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Abstract

The relative strengths of first-order theories axiomatized by transfinite induction, for ordinals
less-than &y, and formulas restricted in quantifier complexity, is determined. This is done, in part,
by describing the provably recursive functions of such theories. Upper bounds for the provably
recursive functions are obtained using model-theoretic techniques. A variety of additional results
that come as an application of such techniques are mentioned.

1. Introduction

The main aim of this paper is to present results regarding subsystems of arithmetic
axiomatized by transfinite induction.! Also, this paper can be viewed as an introduc-
tion to techniques that are capable of providing a variety of results in the study of
subsystems of arithmetic and analysis, extending beyond what is proved here.

Well-known work of Gentzen [6] implies that P4 proves transfinite induction up
to ordinals less than &y, but not up to & itself. If € is a class of formulas and « is
an ordinal less than g, then the axiom schema of transfinite induction up to o for
%-formulas, TI(a,%), is given by

VBV < B)o(y) = @(B)) = (V7 < )e(y): @ €%, (1)

where a is the Godel number of an ordinal less than &, § and y are variables ranging
over elements of the universe that are Godel numbers of ordinals less than g, and <
denotes the less-than relation for ordinals (< will be a defined predicate symbol in all
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of our theories). We will include a weak base theory in T/(a,%). Using the work of
Gentzen:

PAFTI(a,6) &= o < &, 2)

where % is the set of arithmetic formulas. Our main goal is to measure the strength of
the theories TI(a, %), where a < ¢y and € is a subset of the arithmetic formulas. The
techniques used for this are primarily model-theoretic, in contrast with the methods
applied by Gentzen, as well as techniques used by others in this area, which for the
most part are proof-theoretic methods based on a version of cut-elimination,

Sections 2 and 3 present some preliminary material; Section 3 reports results stating
that a very weak fragment of arithmetic, namely I4y, is a sufficient base theory for
developing a significant amount of “basic ordinal arithmetic”. /4, is Peano arithmetic
with the induction axioms restricted to bounded arithmetic formulas — it is much weaker
than PRA, even unable to prove that exponentiation is a total function. Section 2
develops some basic coding theory in I4¢. In Section 3, notions used in the definition
of TI(a,%) are shown to make sense in /4y; e.g., [4¢ is shown to be a base theory
sufficient to interpret the notions of “ordinal”, “ordinal less than” and prove many
basic facts about these notions. Furthermore, /4, is capable of defining many ordinal
functions (addition, fundamental sequences, etc.), as well as prove many basic facts
about these functions. One familiar with the capability of PRA to carry out such ordinal
arithmetic may want to skip Sections 2 and 3, replacing /4y with PRA in the later
sections. Most proofs are omitted in Sections 2 and 3—the reader is referred to the
literature.

In Section 4 we prove the relative strengths, over /4y, of the theories TI(x, %) for
all @ < g, and ¥ = X, II,, and Ay, for all n > 1. The results of this section will
partially rely on results of Section 5, where the techniques are primarily model-theoretic
and are more interesting than the proofs in Section 4. The relative strengths of these
theories for € = II, with n > 1, and over the theory PRA, were originally proven
proof-theoretically in [17]; the work here was obtained without knowledge of [17].

Some of the relative strengths, of these theories, are determined by characterizing the
provably recursive functions of these theories in terms of the Wainer (equivalently, the
extended Ackerman or fast-growing) hierarchy; this is done in Section 5. In particular,
we will show that for all n > 1 and all a < &:

TH(w®, IT,) F Yx3p(F(x) = y) & < wt], (3)

where Fp is the fth function in the Wainer hierarchy, and f is defined by: w§ &f a,

and of & w¥. In the process of proving this result we show that there is a 4-
formula, in the free variables o, x, and y, expressing F,(x) = y, for which many
properties of the functions in this hierarchy are provable in I4,.

Together with results from Section 4, (3) yields a precise characterization of the
functions in the Wainer hierarchy that are provably total in the theories TI(f,¥) for

all p < g and € = X,, II,, or 4y. In Section 6 this characterization is used to
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classify the TI(f, €)-provably recursive functions. This is obtained by first proving the
conservation result that for n > 1 and a < &,

Iy(THw® , T,,)) = My(I4o + {“F, is total™: y < o>}, 4)

where I1,(T) “ the I1,,-consequences of 7.

Additionally in Section 6 it is claimed that the model-theoretic proofs of Section 5
can be carried out in the theory /49 + Exp (where Exp is the formula in the language
of arithmetic expressing that the exponential function is total), yielding the following
result:

14y + l-Con(TI(w“”,H,,)) o VxIY(Fyan(x) = p). (5)

Here n-Con(T) is the formalization of “the union of T and the set of all true IT,-
sentences is consistent”.

Also in Section 6 a hierarchy of theories generated by “iterated reflection” is con-
sidered, i.e. let Sy = Ty, where T is some base theory; S, = S, + 1-CON(S,); and
8; =U,<; S« for 1 a limit ordinal. We will show a correspondence between this type
of iteration and the type of iteration used to generate the Fjg hierarchy. The study of
such hierarchies began with the work of Feferman in [3]; Ulf Schmerl studied this
hierarchy for Tp = PRA4 in [17].

Furthermore, Section 6 states various generalizations of the above results including:
extending to arbitrary recursive ordinals beyond &, considering axiom schemata for
all arithmetic formulas (rather than restricting the number of quantifiers), extending to
arbitrary recursive well-orderings (of a given order type), and extending to second-
order theories. Many of the results in Section 6 are stated without proof, referring to
future papers.

2. Preliminaries
2.1 A() and IA()

Let #(X) denote the first-order language with nonlogical symbols from X, and if
L= %(X), and Y is a set of nonlogical symbols, then L(Y) will denote the language
obtained by adjoining the symbols in ¥ to L. Ly will denote the usual language of
arithmetic i.e. the language £({0,S,+,-, <}).

A Ao-formula is any formula built up from the atomic formulas of Ly using —, <,
A, V, =, (3x € 1), and (V1 < 1) (where (3 < 1)@ and (V1 < 1)@ are defined, for 1
an Lg-term not containing x, by Ix(x < T A ¢) and Vx(x <t — ¢) respectively). For
n =1, a Z,-formula is a formula of the form Ix]V¥3 I3 ... QX (A7, . .., %, ¥), where
@ € 4y, Q € {V,3}, and the notation 7 is used to denote a string of variables, say
Zl,...,2Zm, for some m € w. A IT,-formula is defined similarly except its first quantifier
is V rather than 3.
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Let P~ be the set of axioms for a discretely ordered commutative semi-ring. Then
P~ is a version of the “usual” set of basic axioms of arithmetic that is commonly used
together with an axiom schema to axiomatize theories such as Peano arithmetic (PA4).
Let /¥ denote the theory axiomatized by P~ together with the axiom schema:

V(@ (0,.) AV(@(,2) = @(y + 1,2)) = Vxo(x,2)): ¢ €@

PA is then ILy; IX,, IIl,, and I4y are also commonly studied theories of this form.
We note that in these cases, i.e. for € = Ly, Z,, II,, or Ay, I¥ is equivalent to the
theory P~ together with the strong induction axioms:

VZ(Vx((Vy < ¥)o(3.2) = ¢(x,2)) = Vxo(x,2)): @€¥.

Let “exp” be an expression denoting a symbol for the exponential function. /4¢(exp)
is defined similarly to /4y, allowing “exp” in the language when defining the bounded
formulas for the induction axioms, and including the recursive defining equations for
the exponential function in P~. Idg(exp) is a conservative extension of I4p+ Exp,
where Exp is an Ly-formula expressing that the exponential function is total.

2.2. Sequences and coding

In this section we introduce a Godel numbering of sequences that has nice properties
in /4y. We use the terms “Gddel number” and “code” interchangeably. We use w to
denote the set {0,1,2,...}. For any set 4, we use 4* to denote |J . A", where 4"

denotes the set of all sequences of length n. That is 4" &f {(a1,...,a,): for i =
l,...,n, a; € A}. We will use * to denote concatenation of elements of 4*, i.e.,

new

(al,...,a,,)=0<(b|,...,b,,,)déf (ai,...,an,by1,...,by).

As long as we are in a situation where we are not considering sequences of sequences,
there will be no ambiguity if we use ag * (ay,...,a,) to denote (ap) * (ay,...,a,), and
if we denote the sequence (aj,...,a,) by aj * --- x a,. If we have enough symbols
on hand so that each element of 4 can be denoted by a single symbol then we will
leave off the *’s. For example, for 1+ 1x2%1 € {1,2}* we may write 1121; however,
when 1 %1 %2 x1 is regarded as an element of w*, and we are using strings of digits
not separated by *’s to denote numerals in base ten, we will always include the *’s
to avoid ambiguity. The length of (ai,...,a,) is n. We use A to denote the empty
sequence, the unique sequence of length 0. For any sequences s and ¢ we say s is an
initial segment of t, or ¢ is an end extension of s, if for some sequence u, t = s*u, and
we write s§¢. And we say s is a part of t if for some sequences u and v, ¢ = u*s *v;
we write s%t. We use the convention that if j < i, then @; * --- xaq; = A.

Sequences will be coded using the following version of n-ary notation for the natural
numbers. For n > 2, let the Smullyan base n representation (cf. [18]) of an integer x,
denoted X", be given by

X" =agkxap *x...xa,
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where ay,...,a; are the unique natural numbers such that for all i <k, 1 <a; <n,
and

x=a0-nk+a1-nk_1+---+ak_1-n+ak.

For all n > 2, ™ is a bijection from o to {1,...,n}*; so for any n > 2, each x € w may
be construed as an element of {1,...,n}*. We use x %, y to denote the natural number
z such that z" = X" +3", and we use |x|, to denote the length of X". If ¥ = ag*- - - *ay
then |x|, = k + | and we let

o, [ fi<k
=7 10 otherwise.

Using the fact that there is a 4o-formula for the exponential function with nice proper-
ties provable in I4¢ (cf., e.g., [7]), it can be shown that for each n > 2, the functions
X & |x|n, *n, and (x,i) — (x),; are Ado-definable. We write x§y if X*$3". Since for
each n 2 2, xGy & (Jz < y)(x*x,z = y), it is clear that the relation § is Ay-definable.
We state some properties of these functions and relations that hold in 74,.

Proposition 2.1. For all n = 2, the following hold in 1Ay:
@) “| |n» *a and (x,i) — (x),; are total functions”.
(ii) “x, is associative”.
(iii) The Aq-definable relations are closed under the quantifiers Vx§t and Ix§e,
where T is any Lo-term.
(iv) nPlr — 1 < x - (n = 1), hence 2" < x + 1.
V) x-(n=1) <n-(* —1); also x +1 < a1,
i) x+ 1], < |xla + L.
(vii) x < y =[xl < ¥
(vii) |x[, — 1 < log,(x) < |x|, + 1.

Next we show how elements of w* are coded. (so,...,st) is used to denote the code
of the sequence (so,...,s¢). The Smullyan base 3 notation for the code of (sq,...,sx),
is obtained by replacing each s; in (so,...,5¢) by 3 %57, i.e. a “3” followed by the
Smullyan base 2 notation for s;. This is given by

3 def 3 def _ — _
(A = A, and (sq,...,5) = 3 %52 x3 %572 % -+ % 3 %552

If s = (so * - - - % s;) then let len(s) g + 1, and
(S)' def ) S; if i < k,
"7 10 otherwise.

We note that ( ) is a bijection from w* to a 4o-definable subset of w; we let Sq denote
this subset.

To obtain A4y-definitions for some of the above functions, note that there is a Ag-
formula v(x, y,i,k) expressing “there are exactly y occurrences of the digit i in the
Smullyan base k representation of x”, that has a number of nice properties provable



236 R. Sommer | Annals of Pure and Applied Logic 76 (1995) 231-289

in I4,. For an example of such a formula, v, see Lemma 2.2 of [25]; in this example
“Smullyan base k representation” is replaced by “k-ary expansion of”.

Using the formula v(x, y,i,k) above, it is easy to see that the relations S and §, as
well as the functions x — {x), len, %, and (x,i) — (x); are do-definable. We will use
obvious conventions such as writing (x); < (y); in place of

Sq(x) ASq(y) Alen(x) > iAlen(y) > jAJuo((x)i =uA(y);=vAu <)

The following is a variation of well-known results:

Proposition 2.2. (i) { ) is a bijection from w* to Sq.

(ii) For all k € w, I14g - Vxy,...,x:32(z = (x0,..., X))

(iii) 14y &+ “len, *, and (x,i) — (x); are total functions”.

(iv) The Ao-definable relations are closed under the quantifiers Ix$t, VxSt, G,
and Vx§T.

3. Ordinal arithmetic
3.1. Representability

Definition 3.1. Suppose we are given the following:

(a) A set of ordinals U and sets R and F of relations and functions on the ordinals
in U. We require that U € R.

(b) A set B of basic properties of the ordinal functions and relations in RU F,
expressed in the language £ (RU F).

(c) A theory, T, in the language L, &f £({0,8,+,-, <}), for proving the basic
properties, B, about representations of RU F.

(d) A subset C of Lo, to serve as a complexity class for representing the elements
of RUF.

(e) A subset D of C of the form {6;: s € RUF}, which will be used for defining
representations of the elements of RU F.

We say that D, C-represents (U,R,F,B) in T if there is a Godel numbering o — o]
of U, i.e. an injection, 1, from U into , such that
(i) For all r € R, {('@"): rd} = {(#): 6,(7)}.
(ii) For all f € F, {('& B"): f(@) = B} = {(#,m): 0,(#,m)}.
(iii) For all f € F, T +V¥31y0,(X, y).
(iv) T+ D'+ BY, where BY is the set of sentences obtained from the sentences in
B by restricting all quantifiers to U, and

D' E{(6,F) — r%): r e RYU{(B/(F y) o fF) =y): f€F}

If for a given U, R, F, B, C, and T such a D exists we say (U,R,F,B) is (C,T)-
representable.
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[20] and [21] show that for an arbitrary recursive ordinal U, and sets, R and F, of
common relations and functions on ordinals, and a set, B, that includes many basic
properties of these relations and functions, (U, R, F, B) is (4o, [4¢)-representable (this is
also done in [19], but there all results pertain only up to the ordinal &). The generality
of [20,21] ought to allow the extension of the main results of [19] to arbitrary recursive
ordinals, but the author has not checked this in every detail (this is discussed further
in Section 6.6). For the most part, in this paper, the restriction to ordinals less than or
equal to & will remain in place.

We will state, but not prove, results showing that a significant amount of ordinal
arithmetic can be carried out in /4; the reader is referred to [19-21]. Alternatively,
the reader who is familiar with carrying out basic ordinal arithmetic in PRA4, and who
is willing to settle for weaker results, may replace /4,y everywhere below with PRA.

3.2. Cantor normal form

In order to describe the Godel numbering of ordinals as well to provide definitions
of certain ordinal functions and relations we recall the Cantor normal form theorem.
We also note that codings of the ordinals less than & are easily obtained using this
theorem.

Proposition 3.2 (Cantor). For a an ordinal such that « > 0, a has a unique
representation:

a:wal.nl+.‘.+wak.nk’
where 0 < k,ny,...,n; € w, and oy,...,0; are ordinals such that oy > --- > .

We refer the reader to [1] for a proof of this Proposition; this will also serve as a
reference for some of the “well-known facts about ordinals” that we sight, without
proof, below.

Definition 3.3. We call the representation, ®w* - n; + - - - + w* - ny, given in the above
proposition, the Cantor normal form, or the normal form of a. We will let 0 be, by
definition, the normal form of 0. So that statements such as “suppose a has normal
form w*™ -ny + -+ + 0™ - n, ...” make sense even if a« = 0, we use the convention
that if £ = 0 then “@w™ -n; + --- + w* - n;” denotes “0”.

Definition 3.4. For « an ordinal and # a natural number, iet wj be defined inductively

def def x def 4 def
by wj = a, and @}, = w. Also let, w, = w,, and & = sup,, ©n.

We note that g is the least ordinal greater than w closed under + and the function
(0, ) — of, and & is the least o such that « = w*. That is, g is the first epsilon
number.
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We will follow [19] and use the following Godel numbering of ordinals. If & < ¢
and the Cantor normal form of a is w* - ny + - -+ + @w* - ny, then the Smullyan base 4
representation of fa! is given by

1

—4 —

ol =4 xTol «3xmp2 % 4% oy 2

* 3 x e,

In [19], the mapping a — ¢! on ¢ is shown to be a bijection onto a do-definable
subset of w.

The choice of coding of the ordinals less than g described above allows for the
handling of the Cantor normal form of ordinals in /4¢. That is, there are Ao-definable,
IAy-provably total, functions that, on argument fal, give as values the codes of the
terms of the Cantor normal form of o, etc. More precisely, there are Ag-definable,
IAg-provably total, functions #t¢, ¢, e, and ¢ such that if the Cantor normal form of «
isw® ny+---+w*-n, then for 1 <i<j<k,

() #((ay =k,

i) t("al,i, j) = (% ni4 - 4 0¥ -nﬂ,

Gii) (o), i) = (", i,0) = Tw® - ny,

(iv) e('a!,i) = "o}, and

) e('dl,i) = n;.

