Analytic combinatorics

Lecture 12

June 2, 2021



Series composition inverse

Recall: If A(x) € C[[x]] is a power series with [x°]A(x) = 0 and [x!]A(x) # 0, then
there is a (unique) composition inverse B(x) = A{~1)(x) satisfying
A(B(x)) = B(A(x)) = x. —
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Series composition inverse

Recall: If A(x) € C[[x]] is a power series with [x°]A(x) = 0 and [x!]A(x) # 0, then
there is a (unique) composition inverse B(x) = A{~1)(x) satisfying
A(B(x)) = B(A(x)) = x.

Goal: Compute the coefficients of B(x) from the coefficients of A(x).

Rephrasing the goal: We know that [x°]A(x) = 0, hence A(x) = xC(x) for a series
C(x). Moreover, [x°]C(x) = [x}]A(x) # 0, hence C(x) has a multiplicative inverse
F(x) = ﬁ Hence:

A(B(x)) = x
B(x)C(B(x)) = x
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B(x) = xF(B(x))

New goal: For a power series F(x) € C[[x]] with [x°]F(x) # 0, find the (unique)
power series B(x) satisfying B(x) = xF(B(x)).



Series composition inverse

Recall: If A(x) € C[[x]] is a power series with [x°]A(x) = 0 and [x!]A(x) # 0, then
there is a (unique) composition inverse B(x) = A{~1)(x) satisfying
A(B(x)) = B(A(x)) = x.

Goal: Compute the coefficients of B(x) from the coefficients of A(x).

Rephrasing the goal: We know that [x°]A(x) = 0, hence A(x) = xC(x) for a series
C(x). Moreover, [x°]C(x) = [x}]A(x) # 0, hence C(x) has a multiplicative inverse
F(x) = ﬁ Hence:

A(B(x)) = x
B(x)C(B(x)) = x
- )

B(x) = xF(B(x))

New goal: For a power series F(x) € C[[x]] with [x°]F(x) # 0, find the (unique)
power series B(x) satisfying B(x) = xF(B(x)). “——————__/

Remark: If [x°]F(x) = 0 then the equation B(x) = xF(B(x)) has the (trivial) unique
solution B(x) = 0.
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Lagrange inversion formula(s)

Theorem (Lagrange inversion formula)

Suppose F(x) is a power series with [x°]F(x) # 0. Let B(x) € C[[x]] be the solution

of the functional equation B(x) = xF(B(x)). Then the following holds:
EA 2T R,
@ Forany neN,

1) = ~ " F G

@ For any k,n €N,
[x"1B(x)* = 5[X"_k]F(X)"~
n

© For any G(x) € C[[x]] and n € N,

16(B0) = 71 (F(" 5600
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Lagrange inversion formula(s)

Theorem (Lagrange inversion formula)

Suppose F(x) is a power series with [x°]F(x) # 0. Let B(x) € C[[x]] be the solution
of the functional equation B(x) = xF(B(x)). Then the following holds:

@ Forany neN, L
[x"1B(x) = ;[X"_IIF(X)"-

@ For any k,n €N,
[x"1B(x)* = 5[X"_k]F(X)"~
n

© For any G(x) € C[[x]] and n € N,
n 1 n—1 n d
[XI6(BCa) = D1 F) 22 6(4) ) -
n X
Note: 2 = 1 by taking k = 1, and 3 = 2 by taking G(x) = x*.

A e )
AP’ =k Ea e
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Lagrange inversion formula(s)

Theorem (Lagrange inversion formula)

Suppose F(x) is a power series with [x°]F(x) # 0. Let B(x) € C[[x]] be the solution
of the functional equation B(x) = xF(B(x)). Then the following holds:

@ Forany neN, L
[x"1B(x) = ;[X"_IIF(X)"-

@ For any k,n €N,
[x"1B(x)* = 5[X"_k]F(X)"~
n

© For any G(x) € C[[x]] and n € N,
16(B0) = 71 (F(" 5600

Note: 2 = 1 by taking k = 1, and 3 = 2 by taking G(x) = x*.
Note: 2 = 3 by linearity: for G(x) = Z/?io gxx’, we get

