬁgOHﬁP(p

PlpVi) < (Ppo P(pAy)) @ Py

outer logic: the axiomatisation of L? of Definition 4.12, instantiated in outer formulas.

A proof of a formula « from a set of assumptions I' in the logic PrIA2 (in short " I—PrLAz «), where

I', a is a finite set of outer formulas, is a finite tree which can be parsed as follows: the smallest
proofs consist of either (i) a finite tree labeled by BD formulas, proving ¢ Fgp %, followed by
the instance Py — P1) of the first modal axiom, or (ii) a node labelled by an instance of either
of the remaining two modal axioms or an instance of an axiom of the outer logic in the outer
language, or (iii) an assumption S € T' in the outer language. More complex proofs are then
formed inductively in the standard manner, by means of syntactically correct applications of
the rules of the outer logic to smaller proofs. The root of the tree is to be labelled by «a.
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Theorem 4.24 (FSSC of Pr}i). For each T, a finite set of outer formulas,

T l_Pr’f a iff T ':Pr’f a.

Proof. The soundness and completeness proof essentially relies on the two-layered nature of the
logic. We will use the following facts: (i) the inner logic BD is strongly sound and complete
w.r.t. its double-valuation semantics, and it is locally finite, (ii) the outer logic L2 is finitely
strongly sound and complete w.r.t. the outer algebra [0, 1]}, and (iii) the modal axioms are a
sound and complete axiomatisation of probablities over BD probabilistic models.

Soundness: Given a proof T’ FPrLAz a and any BD probabilistic model .#Z = (S,vT,v™,p), we

reason inductively: (i) we know that any proof of ¢ Fgp 7 is sound, therefore it entails that
lo|™ C |9|T and |4|~ C |p|” in any BD model, and thus in .#. This entails that pTyp < pT1
and p~ ¢ < p~, and the following instance Py — P of the first modal axiom is justified, as
it results in the value (1,0) in the outer algebra. The rest of the proof follows from soundness
of L2, providing the rest of the modal axioms are sound. Assume an instance P—¢ < =P of
the second modal axiom: Its left-hand side P—¢ amounts to (p|=¢|™,p|=¢|™) = (ple| ™, ple|™)
which is the semantics of ~ Py as desired.

Assume now an instance P(p V 1)) <> (Pp © P(p A1) @ P of the third modal axiom: Tts
left-hand side P(¢ V %) amounts to

(e(el™ Ul[M),p(lel™ N l¥]7).

The first coordinate we know to satisfy

(el UPIT) = p(lel™) +p(1¥[") — plel™ N y[)

directly by the axiom (iii) of Definition 3.2, while the second coordinate satisfies

p(lel™ N [Y7) = p(lel™) +p(¢7) —p(lel™ U 7).

The first coordinate immediately matches

v((Pe© P(p A ) @ P)1 = (v(Pp)1 — v(P(p A))1) + (P,

because (||t N [¢]7) < p(l¢|T) by monotonicity and therefore the truncated ©j, semantics
outputs v(Py); — v(P(p A1)); and does not trivialise to 0. The second coordinate

v((Pp e P(eAY)) ® PY)s = (v(P(p AY))2 =1 v(Pp)2)&rv(Py)s

and because now by monotonicity ple A ¥|” = p(le|” U |¢|7) > p(J¢| ), the implication does
not trivialise to 1 and this computes exactly as required.

Completeness: Assume that I' ¥, ;2 . We will show that there is BD probabilistic model
AN

validating T’ while refuting a. We will use the canonical model .#. = (P(Lit),v},v.) of Defini-
tion 3.5 to do so. Consider the finite set of BD subformulas of modal atoms of ', ® to be given
by

Sfr.o = {¢ | 3¢’ Py’ a modal atom of I' U {a} and ¢ a subformula of ¢'}.

Because BD is locally finite, also the set

(bl“,a = {w | 3@ € SfF,a and 2 _H_BD 1/1)}
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is finite. Now define the finite set ¥ of outer formulas to contain all instances of the modal
axioms for formulas from ®r .
Given that I ¥ .2 «, it is obviously also the case that I',3 ¥, ;2 a. Then we know, by
A A

FSSC of L2, that there is a refuting valuation
v:{Pp| € dro}—[0,1],

ie. v[[UX] C {(1,0)} while v(r) < (1,0). Because v[X] C {(1,0)}, and ¥ in fact fully describes
behaviour of a probability on the BD formula algebra generated by propositional atoms from
the set ®r o, we define the probability of a BD formula ¢ € ®r , to be

(* (), P () = v(Pp).

It is then a routine to check that this assignment indeed is a probability on the respective
formula algebra. Therefore, by Theorem 3.4, we know that this map can be extended to act
as a probability on the powerset of the canonical BD model (P(Lit),v",v™,p’) with Lit being
the finite set of literals from the set ®r o, i.e. pT(p) = p'(l¢|*) and p~(¢) = p'(|¢| ) for each
formula from the set ®r . This concludes the proof. O

Ezample 4.3. Assume for example that ~P(p A =), i.e. that the positive probability of the
contradiction is 0. Observe that then positive probability of (¢ V —¢) is 1:

~P(p A=) Fpaz ~m~P(o A=) Fpue ~~m P A=) e 2P(p A=) Fpue PlpV 2p).
From the third axiom we then obtain
Fpaz (P © P(p A—p)) © Pop
which is equivalent (and therefore provably so) to
l_Prf (Pp = P(oA—p)) = Pop.
It is easy to prove that ~P (¢ A —¢p) FPrLAz (Pp — P(pA—p)) <> ~Pyp, and from that we obtain
~P(p A=) I—Przz ~Pyp — =Py }—PrLAz ~=Pp — Poy.