#, t, e and c stand for “number of terms”, “terms”, “exponent”, and “coefficient”
respectively. Using these functions, statements of the form “suppose the Cantor normal
form of o is ...” have natural translations into the language of arithmetic.

3.3. Some ordinal functions and relations
Below we define some ordinal functions and relations that will be used later on.

Definition 3.5. For « < g with Cantor normal form w* - ny + - - + ©w* - ng, the
following functions are defined recursively,
(i) h(0) =0, and
(ii)) For a > 0, h(a) = h(xy) + 1.
(iii) cmax(0) =0, and
(iv) For a > 0, cmax(a) = max({c(o): 1 <i<k}U{n;: 1 <i<k}).
h(a) is called the height of a, and cpax(a) is the maximum coefficient of «.

Definition 3.6. If the normal forms of « and § are w* -n; + --- + @™ - n; and
P m + -+ 0P - my, respectively, we say a meshes with B, and write o > B,
if(def) either o4 > By, =0, or f = 0.

The notation {a}(n), for a a limit ordinal and n € w, is often used to denote the
nth ordinal in a fundamental sequence for a (i.e., an increasing sequence cofinal in a).
We note that the definitions vary slightly in the literature. The definition will be given
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using the fact, following from the Cantor normal form Theorem, that if 0 < a < &,
then there are unique f,7 < & and 0 < m € w such that

a=pf+w - -mand > ot (6)

We define the fundamental sequence function on all ordinals (rather than only on limit
ordinals).

Definition 3.7. Suppose «, f, y, and m satisfy (6). The nth ordinal in the fundamental
sequence of a, denoted {a}(n), is given by the following:

0 ify=0;
{Jm)=B+&" - (m—1)+< - (n+1) ify=08+1;
w7 if v is a limit ordinal.

In [19] it is shown that this fundamental sequence function (on codes of ordinals) has
a Ag-definable graph, but its growth rate is super polynomial (consider the ordinal «
given by

2
‘(@D g
— i

e

i

nws

[
then {a}(0) is on the order of o] ), so the fundamental sequence function is not
14y-provably total. Also, in [19], the following upper bound is given,

f{a}(n)] <4. (3fa1 + l)lraﬂ la . (n+ 2)%. -

Using this bound the fundamental sequence function can be shown to be 14 + £4-
provably total, where Q, denotes the formula Vx3y(y = x*12). In [21], fundamental
sequences are given that are /4g-provably total and that have a number of nice prop-
erties provable in IAy; furthermore, this is done for arbitrary recursive ordinals. The
author has not fully investigated whether such fundamental sequences could be used
to obtain all of the results of this paper.

3.4. Notational conventions

We state the following notational conventions:

(i) Lower case Greek letters a, fi,7,... will be used to range over codes of ordinals
less than &; so, for instance, @(a) will abbreviate the formula 8. (x) — @(x), where
x is a free variable not occurring in ¢, and 0, is the formula used define the set of
codes of ordinals less than &. Vag(a) then abbreviates Vx(0.,(x) — ¢(x)), etc.

(ii) We will be using the symbols <, +, and - for two different relations or functions,
i.e. the one on integers and the one on ordinals, we must take care to do this only
if the meaning is clear from the context. For example, in “a < B”, “<” denotes the
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less-than relation on ordinals, whereas “lyl < r[ﬂ ” denotes “the Godel number of « is
less than the Godel number of .

(iii) We will use lower case Roman letters x, y,z, etc. to range over integers, but
since every integer corresponds to a finite ordinal, we may wish to use these symbols
to denote such ordinals; e.g. o + x will be used in place of a + w? - x. Occasionally
this convention may cause confusion so we introduce the following functions (both
Ap-definable and /A4¢-provably total):

£
ord(x) & g0 -x'; and

wf |2 fy= fw®.z!  for some z € w;
num(y) =

otherwise.

We will only abide by such conventions if the meaning is absolutely clear from the
context.

3.5. Basic ordinal arithmetic

Now we are ready to list the elements of the sets R, F, and B from Section 3.1.
Since we are taking T = /Ay, and neither multiplication, exponentiation, nor the fun-
damental sequence function are provably total in /4y, we do not list these functions in
F (multiplication and the fundamental sequence function are /4o 4 2;-provably total);
however, all three have Ao-graphs, and since we are taking C = 4, we include the
graphs of these functions in R (The functions a — ©* and « — o are I4q-provably
total, and hence are included in F. The graph of («, ) — of is included in R, totality
of this function is equivalent to totality of exponentiation of the natural numbers.) A
number of properties of these functions are provable in the case that the functions
converge; for example, if (¢-f#)-y and a-(B-7) both exist then they are equal. In order
to list such facts in B, while keeping the statement of these facts as brief as possible,
we use suggestive notation such as,

(@-B)-y~a-(B-7)

that imply the convergence condition. In particular, ~, <, and < are used to state
that if everything on either side of the symbol exists then the relation (=, <, or <)
holds. (Note: this definition is different than the usual one from recursion theory).

The notation sup,_,7(a) = y is used below, where 7 is a term involving ordinal
functions, to denote:

(Vo < B)(w(2) < P)A (VS < y)(Fa < BXS < t(a)).
The elements of R include:

<, £,SUC, LIM, >, {(a, B,a- B): o, B < &},
{(%B,0%): a < 0,n >0}, {{a{a}(n): & < &,n > 0}}.
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The elements of F include:
o @
0, +, a— % a— a® num, ord, A, cma, #, ¢, c, e.

The elements of B include:
Definitions of SUC and LIM:

0,. SUC(a) « Jp(ax =+ 1),

0;. LIM(a) < a # 0 A =SUC(a).

(Strong) defining formula for <:
Os. a < By £0Aa+7y=0H).

Defining formulas for addition:
04. u+0= o,
Os. a+(B+1)=(a+ ) +1,
Os. LIM(A) — (o + 4 = sups (o + 8)).

Defining formulas for multiplication:
07. a-0= 0,
Os. a-(B+1)~(a-p)+ 2,
Oy. LIM(A) — (- A ~ sup; (- 8)).

Defining formulas for exponentiation:
010. (10 = 1,
011. dﬁ+] >~ aﬂ <o
Oi2. LIM(A) — (¢ =~ sup; _; «°).

Defining equations of the fundamental sequence function:
Ou3. {O}(n) =0,
Ous. {B+1}m) =8,
Oi5. B> o' = {+ 0" }n) > B+ (n+1),
Oi6. LIM(A) A B> 0* — {B + 0*}(n) ~ B + oM™,

Trichotomy:

O,7. Exactly one of the following holds: a = 0, SUC(2), or LIM(«).

< is a linear order with least element and successor function:
O15. Exactly one of the following holds: @ < B, f < a, or a = .
Op. a<fAf<y—a<y,
020. 0< a,
Oy.a<a+lA(B<ava+l<p)

Monotonicity of ordinal functions:
On. a<f-o@ta<y+PIA(x+y<B+7)
On. a < BAY#0—(y-a=<y-fA(@-y<B-7)
Oz. & < AY#0 = (P <IN (&7 < B).

241
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Associative laws:
Oxs. (a+B)+y=a+(B+7),
O%. (a-B)-y>a-(B-y)

Left distributive law:
Oy. a-(f+y)~a-B+a-y.

Properties of exponentiation:
Oss. 7" 9P = y**,
O. & < f — 0" + of = of,
Os30. (y*)F =~ *#.

Properties of fundamental sequences:
031. LIM(1) — sup,, {A}(n) =~ 4,
Os3. LIM(A)Am < n— {A}(m) < {A}(n).

Properties of ord and num:
051. a < o — Ix(a = ord(x)),
034. (F2 < w)(x = num(a)),
O35. x < y « ord(x) < ord(y),
O3. o, < @0 — (2 < < num(a) < num(p)).

Properties of the Cantor normal form: Suppose the normal form of a is @* -n; +-- -+
™ - ny, then

037. k=0 & a=0,

Os3s. (Vi < k)(niy1 > 0),

O39. VI,_[(I <i <j<k—>di < aj),

Os0. (Vi < kXoipq < o). '

Q41. Definition of less-than in terms of the Cantor normal form.

Q4,. Definition of addition in terms of the Cantor normal form.,

Oy43. Definition of multiplication in terms of the Cantor normal form.

Oy. Definition of exponentiation in terms of the Cantor normal form.

Oys. Definition of the fundamental sequence function in terms of the Cantor normal

form.

Precise statements for O4;—Oy4s are omitted, since the corresponding formulas are cum-
bersome — they are motivated by considering several cases.

4. Transfinite induction

For a < &, let TI(a, @), transfinite induction up to « for ¢, be the universal closure
of:

VB((Yy < B)o(v) — @(B)) = (Vv < ) (y).
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We abbreviate “VB((Vy < B)e(y) — @(B))” by Prog(¢,y), and say ¢ is progresive
with respect to y; if the free variable y of ¢ is understood we may simply write
Prog(¢p). Then TI(o, @) is (the universal closure of) Prog(p) — (Vy < a)p(y). Let
TI(a, %), transfinite induction up to « for €-formulas, be the theory 14, + {TI(a, ¢):
@ € €}. We let TI(< a,%) denote Uﬁq TI(B,%). We will be concerned with the
relative strengths of the theories T7(a, €) and TI( < a, %) for all values of a < &, and
with € = I, X,, or 4y where n > 1. The relative strengths can be summed up as
follows (note: since TI(a, %) and TI( < a,%¥) always include /4, as a base theory, we
are comparing the relative strengths of the axioms of transfinite induction over I4,):

Theorem 4.1. TI(a, I1,) vs. TI(B,I1,).
(@) ForoOo<m<nand v € o < g:

TI(o, I1,) F TI(B, 11,) & B < of .
(b) For0 <n<mand 0 <a < g:

THa, ) F TI(B, 1) & B < w.
(¢c) For mne€ w and o, < w:

TI(o, II,) = TI(B, M) = 4.

Ti(a, II,) vs. TI(B,2n):
(d) For a >z w and n € w:

THw-o,2,)=TI(o,I1,11).
(e) For 0 < o < w and n € w:

THw-o,2y) = TH(w, I1,).
(f) For o, < w and n,m € w:

Ti(o, 2,) = TI(P, IT,) = 14,.

TI(B,I1,) vs. TI(<a,IT,):
(g) Fro<oa<gandn = 1:

B<a ifau=w” for some .
o) TI(B, 1T
f(<o M) T ) & {ﬂ < o otherwise.
(h) For o, < w and n,m € w:
TI(< o, II,) = TI(< B, I1,,)) = 1 4.
Parts (a)—(c) of the theorem give the relative strengths of theories of the form TI(a, I1,);

parts (d)—(f) show that each theory of the form 7I(f, Z,,) is equivalent to one of the
form TI(a,II,), and parts (g) and (h) allow us to evaluate the strength of a theory of
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the form 7I/(< B,Il,), by considering theories of the form 7i(a,II,). Thus Theorem
4.1 gives a complete picture of the relative strengths of T/(«, %) and T/(< a,¥) for
0<a<g,and € =2, II,, or Ay where n > 1. The reader may find the discussion
in Section 4.3 useful for clarifying this further. We note that (a), (b) and (g) were
also proven by Ulf Schmerl in [17].

This theorem will be proven, for the most part, in this section, although some parts
will rely on results not included in this paper and results given in the following section.
In particular, we will give complete proofs of Theorem 4.1(c) — 4.1(h) and the «-
directions of Theorem 4.1(a) and 4.1(b) in this section. The =>-direction of Theorem
4.1(a) will be proven by classifying the provably total recursive functions of these
theories; we do this in Section 5, where the proofs will tend to be more sophisticated
and generally more interesting than the proofs in this section. The =>-direction of
Theorem 4.1(b) will rely on well-known results not proven in this paper.

4.1. Basic lemmas

Lemma 4.2. For € = X,, II,, or Ay:
() a > B = Tl(a, €)Y+ TI(B,%).
(ii) 1€ = THw,¥).

(iii) For all & < w: 14y = TI(,¥).

Proof. (i) is clear using the fact that /4y, and hence TI(«, %), proves the transitivity
of ordinal < (cf. Oy9 of Section 3). For the F-direction of ii, note that ¢(x) € €
implies ¢ (ord(x)) € %; also by O, O33, and Oss, we have

140 F Prog(¢) — Vy((¥x < y)g(ord(x)) — ¢(ord(y))).
Hence /% + Prog(¢) — Vye(ord(y)) which, using Os; again, gives
I% + Prog(p) — (Va < w)o(a),

which is what we needed. The —-direction of (ii) is similar except we use O34, O3,
and the fact ¢(x) € ¥ implies (¢(num(a))V a = w) € 6.

The —-direction of (iii) is immediate since, by definition, TI(a,€) always includes
I4y. The proof of the h-direction of (iii) uses meta-induction on a. Clearly, /4y +
TI(0, ¢) for any ¢. Now suppose I4¢ F TI(c, @), i.e. 144 F Prog(e) — (Vy < ¢)e(y).
Since 14y + Prog(@)A(VYy < ¢)@(y) — ¢(c), we have, using Oy;, 14y - Prog(e(y)) —
(Vy < ¢+ Do(y), ie. 149 F TI(c + 1, ¢). By induction on ¢ we have, for all ¢ € @
and all formulas ¢, 14y F TI(c,@). O

Lemma 4.3. For all n,c € o, where n > 1: TI(o, )+ TI(a%, I1,,).
Proof. If « < w then o < w, so using (iii) from the above lemma we have the

result. Hence we may assume that « > w. So, by (i) and (ii) of the previous lemma,
TI(a,II,) - IZ,; thus ordinal multiplication is a total function and all of the properties
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of ordinal arithmetic listed in Section 3 hold. If the normal form of a is w* - ny +
<-4+ @™ - n; then using oy > 0, Oy, and Ou4, as well as other facts about ordinals
provable in /4y, we have

wal-c < ac < wa|~(c+1),

for any ¢ € w. So by Lemma 4.2(i), we need only consider « of the form w?; since
we are assuming o > o, we may assume f > 0. We will use meta-induction on ¢ to
prove the lemma. The ¢ = 0 case is clear, so we need, noting that (wf)° = wf-,

TH(wP e, M) F TI(P D, 1T,).

Suppose ¢(y) € I, and let

¥(o) € (vy < - 8)p(p).

Note that y € IT,. Working in TI{w#*,II1,) we will show Prog(¢,y) — Prog(y,d).
Suppose Prog(¢,7) and suppose (Vé' < dW(8'), we will show Y(8) by cases.

Case 1: }/(0) is clear for 6 = 0.

Case 2: If 6 = 8¢+ 1 then, from (V&' < 6Y(d') and Oy, we have, (V&' < doW(d'),
so using the definition of y,

(V7 < @ - 30)e (7). (8)
Using (8) and Prog(¢,y) we have

Va((Va' < a)p(af* - 8y + a') — (P - 8 + a)).
That is, Prog(e(wf* - 8¢ + o), a’), so we have, by TI(w*,II,),

(Vo < 0P )p(wPc - 8 + ). 9)
(8) and (9) yield,

(7 < &€ 8o + 0P )o(y),

So by Og, (Vy < P - 8)@(y), and hence Y(5).
Case 3: If 6 is a limit ordinal then (Vy < 0. 8)p(y) follows from Oy and

(V&' < 8)(Vy < - 8)o(¥).

The three cases give us Prog(e) — Prog(y). Using TI(wP*, ), from Prog(e), we
conclude (V6 < P W(d), ie., (V6 < ) ¥y < P 8)p(y). So by Oy, (V7 <
<. wP)p(y), and hence by Og and Oy, (V7 < wf€*1)p(y). By induction on ¢ we
have the lemma. (O

We note that the above argument cannot be carried out if we replace ¢ by a free
variable x; for this we would, at one point in the proof, assume TI(wf>, II,). With
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x free this axiom schema implies TI(wf®,I1,) which, as will be shown in the next
section, cannot be obtained from 77 (wﬂ,H,, ). Next we present a result of Gentzen.

Lemma 4.4. For alln > 1 and a < ¢,

12, + TIo, M) F TI(0®, IT,).

Proof. Suppose ¢(d) € II, and let

W(B) E ¥p((¥8 < 1)e(8) — (V8 < 7+ f)p(d)).
Note € I1,,;. We will show

Claim. /X, - Prog(¢) — Prog(y).

To see that the claim implies the lemma note that from the claim we can conclude
that

12y + TI(a, Tn41) F Prog(e) — (VB < a)¥(B).
Hence,

IX, + TI(a, I, ) F Prog(@) — Y(a).
Setting y = 0 in Y, we get

1Zy + TI(a, Ty 41) - Prog(@) — (V6 < w*)e(d),

which is what we needed for the lemma; hence we need only prove the claim.

We will work in /Z,. Assume Prog(¢p) and (VB < BW(B'); we want to conclude
Y(f). By cases we have

Case 1: B=0. y(0) = Vp((¥Yo < y)p(d) — (V¥ < y+1)¢(d)), which is immediate
from Prog(¢) and O;.