1, . d
Zgr[x" k()" = B )" kz:kgkx = e (RO 600
w
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Computations with residues

Recall: If f is a complex function meromorphic in 0, then there is a d € Z such that
on a punctured neighborhood of 0, f is equal to a Laurent series f(z) = 3_ -, foz".
The coefficient f_1 in this series is the residue of f in 0, denoted Resg(f).

d=~7 &@3” b'S {&/ @ g &%Jr -
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Computations with residues

Recall: If f is a complex function meromorphic in 0, then there is a d € Z such that
on a punctured neighborhood of 0, f is equal to a Laurent series f(z) = >, <, fnz".
The coefficient f_1 in this series is the residue of f in 0, denoted Resg(f).

Lemma (Derivatives have no residues)

With f as above, if f has a primitive function on a punctured neighborhood of 0, then
Reso(f) = 0.



Computations with residues

Recall: If f is a complex function meromorphic in 0, then there is a d € Z such that
on a punctured neighborhood of 0, f is equal to a Laurent series f(z) =3, <, faz
The coefficient f_1 in this series is the residue of f in 0, denoted Resg(f).

Lemma (Derivatives have no residues)

With f as above, if f has a primitive function on a punctured neighborhood of 0, then
Reso(f) = 0.

Proof.

For a circle v around 0 of small enough radius, we have

Reso(f) = 2:“/)"—0
¥

where the intergal is 0, because f has a primitive functlon O

~s| (4o Toge

ne=d 0y
ces =Y
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Substitution for residues

Lemma (Substitution rule for residues)

With f as above, if g(z) is analytic on 0 with g(0) = 0 and g’(0) # O, then
Reso(f(z)) = Reso(f(g(2))g’(2))- —

W - Lkm W § .
1 _ 2 4}
ot g v &6 -t ‘XA cg\[)

&
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Substitution for residues

Lemma (Substitution rule for residues)

With f as above, if g(z) is analytic on 0 with E(O) = 0,and g’(0) # 0, then
Reso(f(2)) = Reso(f(g(2))g’(2))-

With f(z) = 32,5, foz" and g(2) = 3,51 gnz", we get

Reso(f(g(2))g’(2)) = Reso <Z fng(Z)"g’(Z)>

n>d
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Substitution for residues

Lemma (Substitution rule for residues)

With f as above, if g(z) is analytic on 0 with g(0) = 0 and g’(0) # O, then
Reso(f(2)) = Reso(f(g(2))g’(2))-

With f(z) = 32,5, foz" and g(2) = 3,51 gnz", we get

Reso(f(g(2))g’(2)) = Reso <Z fng(Z)"g’(Z)>

n>d
)
e | 52 (o) | e (1452)
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Substitution for residues

Lemma (Substitution rule for residues)

With f as above, if g(z) is analytic on 0 with g(0) = 0 and g’(0) # O, then
Reso(f(2)) = Reso(f(g(2))g’(2))-

With f(z) = 32,5, foz" and g(2) = 3,51 gnz", we get

n>d

Reso(f(g(2))g’(2)) = Reso (Z fng(Z)"g’(Z)>

fn ! g'(2)
= Resp E (7g(z)”+1) + Resp (f_l )
wSe \n+1 g(z)
n#—1

g1 +2gz+3g32% + -
= Resg [ f_1
812 + g22° + g3z3 4 - -




Substitution for residues

Lemma (Substitution rule for residues)

With f as above, if g(z) is analytic on 0 with g(0) = 0 and g’(0) # O, then
Reso(f(2)) = Reso(f(g(2))g’(2))-

With f(z) = 32,5, foz" and g(2) = 3,51 gnz", we get

Reso(f(g(2))g’(2)) = Reso | D _ fag(2)"g'( Z))

<n>d
= Resg (

I !
g(z)n+1) + Resg (f—1g (Z))
n>d g(z)
n#—1
( g1 +2g2z +3g3z% + - )
g1z + g2z + g3z3 + -
(f1 g1+ 282z +3g32% + - )

! + g2z +g3z2 + -
A x a.A%’M-L? T

f_1

€So

z
<
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Substitution for residues