As ~=Py — Py and Py — ~—Py are provable from each other (cf. Example 4.1), we can see
that assuming that ~P (@ A =) entails that P is classical. On the other hand, assuming Py
is classical, we can prove that ~P(p A —p) <> P(p V —p).

4.4 Two-layered logics for belief and plausibility functions

In this subsection, we introduce two two-layered logics: Bel}é2 designed to capture reasoning
about belief functions of Subsection 3.3.1, and Bel™" designed to capture reasoning about belief
functions and plausibilities of Subsection 3.3.2. The inner layer consists again of the language,
semantics and axiomatization of the logic BD as described in Subsection 2.2. The outer layer
consists either of the language, semantics and axiomatization of the logic L? as described in
Subsection 4.2.1, or of the language, semantics and axiomatization of the logic NL as described
in Subsection 4.2.2.

The two layers are connected with a modality B, or with a pair of modalities B, Pl. An
application of the modality to an inner formula yields an atomic modal outer formula, which
is to be interpreted using a probability function over the underlying probabilistic BD model,
outputting a value in the outer algebra [0, 1]}, or [0, 1]3;.-
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4.4.1 Two-layered logic for belief functions

Definition 4.25 (Language and semantics of Belg). The two-layered language of the logic
BeIIA2 is of the form (Zgp, {B},-%,2), with B a unary modality, and it is defined as follows:

inner formulas: formulas of %p
atomic modal formulas: Let ¢ € Zgp, then B¢ is a modal atomic formula.

outer formulas: Let B¢ range over modal atomic formulas, the set of outer formulas is defined
via the following grammar, with the connectives of % 2:

a=B¢|a|a—al~a|la.
Other connectives — 1, A,V, &, © and & — can be defined as in %2 of Definition 4.11.

The semantics of the two-layered language is given over a DS model .# = (W,v",v™,bel), and
the outer algebra [0, 1], as follows:

inner formulas: for each ¢ € Zp the model provides sets |p|T = {w | w ET ¢} and |¢|~ =
{w | wE~ ¢}, as described in Definition 4.30.

atomic modal formulas: for each B¢ an atomic modal formula, v# (B¢) in [0, 1]} is defined
as

v (Bg) = (v (Bg), v5” (Bg)) = (bel(|g]"),bel (|6 7)) = [ D mear(X), D> mer(X)

XClo|* XClo|~

outer formulas: The map v*# is extended to the outer formulas in an expected manner, fol-
lowing the Definition 4.11 of the interpretation of .42 connectives in the algebra [0, 1]f .

The outer formula « is said to be valid in ., if v () is designated (i.e. v (a) = (1,0)). It is
said to be valid, if it is valid in all DS models. The consequence relation for I', & a set of outer
formulas is defined as

T Fgge o iff Vot (v (1] C (1,0) = v (a) = (1,0)).

Definition 4.26 (Belief function axioms). We define a sequence of outer formulas ~,, in propo-
sitional letters of the inner language p1, ..., p, inductively as follows:

71 = Bp:
Ynt+1 = Vn D (Bpn+1 S Vn[Bql} : B('l/) /\pn—i-l) | Bt atoms of '-Yn])

where v,[BY : B(¢ A ppt1) | By modal atoms of ,]) is the result of replacing each modal
atom B in ~, with the modal atom B(t¢ A p,4+1) (semantically, it is a relativisation of the
corresponding belief function to the sets |p,41]|77).

The n-th belief function axiom (i.e. the n-monotonicity) is expressed by substitution in-
stances (substituting inner formulas for the atomic letters p1,...,p,) of

n

Q= Yy — B(\/pn).
i=1
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Lemma 4.27 (Soundness of the axioms). The modal azioms a,, are sound w.r.t. to DS models.

Proof. We need to prove that the axioms introduced in Definition 4.26 are sound, i.e. that the
formulas +,, indeed express semantically the appropriate sums from Definition 2.7. Because of
the two-dimensional nature of the semantics of the modality

v (Bg¢) = (vi” (B¢),vs" (Bg)) == (bel(|d|"),bel(|¢| 7)),

we need to consider both bel™ as a general belief function on the Lindenbaum algebra .%p,
and bel™ as a general belief function on its dual Zg5.

Recall that bel™ on Zp is n-monotone if, for every ay,...,a,, it holds that
n
bel™ (\/ ai) > Z (=D)L pe1 ™ /\ a;
i=1 JC{1,...,n} JjeJ
J# o

What the sum expresses is that we always add (+) beliefs of conjunctions of an odd size, while
we subtract (—) beliefs of conjunctions of an even size. To write down the exactly same sum as
a L? formula is however more problematic than in the probability case, because the sums and
subtractions of L? are truncated to stay within the margins of [0, 1] and we have to be careful
to reflect this in the way we arrange the elements of the sum so that we never lose information.
We first need to see that the axioms can indeed be re-defined recursively as follows (t,, now
denote terms in the language of linear inequalities):

t = be1+(a1)
tpi1 =t + (bel™ (any1) — tn[bel™ (1) : bel™ (¢ Aany1) | bel™ (1) atoms of t,])

The n-th axiom is now written as (the trivial case of n = 1 is included for convenience):

n

ty, < be1+(\/ ap).
i=1

The intuition behind this definition comes from the powerset algebras and it is geometrical. In
each inductive step we look what happens if we add one more set (element a,1) to the union:
we keep the sum we had so far (t,,), add bel(a,+1), and subtract the sum we had relativised to
bel(a,t1) (replacing beliefs of the sets in the original sum by beliefs of their intersection with
the new set ap41). That the two definitions are equivalent can be proven by a routine (but
tedious) induction. The whole point of this definition is that in the above,

belt (any1) > to[bel™ (¥) : bel™ (¥ Aani1) | belt () atoms of t,],
and therefore

0 <bel®(ani1) — tn[bel™ () : bel™ (Y A any1) | bel™ () atoms of t,] < 1.