Case 2: f=f'+1. In Y(B') = Vp((Vd < p)p(8) — (V6 < 7+ of )(d)), we may
replace y with ' + P - x, for any 7', to get

V(Y8 < (¢ + & - x))p(8) > (¥ < (¥ + & - x + 0 ))p(8)).
That is, using Og, Vy'(6(x) — 0(x + 1)), where
06:) & (V6 < ' + o - x)p(6).

Noting that 0 € II, and that 12, = III,, we may use /X, and properties of the function
ord, to get Vy'(6(0) — Vx6(x)), i.e., using O4, O;, and Og,

VY ((V8 < 7)p(8) — Yx(¥8 < ¥ + P - x)p(d)).
And hence, using Og¢ and Oy,
VY (V6 < Y)p(8) — (V6 < ¥ + & - w)e(9)),



R. Sommer | Annals of Pure and Applied Logic 76 (1995) 231-289 247

i.e., by O“,
VY (V8 < 1)) — (¥ < ¥ + of *1)p(5)),

which is y(f).

Case 3: B is a limit ordinal. By Oy, we have (V8 < B)W(B’) — ¥(B), whenever
B is a limit ordinal. This completes the proof of Case 3, and hence the proof of the
claim, and hence the proof of the lemma.

The converse of Lemma 4.4 is false, i.e. by the =-direction of 4.1(b) and Lemma
4.2, for any a such that @ < a < g,
Iz, + TI(w*, I,) ¥TI(a,IT,.).

We continue by proving another lemma.

Lemma 4.5. For all n € v,

THw-o,Zy) - TI(a, [ yp1).
Note that since the n = 0 case is included, we have TI(w - a, Ag) & TI(a, IT}).
Proof. Using Lemma 4.2, this lemma is clear for « < w; so suppose o = w. Suppose
@(y) = Vxi(x,7) and ¢ € Z,. The key idea of the proof is that for each y < & and
each x € w we can code y and x by the ordinal w -y +x which is less than w - a. We

will work in 77(w-a, X,) to obtain T/(a, ¢). We may obtain, in /4y, that each ordinal
7 < g can be expressed in the form

y=y+a™ m+---+ 0™ n +ng, (10)
where yo0 > w” and @ > m > -+ > m; > 0, and ny,...,n # 0 (we do allow
ng = 0). By “k = 0” we mean @™ - ny + --- + @™ - ny is not included. We define
go:& — w and g; : g — g by

def

go(7) = no
and

M Erp+o™ ! mt+0™ oy,

where y has the form described in (10). Using the representability of Cantor normal
form functions, it is clear that both gy and g, are 4y-definable and I4y-provably total.
Next we show,

Claim 1. /4o F VyVx(go(w -y +x) =x Agi(w-y+x) = 7).

For the proof of Claim 1, note that if the normal form of é is w® -d| + - -+ w® -d;
then by the definition of o — w - a, and the fact this function is /4y-provably total,

w- 6=t 'd1+"'+wl+61'd1.
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For 6; > w, by Oy9, we have 1+ §; = J;; hence
o y+x=p+™ m+- +0"™ -+ ng+x

This clearly gives go(w -y +x) =y and g;(®@ - y + x) = x. Carrying the proof out in
1Ay is routine using basic ordinal arithmetic provable in /4p. We now make a second
claim.

Claim 2. IfyFa < o Vx(w-a+x < w- f).

Suppose & < B. If f =y + 1 then, by Oz, a <7y 50, so by O3, w-a < w-y, and
hence, by Oz, - a+x < w-a+w<w-y+w=w-(y+1) = w-f, the next to last
equality following from Og. If § is a limit ordinal then, by Oy7 and Oy, a+1 < 8
s0, by O3, w-(a+1) < w- fB; hence, by O,; and Og, w-a+x < w- . This completes
the proof of Claim 2.

Let 0(y) &f Y(go(7),91(7)). Note 0 € Z,. We make the following claim.

Claim 3. /4, + Prog(¢) — Prog(9).

For the proof of this claim suppose Prog(¢) and (Vy < B)8(y), we will derive, in
1Ay, 6(B). By Claim 2, if y < gy(B) then w -y +x < w - g;(B) for all x. Noting
w-g1(B) £ B, we have, by Claim 2, w-y+x < f, so

vy < g1(B))Vx0(w - y + x).
Hence, by the definition of 6,
(77 < g1(B))¥xy(go(w -y + x), g1(@ - y + x)).

By Claim 1, (V7 < gi(B)IVx(x,7), i-e., (V7 < gi(B))¢(y). Using Prog(¢), we get
@(g91(B)), ie. Vxy(x,g1(B)), and hence Y(go(B),g1(B)). This is just 6(B), which is
what we needed to complete the proof of the claim.

To complete the proof of Lemma 4.5, we will work in T/(w - «, %,). We assume
Prog(¢) and we will conclude that (Vy < a)@(a); this will give us 7/(a, ¢) and hence
the lemma. We use Claim 3 and 7/(w - o, 8) to get (Vy < w-a)f(y). By Claim 2 and
0,3, we have (Vy < a)VxB(w -y + x). Thus by Claim 1 and the definition of 6, we
have (Vy < a)Vxy(x,y), and so (Vy < a)e(y). O

4.2. The Proof of Theorem 4.1

The <«-direction of 4.1(a) can be stated as: forn 2 m > 0 and w < o < &,

TI(a, II,) F TP _,  1I,,) all B < o®.

n—m?

Suppose f < a® then, using the fact @ > w, one has that § < a¢ for some ¢ € w. By
Lemma 4.3 and Lemma 4.2(i), we have

TI(a, I, ) & TI(B, I1,,).
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By Lemma 4.2(i), (ii) and the fact /X, = III, for all n € w, we have TI(a, II,) - IZ,;
since n 2> 1, we may apply Lemma 4.4, n — m times, to get

TI(o, ) b TH(wP_,,, T,).

Hence we have the <-direction of Theorem 4.1(a).

Theorem 4.1(c), (f), (h) and the <-direction of 4.1(b) are immediate from Lemma
4.2(iii). The t--direction of Theorem 4.1(d) follows directly from Lemma 4.5. For the
—-direction first use Lemma 4.2(i), Lemma 4.3 (with ¢ = 2), and the fact & > w, to
get TI(a, I,y 1) - TI(w - o, I1,41). Then noting X, C IT,; we are done.

For Theorem 4.1(e) note that /X, = III, all n € w, so it is enough to show that for
all c € w — {0},

THw-c,2,) =TI(w,2X,).

The F-direction follows from Lemma 4.2(i). For the —-direction we use meta-induction
on ¢. The ¢ = 1 case is immediate. Working in TI(w - ¢, Z,), suppose ¢ € X, and
Prog(¢); we wish to derive (Vy < - (¢ + 1))p(y). Using TI(w - ¢, ) we have that
Prog(¢) implies (Vy < w-c)e(y), so if we let y(a) & ¢(w-c+a), it will be enough to
show that Prog(¢) implies (Va < w)y(a). Note ¢ € X,. Clearly Prog(¢) together with
(Vy < o c)e(y) implies Prog(y), so Prog(¢) alone implies Prog(y). By TI(w,y),
we then have Prog(¢) — (Vy < w)¥(y), which is all we needed to complete the proof
of Theorem 4.1(e).

To prove Theorem 4.1(g) we first argue that, for n > 1 and a > w, TI(e, I1,) can be
axiomatized by a single sentence; first note in this case TI(«, I1,) \ IIT, \- 14, and, for
n 2 1, III, is finitely axiomatizable. Also using a II,-truth definition for IT,-formulas,
the axioms of transfinite induction can be expressed by a single sentence. Next we
claim, that for n > 0 and « > w,

TI(< o, II,) + TI(B,1I,) < B < supd®. (11)
d<a

For the =-direction, we will show TI( < a,I1,) VTI(sup;_, 6°,I1,). The result then
follows from Lemma 4.2(i). Now since TI(sup;_,d%,I1,) is finitely axiomatizable,
using the definition of TI/(< a,II,), we have TI(< «,I1,) & TI(sup;_, 6°,I1,) only
if for some B < «, TI(B,1I,) + TI(sups_, 6“,I,). If this happens, by Lemma 4.2(i),
TI(B,I1,) v TI(p®,II,), which fails, if > w, by Theorem 4.1(a) with m = n, and
fails by Lemma 4.2 and the fact 14y WIII, if f < .

For the <=-direction, suppose f < sup;_, 6, then for some 6 < a we have § < &%
By definition, TI( < o, I1,) F TI(5,11,). If 6 > w, we get TI(8,11,) - TI(B,11,) from
Theorem 4.1(a) with n = m. If § < w, the same result follows from Lemma 4.2(iii).
Thus TI(< o, I1,) = TI(B,11,), completing the <=-direction. this completes the proof
of (11).

Now suppose < « and the normal forms of & and « are w® -m; + - + ¥ - my
and w* - n; + .-+ + ©* - n, respectively, and the normal forms of 8; and «; are
@ myg + o+ @ - myy, and @™ ngy 4 ... 4 @™ - ngy, tespectively. Then
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59 = ™" If w = ®" then we must have & < ay, and 8;; < %;,. Thus by Oy,
o1+ 1<, and he_nce, é < 8% < . This yields sup; _, 6” = a, for this case. If «
is not of the form w® then o > w® "' and so

2. +! 1.1
o = w? =(w” ) < supd” € a”.
S<a

That is sup;_, 6” = a®, and this completes the proof of Theorem 4.1(g).

The only parts of Theorem 4.1 left to prove are the =>-directions of (a) and (b). As
already mentioned, for the =>-direction of a we use a result of Section 5. In particular,
we show that there is a formula ¢ such that for any

B>}, TIB I o, (12)
but,
TI(a, I1,) Veo.
By Lemma 4.2(i), and Lemma 4.4, rather than show (12), it is enough to show that
TI(«®, II,) F ¢.

If the normal form of a is w* - ny + --- + w* - n; and the normal form of o is
@t -npy + ..+ @M - ngy, then it is enough to show that

(o I e and T, I,) Vo

That such a ¢ exists is a direct consequence of Theorem 5.2.
For the =-direction of 4.1(b), we use a well-known result, a proof of which is given
in [19,22]. In particular, we use the fact that for any II,,,-sentence, ¢,

IZ,1 F @ — Con('g).

We have already noted that for « > @ and n > 0, TI(«,II,) can be axiomatized by a
single sentence. We note that the sentence can be the conjunction of a single sentence
axiomatization of the transfinite induction axioms, which has complexity I1,,,, and a
single sentence axiomatization of /Z,, which also has complexity I1,.,. Thus TI(x, II,)
can be axiomatized by a single I1,.;-sentence. Thus,

IZ,41 & TI(a, 11} — Con('TI(a, IT)!).

So by Gddel’s second incompleteness theorem,
TI(o, ITy) ViXpyy.

By Lemma 4.2 (i) and (ii), for all
Bz, TI(a,I,) YTI(B, 1)

Since m > n implies I1,,, C II,,, we have the =-direction of Theorem 4.1(b).
We have completed the proof of Theorem 4.1. Before proceeding to Section 5, we
will add to our discussion of transfinite induction.
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4.3. Some comments about Theorem 4.1

Suppose w < a < g and the normal form of « is w* -n; +--- + W™ - n; and the
normal form of «; is w*' - ny; + ...+ @™ - n,, Then Theorem 4.1(a), for m = n,
can be stated as

TI(e, I, F TI(B,IT,) & B < ™.

In other words 77 (w ',IT,) is just as strong as TI(4, IT,) for any & such that 0® < <
w“’" and TI(w® ,II,) is strictly stronger. That is we have the hierarchy:

T1(0, I,)), TI(w, IT,), TI(w®, IT,)), TH(w®, II,), ...,
TI(< o, I,), TI(w®", 1I,), TI(w®" ,1,),...,

where each theory is strictly weaker than the following one but of the same strength
as the theories that would fall in between. So by Theorem 4.1, every theory of the
form TI(a,I1,) or TI(a,Z,) is equivalent either to /4y or to a theory of the form
TI(w®, I,), for some y < &, and some 7 > 1. Also theories of the form TI(<a,Il,)
and TI( < o, £,) are equivalent to either /4y or to a theory of the form T/(< w®', I,),
for some y < g and some n > 1. For this reason we will restrlct our attention only
to theories of the form TI(w® ,IT,), where y < & and n >

4.4. Least ordinal number principles

Often ordinary induction is easier to work with as a least number principle. Let L€
denote the theory axiomatized by P~ together with the axiom schema:

VZi(Zx o (x,2) — (@ (x,2) A (Vy < x)@(),7))): @€ E.

It is well-known that LII, = LY, = IX, = III, (cf. [14]). In fact, LZ, can be obtained
from /11, by taking contrapositives of the induction axioms; LIT, can be obtained in
a similar manner from IZX,. Although Theorem 4.1 implies that T/(x, X,) is strictly
stronger than TI(«, I1,) for all « > w?, we can show a parallel with ordinary induction
in the least number principle versus induction sense.

To see this let LN(a, @), the least number principle up to o for @, denote the
universal closure of

(Fy < )e(y) — (@ (B) A (Fy < B)-o(y)).

Let LN(o, %), the least number principle up to o for ¥€-formulas, be the theory
14 + {LN(2,@): ¢ € €}. Then LN(a, ) can be obtained from TI(a, ~¢@) by taking
contrapositives; this yields:

Theorem 4.6. For all n € w and o < &,
(i) LN(a, 2,) = TI(e, I1,,), and
(ii) LN(e, I1,)) = TI(a, Z).
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4.5. Ordinal induction as a least sequence principle

Each ordinal less than @° can be identified with a sequence of natural numbers of
length c. This can be seen by noting every & < «° has the form

a=0"" m+a 0Ny +n,
where nq,...,n. € w. So we may identify a with the sequence (ni,...,n.).
Now if we are given that (Jax < @)@(«), in order to find pap(a), the least a such
that ¢ (a), we may first find

m o= pux(3xa, .. x @@ x0T 4+ x)).

Second we find

c—1 2

ny = ux(3x3,..., x. 00" -m+ - x+ o x4 X)),

etc., until the sequence (ny,...,n.) is obtained. Clearly,
oV 4t oney + 1. = pog(a).

If ¢ € Z, then we may accomplish this using c applications of LZ,. We conclude
that LX, + LN(w¢, Z,). We already had this from Theorems 4.1 and 4.6; however,
this technique will be useful in the next section where viewing ordinal induction as a
least sequence principle is a key idea in some of the proofs. We note that the proof of
Lemma 4.3 could have been accomplished for general a, as it was above for ¢ = w,
by coding ordinals less than «° by sequences of length c¢ of ordinals less than a.
We will not do this but the key ideas for such a coding of ordinals is described in
Section 5.6.1.

One may attempt to prove LN(a®,2,) from LN(a, Z,), using the above technique,
by first finding the least ¢ such that (3 < a“)e(fB), and then proceed as above. The
problem is, of course, that ¢ may be nonstandard, and so we may not be able to apply
LN(2, Z,) c times. In the following section we will show that in fact:

LN(a, ;) VLN(a®, Z)).

5. Transfinite induction and the fast-growing hierarchy

For L an extension of Ly, and T an L-theory containing P~, we say f is T-provably
recursive if (def) for some ¢ € 2,

(i) f(Wy=m & o @, m), and

(ii) THVYXNye*, y)
Using a version of the Kleene 7T-predicate it is clear that the 7-provably recursive
functions are exactly the functions ¥ — {e}({X}) such that 7 proves for each ¥ there
is a computation of program e on input (¥).
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Given f and ¢ as in (i), we write “f(¥) = »” to denote ¢ (¥, y), and borrowing
notation from recursion theory, we write f(¥) | and f(¥) T to denote Jyp(¥, y) and
-Jye(X, y), respectively. Additionally, we use (f]) to denote V¥(f(X)|). Suppose f)
and f, are recursive functions and ¢, € Z| are such that f;(H) = m & o E
@i(A,m), for i = 1,2. We write f(X) ~ f>(¥) to denote Vy(@ (¥, y) « @2(X,y)), and
f1 =~ f2 to denote VX(f1(¥) ~ f2(X)). (Note: this definition of ~ differs from the
definition used in Section 3.)

