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NMAIO57 — Linear algebra 1
Tutorial 12

Linear maps — image, kernel, and isomorphism

Problem 1.

Problem 2.

Problem 3.

Problem 4.

Problem 5.

Decide and justify whether the map f: R® — R3 defined as

f(xayaz) = (x+y—227y_zax_y)T
is in isomorphism of R? onto itself (so-called automorphism).
Let f: R? — R3 be a linear map defined by the images of basis B:
f(2,1,1) = (1,2,3)",
f(1,3,5) = (3,2,1)7,
f(7,1,4) = (1,1,1)7.
Decide and justify whether:

(a) f is injective — if not then find distinct vectors u,v € R? such that f(u) =
f(w),

(b) f is surjective (onto) — if not then find a vector without a preimage, i.e.,
u € R? such that for all v € R? it holds that f(v) # w.

Compute the dimension and find a basis for both the image and kernel of f.

Let f: U -V and g: V — W be isomorphisms. Prove that their composition
go f: U — W is also an isomorphism. In particular, show that:
(a) go f is injective,

(b) go f is surjective.
Decide and justify whether the following vector spaces are isomorphic:

(a)
(b) R* and P? (the space of all real polynomials of degree at most three),
(c) R™*™ and R™*™,
(d) R™ over R and C™ over R,
(e) R? and {v € R* | 2y + x5 = 23 + 24 = 0},
(f) the space of all real polynomials and the space of all real sequences,
(g) R* and the space of all linear maps (forms) f: R* — R.
For the linear map f: R?*? — R2*2 defined as A — A — AT, decide and justify

which of the given vectors are elements of the image of f and which are elements
of the kernel of f:



(1)
(5a)

Problem 6. Let f: R — R" be a linear map. Denote f! = f, f2= fo f,....f"= fo f~L
Prove that Ker(f™) C Ker(f"1).

Problem 7. Decide and justify whether the given linear map is injective and surjective:

(a) f: R**? — R3 defined as f (Z b) =(a+b+ca+ba)l,

d

(b) f: R?*2? — R* defined asf(z b) =(a+b+c+d,a+b+ca+ba)l,

d
(c) f:P? — R* defined as f(az®*+bx+c)=(a+b,2b—c,a—b+c,a+b)T,
(d) f: P? — R3 defined as f(az?+br+c) = (a+b,20 —c,a—b+c)T,
(e) f:P? — R3 defined as f(az? + bz +c) = (a+b,2b—c,a— b+ 2c)T.

Problem 8. Prove that for all A € R"*?, B € RP*",
dim(Ker(A) NC(B)) = rank(B) — rank(AB),

where C(B) denotes the column space of B.