Dually, recall that as bel™ is a general belief function on .Zgf, then for every ay, ..., a, it holds
that
n
bel™ (/\ ai) < Z (=D pe1~ \/ a;
i=1 JC{L,....,n} jeJ
J£
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These axioms can be re-defined recursively as follows (this is tailored to be expressed in the
Lukasiewicz language):

s1 = bel (ay)
Snt+1 = (Sp + 1 —s,[bel™ (¥) : bel™ (¥ V anq1) | bel™ (¢) atoms of s,]) — (1 — bel™ (any1))-

The n-th axiom is now written as:

n

Sy > bel_(/\ ap).

i=1

The main reason we did it this particular way is that now the following sum stays within margins
of [0,1] (and therefore directly corresponds to a L formula):

0<s,+1—s,[bel™ (¢)):bel™ () Vanyt1) | bel™ () atoms of s,] < 1.

It remains to show that for each n and each DS model (S, v+, v~ ,bel) we will have

n n
v(7)1 < bel] \/ pult and v(y,)2 > bel| \/ pa| ™
1=1 1=1

The case n = 1 is trivial, we therefore go directly for the recursion step. For the first coordinate,

V(Yng1)1 = ()1 B (bel(|pnt1]™) Sr v(yn[BY : B(Y A pny1)))1)
= tn(lp1l*, . [pal ™) 4 (bel(lpnia]™) — tn[bel(J¢F) : bel (|t A ppia|™)])
=t + (bel(|pnt1|") — talbel(|¢]) : bel(|¢]" N [pnsa| ™))
< bel U |pn|T = bel] \/pn|+.
=1 =1

For the second coordinate,

=v(vn)2 &r (V(Vn[BY : B(¥ Apnt1)])2 =1 bel(|pnt1|”))

= (v()2 &L ~Lv(Ya[BY : B(¥ Apnt1)])2) S1 ~Lbel(|pp+1| ™)

= (sn(lpa] 75 s lpnl7) + 1 = spoel(|Y[7) : el([¢ V ppta]7)]) — (1 — bel(|pn+1] ™))
= (sp +1—=suel(|Y[7) : bel([¢[” N |pnt1|7)]) — (1 —bel(|ppia|7))

V(VYnt1)2

n n
> bel m |pn|” = bel| \/pn|_.
=1 i=1

O

Definition 4.28 (Axiomatisation of Belf). The two-layered axiomatisation of logic Bel}g2 =
(BD, My, L?) consists of

inner logic: the axiomatisation of BD of Definition 4.30

modal axioms: Mj:

{By — By | ¢ Fep 9}
B—p < - By

{an, | n € N} (substitution instances of)
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outer logic: the axiomatisation of L2 of Definition 4.12

A proof of a formula « from a set of assumptions I' in the logic BeIIA2 (in short T' g 2 @), where
AN

I', a is a finite set of outer formulas, is a finite tree which can be parsed as follows: the smallest
proofs consist of either (i) a finite tree labeled by BD formulas, proving ¢ Fgp 9, followed by
the instance By — B of the first modal axiom, or (ii) a node labelled by an instance of the
remaining two modal axioms or an instance of an axiom of the outer logic in the outer language,
or (iii) an assumption 8 € I' in the outer language. More complex proofs are then formed
inductively in the standard manner, by means of syntactically correct applications of the rules
of the outer logic to smaller proofs. The root of the tree is to be labelled by «.

Theorem 4.29 (FSSC of Belf). For each T', o a finite set of outer formulas,

r FBelZZ a iff T ':BeIIAZ Q.

Proof. The soundness and completeness proof essentially relies on the two-layered nature of the
logic. We will use the following facts: (i) the inner logic BD is strongly sound and complete
w.r.t. its double-valuation semantics, and it is locally finite, (ii) the outer logic L* is finitely
strongly sound and complete w.r.t. the outer algebra [0, 1]y, and (iii) the modal axioms are a
sound and complete axiomatisation of belief functions over DS models.

Soundness: Given a proof I' =g ;2 o and any DS model .# = (S, v, 07, bel), we reason induc-
VAN

tively: (i) we know that any proof of ¢ Fgp 7 is sound, therefore it entails that |¢|T C |4|* and
||~ C ||~ in any BD model, and thus in .#. This entails that bel™p < bel™¢ and bel 1) <
bel™ , and the following instance By — B of the first modal axiom is justified, as it results in
the value (1,0) in the outer algebra. The rest of the proof follows from soundness of L?, providing
the rest of the modal axioms are sound. Assume an instance B—y <> =By of the second modal
axiom: Its left-hand side B~y amounts to (bel|-¢|*, bel|—p|~) = (bel|y| ™, bel|y|T) which is
the semantics of "By as desired. The soundness of the axioms «,, has been demonstrated in
Lemma 4.27.