5.1. The fast-growing hierarchy

Classifying the provably recursive functions of a theory T is a natural way of partially
describing T. For instance, as is well known, the provably recursive functions of /X,
are exactly the primitive recursive functions. Results of Paris in [10] together with
results of Ketonen and Solovay in [8] yield a characterization of the provably recursive
functions of IZ,, for each n > 1, in terms of the Wainer hierarchy [24] (also known
as the fast growing hierarchy and the extended Ackermann hierarchy). The provably
recursive functions of the IX,’s were first established, independently, by Mints and
Takeuti using proof-theoretic methods (cf. [9]). The definitions of the functions of the
Wainer hierarchy vary slightly in the literature (the differences partially due to different
definitions of the fundamental sequence function); we use the following:

() Fo(x) E x+1,

(i) Fari(x) € FEH(x),

(iii) Fi(x) & Fiiye0(x), for 1 a limit ordinal,
where FY(x) is F iterated y times on x, i.g,

Fx)E FFC--(F)--)).
N’

y times

This hierarchy is a very natural one, obtained at successor stages by iterating the
previous function, and at limit stages by diagonalization. In the following section we
will be specific about how “F,(x) = y” is formalized; in particular, we will introduce
a do-formula to denote F,(x) = y (for a, x, and y free variables) such that (i)—(iii)
above are provable in /4, with “=" replaced by “~”. For such a formalization the
results of Paris, Ketonen, and Solovay mentioned above imply:

Proposition 5.1. For all n > 1,
IZ,FF,] & a< w,.
So, for example, IX, F “F, is total” for all ¢ € w, but IZ; ¥ “F, is total”. We note

that F,, is essentially Ackermann’s function.
In this section we generalize the above to:
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Theorem 5.2. For all n > 1 and all o < ¢,

T, ) FFs | & p < o

Proposition 5.1 is just Theorem 5.2 for « = 0. We note that, as explained in Section
4.3, it is enough to only consider /4, and TI(w“”,H,,) for all @ < g and n>1,
in order to describe the situation for T/(< y,%4) and TI(y,%€) for all y < & and
% = 4o, 2p, and II, for all n > 1. Thus using Theorem 5.2 and the well-known fact
that /4g - F, | if and only if a = 0 or « = 1, we have a precise description of the
functions in the fast growing hierarchy that are provably total in the theories TI(x, %)
and TI(< a,¥) for all « < ¢ and all € = Ay, X,, or IT,, for n > 1. In Section 6.3
we give a precise characterization of all of the provably recursive functions of these
theories. Before proceeding with the proof of Theorem 5.2 we will, in the following
section, show the existence of a A¢-formula expressing F,(x) = y.

We remark that in the upcoming sections, where the construction of models of
arithmetic take place, we will suppose that we are working in a metatheory sufficiently
strong to handle these constructions; certainly ZFC will do. However, in Section 6.4,
finitistic interpretations of such model-theoretic techniques are discussed.

5.2. A Ag-formula denoting Fy(x) =y

The computation of F,(n) can easily be described as a sequence of manipulations
of expressions of the form

FR(F( - (Fg(m)- ), (13)

where ny,...,n; € ©—{0} and ) > --- > o = 0. We are abusing notation by writing
n and n; when we really mean expressions such as the Smullyan base 2 representations
of n and n;, i.e. 7 and 7%, similarly we should use such expressions in place of the
o;’s. A single computation step is described as follows. If n; > 1 replace n; by ny—1,
and if n; = 1 erase F,* along with its parentheses; also: if a; = 0 replace n by n+1;
if oy = y+1 replace n by F7'*'(n), and if o is a limit ordinal replace n by F {la,,}(n)(n)‘
Continue as long as some F}’s remain. If we begin with the expression “F,(n)” then
the value of the expression we end up with is the value of F,(n).

We may have our expressions meet the requirement o > 0, if we compute F'(n) all
at once by writing the expression for m+-n rather than “Fj'(n)” whenever a computation
step requires us to write “F*(n)”. Doing this allows us to assign ordinals to expressions
of the form (13) in a natural way such that a computation step has a very nice
description as a function on ordinals. In particular, if we assign to (13) the ordinal

o n 4o+ 0™ ng +n,
(where o > 0) then a computation step is given by the function C : gy — & defined
by

Cla™ -n1+---+w°‘*-nk+n)d§f{w“' ‘m+-+ o™ ml(n)+n
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So if a = f+n, where B > w, then C(«) & {B}(n)+n. By reviewing the definition of
{ } it is clear that the expression corresponding to the ordinal C(«) is the expression
obtained by performing one computation step on the expression corresponding to o.

The number of steps needed to compute F,(x)} using the computation function de-
scribed above can be close to F,(x), and hence an exponential in F,(x) can be required
to code the computation of F,(x). By using a modified computation function the num-
ber of steps needed may be reduced sufficiently to allow us to code the computation
by a number smaller than a polynomial in F,(x), and hence enabling us to produce a
dp-formula expressing F,(x) = y. We reduced the number of steps in the computa-
tion when we chose to compute F'(n) “all at once”. A further reduction is made by
computing F7*(n) all at once. Noting F"(n) = 2"(n + 1) — 1, we define for § > w?,

C(B+o-m+n)E (B2 "(n+ 1) = 1)+2"n+1)— 1.

Using a Agp-formula expressing 2* = y (cf. e.g. [7] or the appendix of [4]), the graph
of C; can clearly be represented by a Ag-formula.

We code sequences of ordinals as follows. We denote the Godel number of the
sequence o, ...,0—1 by (dg,...,%—1)o. We let the Smullyan base 5 representation of
{atg,...,0—1)o be given by

—a ——d
5% alg *---*S*ra]k_l ,

—d
where 'a! denotes the Smullyan base 4 representation of o' (cf. Section 3). We let

leny ({0, - .-, 0k—1)0) %ef k, and

dwef [o ifi <k
0, - - 5 Ok — = i
({0 k—1)0)oi {0 otherwise.

In a manner similar to that used in Section 2.2 for sequences in ®w*, we can obtain
Ag-definitions for len, and (s,7) — (5)o,, as well as other functions for working with
sequences of ordinals, that have nice properties provable in I4y. To make notation less
cumbersome we will drop the subscript “0” and use the same notation for elements of
(¢0)* as for elements of w*. Since we are using different symbols to denote ordinals
than to denote natural numbers, no ambiguity will arise from the fact that we are us-
ing the same notation for sequences of ordinals as for sequences of natural numbers.
We emphasize that our conventions are such that (ao,..., ;) and (r%],..., rot;ﬂ) de-
note different numbers; similarly {(ord(ng),...,ord(n;)) and {ng,...,n;) denote different
numbers; in both cases, for the former, we use the definition of sequences of ordinals
less than &; and for the latter, we use our definition of sequences from the natural
numbers.

We use the phrase “s is a sequence of ordinals” to denote a formula expressing
“s = 0 or the Smullyan base 5 representation of s is of the form 5 x; % --- % 5% x,_),
where for i < k, x; is the Smullyan base 4 representation of an ordinal less than
&”, and we say “s = (0g,...,0—1) 1s a sequence of ordinals” if s is a sequence of
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ordinals of length £, and for all i < £, (s),i = ®;. We use the phrase s is a computation
sequence to denote the formula:

“(otp, ..., o) is a sequence of ordinals”
AVJ < k)Xo = Ci(2y)). (14)

We use the phrase (ag,...,0%) is a computation of Fi(x) to denote the formula:

“{ag, ..., ) is a computation sequence”

Alog = 0" - i +x) A (Ci{o) < w). (15)

Actually, (x,...,;) may code all but the last computation step in the computation of
Fi(x); this allows for a further reduction in the size of (ay,...,o). The formula (15)
is easily seen to be 4y.

As a notational convenience, for s = {xp,...,0), we let,

U(s) € num(C ().

By earlier conventions, if Cj(a;) > @ then U(s) = 0. For a = 135 and b = 522! we
will use the following formula to denote Fi(x) = y (we note that a and b can be
chosen much smaller):

(x>0vi=0)

A3s< y* + b) (“s is a computation of Fi(x)” A U(s) = y))
V(x=0Ai>0)

A(3s< y* + b) (“s is a computation of Fi-1(1)” A U(s) = y)). (16)

We will often write “F,(x)” in place of “F}(x)”. The formula (16) is easily seen to
be equivalent to a Ady-formula, and we have:

Theorem 5.3. Let Fi(x) = y denote the formula given in (16); then 1Ay proves the
Jollowing:

(1) (Fu(x) = y1 AFo(x) = y2) = y1 = »2.

(i) Fo(x)=x+1.

(iii) Fop1(x) = F3*(x).

(iv) LIM(2) A ({2}(x) ) = (Fa(x) = F3y0(x))-

(v) (FOx) = x) A (Fi¥!(x) = Fi(Fy(x))).
By Fitl(x) ~ Fi(F/(x)) we mean Vy(Fi*'(x) = y & 32(F\(x) =z AFi(z) = y).

In order to free this paper of a large number of technical details we omit the proof of
this theorem. This theorem is proved in Appendix A of [19]. We conclude this section
by stating some properties of the functions F,. Other than their provability in /4, these
properties are well-known; proofs of these properties are included in Appendix A of
[19].
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Proposition 5.4. The following are provable in I1Ay:
(i) For o =2, (Fy(x) |) implies that x* < F,(x),
(ii) If i > 0 and (Fi(x) |) then x < Fi(x)),
(iii) Supposen < w, n < o < &, n < x, and F,(x) = y, then (Iz < y)(Fa(x) = z).
(iv) &« > B — ((Fy |) — (Fg 1)), and
(v) If exponentiation is total, x 2 w, and F,(x) = y, then (3z < y)(Fy(w) = 2).

5.3. The <-direction of Theorem 5.2

Since (F, |) is a IT,-formula, there is an easy proof of the <«-direction of Theorem
5.2 for n 2 2. To handle this direction for all n > 1, we prove:

Lemma 5.5. For all o > 0,
T ) - F, | .

Proof. We let Ci(y) < 6 denote the formula:
3s(*“s = (ao,...,%—1) is a computation sequence” A (g = ) A (Ci(ai—1) < 6)).

So Ji(Ci(y) < d) is a Z;-formula. Also, noting the construction of our Ao-formula for
the F,’s, it is easy to get

I4p F (¥x > 0) () Ci(0® +x) < @) = Fulx) |).

Noting (w?-1) < 5°*?! = b is a computation of F (1) for any , and considering (16),
we obtain /4y F (F,(0) |); hence, it is enough to show that

TI(w® ;) F (Vx > 0)3i(Ci(0* +x) < o).

We now work in T/(w*, IT;). By Lemma 4.2, we have IIT,, and hence C; | (since
{ } | and exp |). Using results of Section 2, it is easy to show that (Vy = w)(Ci(y) <
1), so Vx(Ci(w* +x) < o* +x), and hence,

Va(Jy < o + o) FNCi(w® +x) < 7). (17)

By the <-direction of Theorem 4.1(a) with m = n = 1, and by the fact that if
a > 0 then o* + w < (w*)?, we have TI(w* + w,IT;). So by Theorem 4.6 we have
LN(w* + w, X1). By (17), there is a least y, say 70, such that 3i(Ci(w* +x) < y). Let
i be such that C(w*+x) < yo, and let y1 = C"’(w +x). If y; 2 w then Cy(y,) < 71,
implying C’°+1(w +x) < 71 < 7o, contradicting the leastness of yo. Thus y; < w,
S0 C{“(w“ +x) < w. We have established Vx3i(C!(w* + x) < w), which gives us the
lemma. [

Using the <-direction of Theorem 4.1(a) we have TH(w*",I,) v TI(B,I,), all
B < w“’?', so using the previous lemma,

THw®™,H,)F Fg | all § < ot
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which is the «<-direction of Theorem 5.2. The remainder of Section 5 is devoted to
proving the =>-direction.

5.4. The IX\-provably recursive functions

We have already noted that the provably recursive functions of /X, are exactly the
primitive recursive ones. This was originally proven proof-theoretically. The simple
model theoretic proofs of Kirby and Paris in [13] lead to the same result. Also Paris
made significant progress in the area of models of arithmetic by developing this tech-
nique, for example in [10]. The same proof techniques will be applied the proof of the
=>-direction of Theorem 5.2; in this section we demonstrate the technique for the /X,
case. This example will serve as the prototype for future applications. Recall, for these
model theoretic constructions, we are working in a sufficiently strong theory such as
ZFC.

Before proceeding we mention some notational conventions. For Ly-models / and M
we say I is an initial segment of M or M is an end extension of I, and we write ISM,
ifICM,and forallaelif M =b < a then b € . We use w to denote the standard
part of any model of I4y, so for any M |= I4,, we have wEM. Also “a € M — @”
means a is nonstandard. If /SM then we will write / < b to mean b € M — I.
Sometimes we write a < I to indicate a € I. We use [a,b], [a,b), (a,b], and (a,b)
to denote {x: M Ea<x<b}, {x: MEa<x <b}, {x: MEa<x<gb},
and {x: M [ a < x < b}, respectively. If a € M often we will identify a with
{x: M Ex < a}; for example if {a,: n € w} C M, then,

U a,,déf{x: for some n € w, M | x < a,}.
new

If for all m€ w, I € Y

of M.

The key lemma used to classify the provably recursive functions of /X, is the
following. (Recall, I4o(exp) is the natural extension of /4, obtained by including
exponentiation. )

hew @n # Gm We may use the terminology / is a limit point

Lemma 5.6. Suppose M = I4y(exp) + {F,(a) = b} where a,b € M — w, then there
is an ISM such that a <1 < b and I EIZ).

We note that the existence of such an M is easy to show. By the absoluteness of
Ao-formulas with respect to initial segments of models of /4;, we have

T 3y(Fu(a) = y),

so IX| WF, |; since I = IZ), using Proposition 5.4(iv), we have the ->-direction of
Theorem 5.2 for « = 0 and n = 1. We note that this result would be obtained even if
M is a nonstandard model of P4 or of Th(w). The fact that M need only be a model
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of a theory such as Idg(exp) + {Fu(a) = b} + {a > n: n € w} is used to formalize
this construction in weak theories, as is done in Chapter 5 of [19] and in [22).
The lemma may be represented by the following picture.

| hY

f ) 1 Y i )
0 @ a TEI5,  b=Fuo(@M k Io(exp)

Proof of Lemma 5.6. Suppose M k= I4¢(exp) + {Fu(a) = b} +{a > n: n € v}, and
suppose {i;: i € w} is an infinitely repetitive enumeration of all Ao-formulas. We
will define {a,: n € w} and {b,: n € w} with the following properties:

(s n#0 = (an—l)2 < ap.

Rha<a < - <a<by<by_1 < -+ <hy.

(3)n f n# 0 and (¥) < (ay—1 — 1) then uwir,_1(w, ¥) & (@n, bul-

(4)n b, = Fa—n+l(an)-

Note that uwy ,(w, 7), i.e. the least witness to the formula Iwy(w, y) if there is such a
w or 0 otherwise, exists since M = I4,. We proceed inductively (in the meta-theory).
If we let ap = a, and by & b, then clearly (1)o~(3)o all hold. Since F(a) = Fayi(a),
(4)p holds as well. Now suppose we have a; and b; for i = 0,...,n such that (1),—(4);
all hold. Note that, using the fact b, = F;‘"_J;l(a,, ), we can express the interval [a,,b,]
by the following picture:

i i i z .............
an Fa—n(an) F,f_,,(an)

f }
F (an) For*l(an) = by

Since there are a, + 1 subintervals of the form (F,{_,,(a,l ),F,ff:,(a,,)], and the set

{wwyn(w,7): (¥) < (an — 1)} has at most a, — 1 elements, we know that there
is an interval of the form (F’_,(a,),F/*!(a,)] disjoint from {pwy,(w,7): () <
(a, — 1)}, and such that j # 0; we note that this argument uses the Ao-pigeon-hole

def

principle, which is known to be provable in /4g(exp) (cf. [15]). Let @y = F{;_n(an)

and b, wf F‘{fl,(a,,) for such a j. (2)p+1, (3)n+1, and (4),4; are all immediate. For

(1),+1 we use Proposition 5.4(i) and the fact that a —n > 2 to get (a, ¥ < Fo_n(ay).
So by Proposition 5.4(ii) and the fact that j # 0, we have (a,)* < F‘{_,,(a,,) = Qps1;
(1)p4+1 follows.

Now let 1 % Unew @» We claim I |= IZ;. By (1), for n € w, I is closed under +
and -, so I is a Ag-elementary substructure of M. Since /4, has a II; set of axioms (the
induction axioms of 4, can be given in the form VZVw(@(0,2)A(Yw < w)@(x,Z) —
e(x+1,2)) — (Yw < w)e(x,2)) where ¢ is 4g), we have I = I4,. So, using results
discussed in Section 4.4 it will be enough to show that the least number principle holds
in I for all X;-formulas.

Suppose co,c1,-..,¢x € I, ¢ € Ao, and I |= Iwe(w, ¢y, ), where € denotes cy,...,ck.
We want to show that there is a least such ¢g. Since 7 |= 14, and since for all k € w,
IAg + Yxo,...,xx3s(s = (xo,...,x)) (cf. Proposition 2.2(i)), we have {(co,...,ck) € I.
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Hence for some n € w, {(cy,...,cx) < (a, — 1), and since {Y,: n € w} is infinitely
repetitive, we may select n such that ¢ =y, as well.
Now since I |= Iwy,(w, o, ¢) and I < b,,, we have

M '= (BW s bn+1)¢n(W, Co, E)

Using Aq-induction in M, let & be the least such cp, then (&, &) < (¢,&) < (a, — 1)
also. By (3),+1 we have

M '= (aw S Any1 )'//n(W, a)’ 6)5

so I |= Im,(w, ép,©). & is also least in I, since if ¢ < & and I = Iwy,(w,c,¢) then
M = (3w < by Wa(w, ¢, €) contradicting the leastness of ¢y in M. [

The goal of the remainder of Section 5 is to prove a version of Lemma 5.6 with
IZ, replaced by TI(w®,II,) and F,, | replaced by F 1 |. The above proof will be
generalized in two ways. For one we will need to apply the above technique for n
unbounded quantifiers rather than just one; also we will need to deal with ordinals less
than w®" for an arbitrary o < &, rather than for the particular case where a = 0. The
machinery for generalizing to n unbounded quantifiers is developed in the next section,
and then, in the following section, we deal with arbitrary ordinals.