Lemma (Substitution rule for residues)

With f as above, if g(z) is analytic on 0 with g(0) = 0 and g’(0) # O, then
Reso(f(2)) = Reso(f(g(2))g’(2))-

With f(z) = 32,5, foz" and g(2) = 3,51 gnz", we get
ool (6(e)g' ()= Reso (Z foe(2)"e'( z))
n>d

o ( = g(z)m)/ *Reso (f‘lg;((zz)))
nF—1

(f g1 +2g2z +3g3z% + - )
‘ezt @+ g7+
— Reso fo1 g1 +2g2z +3g32% +- )
g1+ &z +g3z?+ -
= f_1 = Resq(f). O
. (f)

= Resg
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Back to Lagrange inversion formula

Recall: LIF says that [x"]B(x)k = %[x"‘k]F(x)", where B(x) is the solution of
B(x) = xF(B(x)) and F(x) is a given series with [x°]F(x) # 0. V\LL c N
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Back to Lagrange inversion formula

Recall: LIF says that [x"]B(x)k = %[x"*k]F(x)", where B(x) is the solution of

B(x) = xF(B(x)) and F(x) is a given series with [x°]F(x) # 0.

Note: Both [x"]B(x)¥ and [x"~¥]F(x)" only depend on the coefficients of F of degree
at most n. Hence we may assume that F is a polynomial, and in particular an analytic
function.
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Since F(0) # 0, ﬁ is analytic in 0.



Back to Lagrange inversion formula

Recall: LIF says that [x"]B(x)k = %[x"*k]F(x)", where B(x) is the solution of
B(x) = xF(B(x)) and F(x) is a given series with [x°]F(x) # 0.

Note: Both [x"]B(x)¥ and [x"~¥]F(x)" only depend on the coefficients of F of degree
at most n. Hence we may assume that F is a polynomial, and in particular an analytic
function.

Since F(0) # 0, ﬁ is analytic in 0.

Since B(x) is a composition inverse of ﬁ it is analytic in 0 as well.



Back to Lagrange inversion formula

Recall: LIF says that [x"]B(x)k = %[x"*k]F(x)”, where B(x) is the solution of
B(x) = xF(B(x)) and F(x) is a given series with [x°]F(x) # 0.
Note: Both [x"]B(x)* and [x"~k]F(x)" only depend on the coefficients of F of degree

at most n. Hence we may assume that F is a polynomial, and in particular an analytic
function.

Since F(0) # 0, ﬁ is analytic in 0.

Since B(x) is a composition inverse of ﬁ it is analytic in 0 as well.

Proof of LIF.
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Back to Lagrange inversion formula

Recall: LIF says that [x"]B(x)k = %[x"*k]F(x)”, where B(x) is the solution of
B(x) = xF(B(x)) and F(x) is a given series with [x°]F(x) # 0.

Note: Both [x"]B(x)* and [x"~k]F(x)" only depend on the coefficients of F of degree
at most n. Hence we may assume that F is a polynomial, and in particular an analytic
function.

Since F(0) # 0, %) is analytic in 0.

(x

Since B(x) is a composition inverse of ﬁ it is analytic in 0 as well.

Proof of LIF

%[Xnik]F(X)n = %RESO F(X)n = 1 ResO (kxkil M)

xn—k+1 xn

= %Reso (kB( k=t FSBB(();)H)" B'(x )) (substitute x — B(x))



Back to Lagrange inversion formula

Recall: LIF says that [x"]B(x)k = %[x"*k]F(x)”, where B(x) is the solution of

B(x) = xF(B(x)) and F(x) is a given series with [x°]F(x) # 0.

Note: Both [x"]B(x)* and [x"~k]F(x)" only depend on the coefficients of F of degree
at most n. Hence we may assume that F is a polynomial, and in particular an analytic
function.

Since F(0) # 0, ﬁ is analytic in 0.

X

Since B(x) is a composition inverse of ﬁ it is analytic in 0 as well.