Completeness: Assume that T’ %Belfi «. We will show that there is DS model validating I" while

refuting a. We will again use the canonical model .#,. = (P(Lit),v},v.) of Definition 3.5 to do
so. Consider the finite set of BD subformulas of modal atoms of I', ® to be given by

Sfr.o := {¢ | 3¢’ Py’ a modal atom of I' U {a} and ¢ a subformula of ¢'}.
Because BD is locally finite, also the set
q)p’a = {’lﬁ | HQD € 8fr and ©® 8D ’L/J)}

is finite. Now define the finite set X of outer formulas to contain all instances of the modal
axioms for formulas from ®r .
Given that I' ¥g 12 «, it is obviously also the case that I, ¥ g ;2 a. Then we know, by
VAN yay

FSSC of L2, that there is a refuting valuation
v:i{By|p€Pra}t—[0,1]f,

i.e. v[[T'UX] C {(1,0)} while v() < (1,0). Because v[X] C {(1,0)}, and ¥ in fact fully describes
behaviour of a belief function on the BD formula algebra generated by propositional atoms from
the set ®r o, we define the belief function of a BD formula ¢ € ®r , to be

(bel™(p),bel™ (p)) = v(By).
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It is then a routine to check that this assignment indeed is a belief function on the respective
formula algebra (or its dual). Therefore, by Theorem 3.12, we know that this map can be ex-
tended to a belief function bel’ on the powerset of the canonical BD model (P(Lit),v™,v~,bel’)
with Lit being the finite set of literals from the set ®r,, i.e. bel®(p) = bel’(|¢|") and
bel ™ (¢) = bel’(|p| ) for each formula from the set ®r . This concludes the proof. O

Example 4.4. Assume that By is classical, i.e. that By < ~—=Bp. Then, starting from the
ag axiom, and B(p V —p) < =B(p A ), we obtain, consequently using the conflation rule
and distribution, the classicality, contraposition, V-definition, and finally B(p V —¢) V B-p +

B(p Vo)
Fenz (B = B(w A=) = Bp) = ~B(p A )
Fearz ~((Be = Blp A=) = Boyp) = =B(p A=)
Fearz (By = ~2B(p A=) = ~Bp) = ~Blp A —p)
Feanz (0Bl Ap) = ~Byp) = ~Bp) = ~Blp A )
Faar (MB(0 A =p) V ~Bp) = ~B(p A )
Fearz (B(pV 79) V2Bp) = ~B(p A )

(B
Fearz BleV 7p) = ~B(p A=)

The converse implication is provable as well. (Also note that the same proof with B replaced
by P would work for probabilities, thus extending the Example 4.3).

4.4.2 Two-layered logic for belief and plausibility functions

Definition 4.30 (Language and semantics of BeINL). The two-layered language of the logic
Bel" is of the form (Zp, {B, Pl}, %\1), with B, Pl unary modalities, and it is defined as
follows:

inner formulas: formulas of %p
atomic modal formulas: Let ¢ € Zgp, then B¢, Pl¢ are modal atomic formulas.

outer formulas: Let B¢, Pl¢ range over modal atomic formulas, the set of outer formulas is
defined via the following grammar, with the connectives of Zyy,:

a=B¢|Plp|~alaha|a—al|~a.
Other connectives — 1,V, &, © and & — can be defined as in %y, of Definition 4.17.

The semantics of the two-layered language is given over a DSy, model .# = (W, v",v™, bel, pl),
and the outer algebra [0, 1] , as follows:

inner formulas: for each ¢ € %gp the model provides sets |¢|T = {w | w F' ¢} and |¢|” =
{w | wE~ ¢}, as described in Definition 4.30.

atomic modal formulas: for each B¢ an atomic modal formula, v# (B¢) in [0, 1]} is defined
as

“(Bg¢) = (vi"(Bg), v" (Bg)) = (bel(l¢]*). p1(|6|7)).

For each Pl¢ an atomic modal formula, v# (Pl#) in [0, 1]5, is defined as

7 (Plg) = (vi" (Plo), v5” (Pl9)) = (p1(|6["), bel(|g| 7))
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outer formulas: The map v*# is extended to the outer formulas in an expected manner, fol-
lowing the Definition 4.11 of the interpretation of %y, connectives in the algebra [0, 1]j; -

The outer formula « is said to be valid in .#, if v#(a) is designated (i.e. vi?(a) = 1). It is
said to be valid, if it is valid in all DSp; models. The consequence relation for I', o a set of outer
formulas is defined as

D Egene a iff Vo (0[] C {1} = vi%(a) = 1).

Definition 4.31 (Belief and plausibility functions axioms). We define sequences of outer for-

mulas 7,, 0, in propositional letters of the inner language p1, ..., p, inductively as follows:
7 = Bp1
Vnt1 =V & (BPnt1 © 1a[BY : B(Yh A pni1) | By atoms of v,])
g1 = Plpl

Ont1 = (0n ® ~op[Pl) : PI(Y V ppy1) | Pl atoms of 0,]) © ~Plppi1

where 7, [BY : B(¥ A ppt1) | By atoms of 7,]) is the result of replacing each atom Bt in 7,
with the atom B(¢¥) A pny1), and o,[Ply : Pl(¥) V ppi1) | Pl atoms of o0,] is the result of
replacing each atom Pl in o,, with the atom Pl(v) V py41).

The n-th belief function axiom (i.e. the n-monotonicity) is expressed by substitution in-
stances (substituting inner formulas for the atomic letters py,...,p,) of

QU = Yy —> B(\/ Dn)-
i=1

The n-th plausibility function axiom is expressed by substitution instances (substituting inner
formulas for the atomic letters py,...,p,) of

n

ﬂn = Pl(/\pn) —> 0Onp.

i=1
Lemma 4.32 (Soundness of the axioms). The axioms oy, B, are sound w.r.t. DSy models.