5.5. Generalizing to n unbounded quantifiers

The technique used to generalize to more than one unbounded quantifier is a variation
of techniques used by Paris in [10]. To see how this is done, first consider the result
of carrying out the construction of the a,’s and b,’s (for the proof of Lemma 5.6)
inside M. How this can be accomplished is described in the next subsection. Now we
note that inside M the construction would necessarily terminate once @ —n+ 1 reaches
0, i.e. once n = a + 1 (consider (4),). In this section we show that if the interval
[a,b] satisfies a certain largeness condition then the construction, with the property
(4), of the proof of Lemma 5.6 replaced by a different property, can be carried out
much further. So we would end up with sequences ay,...,a, and by,...,b, where r is
a nonstandard number usually much larger than ay.

We note that for any limit point / of the a,’s, any ¢ € I, and any ¢ € 4,

I &= Iwp(w,&) & M E (Fw < a,)o(w,?). (18)

The =-direction follows from / < a, and / ;(,M (since I is closed under + and -). The
<«=-direction uses the fact that if w < a, then w < b; for all i < r; so if {(¢) < (a,—1),
Vo= @, and M = (Iw < a, Wn(w,C) then M = (3w < bpy1 Wa(w,©), and so by
(Bnt1, M = (3w <€ ap1) Walw,©). If € € I then there is such an n where a, € I; since
I is a limit point a,y) € I as well. Since I M we have I = Iwy,(w,&). Note that
by taking the negation of both sides of the <> we can replace the “3” in (18) by “V”.

Now if the set {ay,...,a,} is sufficiently large we can handle a second quantifier
by performing a second construction, selecting intervals in the set {ay,...,a,} rather
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than the set [a,b], and by working with formulas of the form Iw(QOx < a, W ,, where
Q € {V,3}, rather than Iwyy,. We will get sequences aj,...,d; and b},..., b, with
properties similar to (1),~(4), of Lemma 5.6. Then we will show that for any limit
point of the a)’s, for Q € {V,3}, and for any ¢ € 4,

I = IwQxp(w,x,¢) & M = (3w < a)(Qx < a,)o(w,x,).

As in (18) we may replace “3” with “v”. If the interval [q, ] is sufficiently large this
process may be carried out for » quantifiers. We will show that replacing y by w? in
the subscript of F,(a) = b yields a sufficient largeness condition to accomplish this
task for one additional quantifier.

5.5.1. Carrying out the construction inside M

To carry out the construction inside M it is enough to have a truth definition for
Ao-formulas to which M can apply the least number principle (i.e. for which M has
induction). Since we are only concerned with standard formulas with parameters below
b, and since M k= 14y, it is enough to get a formula @4, € 4y such that for all ¢ € Ay,

M |= (Vb < bY(@(@) = 04,('0, (D))

From [11] we know that if for some e € M and all n € w we have e > 2", then there
is such a formula @4, with e as a parameter. So there is a d¢(exp)-truth definition for
Ap-formulas; we let @4, denote such a formula.

We note that by using the formula @,4,, we need not consider the enumeration
{Y;i: i € w} in the construction of the a,’s and b,’s. Instead we work only with the
formula @,,. For example, we consider uw® 4,("y;!, (w, 7)) rather than pwi;(w, 7).

5.5.2. a-Large sets

Along the lines of [8] we extend the domain of the fundamental sequence function to
include finite sets and sequences of natural numbers. In this section we work primarily
in IAp(exp).

Definition 5.7. For ay,...,a; € o let {a}(ap,...,ax) be given by

(a) {a}(4) € o, and

) {a}ao,...,ax) 2 {{a}(ao,...,ax—1)Hak).

More precisely we let “{a}(ao,...,ar) = B~ denote the formula,

s(“s = (g, ..., o+1) is a sequence of ordinals”
Ao = o) A (Vi < k)01 = {2}(a)) A (a = B)). (19)

We say (aq,...,a;) is a-large if(def) {a}(ao,...,ax) =0, and (ay,...,a;) is exactly

a-large if(def) (aq,...,a;r) is a-large and (ao,...,ar—1) is not o-large. We say 4 =
{ao,...,ax} in increasing order if(def) ay < --- < a;. We code finite sets as increasing
sequences, i.e. we identify the set 4 = {ap,...,a;} (in increasing order) with the
sequence (ao,...,a;). For A = {ay,...,a;} in increasing order, let

©) {a}) ¥ {a}aq,...,a).
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Furthermore let,

(d) Galx) = uy(lx, ¥] is a-large).
More precisely we let “G,(x) = y” denote the formula,

Is(“s = {0, ...,%41) is a sequence of ordinals” A (ap = «)

AV < k)1 = {0 }x + D) A (s # 0) A (s =0) A (y =x+4k)).  (20)

Remark. According to (7),
M1
{Ta}m) <4- BT + 1)l * k- (n 4 2)%

So clearly, s in (19) can be bounded by a term using the exponential function exp;
similarly s in (20) can be bounded by a term in exp. Thus there are Ag(exp)-formulas
expressing “{a}(t} = B”, “t is a-large”, and “G,(x) = y”, such that their defining
formulas given above are provable in /Agp(exp). Rather than seek a more efficient
coding of these computations we will work over the base theory I4o(exp).

In light of the definition of F, in terms of the computation function C), it is not
surprising that the function F, is closely related to the function G . In fact we have:

Proposition 5.8. The following are provable in I4¢(exp) :
(i) Vx((Fulx + 1) |) = (Gor(x) 1) A Gox(x) < Fau(x + 1)),
(i1) Vx((Gor(x) |) = (Falx) ) A Fulx) < Gor(x) + 1)

Other than provability in /4p(exp) this proposition is well-known (cf. [8]). The proofs
of these, over I4y(exp), are included in Appendix B of [19], and are omitted here.

The condition that [a, b] is wﬁi}-large is a sufficient largeness condition to carry out
the two types of generalizations described at the end of Section 5.4. We will show
that for each of the n w’s represented by the » in the subscript »+ 1, we can handle a
single unbounded quantifier as previously described. By Proposition 5.8(i) the condition
Fz+(a) = b will provide us with a sufficient largeness condition.

We next state some of the key properties of a-large sets, but first we introduce some
terminology. We say Ay, ...,Ax is an increasing partition of A if (def):

(a) A=A4pU--- U4y and

(b) for all i < k, max 4; < min 4;,,.
The following, over a stronger base theory, are versions of well-known results (cf.
[8, 10]); for the base theory /do(exp), the proof, omitted here, is included in Appendix
B of [19].

Proposition 5.9. The following are provable in 14y(exp) :

() If X = {xo,...,x.} in increasing order is w* + 1-large where & > 0, then there
are sets X\, Xa,...,Xq 11 Such that {xo,x,},X1,...,X+1 is an increasing partition of
X, and for i = 1,...,x9 + 1, X; is w{®}™).large.
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(ii) Suppose X = {xo,...,x,} and Y = {yo,..., ys} both in increasing order, s = r,
and x; 2 y; all i =0,...,r. Then: X is a-large = Y is a-large.

(iti) Suppose X CY and X is a-large, then Y is a-large.

(iv) s is exactly w* - a-large if and only if s = s\ x--- x5, where for i =1,...,q,
s; is exactly w*-large.

The proof of the next lemma imitates the construction of the a,’s carried out in the
proof of Lemma 5.6.

Lemma 5.10. Suppose 0(u,v,w) € Ag. The following is provable in IAy(exp). If X =
{x0,...,xc} in increasing order is " + 1-large where 0 < y < &y, then there are sets
Y ={yo,.--, »} CX and Z = {zy,...,2,} CX such that Y is exactly y-large, and for
i<r,

(1), fO<i<r—k+1andk <y then Fr(yi—) | and Fi{yi—y) < yi

Qix=yp<yn< - <y<z<5E 1€ =X

() Ifi#0and p < (yi-1 — 1) then uwb(p,v,w) & (yi,z].

4 izl N X is ot0w—yi-0) 4 1large.

Proof. We remark that the free variable v in 6 is a parameter fixed throughout the
construction of Y and Z. We prove the lemma with (1); replaced by

(I'); If i # 0 then F{‘/}(yo,.-»,yi—l)(yf—l) | and F{v}(}’o,---,y:‘—l)(y:'—l) < Vi

Since Y is exactly y-large, if i < »—k+1 then {y}(»0, ..., ¥i—1) = k, so by Proposition

5.4(iii), if yi_1 > k, we have Fi(yi-1) < Fiy300,...:0(Vi-1), hence (1);i=(1);.

Let y(r, X, Y,Z) &f (Vi < r)((1)iA2)iA(3):A(4),); note that  is a dg(exp)-formula.

We will show:

() (AY,Z < XW(0,X,Y,Z), and
(i) AY,Z < X)WUXLZYNpHY)Y#0) - BV, Z < XW( + LXY,Z).

Clearly 3Y, Zy(c+1,X, Y, Z) fails (e.g. consider (2).41). So using Ag(exp)-induction,
(i) and (ii), there is an r < ¢ such that 3Y,Z(Y(r,X,Y,Z)A “Y is exactly y-large”).
Thus if we prove (i) and (i1) we will have the lemma.

For (i), simply let ¥ = {xo} and Z = {x.}, then (1'), (2)0, (3)0, and (4), are
all clear. For (ii) suppose we have ¥ = {yy,...,y;} and Z = {z,...,2;} such that
(1);, (2);—~(4); all hold for i = 0,...,j and such that {y}(¥Y) # 0. Since Y CX
there is a i’ <c¢ such that y; = xy. Applying Lemma 5.9 (i) and (4);, there are
sets Wi,..., W, 11 such that {xy,xsy}, W1, ..., W, is an increasing partition of
[¥iz] N X, and for [ = 1,...,y;11, W, is w00~ Jarge. Let I be such that
1 <1< y; and (max W;,max W1} N {uwb(p,v,w): p < (y; — 1)} # . Such an /
exists since there are y; intervals of the form (max W), max W, (] with 1 < < y; and
the set {uwd(p,v,w): p < (y; — 1)} has at most y; — 1 elements. For this we use
the Ag-pigeon-hole principle; noting that 6 is a Ag-formula and we can code the set
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{max Wi 1 <1< y;+1} Let yiy & max W, and z;41 & max Wiy, (1), ()—(4)
all i <j, (2)j41 and (3);4 are all clear. For (4);,), we note that

{max W;} U W) = [yj1,2ja] N X

is {002 4 1-large. For (1');4) note that W) C(y;, max Wi] C (), yj+1], and W,
is w{rHre.--31) large, so by Proposition 5.9(iii),

(3 ypn] s @05 targe,
80, G, t300.(y; + 1) ], and

G 3oy (5 + 1) < Y. (21)
Using Proposition 5.9(ii), [y}, G tog.ap(¥j + 1) — 1] is w{100) arge, so,

G, ro0-(¥)) + 1 < G oo (¥ + 1) (22)
By Proposition 5.8(ii),

F5300 () < G tdue () + 1. (23)
By (21)—(23), we have (1');41, completing the proof of (ii) and the proof of the

lemma. O

5.5.3. Generalizing to n unbounded quantifiers
For generalizing to n unbounded quantifiers we use the following notation. If Y/(7) =
OnXs...O1x10(X; ), where ¢ € 49 and Q; € {V,3} forall i = 1,...,n, let

V(D) € (Quxn < 2).- - (O131 < 21)O(E; 7),

where zy,...,2, do not appear in ¢.

The following lemma wiil aliow us to generalize the proof of Section 5.4 to n
unbounded quantifiers; also it is tailored for dealing with arbitrary ordinals as described
in the next two sections.

Lemma 5.11. (a) For f < & and n = 1 the following is provable in I4¢(exp). Sup-
pose azn+1and F of l(a) = b; then there is a set A = {ay,...,a,} in increasing
order, and d = di,...,dn_1 such that
(Day=a-n—1,a,<b andif 0 <i<r—k+1and k <a;,_ then Fy(a,_y) |
and Fi(a;—() < a;;
(ii) A4 is B-large;
(iii) and for i=1,...,r, if @(FHw) € Z,_y UH,_y and {{¢*|, p) < a;_| — | then,

(Iw < a)@"(B,w;d) « (3w < a,)0* (P, w;d).

We use a Ao(exp)-truth definition for Ao-formulas to express (iii).
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(b) Furthermore, if M |= IAo(exp) + (Fp (a)=b)+ {a > m: m € w}, then for
n—1
any limit point I of A (given in a), any Yy € £,UIl,, and any p € 1.

TEWP) & MEy(Bda);

Proof. We will use meta-induction on n to prove (a) and (b) of the lemma simul-
taneously. For (a) we work in [4p(exp) + (F s (a) = b). For (b) we let M
14o(exp) + (F, 2 (a) = b); we suppose a € M — w and we suppose / is a limit point

of the set 4 glven in (a) (we note that if § > w then such an [ exists). Let 8(u, v, w)
be a formula such that, in /4¢(exp), for any ¢ € Ao, and for any p, q, and d,

0(("", B),(d),q) expresses o (p,q;d).

Using the formula @4, of Section 5.5.1 we may assume that 8 is a dg(exp)-formula.
Base step: n = 1. By Proposition 5. 8(i) G ,;(a — 1)< b, so [a—1,b] is wP-large,

hence [a —2,b] is wf + 1-large. For x“ [a 2 b] and O(u,v,w) as given above (using
%'y and B % Z be given by Lemma 5.10, and
let a; &ef y; and b,~ = z,~, for i <r. Also let d *f A (i) and (ii) are immediate from
Lemma 5.10.

The —-direction of (iii) follows from a; < a,. For the «-direction, suppose ¢ € Ay
and ([(p” D) < ai—1 — 1 where 0 < i <r, and (3w < a,)¢*(P,w). Then using the
definition of 6 and the fact a, < b;, we have (3w < b;,)0(({'@*', p), A,w). By Lemma
5.10(3);, we have (3w < a;)8(({"@*, B), A, w). Thus (3w < a;)e*( B, w), giving us (iii).

For (b), suppose ¢ € Xy, say ¥ = Jwe(¥,w), where ¢ € Ag. By (i) of (a), I is
closed under + and -; hence, / is a Ag-elementary substructure of M. Since ¢ € 4y
we have ¢ = ¢*, so for all p,q €/,

v=Aas a parameter in 9), let 4 =

I'=o(p.q) & M= 0" (P,q),

Since I < a,, we have [ = 3wo(p,w) = M = (3w < a,)o(B,w), ie.,
I E¥(p) = M=y (Ba).

On the other hand, suppose M |= y*(7;a,), where p € I, i.e. M = (3w < a,)o(p, w).
Since '@*' is standard and I |= 14y, we have ({¢*!, p) € I; hence, since I is a
limit point of 4, ('¢*', p) < a;_, — 1 for some a;,_; € I. By (iii) of (a), M =
(3w < a;)e*(p,w). Since [ is a limit point a; € , so I = 3we(p,w). We have
proven (b) for ¢y € Xy; for ¢ € II, we take the negation of both sides of the <.
Thus (b) holds.

Induction step: Suppose a>n + 2 and F s(a) = b. Let A" = {aj,...,a,,} and

d def dy,...,dy_ be given by the induction hypothesis, using ' = b in place of S,

and notlng F y (a)=b. Note 4’ is wP-large. Let X = {a—n—2}U4’ (so X is 0P +1-
n~—1

large), and let d, &f a... Apply Lemma 5.10, with 8 as above using v = (dy,...,d,)
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as a parameter, to obtain A% ¥ and B def Z, and let a, = y, and b = z, for i <

Then (i) and (ii) are immediate.

The —-direction of (iii) follows from a; < a,. For the «-direction, suppose ¢ €
2, UIl, and ([(p*],ﬁ) < aj-y — 1 where 0 < i <r, and (Iw < a,)@*(B,w; 3) Then
using the definition of 6 and the fact a, < b;, we have (3w < b,)0({'¢*), p), (d), w).
By Lemma 5.10(3); we have (3w < a,)0({'¢*!, p), (d),w). Thus (3w < a;)¢*(B,w;d),
giving us (iii).

For (b), suppose ¥ is such that y(#) = Iwe(ii,w) for some ¢ € II,, and suppose
for some pe I, M E (3w < a,)(p*(ﬁ,w;g). Since ‘¢! is standard and p € I there
is a j such that 0 < j < r and ((p ,D) < aj-1 — 1 < I. By (a)(iii), we have
M E (3w < a))o*(p,w; d) Since [ is a limit point, a; € I, so we have, using (b) in
the induction hypothesis, I = Fwo(p,w). We have shown that

IEWP) < M EY(B;d,a).

