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Problem 1. Over R, find all solutions for the system of linear equations
r+2y=>5
20 — y=20

Solution. We use the matrix representation for the system and reduce it as follows

1 215 1 21 5 1 2|5 1 0|1
2 —-1/0 0 —5|-10 0 1|2 0 1|2

After the reduction, we get x =1 a y = 2.

Problem 2. Over R, find all solutions for the system of linear equations
r—3z=1
—2x + 6z = -2

Solution. We use the matrix representation for the system and reduce it as follows
1 =31 1 =3|1
-2 6 |-2 0 010
We can put a real parameter ¢t € R for the z variable and express z in terms of the parameter:

r—3t=1
r=1+4+3t

The solution set of the system over R is

{(z,2)T eR? |2 —=32=1} = {(1 + 3, )T |t e R} = {(1,0)T +¢(3,1)T |t € R} .



Problem 3. Over R, find all solutions for the system of linear equations

r+ y—z=1
204+ 2y+2=5

r— y—z=-—1

Solution. We use the matrix representation for the system and reduce it as follows

1 1 -1]1 1 1 -1|1 1 1 —-1]1 1 0 0|1
2 2 1{5|~(0 0 3|3 ]~(01 0j1]~]0 1 0|1
1 -1 -1|-1 0 -2 0 |-2 00 1|1 0 0 1|1

From the final matrix, we get that z = 1, y = 1, and 2 = 1. Thus, the vector (1,1,1)7 is the unique
solution over R.

Problem 4. Over R, find all solutions for the system of linear equations

r+ y—z=1
20 4+2y+2=95

Solution. We use the matrix representation for the system and reduce it as follows (which we

already did in Problem 3)
11 —-1(1 11 —-1}1
2 2 115 00 3|3

From the second row of the last matrix, we get that z = 1. From the first row of the last matrix,
we see that y can take an arbitrary real value, and we express x in terms of the parameter y € R
and the value of z:

r+y—z=1
r+y—1=1
r=2-—y

This gives the solution space
{(2 Y)Y, ]-)T | Y€ R} = {(2707 1)T +y(715 150)T | Y€ R} .

Note that we can easily verify that (2—y,y, 1)7 solves the linear system for all y € R by checking
that any such vector satisfies both original equations:

2—y+y—1=2-1+4y(-14+1)=1
4—-2y+2y+1=5

We have verified that (2 — y,y,1)T is a solution for all y € R.



Problem 5. Over R, find all solutions for the system of linear equations

20 +2y+2=5

r— y—z=-—1

Solution.
2 2 115 1 -1 —-1|-1 1 -1 —-1|-1
1 -1 —-1]-1 2 2 115 0 4 317

From the second row of the last matrix, we see that z can take an arbitrary real value, and we
express ¢ in terms of the parameter z € R:

dy+32="7
dy =7— 3z
y=3(7—32)

From the first row of the last matrix, we can express x in terms of the parameter z € R:

r—y—z=-—1
r—3(7T—32)—z=-1
r=-1+3(7-32)+2z=1(3+2)

This gives the solution space
{G6+2),30-32,2)" 1 2eR} = {3, L0) +2(1,-31)" |2eR} .
Problem 6. Over R, find all solutions for the system of linear equations

T1+ X2+ x34+1T4=3

T1— 2190 —x3— T4 =1

Solution. We use the matrix representation for the system and reduce it as follows

1 1 1 113 1 1 1 113
1 -2 -1 —-1]|1 0 -3 -2 —-2(-2
From the second row of the last matrix, we see that x3 and x4 can take arbitrary real values,
and we express xo in terms of the parameters x3, z4 € R:

—3.%2 — 2$3 — 2$4 = -2
—3x9 = =2+ 223 + 2134
T9 = %(1 — I3 — 14)



From the first row of the last matrix, we can now express xj in terms of the parameters
T3, T4 € R:

1+ T2+ 23+ 14 =3
214+ 51— w3 —x4) + 33+ 74 =3

T4+1=3-2(1—a3—a4) — 23— 24 = £ — 2(x3+24)

This gives the solution space

7
3
T T T
—{(3.2,0,0)" + a5 (-3,-3.1,0" + 24 (-5,-3,01)" | eg,24 € R} .
The solution set is a plane containing the point ( %, %, 0,0)7.

Problem 7. Over R, find all solutions for the system of linear equations

20 =3z = -1
z—5y+4z=1
—3r+ y+2z=-3

Solution. We use the matrix representation for the system and reduce it as follows

0 2 =3|-1 1 -5 41 1 -5 4|1
1 -5 4|1 }|~10 2 =3|-1}]~10 2 =3|-1
-3 1 2 -3 0 —14 14| 0 0 0 -—-7|-7

The unique solution is the vector (2,1,1)7.