Proof. We need to prove that the axioms introduced in Definition 4.31 are sound, i.e. that
the formulas 7,0, indeed express semantically the appropriate sums from Definition 2.7 and
Definition 2.12. First note that the validity of the axioms «,, 3, means that, for each DS;; model
M, v{” () = 1 and v{? (B,) = 1. Thus we only care about the first coordinates. Because the
weak implication still expresses the order of the first coordinates ((a1, as) — (b1, b2) is designated
if and only if a1 < b1), we only need to check that the first coordinates of formulas ~,,, o, express
semantically the appropriate sums from Definition 2.7 and Definition 2.12. But this can be done
exactly as in proof of Lemma 4.27, using the terms t,, for ,,, and straightforward analogues of
terms s,, for o,. This follows from the fact, that the n-th axiom of the general belief function
bel™ on .Z5B and the n-th axiom of the general plausibility function pl* on Zgp are of the
same shape (not to confuse the two notions however, notice that while bel™ is antitone on %gp,
pl™ is monotone on Zpp). O

Definition 4.33 (Axiomatisation of Bel'"). The two-layered axiomatisation of logic Bel"" =
(BD, le\f’ L%l,l)T (—))

inner logic: the axiomatisation of BD of Definition 4.30
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modal axioms: leV:

{Byp = By, Plp = Ply | ¢ Fep ¥}
B-p & —Ply
{an,Bn | n € N} (substitution instances of)

outer logic: the axiomatisation of NL of Definition 4.18

A proof of a formula « from a set of assumptions I in the logic Bel™* (in short I' Fg e @), where
I', a is a finite set of outer formulas, is a finite tree which can be parsed as follows: the smallest
proofs consist of either (i) a finite tree labeled by BD formulas, proving ¢ Fgp 9, followed by
the instance By = B or by the instance Ply = Pl of the first modal axiom, or (ii) a node
labelled by an instance of the remaining two modal axioms or an instance of an axiom of the
outer logic in the outer language, or (iii) an assumption 8 € I" in the outer language. More
complex proofs are then formed inductively in the standard manner, by means of syntactically
correct applications of the rules of the outer logic to smaller proofs. The root of the tree is to
be labelled by «.

Theorem 4.34 (FSSC of BeINL). For each T', a0 a finite set of outer formulas,
I l_Be|NL (0% Z_ﬁ. I ':Be|NL .

Proof. The soundness and completeness proof is almost the same as before. We will now use
the following facts: (i) the inner logic BD is strongly sound and complete w.r.t. its double-
valuation semantics, and it is locally finite, (ii) the outer logic NL is finitely strongly sound and
complete w.r.t. the outer algebra [0, 1];{'&, and (iii) the modal axioms are a sound and complete
axiomatisation of belief and plausibility functions over DSy, models.

Soundness: Given a proof I' e ve a and any DSy, model . = (S,v™,v™, bel,pl), we reason
inductively: (i) we know that any proof of ¢ Fgp % is sound, therefore it entails that ||t C |¢|T
and |¢|” C |p|” in any BD model, and thus in .#. This entails that belty < bel™t) and
bel™ 1) < bel ¢, and plTp < plTy and pl~% < pl~¢p, and either of the following instances
By = B, Plp = Pl of the first modal axiom is justified, as it results in a value (1,z) in
the outer algebra. The rest of the proof follows from soundness of NL, providing the rest of the
modal axioms are sound. Assume an instance B—y < —Plp of the second modal axiom: Its
left-hand side B—¢p amounts to (bel|—y|™, pl|—p|~) = (bel|y| ™, pl|e|t) which matches exactly
the semantics of = Ply as desired. The soundness of the axioms «,, 8, has been demonstrated
in Lemma 4.32.

Completeness: Assume that I' Fpne . We will show that there is DSp; model validating I'
while refuting . We will again use the canonical model .#, = (P(Lit), v}, v, ) of Definition 3.5

L A

to do so. Consider the finite set of BD subformulas of modal atoms of I', ® to be given by
Sfr o = {¢ | 3¢’ Py’ a modal atom of I' U {a} and ¢ a subformula of ¢'}.
Because BD is locally finite, also the set
Pro:={¢ | Jp € 8fro and ¢ —gp )}

is finite. Now define the finite set ¥ of outer formulas to contain all instances of the modal
axioms for formulas from ®r .
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Given that I' ¥g v «, it is obviously also the case that I') ¥ Fpone . Then we know, by
FSSC of NL, that there is a refuting valuation

v:{By| e Pro}t— 0,1,

i.e. 11[TUX] C {1} while v(a); < 1. Because v1[X] C {1}, and ¥ in fact fully describes behaviour
of a belief or plausibility function on the BD formula algebra generated by propositional atoms
from the set ®r ,, we can define the belief functions bel™, bel™ and the plausibility functions
pl™,pl™ of a BD formula ¢ € ®r , to be

bel™ () = v(By)1 bel () = v(Plp)s plt(p) = v(Plp); pl~(p) = v(By)s.

It is then a routine to check that this assignment indeed results in belief and plausibility functions
on the respective formula algebra (or its dual).

Therefore, by Theorem 3.12 and Theorem 3.13, we know that bel can be extended to a belief
function bel’, and pl to pl’, on the powerset of the canonical BD model (P(Lit), v, v, bel’ pl’)
with Lit being the finite set of literals from the set ®r 4, i.e. belt(¢) = bel’(J¢|"), bel™ (¢) =
bel’(Jp|7), p1T(¢) = pl'(J¢|T) and p1~(¢) = pl/(J¢|~) for each formula from the set Pr .
This concludes the proof. O

Remark 4.7 (Belief below plausibility). When dealing with DS;; models in the context of Sub-
section 3.3.3 where bel(X) < pl(X) for any X C P(S), we simply extend the logic BelN" with
additional axioms

Bgo — Pl(p.

Note that By — Pl proves = Plp — =By because of the B—-axiom. The additional axioms
are sound, whenever we ensure that bel(|p|T) < pl(J¢|™) in the underlying DSy models.

We conclude this whole subsection with some general remarks concerning the two-layered
Lukasiewicz-based logics presented above.