For the =-direction suppose I = ¥(p), i.e. suppose I = Iwe(p,w). Since I < a,
we clearly have, using (b) in the induction hypothesis, M = (3w < a,)o*(P,w;d), or
equivalently M = y*(p;d,a,), completing the proof, for all ¥ € X,,, of,

1 E=YW(pP) & M=y (Bda).

To get this for € II,,,, simply take the negation of both sides of the <. This
completes the proof of (b), and hence the proof of the induction step and the proof of
the lemma. [

5.5.4. Remarks on the proof of the =-direction of Theorem 5.2
We will apply Lemma 5.11 as follows. Suppose

M = IAo(exp) + (F ;1 (a) = b) + {a > m: m € w};

in our metatheory, we can easily show that such an M exists. Let 4 and d be given
by Lemma 5.11 using § = w**!. 4 is w**'-large, so 4 — {ap} is w®-(ap+ 1)-large. By
Proposition 5.9(iv) there is an increasing partition Ay,..., 4441 of A — {ap} such that
for j=1,...,a0+ 1, 4; is »”-large. Let ii,..., i+ be such that a;, = mind;, and let,

def U a,. (24)
jew
Sincea <I< b= m(a) we have I |£ F ... |. In Section 5.6.2 it is shown that

I = TI(w®", IT,,). Before proceeding to thai task we point out that for the « = 0 case,
where we only need / |= IZ,, the result is easily obtained. By (b) of Lemma 5.11:

I =W(p) & M Ey*(p;d,a).

Hence the least number principle for 4¢-formulas in M yields the least number principle
for X,-formulas in 7.
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5.6. Dealing with arbitrary ordinals

To see how we will deal with arbitrary ordinals consider the limit point / defined in
(24). Lemma 5.11 implies that with parameters far enough below a; the least witness,
in I, to a formula, is below a;;1. If I |= @(p,s) where we view s as a sequence of
natural numbers, we may find the least e; such that 7 = 35'¢(p, (e;) xs’). A careful
application of the lemma will show that if p is far enough below a;, then (p,e)
will be far enough below a;.; to repeat the argument to obtain the least e; such that
I =35¢p(p,{e1,e2) *s) and such that (p,e;,e,) is far enough below g;;,, and so on.
If I is sufficiently long, i.e. if a;44 € I for a sufficiently large value of %, then the
construction may terminate yielding e,...,¢; € I such that I = @(p,{ei,...,ex)), and
foralli=1,...,k,

I e = ue(I'o(p,{el,...,ei—1,€) xs')).

o (e1,...,e;) will then be the <,-least sequence such that / = ¢(p,5) (the lex-
icographic order, <, is defined in Definition 5.22). In Section 4.5 we showed that
TI(w¢, I1,) is equivalent to the least sequence principle for sequences of length ¢ on
X ,-formulas. In this section we show that TI(w“’A",H,,) is equivalent to the least se-
quence principle for “exactly w?-large sequences” on X,-formulas. Using I as given in
(24) we will show, for ¢ € X, that the above construction can be carried out to find
the <,-least sequence s such that

IE o(p,s)N “s is exactly o*-large”.
This will yield I = TI(w®", I,).
5.6.1. Ordinals less than w® coded by exactly w'-large sequences
def .
Let S, = {s: s is an exactly a-large sequence}.

Theorem 5.12. The following is provable in 149+ F3 |. For all y < & there is a
total function H, such that

(Swr, < L)i(w‘""', <).

That is 14y + F3 | proves H, is an order preserving bijection from (Sy:, <r) to
(0, <), where < is the lexicographic order (defined in Definition 5.22) and < is
the ordinal less-than relation.

The proof of this theorem will follow several lemmas. First we give a lemma that
will motivate our definition of H,. For each fixed «, this lemma describes a kind of
normal form for the ordinals less than w®™"" .
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Lemma 5.13. The following is provable in IAy(exp). For all o,y < &, if o <y <
"' then y can be expressed uniquely in the form

=0t (1 +85)+ 0 D g+ + 0”8+ 0?0 G,

where k > 1 and 6,...,0, < w®. In particular, if w? <y < "' then y is uniquely
identified with a sequence of ordinals 8,0¢_,,...,00, where 6; < w®. “1 + & is
used in place of “8,” to ensure that the identification is bijective.

Proof. Suppose w" - nj +---+ " - n; is the Cantor normal form of 7. Then w**' >
yi, for i = 1,...,1. By Oy, of Section 3 for each i = 1,...,/ there is a k; such that
7 < {0**'} (k) = ©* - (k; + 1). Using O3, and induction on k;, we may assume k;
is least; i.e. we may assume that @w* - k; <7y, < w* - (k + 1). Using O3, for each
i=1,...,1 there is a unique y} < ®® such that y; = ©* - k; + 79} Let k défkl, and for
each j = —1,0,1,...,k let,

I+1 if j=-1;
i &f { the least i such that (k; = j) if such an i exists;
i otherwise.

By 0,7, O3, and induction,

y = k. (wyfk T SRR =1 Ry —-1)

+o¥ ! (wy,f] T R o= “Rig—1)
+ww1'0 . (wyl/o “hy, + .+ w}'; . nl).

. def o/ S def .
For j=0,...,k—1,let§; = " -+ -+@"-1""-n;_ _y, and let & = the unique
o such that 1 + 6 = ' S 4+ @'=1" - n;,_,—1 (the existence of such a & is
guaranteed by O3). Clearly 6, < o forall j=0,... k and y = 0% - (1 4+ &)+
@ * =D 5 o+ @ -8 +@? 0 §). The uniqueness of k is clear since & is the
least integer such that y < w® *+D, Now suppose,

ww’~k (1 + 6k)_+_ww"(k_l) O+ F wwz -6 +
— @k (1+8) + @ *=D. Oy + -+ w® - 01 + . (25)
Let i be greatest such that &; # &), say &; < 5. Using Oy3, 0 - &; < 0?" - §/; so,
w®k . (14 8)+ PR Gl DI Sp_1 4+ w? - o1+ g
<o (148)+ o ¢V 5+ 0”8+ 6
contradicting (25). Thus &; = ¢/ all i =0,...,k; i.e. dy,...,0; are unique. O

We now define the H,’s of Theorem 5.12, first in the metatheory; then we sketch
how this can be carried out in /4y + (F3 |).
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Definition 5.14. For « < &, let H,, defined on {y: y < '}, be given by
(a) Ho(y) = (num(y)), all y < w.
(0) = Hg(y) if y < w®’
(k) % Hg(8¢) % - - - * Hp(Bo) if 0® <y < 0””,
where k,dp,...,0; are
given by Lemma 5.13.

(b) Hp () =

(c) For 4 a limit ordinal,

(0) * Hayoy(n) ity < 0@
w0l

(k) * Hpyao(8) if 0@ 7" <y < 0",

where 0, given by O3, is
olAHE=n 46

H(y) =

such that y = w
def . x
We set Hy(y) = 0if y 2 0.

We note that in every case of the definition, if y < ®, then H,(y) is of the form
(k) x5, where k is least such that y < {w® }(k), and s = A or s = Hygo(v0) * - *
H{a}(k)(yl_l) for some yg,...,71-1 < ww{z)(k).

Viewing H as a binary function on ordinals, / is given by transfinite recursion
(noting that {«}(k) < « and y; < y for i =0,...,/ — 1). Below we sketch how the
transfinite recursion used here is of a form that can be carried out in /4o +(F3 | ). Fur-
ther we will show that there is a form of transfinite induction provable in 745+ (F3 |)
that can be used to prove properties of H,. We note that this is a variation of tech-
niques applied in [10, 8]. Only a sketch of the key ideas used to prove this result are
given; this is worked out in detail in [19]. The following finite set of ordinals will be
useful for this purpose as well as in some later applications.

Definition 5.15. Let O(h,¢) &f {o: h(a) < h and cmax() < ¢}. Compare Section 3.3
for the definitions of the functions 4 and cp.. We note that y € O(h,c) is equivalent
to A(y) € kA cmax(7) < ¢, and hence is a Ao-formula.

Lemmas below imply that for « € O(h,c + 1) and y € O(h,c), H, is definable using
“recursion in O(h,c + 1)”; in particular, Lemma 5.16 shows that {a}(k) € O(h,c + 1)
and y; € O(h,c) for i = 0,...,1—1 (where k and the 7;’s are from the definition of H,).
Further, according to Lemma 5.17, O(h,¢) has cardinality bounded by a 4¢(F3)-term;
so there is a Ag(F3)-enumeration of finite sets of ordinals (the O(A,c)’s) such that
whenever o and 7 are in the enumeration and H,/(y") is involved in the definition of
Hy(p), then o’ and 7’ appear earlier in the enumeration than o and y. These facts can be
used to show that there is a Ao(F3)-definition of H. Next the lemmas just mentioned
are given.

Lemma 5.16. (14 + Vx3y(x'8* = y))
(1) LIM(A), {A}(k) € O(h,c) = k < c.
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(2) y€Ohec), {a}k) <y < {a}k+1)) > k<c
(3) k < ¢, y€O(hc) = {y}k) € Oh,c).

The proof of the above lemma is omitted; it uses induction on 4 and is included in
detail in [19]. Next, bounds on the cardinality of O(A,¢) and on the size of the codes
of elements in O(4,¢) are given. Let

n(h,c) < the cardinality of the set O(h,c), (26)
and

I(h,c) & max{|™y']s : y € Oh, c)}.
For all ¢, O(0,c) = {0}, so we have n(0,c) = 1 and I(h,c) = 0. For all y € O(h+1,c)
there are y,...,7« € O(h,c) and ny,...,n; < ¢ such that

—4 —4 —d
[y] =4 % ry]l *3*ﬁ2*---*4* ry]k *3*@2.
Thus
o I(h+1,e) <2+ I(h,c)+ |c|2) - n(h,c), and

o n(h+1,c) < (c+ 1yho,
We may obtain, by induction on A, if A > 0,

Lo le+l)
o n(hc)< (c+ DD and
N ——
k(c+1)’s
LA430)
o I(hc) < (3c)® .
N
1 (3¢)’s
The first bound is clear. The second bound is much more than adequate; note that
I(h+ 1,c) is a little more than I(h,c)- n(h,c) which, as long as ¢ > 1, is less than the

bound for /(h,c) cubed, and certainly B® < (3¢)?.
Next we claim that for £ > 1,

m™ " < Fy(m- k). 27)
Em’s
This is easy to prove in 4y + F3 | (we note that the bound on the right is excessive).
To obtain this it is useful to note that

2

¥ < Fi(x),

x2’s
which is provable in /4y + F3 |. We will not fill in the details of the proof of (27).
Using this bound it is straightforward to prove:

Lemma 5.17. (I4¢+ F3 |) The functions n and | are both total and each is bounded
by an Lo(F3)-term.
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We now describe the restricted form of ordinal induction mentioned prior to Lemma
5.16, in particular induction on the ordinals in the finite set O(h,c) for fixed values of
h and c. The idea for this comes from Paris in [10].

Proposition 5.18. For all ¢ € Ay, the following is provable in I4g+ F3 |:

(V6 € O(h,c))((Vy € O(h,c) N 8)p(y) — @(d)) — (V7 € O(h,c))o (). (28)

We use the phrase “induction on vy in O(h,c) for o(y)” to denote (28).

Proof. Using the totality of the functions / and n, given by (26), we can show, in
I4o + (F3 |), that for each h and c there is a sequence (yi,...,Yn(,c)) such that
O(h,c) = {yi: 1<i<n(he)}, and for i = 2,...,n(h,c), we have y;,_; < y;. Note
that

(Vé € O(h,c))((Vy € O(h,c) N 8)p(y) — ¢(8)) (29)

is then equivalent to (Vi < n(h,c))(Vj < D)e(y;) — @(¥:)); so by ordinary induc-
tion, noting that for a fixed 4 and c the formula ¢(y;) is a Ado-formula, if (29)
then (Vi < n(h,c))@(y;), which is equivalent to (Vy € O(h,c))@(y). This yields the
proposition. [

In light of Lemmas 5.16 and 5.17 and the discussion preceding the statement of
Lemma 5.16, the following is straightforward. The proof uses ideas similar to ideas in
the proof of the previous proposition.

Proposition 5.19. The function (a,y) — H,(y) is I4o(F3)-provably recursive.

Lemma 5.20. The following is provable in IAy + F3 |. If y < w® then H/(y) is
exactly w*-large.

Proof. We will use induction on « € O(h,c + 1) to show that for any y € O(h,c),
H,(y) is exactly w*-large. For the a = 0 case, Hy(y) = (num(y)) is clearly exactly
1-large, i.e. exactly w®-large.

If « = f+ 1, then H,(y) = (k) *x Hg(dx) * --- * Hp(d) for some k£ € w and
00,...,08 < o where d0,..-,0; € O(h,c). Applying the induction hypothesis we
have Hg(o),...,Hg(x) are each exactly wP-large; applying Proposition 5.9(iv), we
have Hp(do) * - - - * Hg(d) is exactly ? - (k + 1)-large, and hence Hg () is exactly
wf*1large.

If « = A is a limit ordinal then H,(y) = (k) * H;3)(0) for some k € w and § <
w®"**" where & € O(h,c). By Lemma 5.16 we have k < ¢ and {i}(k) € O(h,c + 1),
so by the induction hypothesis H(;))(4) is exactly w{’l}(")-large, and thus H,(y) is
exactly o*-large. O

Lemma 5.21. /4o + F; | H, is a bijection from {y: y < &} to Sy
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Proof. Applying Proposition 5.19 and Lemma 5.20, it is enough to show that H, is
one-to-one and onto. We will use induction on « in O(h,¢c + 1) to show that for all
I <n(hc), and all ny,...,n; <c, if (ny,...,n) is exactly w®-large, then there is a
unique y € O(k 4+ 2,c + 1) N 0 such that H,(y) = (m,...,n;). In proving Hy(y) is
unique, restricting y to O(h 4 2,c + /) is no problem since if H,(y;) = H,(y2), we can
pick A and ¢ such that a € O(h,c + 1) and 1,72 € O(h + 2,¢). Also we note that, as
proven earlier, / is bounded by an Lo(F3)-term in 2 and ¢ (since n(h,c) is), and so
(ni,...,n;) is bounded by an Lo(F3)-term in A and c. Also, as noted earlier, a code for
the set O(h,¢) is bounded by an Ly(F3)-term in 4 and ¢. Thus we are doing induction
on a Ay(F3)-formula which is allowed in /4y + F3 |.

We divide into three cases according to whether a is 0, a successor, or a limit
ordinal. If « = 0 then we must have / = 1. Clearly H,(y) = (n;) if and only if
y =ord(n;). Also y € O(1,n)CO(h+2,c+ 1) N w®’. This completes this case.

If « = B+ 1, we note that n,,...,n; is exactly wf - (n; + 1)-large; by Proposition
5.9(iv) there are unique integers ip,...,in 41 such that 1 =i < -+ < iy 41 =/ and
for j < ny, (mij415...,m,,) is exactly wP-large. By the induction hypothesis there are
unique dg,...,0, < @” such that Hg(d;) = (nij+1,...,nij+,), for j = 0,...,n;. Let
k =ny, and let,

50 if n = 0;
ydéf wwﬁ'k~(1+50)+(0mﬂ.(k_1)'51+"'
+0? ' S+ 0”0 8 otherwise.

Clearly Hp(y) = (m,...,n;). Also y < w‘”ﬂﬂ, so we need to show that y € O(h +
2,¢c+1). Since a € O(h,c + 1) we have B € O(h,c + 1). By the induction hypothesis
0, €O0(h+2,c+ij —ij)COh+2,c+1~1), for j=0,...,n. From these facts it
is clear that y € O(k 4+ 2,c 4 ). Uniqueness follows from the uniqueness of the i;’s
and of the J,’s.

If « = A is a limit ordinal then n,,...,n; is exactly w{*}™)-large. Since n; < ¢, by
Lemma 5.16, we have {4}(n;) € O(h,c + 1), so by the induction hypothesis there is
a unique 6 € ™ N O(h +2,c 41— 1) such that H{;}(,\(8) = (n2,...,n;). Let

def 0 if n = 0,
[ P + 6 otherwise.

i) @l{iHm =D

< ® and if n; # 0 then w
w{}.}(rq—l)

By 031,y < o ~ <7. So clearly H;(y) =
{n1,...,n;). Since 6 € O(h+2,c+1—1) and w € O(h+2,¢c + 1), we clearly
have y € O(h + 2,c + /). By O; and the induction hypothesis, y is unique. [

‘Definition 5.22. For qy,...,a;,by,...,b; € o, let ay x -+ - xay <; by x--- x b; if (def)
either:

(a) for some i < min{k,/}: a; =b; (all j =1,...,i), and @i < biyy; or,

(b) k <land ay*- - xayShy -+ x by,
where < agrees with the usual less than on natural numbers.
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Lemma 5.23. I4g - Hy,: ({y: y < @®'}, <) — (Sus, <1) is order preserving.