Remark 4.8 (Adding L and T to the inner logic). Adding the constants L and T to BD results in
the logic BD* (see Subsection 2.2 for its axiomatization). Using BD* as the inner logic however
affects how the modal part of the logic is to be completely axiomatized, because we now have
formulas whose measure is always 0 (or 1 respectively). This is simply achieved by extending
the modal part with the modal axiom PT (respectively BT, PIT). One can think of it as a way
to avoid a necessitation modal rule, which would only make sense to add if we allowed inner
formulas as assumptions in the consequence relation of the two-layered logics (see the following
Remark 4.9).

Remark 4.9 (Allowing inner assumptions). If we wish to allow inner formulas as assumptions in
the consequence relation of the two-layered logics (in line with the abstract approach of [8, 1]),
we would consider a mixed-consequence relation of the form

T F a,

where @ is a finite set of inner formulas, and I, « is a finite set of outer formulas. The semantics
is now given as follows: for each model .# = (S,v",v™, f) validating ® (in the sense of BD
semantics), if the f-derived valuation v*# validates I' in the outer algebra, it also validates
a. For the axiomatization, we need to update it with the following (obviously sound) modal
rules, i.e. rules whose assumptions are inner formulas and whose conclusion is an outer formula
(replacing now redundant monotonicity modal axioms):

» <1 By
{® By — B | ®,0 Fpgp ¥}
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and similarly for the other modalities. The notion of a two-layered proof needs to be adapted
as well in an expected manner: upper parts of a proof tree may consist of a BD proof followed
by an application of a modal rule. The completeness proof becomes more subtle now as well:
basically, to refute ®,I' - «, we need to construct an appropriate measure on the canonical
BD model for the finite set Lit of literals from ®,T F «, relativized to ® (i.e., (P(Lit), v}, v, ),
relativized to the set | A ®|*). This takes into account that we need to measure BD formulas
up to equi-provability from ®°.

4.5 Translations

Here, we follow [1] and provide a translation of the two-layered logics with inequalities given in
2 2
section 4.1 into Pr}A and Beli and back. In fact, the original translations work just fine.

4.5.1 Translations to PrIA2

Definition 4.35 (Functional counterparts). Let 1, ..., I, be literals, and a(ly,...,l,;) be an
LQA formula in NNF. A functional counterpart of a (denoted f,) is a function f, : R™ — R s.t.
for any v,

fa(vi(lh), ..., v1(ln))
fa(Ug(ll), . ,Uz(ln))

Definition 4.36 (From weight formulas to Lukasiewicz two-layer formulas). Let

v1 (@)

vg (@)

Zai wh(g) > ¢
i=1

t

be a PWF that does not contain w~. Let, further, for any f:R" — R, f# = min(1, max(f,0)).

Now, for
n

f(a:l,...,xn):Zai-wi(qﬁi)—c—kl

=1

let B(p1,---,pn) be an L-formula s.t. fs = f* Thus, we can define the *-translation as follows'°.

(t=c)® =AB(Poy,...,Poy)
1°=1

adad =a® = a*

Remark 4.10. Observe that we can actually avoid using = if we use ~ or L as a primitive L*-
connective. This will give us an embedding into Pry;, from [1]. Note, furthermore, that because
of A, all translated formulas have either value (1,0), or (0,1). Again, we do not actually use
the two-dimensionality. Furthermore, it is evident that all L%x’y) entailments are the same and
that — and ~ are identical if all atomic propositions are prenexed by A.

Proposition 4.37. Let ZU {a} be a set of weight formulas. Then, E Fugp a iff Z° Fy2 a®.

91t is worth mentioning that the relation ¢ =g 1 given as ®, Fpp ¥ and &, Fgp ¢ is in general not a
congruence w.r.t. =. The logic BD is only weakly Fregean.
10Recall that we manipulate with weight formulas classically.
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We define our translation on NNFs of L? formulas. Note also that =A¢ <1, ~A¢. Thus, we
can ignore the Belnap—Dunn negation.

Definition 4.38 (From Lukasiewicz two-layer formulas to weight formulas). Let o be an NNF
of an L? probabilistic formula and let a~ be the result of replacing each P¢; with a p;. Since

fa- = max ml}n ti,; for some K and J where for every k € K and j, € J there is a linear
eK jeJi

function fj, ; with integer coeflicients and
thy=fl, ortr;=1-A01—f})
it is possible to define the °-translation of o as follows.

AR

keEK jeJi

n
Here for fr; = > a; - x; + ¢, we have
i=1

n
Zai'vﬁ(qbi) 2 1—C ifﬁkﬁj :flg,j

i=1
n

doaiw(¢) < —c otherwise

QAk,j =

Proposition 4.39. Let ZU{a} be a set of L2 two-layer formulas. Then, EFyz2 o iff Z° Fngp .

4.5.2 Translations to BeIIA2

Definition 4.40 (Language and semantics of (BD, B, L(l 0)(—>, A)) for beliefs). The language is

as follows. Let ¢ € Zgp. The set of (upper-layer) formulas is defined via the following grammar.
a=Bel¢|~a|a—p a|Aa

1 is defined as —(8 —, S3). All other connectives — ~, A, V, ®, and @& — can be defined as
usual.

The semantics is given over De Morgan algebras with belief functions: v1(Belg) = bel(v(¢));
v2(Belg) = bel(v(—¢)). The connectives are defined in the expected fashion.

Definition 4.41 (From belief formulas to Lukasiewicz modal formulas). Let

§ aZ Z /

t

be a PBF that does not contain b~. Let, further, for any f : R® — R, f* = min(1, max(f,0)).
Now, for

f(zla"'a Zaz ¢z *C+1

let 5(p1,...,pn) be an L-formula s.t. fz = fﬁ (recall definition 4.35). Thus, we can define the
*_translation as follows'!.
(t>c)* = AB(Belgr,...,Belgy)
1*=1

adad =a® =5 o

11Recall that we manipulate with weight formulas classically.
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Proposition 4.42. Let ZU {a} be a set of belief formulas. Then, Z Evgp « iff E° Fi2 .

Definition 4.43 (From Lukasiewicz two-layer formulas to belief formulas). Let o be an NNF
of an L? two-layer formula and let a~ be the result of replacing each Belg; with a p;. Since

fa- = max m%}n tr,; for some K and J where for every £k € K and j, € J there is a linear
eK jedi

function fj, ; with integer coefficients and
thg=fl, ortr;=1-A01—f})
it is possible to define the °-translation of « as follows

a® =\ A axr;

keK jeJy

n
Here for fij = > a; - x; + ¢, we have
i=1

7

n
Soa;-bt(¢) < —c otherwise
i=1

n
a1b+(¢l) > 1—c iftk,j :f]gdl

— =1

Qg =

Proposition 4.44. Let ZU{a} be a set of L2 two-layer formulas. Then, EFyz2 o iff Z° Fpgp .

5 Conclusion

Let us recapitulate the main results of our paper. We developed the axiomatics of non-standard
belief and plausibility functions (Section 3) and proved their completeness (Theorems 3.12
and 3.13). We then proposed two different kinds of formalising reasoning with non-standard
probabilities and belief functions (Section 4). In both cases, we show how to reason with in-
consistent and incomplete information in a non-trivial manner. We established completeness of
these logics: Theorems 4.24 and 4.29 give completeness of two-layered logics while Theorems 4.3
and 4.8 provide completeness of calculi of inequalities ¢ la Fagin, Halpern, and Megiddo [12].
Finally, we defined faithful translations in the manner of [1] between these two frameworks in
Propositions 4.37, 4.39, 4.42, and 4.44.

Still, several important questions remain unanswered. First, in the case of classical prob-
ability theory, belief and plausibility functions are not the only uncertainty measures more
general than probabilities proper. In particular, probabilities can be generalised by lower and
upper probabilities (cf., e.g. [20, §2.3] for more details). It would be instructive to define their
BD counterparts and investigate their properties. Second, Bayes’ and Jeffrey’s conditioning of
non-standard probabilities are given in [21]. It is reasonable to construct conditioning of non-
standard belief and plausibility functions. Furthermore, to the best of our knowledge, there is
no work done on conditioning of non-standard probabilities on arbtitrary lattices.

On the logic side, we plan to investigate into the proof theory of our two-layered logics. We
are particularly interested in providing structural proof theory in the form of display or sequent
calculi and in expanding on the tableaux framework presented in [5]. The tableaux will also
allow us to establish decidability and complexity bounds of our two-layered logics.
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A Proofs of Section 2.3

The following Lemma is used to prove Theorem 2.10

Lemma A.1l. [32, Lemma 2.6] Let p : P(X) — R be a function such that: p(&) = 0 and
w(AU B) = pu(A) + u(B) — p(AN B) for every A,B € P(X). Then, we have:

M (Q Ri> = > y7 R (32)

Jg{l,...,n},J;éG jeJ

Theorem 2.10 Let £ be a finite lattice and f : £ — [0, 1] such that g is its Mobius transform.
If f is both monotone and weakly totally monotone then g is a general mass function.

Proof. The proof is similar to the proof of Theorem 2.9. The differences are the following: 1
and T are not in the signature of the lattice £, we do not require the lattice to be distributive,
and f is not required to be a belief function, therefore g is not necessarily a mass function.

Let a € L. First, we show that g(a) > 0. Notice that, since f(a) = > ,.,9(b), we have
gla) = fla) = >, ,9(b). Let A ={x € L |z < a}. Recall that A = |J,_, | b, where
lb={zx e L]z <b} Let u:P(L) — [0,1] be such that u(A) :== > 4 g(x). Notice that y is
additive. The following chain of equalities holds:

Y 9= gl)

b<a r€EA
= u(A) (definition of p)
= Z I/t (m 1 b) (A =y, | band p satisfies (32))
JCA,J#2 beJ

Z GV Z 9() (definition of u)

JCA,J£2 €Ny s4b

S DR Kl B ST (tan Lb=L(a A b))

JCA,J#2 zel\{z|ze ]}
- Z \J\+1f (/\ x) (definition of f and |)
CA,J zeJ

Notice that, if there is no element smaller than a, we have f(a) = g(a) and g(a) > 0 (because f
is positive). Otherwise, the following chain of inequalities follows from the equality above and
because f is monotone and weakly totally monotone.

flay =\ by= Y (—pliHy (/\ x) = m(b)

b<a JCA,J#D xzeJ b<a

Therefore, g(a) = f(a) — >, 9(b) > 0 as required.

Since L is a finite lattice, it has a unique maximal element ¢. Since g is the Mobius
transform of f, we have > _.g(x) = > -, g(x) = f(t). Therefore, since g is non-negative,
0<> ,er9(®)<landg: L —[0,1]. that is, g is a general mass function as required. O
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Lemma 2.13 Let £ be a De Morgan algebra and pl : £ — [0, 1] be a general plausibility
function. Then, the function bely : £ — [0, 1] such that belp () = 1 — pl(—z) is a general
belief function. We denote my; the mass function associated to belp and we call mp; the mass
function associated to pl. Then

pl(z)=1- > mu(y).

y<-x
If pl is a plausibility function, then bely,; is a belief function.