Proof. We will show by induction on a in O(h,c + 1) that if y;,7, € O(h,c), 11 <
1 < o, Hy(y1) = {(n1,...ny,), and Hy(y2) = (my,...,my,), then for some i < ki,
ny =my,...,ni_; = m_; and n; < m;. This is clearly a A¢(F3)-induction. If & = 0
then num(y,) < num(y,) so clearly n; < m; and we are done.

If « = B+ 1 then for some dy,...,0,0,...,0,,, we have H,(y1) = (n1) x Hp(So) *
-+ x Hg(dn, ) and Hy(y2) = (my) x Hg(8p) % - - - x Hg(}, ). If my < m the result is clear;
otherwise, since y; < 7, there is an i < n; such that §y = df,...,d0;—; = §/_, and
d; < 6f, in which case the result follows from the induction hypothesis. »

If o = A is a limit ordinal then H;(y)) = (m) * Hy3(n,)(8) for some & < ™
and H(y2) = (m) * Hy;yimy(9), for some &' < @@ af ny < m; then we
are done. Otherwise, since y; < y2, we have n; = m; and so, by Oy, § < &'. Also
by Lemma 5.16, {Ai}(m;) € O(h,c), and hence by the induction hypothesis, we are
done. O

Proof of Theorem 5.12. The theorem follows directly from Lemmas 5.21 and
523. 0O

5.6.2. The =-direction of Theorem 5.2

Motivated by the results of the last section, we use results of Section 5.5 to prove the
following lemma. Recali that our model-theoretic constructions take place in a strong
metatheory such as ZFC. The statement of the lemma is followed by an explanation
of some of the intuition behind the lemma.

Lemma 5.24. (a) For « < & and n > 1, there is a polynomial (i.e. an Ly-term) P and
an m € w, such that the following is provable in IAo(exp). Suppose F .»..(a) = b and
n—1

a>=m+n+1; then there is a set C = {cy,...,¢}, in increasing order, and d,,...,d,,
such that,

WDa—-n—-1<c,e,<b,and if 0 <i<t—k+1andk <ci_y then Fi(ci_1) |
and Fy(c;_1) < ¢, and

(ii) supposing j, p, and O0(#d,v,w), are such that

1<j<t=2, 0€l,,, and P({"0',B)) <cj; (30)
and supposing that for some s there is a w such that,

P((0', P) * 5 % (w)) < d, €y
s is exactly w*-large, and

0*(p,s,w;d,...,dn—1),

then the <;-least s such that for some w (31) holds exists, is less than cj,, and is
witnessed by a w that is also less than cj.;.
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We use a Ag(exp)-truth definition for Ag-formulas to express (ii).
(b) Furthermore, if M = I4y(exp) + (Fw,,,:.{(a) =b)+{a > I: | € w}, then for
any limit point I of C (given in a), any Wy € X, UIl,, and any p € I:

IEWD) & MEY(Bd,....dn),

where d,...,d, are given in clause (a) of the lemma.

The polynomial P is used to express “the parameters, p, are sufficiently far below
¢;” (in (30)) and “P, s, and w are sufficiently far below d,” (in (31)) where ' is a
sequence that will be used to define a limit point, 7, that is a model of 71 (co“”,H,,)
(similar to the role of @ in Lemma 5.6) and d is used for bounding quantifiers in II,
formulas (to show that IT,-truth in / can be tested by a d¢-formula in M). Usually a
will be taken to be nonstandard; however, there are finitistic counterparts of the lemma
where the standard lower bound m + n + 1 plays an important role (cf. Section 6.4).

Proof of Lemma 5.24. Using f = w*-t, let A = {ay,...,a,}, and d = d),...,d,_1, be
given by Lemma 5.11; let d, &f a,. Then A4 is w* - t-large, and hence by Proposition
5.9(iv) there is an increasing partition A4,...,4; of 4 such that for j = 1,...,¢, 4; is
w*-large. Let ¢; &' min4 ;, for j =1,...,¢. Then (a)(i) is clear. Also any limit point
of C is a limit point of A4 as well, so (b) follows from Lemma 5.11(b).

We have left to prove (a)(ii). We suppose P is a polynomial such that,

P(x) = (x,x) + 2.

In fact, using Proposition 2.1, it is clear that we can take P(x) = (x + 2)* for some
standard k; thus P is standard. Furthermore, x is easily recovered from P(x). Let ¢ be
a formula such that

(0", B) 5", P(({T6', B) %5 (w)))
expresses:
“6 € I,_1,” AO(p,s,w) A “s is exactly w*-large” A s'Gs.

Using a Ag(exp)-truth definition for 4¢-formulas, it is not difficult to show that, over
1Ag(exp), if n =1 then ¥ is equivalent to a Ao(exp)-formula, and if n > 1, then ¥ is
equivalent to a IT,_;-formula. Furthermore, if n > 1 we can have the n — 1 unbounded
quantifiers of ¢ correspond to the n — | unbounded quantifiers of 6. That is let

Yo((0), B) + ', P((0), B) * 5+ (w)), ),
be a Ag(exp)-formula expressing “0(p,s,w) is equivalent to
Vx;dx; ... Oxy—1600( B, s, W, X),

where 0y € Ay, 0o P, s, w,X) is true, s is exactly w*-large, and s'Gs”. This is just the
conjunction of Ag(exp)-formulas. Then let,

l// d;f VXIEIJQ een Qx,,_u//o.
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Such a ¥ has the property,
Y ([0, B) * ', P((10, B) + 5% (w));d) — 6"(P,5,w: d).

We note that 'y*! is standard. We suppose we have m &f P("y*1), so m is standard.
Suppose j, 6, p, s, and w satisfy (30) and (31). Let iy, i, and i be such that
¢j = @iy, Cj+1 = @y, and ¢j;2 = a;,. The result will follow from the following claim.

Claim. Let k¥ iy — iy; then for some 1 < k there is an exactly w*-large sequence
el,...,e; such that for all i <1,

(1) i #0 = e = pe(Ix <d W' ({10, Ben,....ei-1,€), %),

@) (", (0), B,en,....e)) < ajric1 — 1,

G (I <@ W (10, Boer,....e),x;d).

Proof of Claim. Let x((ei,...,&;)) & (Vj < i)((1); A (2); A (3);). We will show,

(1) x(A), and

(2) for i <k, if y({e,...,e;)) and “ey,...,e; is not w*-large” then there is an e;,
such that y({ei,...,ei+1)).

Before proving (1) and (2) we will show that they imply the claim. Noting that

Fer,...,e) < aiyim1)x(er,....e))

is a Ag(exp)-formula, we use (1), (2), and Ag(exp)-induction on i to get that either:

(3) For some ! < &k and some ey,...,e;, x({el,...,e;)) and ey,...,e; is exactly o*-

large, or

(4) for some ey,...,ex, x({€1,...,e)) and ey,..., e is not w*-large.
We note that (3) is just the claim; we will show that (4) fails. Suppose (4) holds; then
by (2);, e < aj4i—1 for all i = 1,...,k. Since 4,41 = {a;,ai,41,...,ai,+k—1} is ©*-
large, we may apply Proposition 5.9(ii) to get that e, ..., e, is w*-large, a contradiction;
hence (4) fails.

Now we prove (1) and (2). For (1), note that (1), is immediate. For (2),, note that
ip < i1, 80 ¢j = aj, < a,—1. By (30), and the definition of P,

(10", 5), (0", B)) + 2 < P(("6', B)) < ¢;;
also,
Ty Ty Y42 Py Y=m<a-n—-1<e <c; (32)
So we have,
W, ("6, ) < a1 -1,
and hence (2)y holds. By (31), the definition of y, and by the fact d, -4 a,, we have
G < a, W (10", ), x;d).
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By (2)o and Lemma 5.11(a)(iii) we have (Ix < a; W*({'8", B),x;d), i.e. (3)o holds.
For (2) let ey,...,e; be such that i < %, for all j <1i, (1), (2);, and (3); hold, and
el,...,e; is not w*-large. By (3); and the definition of , for some w, s’, and x,

v ([0, B.ev,...,e), x5 d) A (33)
x=P({'0", B,e1,...,e) xs' x (W) < a; 4. (34)
Since e,...,e; is not w*-large we have s’ # A, so for some e,
v ((10), pei,...,ee),x;d).
Noting that a;;; < d, we have by Ag(exp)-induction on
(Fx < d W ('), pen,....ene),x;d)

that e;y; given by (1);4; exists. Since e;;1 < e, and since » and P are increasing
functions we have

PO pen,....ei1)) < PO, Ben,....eie))
< P60, B.ey,....e) * 5"+ (w)).
Using (34) and the fact (z,z) + 2 < P(z), we have
{10, per,...,e1), (10, Ber,...,e01)) + 2 < aj 4
This together with (32) yields,
W (0, Ber,....em1)) < @i — 1
i.e. (2)i41 holds. By (1);41, (2)i41, the fact d, = a,, and Lemma 5.11(a)(iii), we have
(@ < @51 WA (10, By, 1), %:d),
i.e. (3)41 holds. O

For the proof of (a)(ii) of the lemma, let § &f {e1,...,e;) be given by the claim,
Using (2); of the claim, § < a;, 4,1, since / <k, we have § < ;441 < a;, = ¢jp2.
By (3), for some w and x,

(16", B) *8,x;d) Ax = P(('6), B)  § » (%)) < @iy
From this, the fact a;, 1/ < c¢;42, and the definition of ¥, we conclude,
(W < Cj+2) A 0*(1_.”5’:,‘0; J)

All that is left to show is that § is the < -least s such that there is a w satisfying
(31). Suppose s’ = (e],...,e},) and w’ satisfy (31), and s’ < §. Since § and s’ are
both exactly w*-large we have s'S§ = s’ = §. Thus for some i < [,/’ we have ¢/ < ¢;;
let iy be the least such i. Then by (1);,,

e, < pe(Ix <d W ("0, B.e},....€}_1,e),x;d). (35)
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Letting x’ &t P(('0, p) x s’ x (w')), we have
V([0 Bel,.... e, 1. €;),x'sd);
this clearly implies that

(G <d W (0, Bei,... el €l ) x;d).

L]

This contradicts (35), which implies there is no such s’, completing the proof of the
lemma. O

The following theorem implies that there is a model of TI(w®",II,) which is not
a model of F, . |; this together with Proposition 5.4(iv), yields the =>-direction of
Theorem 5.2. Together with the results of Section 5.3 we will have completed the
proof of Theorem 5.2.

Theorem 5.25. Suppose M |= I4q(exp) + (mejf(a) =b)+{a,c > m: m € w}, then
there is an ISM such that a < I < b and I = TI(w®', I,,).

It is straightforward, in a strong metatheory, to show that there is such an M with
¢ =a+ 1; in this case I = TI(w®", I1,) + —3y(F zn(a) = y).

Proof. Let C and d,,...,d, be given by Lemma 5.24 (using ¢t = c). Since c is
nonstandard, there is a limit point of C; let I be such a limit point. We need to show
that / |= TI(w®,I,). By Theorem 4.6, it is enough to show that / = LN(w®", Z,).
Using Lemma 5.24(a)(i), we have I = 14y + F; |. Applying Theorem 5.12, it is then
enough to show that for all 8 € I1,_,, p € [, if

I = 3wl(p,s,w) A “s is exactly w*-large”, (36)

then there is a <-least such sequence s.
Let w,s € I be such that

I = 0(p,s,w)A “s is exactly w*- large”.
Since 6 is standard, '8! € 1, and hence
P(('0', B)).P({(0, B) x5+ (w)) € L

So for some j, P((r(ﬂ, P)) <c; € I. Thus (30) is satisfied. By Lemma 5.24(a)(i),
I < d,, so P({'0, p) * s + (w)) < d,. By Lemma 5.24(b),

M = 6°(p,s,w;dy,...,d,_1) AN s is exactly w*-large”.

So (31) holds in M.
Let § be the <;-least s such that for some w (31) holds in M. The existence of such
an § is assured by Lemma 5.24(a)(ii), and § < c;,2; furthermore, there is a witness w
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such that w < c¢;;,. Since [ is a limit point c;;» < I, and hence w,§ € I. By Lemma
5.24(b),

I = 0(B,$,w) A“S is exaclty w*-large”.

Using the argument of the previous paragraph, any s satisfying (36) with s <; §
would clearly contradict the <,-leastness of § in M. This completes the proof of the
theorem. [

5.7. Indicator functions

Theorem 5.25 can be stated in the language of Paris and Kirby using the definition
of indicator function (cf. [13] or [10]) as follows.

Corollary 5.26. For M |= IAy(exp) the function f defined by,
f(a,b) = max{c: F,(a) < b},

is an indicator for initial segments of M that are models of TI(w®,1I,).

6. Further results
6.1. Relativizing the Proof

Significant generalizations of Theorem 5.2, as well as generalizations of other results
given below, may be obtained by relativizing the proofs in the following way. First
replace the fast-growing hierarchy given in Section 5 with a relativized version that
replaces the initial function, F, with a different initial function (as in [2]); in particular,
for a relativization with respect to X,, where n > 1, take, for Fy, a “Z,-complete
function”, e.g., the function given by

Fn,O(x)z <y0’y|’-~'5yx>’ (37)

where y, is the least w such that @p,_,((2)o, (w,(2)1)), if such a w exists, and is 0
otherwise (@p,_,(x, y) expresses “x is (the Godel number of) a I1,_,-formula that
is satisfied by the parameters (coded by) y). Note that the statement “(F,o [)” is
equivalent, over /4y, to the statement of the Z,-least number principle; i.e., for n € w,
14y + (Fuo |) = IZ,. F,, for a a successor or limit ordinal is defined as in Section
5.1; in particular,

def
Fapii() & F23' (),

and

Frp(0) E Fo (yeo(x),  if 2 € LIM.
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Also let,

def
Fox = Fy.

For n > 1, any initial segment, /, of a model, M, of IX,, that is closed under F,y
will be a Z,-elementary substructure of M. In this way, n quantifiers are handled “for
free”. Straightforward relativizations of the proof of Theorem 5.2 yield the following
generalization.

Proposition 6.1. For alln>1, m >0, and a < &,

THw® ) - (Fup 1) © B < off!

n-—-m?

, def
where if m > n then w?t! = 0.

6.2. Conservation results

For n € w, and T an Ly-theory, let

,(T) & {¢: @ is a II,-sentence and T I ¢}.

Next we prove,

Theorem 6.2. For all n > 1 and o < &,
(T, IT,)) = My(Ido + {Fs |: B < o*'}).

Proof. Theorem 5.2 yields the C-direction. To obtain the D-direction, suppose ¥ € Ay,
and suppose for all m € w,

10+ (F oy D) ¥x3yp(, ).

Using a straightforward compactness argument we may obtain a model M such that,
a,c € M — w, and

M = 14o(exp) + (Fyoro(a) = b) + (Ix < a)(Vy)-e(x, »).

To see this simply note that IAg(exp) + (Fw,,):.]c(a) = b) + (Ix < a)(Vy)-o(x, y) +

{czm: mew}+{a=!: 1€ w}is finitely satisfiable. By Theorem 5.25 there is an

ISM such that a < I < b, and I = TI(w®,I1,,). By the absoluteness of Ag-formulas,
I E=Vy-o(x, p),

for some x < a; i.e., I |F =Vx3yp(x, y). This implies that TI(w®", I1,) ¥YxIye(x, y),
which yields the theorem. [

Theorem 6.2 implies that the TI(w®",IT,)-provably recursive functions are exactly
the (J4o+{(F, |): 7 < w*'})-provably recursive ones. This allows for a classification



280 R. Sommer | Annals of Pure and Applied Logic 76 (1995) 231-289

of the TI(w®", I, )-provably recursive functions, which is done in Section 6.3. Before
moving on to that task we state the generalization of Theorem 6.2 obtained by imitating
its proof, but making use of Proposition 6.1 instead of Theorem 5.2.

Proposition 6.3. For alln>1,n>2m>0, and « < &,

Ms2(TH (@, 1)) = 2o + {Fmg 12 B < 5, 1).
6.3. The provably recursive functions of transfinite induction

We now show a correspondence between the /4y + (F, | )-provably recursive func-
tions and functions in other familiar hierarchies. Applying Theorem 6.2 we will have
a correspondence between the TI(w®",II,)-provably recursive functions and the same
hierarchies. Using Theorem 4.1, as well as Lemma 4.2, we will have a classification
of the TI(a, ¢ )-provably recursive functions, for all « < ¢y and € = Z,,, II,, or 4y, in
terms of these hierarchies with the inclusion of, as the smallest set in each hierarchy,
the /Ag-provably recursive functions.

Proposition 6.4. For y > 2, the following are equivalent:
(i) f is 1do + (F, |)-provably recursive.
(i) There exist e,n € @ such that for all ¥ € o, f(X) = {e}(X), and there is a
computation of {e}(X) that is coded by a number less than FJ(max X).
(iii) f is elementary recursive in F,.
(iv) f is in the yth class of the Grzegorczyk hierarchy (as defined in [16]).