Proof. Consider the function bely; (x) = 1—pl(—x). Since 0 < pl(—x) < 1, then 0 < belp (z) <
1. Therefore, bely, is well-defined. Notice that, since — is order-reversing and pl is order-
preserving, bely; is order-preserving. For every aq,...,a; € £, we have

pl |- \/ a; | =pl /\ —a; (— is a De Morgan negation)
1<i<k 1<i<k
< Z (- p1 \/ —a; (pl is a general plausibility function)
JC{1,..., k} JjEJ
J 4o
= Z (- p1 | = /\ a; (- is a De Morgan negation)
JC{1,..., k} jeJ
J 4o

12Recall that Z denotes the binomial coefficient, that is, the number of ways to choose an (unordered)

subset of k elements from a fixed set of n elements.

56



A PROOFS OF SECTION 2.3

Therefore,

IV
<
N
2\
3
2
—~
—_
=
=~
+
—
P
<
N

{1, .. {L,.... k} JjeJ
J#£ @ J#2
= ( 1)\J\+1 ( 1)\J\+1.p1 ﬁ/\aj
JCA{1,...,n} jeJ
J# o
= (—1)|J|+1 . 1-— pl - /\ aj
JC{l,...,n} jeJ
J# o
= (-1 bely | A g
JC{l,...,n} =
J# @

Therefore bely,; is order-preserving and k-monotone for every k& > 1. Hence, belp; is a general
belief function. In addition, if pl is a plausibility function, then bel(Ll) =1 —pl(T) =0 and
bel(T) = 1 — pl(L) = 1. Therefore, bel is a belief function. Let my; be the mass function
associated to belp, then we have pl(z) =1 —bel(-z)=1—-3 - mu(y). O

Lemma 2.14 Let £ be a De Morgan algebra and bel : £ — [0, 1] be a general belief function.
Then, the function pl : £ — [0,1] such that pl(z) = 1 — bel(—x) is a general plausibility
function. If bel is a belief function, then pl is a plausibility function.

Proof. The proof is similar to the proof of lemma 2.13. We only detail the proof that pl satisfies
equation (6) for every k > 1. Let ay,...,ax € L. Recall that

bel \/ a; | > Z (=1)VHt . pe1 /\aj

1<i<n JC{1,...,n} JjeJ
J#£ o

bel \/ —a; | > Z (—1)IH1  pel /\ﬂaj

1<i<n JC{1,..., n} JjeJ
J# o

—bel | — /\ a; | <-— Z (- pe1 —\\/aj

1<i<n JC{1,..., n} JjeJ
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Since, = is a De Morgan negation and multiplication by (—1) reverses the inequality, we have

—bel | = /\ a; | < Z (- —pel —|\/aj

1<i<n JC{1,...,n} jedJ
J# o
pl /\ a; | —1< (~D)lH  p1 \/ a; | —1 (—bel(—z) =pl(z) — 1)
1<i<n JC{1,...,n} jeJ
J# o

pl /\ a; | —1< Z (-1 “Hl \/aj

1<i<n JC{1,..., n} JjeJ

1<i<n JC{l,....n} jed
J

pl /\ a; | —1< (- p1 \/ a;
1<i<n Jc

pl /\ a; | —1< (—1)l1+1. \/aj) I (—1)l7!

o
=
>
£
IA
i
AR
~—

<
+
=
o]
'_l
<
k@

as required. O

B Proofs of Section 3

Lemma 3.3 There is a one-one correspondence between the functions on Zgp satisfying the
properties (i) - (iii) of Definition 3.2 and the functions on the Lindenbaum algebra Lgp with
the same properties.

Proof. First, we need to show that, if ¢ is a function on Zgp satisfying the properties
1. 0 < g(p) <1 (normalisation)

2. if ¢ Fgp ¥, then g(p) < g(¢») (monotonicity),
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3. gV ) =glp)+g9() —g(e A) (inclusion/exclusion),

then there is a corresponding function ¢’ on the Lindenbaum algebra Lgp with the same prop-
erties.

Let g : %gp — R. We define ¢’ : Lgp — R as follows: ¢'([¢]) := g(p) where [p] represents
the equivalence class. Notice that the monotonicity of g implies that g(¢) = g(¥) for any two
equivalent formulas ¢ and 1. Therefore, ¢’ is well-defined. ¢’ satisfies the three properties above
because: (i) 0 < ¢'([¢]) < 1 since 0 < g(p) < 1; (ii) if [¢] < [¢)], then ¢ Fep ¥, so g(¢) < g(¢),
hence ¢'([]) < ¢'([¢]); (iii) we have

g ([el VYD) =g ([pVy]) = gle V) (by definition of g')
=g(p) +9(¥) —g(p A Y) (by assumption)
=g'([¢) + g ([¥]) — ' ([p A¥)) (by definition of ¢’)
=g ([¢]) +9'([¥]) — g'([¢] A [¥])

The proof of the converse is similar. O

Lemma 3.11 Let .# = (S,P(S),bel,pl,v",v7) be a DS, model. bel™ (resp., pl't) is a
general belief (resp., plausibility) function on the Lindenbaum algebra. bel™ (resp., p17) is a
general belief (resp., plausibility) function on the dual of the Lindenbaum algebra £g).

Proof. bel and | - |+ are monotone maps, therefore bel™ is monotone. In addition, for every
©1,-..,9n € Lpp, we have

+

bel™ \/ v; | =bel \/ ©; = bel U loos|

1<i<k 1<i<k 1<i<k

IV
=z
=
s
o
[0]
'_l
-
s
-

JC{1,..., k} Jjed
J# 2
+
= Z ( 1)|J|+1 . bel /\ ©;
JC{1,..., k} jeJ
J# o
= Z (f1)|J|+1 .belt /\ ©;
JCc{1,..., k} jeJ
J# o
The proof for p17 is similar.
The proof for bel™ and pl~ is dual. O
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