For a proof of the equivalence of (iii) and (iv) the reader is referred to [16]; the
reader is also referred to [16] for the definition of the Grzegorczyk hierarchy and for
relationships between this hierarchy and other natural hierarchies. Below we sketch
a proof of the equivalence of (i)—(iii). First note that the notation {e}(¥) in (ii) is
the usual one from recursion theory, defined in terms of a Ag-version of Kleene’s T-
predicate, i.e. a do-formula, T(e,x,z), expressing “z is a computation, on a universal
Turing machine, of program e on input x”. {e}(x) = y is the formula,

3z(T(e,x,z) A U(z) = y),

where U is a function expressing “U(z) is the output of the program z”. For (iii) we
use the following definition (cf. [16]).

Definition 6.5. For & a set of functions, E(F), the elementary closure of &, is the
smallest class of functions including all functions in % as well as the zero, successor,
exponential, and projection functions, that is closed under composition and limited
recursion, where we say f is obtained from g and /# with bound & by limited recursion
if,

S(Z0) = g(x),
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and

JEy+ 1) =hEy (%))

and for all %, y,

S y) < b, y).

So if g,h,b € E(¥) then f, as given above, is in E(¥). f is elementary recursive
in & if(def) f € E(F), and [ is elementary recursive if (def) f € E(D).

Proof. (1) < (ii) & (iii).
(i) = (ii). Suppose f is Idy + (F, |)-provably recursive; i.e., suppose for some
2 -formula ¢,

140 + (F, 1) - Vx3lyo(X, y), (38)

and for all ¥,y € o,

wE=eXy) & )=y

It is well-known that, over I/4p(exp), there is an e € w such that ¢(X,y) can be
replaced by 3z(T(e, (X),z)AU(z) = y). Suppose, for a contradiction, that for all » € w
there is a ¥ € w such that every computation of {e}(X) is coded by a number greater
than F7}(max X). Using a compactness argument we can show that there is a model M
such that for some a € M — w and some (b) € M,

M = 14q + Y2(T(e, (b),z) — z > F*(max b)).
Since w = V¥ 32 T(e, {¥),z), we have that max b is nonstandard. Letting

1% U Fi(max b),
€w
it is straightforward to show that I = 14y + (F, |), but [ = 3 y({e}(B) = y), contra-
dicting (38). This completes the proof of (i) =(ii).

(ii) = (iii). Suppose for all X € w there is a computation of f(¥) coded by a number
less than FJ(max X). Then clearly all primitive recursions and all applications of the
p-operator used to define f can be replaced by limited recursions and applications of a
bounded u-operator involving the function F}. Since F) is elementary recursive in F)
we need only show that E(%) is closed under bounded p-operations; i.e. it is enough
to show,

Claim. If f,g € E(F) then,

h(@) & (uy < g@))Sf(X,y)=0) if such a y exists,
0 otherwise.

is in E(%).
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To prove the claim first note that addition, multiplication, and modified subtraction
are all elementary recursive, where modified subtraction is given by

o def fx—y if x > y;
=r= {0 otherwise.

Modified subtraction can be defined using limited recursion to successively define the
functions N, P, and — , where N is defined to be 0 if x = 0 and 1 otherwise, and P
is the predecessor function. Then 4 is obtained from composition using the fact that,
for f € E(#), the following function is in E(%):

ho(7.2) def [ (ny <z)(f(X,y)=0) if such a y exists;
LR N otherwise.

hy can be defined by limited recursion as follows:

ho(%,0) < 0;

h@Ey+DE G+ 1) (1= k&) - (1= f&y+ 1)) N(f(F0))
+ ho(X, y).

(iii) = (i). We will prove, by induction on the elementary recursive definition of f,
that if f is elementary recursive in F, then,

(1) f is Ao(F,)-definable.

(2) f is bounded by an Lo(F,)-term.

(3) f is 14y + F, |-provably recursive.
Clearly (1), (2), and (3) all hold if f is F, or the zero, successor, exponential (noting
722 and I4y - (F, |) — exp), or a projection function. Suppose f = g o A where
(1)(3) hold for g and A. Suppose @(y,z) and (X, y) are do(F,)-definitions of g and
h, respectively, and ¢ and t are Ly(F,)-terms that bound g and A, respectively. Clearly
we may suppose ¢ and T are increasing functions. Then,

fX) =y & 3y <t@)Y(E y) A o(y,2)),

so (1) holds; also f is bounded by & o 1, so (2) holds. Clearly, since g and & are
assumed to be /4¢(F,)-provably total, (3) holds.

Now suppose f is obtained from g, k, and b by limited recursion, and (1), (2) and
(3) hold for g, h, and b. Suppose ¢(¥, y) and Y(X, y,z) are A¢(F,)-definitions of g and
h, respectively, and b is bounded by the Ly(F,)-term 7. Then,

FX y)=ze3s(seSqAlen(s) =y + 1 A(s) = g(X)
AV < yX($)it1 = B, i,(s)i) A (s)y = 2).

Since g and 4 are Ay(F,)-definable, to obtain (1), we need only show s is bounded
by an Lo(F,)-term. Since (s); is bounded by 7(¥,i), and since we may assume 7 is
increasing, s is bounded by an exponential in y and 7(X, y), so s is bounded by an
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Lo(F,)-term. (1) and (2) both follow. Using the fact that g and 4 are both /4y +(F, |)-
provably recursive, it is straightforward, applying induction, to obtain f is I4o+(F, |)-
provably recursive.

We now have that the functions elementary recursive in F, are /4¢ + (F, ])-
provably recursive. This completes the proof of (iii) = (i), and hence the proof of the
proposition. [J

Corollary 6.6. For n> 1 and o < &, f is TI(w®, II, )-provably recursive if and only
if f is in the yth class of the Grzegorczyk hierarchy for some y < w?*!.

Using Theorem 4.1, as well as Lemma 4.2, we have a classification of the TI(a, %)-
provably recursive functions, for all @ < & and € = X,, II,, or 4y, in terms of
the Grzegorczyk hierarchy (if we include the /4,-provably recursive functions as the
lowest level in the hierarchy). Similar classifications of “higher order” (nonrecursive)
provably total functions of the theories 7/(w®’, IT,) may be obtained using Proposition
6.3 in place of Theorem 6.2; we will not state any results of this form.

6.4. Consistency results

Model-theoretic techniques, although often viewed as being more elegant and more
direct than proof-theoretic techniques, are often cited as having the disadvantage of
being nonfinitistic. Finitistic methods, in the study of subsystems of arithmetic, are
recognized as being more fruitful in their results and more sound on philosophical
grounds. In this section, we claim that the model-theoretic techniques of Section 5
have finitistic counterparts, and that they yield the same sort of results as the proof-
theoretic methods. We refer to [19,22] for the proofs, some of which will be sketched
here.

There are many examples of how one can obtain stronger results by formalizing
a proof in a weak system. Although, in arithmetic, this technique is most frequently
applied to proof-theoretic methods, there are examples of this technique being applied
to model-theoretic proofs as well. For example in [12], the authors show that, over P4,
the Paris—Harrington principle, Vx3y(y’(x + 1);), is equivalent to the l-consistency
of PA, by showing that their model-theoretic proof is formalizable in PA. To obtain
similar results, over a weaker base theory, namely /2, Paris, in [10], shows that the
type of proof used in Section 5 can be modified to a proof formalizable in IX); he
obtains,

12, FVx3y([x, ¥] is wp4y — large) — 1-Con(IZ,). 39)
n-Con is defined as follows:
Definition 6.7. For a theory, T, let n-Con(T) denote the schema,

Yix) — Conr(rl//(?c)]): ¥ € I1, has only x free,
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where Conz('8") is a natural IT,-formula expressing “there are no proofs of ‘6 — 0 =
1’ from the axioms of 77, and X is the closed term with value x given by

(- (@-2+@)-2+a@) 2+ -+ F_1)- 2+ a,

def 75 def

where ap * - -+ * a; is the Smullyan base 2 representation of x, 1 = S(0), and 2 =

S(S(0)). (Note: for fixed ¥, "W(F)' is polynomial in x.)

The definition of n-Con given here is suited for /4,; there are “formalized” versions
that use truth definitions such as @y, which are provably equivalent to the definition
given above over I4g(exp). It is well-known that n-Con, over a sufficiently strong base
theory, is provably equivalent to the schema, Rfny , expressing “if ‘¢(x)’ is provable
then “Y(x)’ is true”, where Y ranges over X,-formulas.

In the proof of (39), a modified version of the original proof is formalized and
Herbrand’s theorem is applied; whereas in [12] the proof uses the fact that P4 has a
version of the completeness theorem, so in that case there is no need to modify the
original proof (we note, however, that there appears to be a hidden use of proof theory
in carrying out the proof of Claim 2.11 of [12]).

It is natural to raise the question, “can proof-theoretic techniques be eliminated
completely from proofs of results of this form?” Admittedly, the notion of “proof-
theoretic techniques” is not very precise. Another, but just as vague, version of this
question is “can the proof of Theorem 5.25 of Section 5.6.2 be ‘directly’ formalized in
a weak subsystem?” We claim that the answer to these questions is yes, if we replace
“Con(T)” by an equivalent notion, denoted “H-Con(7)”, which stands for “Herbrand
consistency” and is closer to the statement “7 has a model” than to the statement “there
is no proof of a contradiction from 7; in this way, without proof-theoretic techniques,
the following proposition can be obtained.

Proposition 6.8. For all n > 1 and all o < &,

140 F 1-Con(TH(w®", IT,)) + (F o |).

For the a = 0 case our result differs from (39), mainly by the improvement of replacing
12, by IAy, and by including the —-direction. A brief sketch of the key ideas of the
proof of Proposition 6.8 is given below; it is proved in detail in [19] and is planned
to be included in a paper that deals more generally with methods of formalizing this
type of model-theoretic argument [22].

H-Con(T) states, roughly, “there are arbitrarily ‘large’ finite approximations of a
model of T”. In Section 5, we showed how, from a model of T dgle(exp) +{a >
m:. me o} + F,z+1(a) = b, we can construct a model of T & TI(w®", I1,). These
arguments can be viewed as showing how, from finite approximations of a model of
Ty, i.e. from H-Con(Tp), we can construct finite approximations of a model of T3,
i.e. we can obtain H-Con(7}). In fact this construction can take place in IAg(exp).
Furthermore, H-Con(7y) can be proven from [4g + (F,z+ |). Proofs in [19] obtain
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H-Con(T) directly from [4g+(Fz+ |), thus skipping the intermediate step of showing
H-Con(T)).

Using Proposition 6.1 in place of Theorem 5.2 in the proof of Proposition 6.8, the
following generalization may be obtained.

Proposition 6.9. For alin>1, n2>2m=0, and a < g,

1o + (m + 1)-Con(TI (™ , ITy)) & (Fpy e 1.
6.5. A hierarchy generated by 1-Con

Ulf Schmerl in [17] follows Feferman in [3] by considering a hierarchy of theories
defined as follows. Given Sy, let

(1) Spsr & S, + 1-CON(S,).

) s f Ua<iSa if 4 is a limit ordinal.
Here 1-CON is the formalized version of 1-Con described following Definition 6.7.
We do not present an arithmetic definition of the S,’s. We note Schmerl, in [17], uses

So = PRA. Now consider,

Td;f IA0+(Fa+2l) if o < w;
TN+ {(F )y <o} fo<a<a.

Then for any limit ordinal A,
T, 1= U T, s

and, noting that, for all « < &, Ty+1 = 4o + (F344 |), the following proposition
implies:

Tye1 = Ty + 1-CON(Ty).

So the T,’s satisfy the defining equations of the §,’s. We remark that this does not
imply an equivalence of these theories, using Sy = I4¢ + (F2 |); such an equivalence
would depend on the formal definition of the S,’s. We do not attempt this here.

Proposition 6.10. /4o F Va((F34q |) < 1-CON(Ty)).

The proof of this proposition, included in [19], is not given here; results of this form
will be included in [22]. We remark that it is easy to show that PRA is a conservative
extension of 7T,. Thus we conjecture that the results of [17] may be extended by
replacing PRA with /4 + (F2 |), or, equivalently, with /4q(exp).

6.6. Generalizing to larger ordinals

Although the author has not checked this in every detail, he believes the main results
of the last two sections can be generalized to larger ordinals. In [20,21] it was shown
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that a great deal of basic ordinal arithmetic can be carried out in /4y for arbitrary
recursive epsilon numbers (a is an epsilon number if « is a solution to a = w®*).
This suggests that the work here can be generalized by replacing ¢ with an arbitrary
recursive epsilon number. Based on [20,21], there are representations of each recursive
ordinal, as well as representations of many functions and relations on such ordinals,
so that basic properties of the functions and relations are provable in /4. For a fixed
representation of this kind, where ¢, is an epsilon number, Theorems 4.1 and 5.2, as
well as Propositions 6.1 and 6.3, hold with & replaced by ¢,. The author hopes to
include such generalizations in a later paper.

6.7. Generalizing to schemata for Ly-formulas

Here we consider theories of the form TI(x,Ly), for @ > w. By Lemma 4.4, we
clearly have

TI(o, Lo) + TI(0%H!, Ly),

for all n € w; this proves the <-direction of

Proposition 6.11. Suppose o > w and ¢, is the least epsilon number strictly bigger
than o, then

T, Lo) F TI(B,Lo) & B < ¢,

The =--direction can be obtained by a straightforward generalization of the proof of
Theorem 5.2. Mainly what needs to be done is the definition of the fundamental se-
quence function needs to be extended to epsilon numbers so that a few basic properties
hold. For succesor epsilon numbers the following will work:

41
{1 }(n) = o).

For limit epsilon numbers it is convenient, and natural, to have the fundamental se-
quence function go through epsilon numbers. The author hopes to include this gener-
alization in a later paper.

6.8. Generalizing to arbitrary well-orderings

For e € w, let the binary relation <, be given by
n<em & {e}((nm) =0, (40)

where {e} is the eth partial recursive function. If {e} is total and <, is a well-ordering
of w, then let |e] denote the order type of <.. Let X be a unary predicate symbol, and
let WF(e,X) express “if X is nonempty then X has a <.-least element”. Let PA(X)
be the result of replacing Ly by Lo(X) in the definition of P4. Gentzen, in [5], proved.
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Proposition 6.12. For all e € o,
PAX) - WF(e,X) = le| < &.

Although the arguments in Section 5 made heavy use of special properties of the
particular representation of ¢, and functions and relations on &, the argument can
be modified to obtain results of the form given in the above proposition, that are
independent of such representations. The following can be proved using techniques
based on the model-theoretic arguments of Section 5.
Proposition 6.13. TI(0?, [1,(X))F WF(e,X) = |e| < ot

Of course, the axiomatization of T/(w® , IT,(X)) is dependent on a particular rep-
resentation of a fixed recursive ordinal (that should be at least as big as the least
epsilon number greater than «); in particular, basic properties of the representation
must be provable for the theorem to hold. However, the following corollary shows no
dependence on ordinal representations:

Corollary 6.14. For all e,n € o, IZ,(X)F WF(e,X) = le| < wnt1.

The proof of Proposition 6.13, omitted here, but to be included in [23], relies on the
results of Section 5. We will sketch the key ideas of the proof. Note that in the proof
of Theorem 5.2 a model of 77 (w‘”’,H,,) is obtained that has a descending sequence in
w,“,‘ﬂ for our fixed special representation of ordinals; this descending sequence is given
by the ordinals obtained in an “attempted computation” of Fi(a), where a is the
nonstandard number used in the definition of /. For the above proposition we would
like to get a set X that is a descending sequence in some arbitrary representation
of the ordinal w®!|. Now, if .# is a model of true second-order arithmetic, then the
second-order part of .# has a bijection, b, between the arbitrary representation of wﬁ{
and the special one. Now suppose .# has a nonstandard first-order universe M. We can
carry out the construction of the initial segment / as we did in the proof of Theorem
5.2, but this time around we use a fast-growing hierarchy that replaces the successor
function as the initial function (Fy) with a function that majorizes the bijection, b,
and its inverse. In this way / will be closed under the bijection, b, and hence, from a
descending sequence in the special representation of wzii we can obtain a descending
sequence in the arbitrary representation. Furthermore, if the construction is carried out
in the right way, / will be a model of TI(w®, I1,(X)), where X is satisfied by the
set of elements in the descending sequence through the arbitrary representation of the
ordinal. Such a construction yields the proposition.

Generalizing as in Section 6.7, we have Proposition 6.12 as well as:

Proposition 6.15. Suppose o > w and ¢, is the least epsilon number such that a < &,
then

TI(o, Lo(X)) - WF(e,X) = le| < &,
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Once again, we are assuming a special representation of ¢, for use in the axioma-
tization of TI(a, Lo(X)); the corollary, Proposition 6.12, does not depend on special
representations (except in the proof).

6.9. Applications to second-order theories

In light of the previous section it is natural to wonder if the model-theoretic tech-
niques of Section 5 can be applied to classify the provably recursive functions of
second-order theories. The answer is yes; i.¢. the author has worked this out for some
second-order theories. Results of this sort will be included in [23]. Furthermore, the
author is hopeful that such techniques will be fruitful in establishing proof-theoretic
ordinals for second-order theories whose proof-theoretic strength has not yet been
measured.
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