Proof of LIF

%[Xnik]F(X)n = %RESO F(X)n = 1 ResO (kxkil M)

xn—k+1 xn

1 Reso (kB( k=t F(B(X))" B'(x )) (substitute x — B(x))
n

BO)”
= 2 Reso (KB LB () (e 7o)~
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Back to Lagrange inversion formula

Recall: LIF says that [x"]B(x)k = %[x"*k]F(x)”, where B(x) is the solution of
B(x) = xF(B(x)) and F(x) is a given series with [x°]F(x) # 0.

Note: Both [x"]B(x)* and [x"~k]F(x)" only depend on the coefficients of F of degree
at most n. Hence we may assume that F is a polynomial, and in particular an analytic
function.

Since F(0) # 0, ﬁ is analytic in 0.

X

Since B(x) is a composition inverse of oy it is analytic in 0 as well.

Proof of LIF.

k. . k F(x)" 1 _1 F(x)"
;[x" KIF(x)" = = Resg ankll = Resg (kxk 1(73)

= % Reso (kB(X)ki]'%B,(X)) (substitute x — B(x))
= 2 Reso (KB LB () (e 7o)~

= ~ KB B () = (B



Back to Lagrange inversion formula

. k _ k —k H H
Recall: LIF says thatl_[ﬂf.(f.l/ = K[xn .]F(x.)”, where B(x) is the solution of
B(x) = xF(B(x)) and F(x) is a given series with [x°]F(x) # 0.

Note: Both [x"]B(x)* and [x"~k]F(x)" only depend on the coefficients of F of degree
at most n. Hence we may assume that F is a polynomial, and in particular an analytic
function.

Since F(0) # 0, ﬁ is analytic in 0.

X

Since B(x) is a composition inverse of ﬁ it is analytic in 0 as well.

Proof of LIF

K[ank],:(x)n — 5 Reso F(X)n — 1 Resg (kxk71 F(X)n)
LR

xn—k+1 xn

= %Reso (kB( k=t FSBB(();)H)" B'(x )) (substitute x — B(x))
= 2 Reso (KB LB () (e 7o)~

= ~ KB B () = (B

[x"1B(x)" O
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Catalan trees revisited

Recall from Lecture 10: A binary tree is either a single leaf node, or an internal root
node together with an ordered pair of subtrees, which are both binary trees. Let t, be
the number of binary trees with n internal nodes. Let us deduce a formula for t, using

AN
/\ A
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Catalan trees revisited

Recall from Lecture 10: A binary tree is either a single leaf node, or an internal root
node together with an ordered pair of subtrees, which are both binary trees. Let t, be
the number of binary trees with n internal nodes. Let us deduce a formula for t, using

LIF.
The OGF T(z) = Y%, taz" satisfies T(z) = 1+ zT2(z2). ZS
L

itz %#&es}"‘ S['?S u(?-r/\

~ /_,___,
T(’k) 1% i‘{(e%'s = % ’E U rop*'?)( {FELS?
Xf#u&}

TG = 4 & 2 T@ . T(e)
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Catalan trees revisited

Recall from Lecture 10: A binary tree is either a single leaf node, or an internal root

node together with an ordered pair of subtrees, which are both binary trees. Let t, be

the number of binary trees with n internal nodes. Let us deduce a formula for t, using
LIF. By = X F (BLO)
The OGF T(z) = 3.2, taz" satisfies T(z) = 1+ 2T2(z). =)

Define T*(z) = T(z) — 1 to be the OGF of trees with at least one internal node. The
above formula gives T+(z) = z(T*(z) + 1)2.

-
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Catalan trees revisited

Recall from Lecture 10: A binary tree is either a single leaf node, or an internal root
node together with an ordered pair of subtrees, which are both binary trees. Let t, be
the number of binary trees with n internal nodes. Let us deduce a formula for t, using
LIF.

The OGF T(z) = Y%, taz" satisfies T(z) = 1+ zT2(z2).

Define T*(z) = T(z) — 1 to be the OGF of trees with at least one internal node. The
above formula gives T+(z) = z(T*(z) + 1)2.

In particular, TT(z) = zF(T*(z)) for F(z) = (z + 1)?. Hence, by LIF,

W2 =T = N+ D

1,2 1 2
:;(n—nl):ij—irz)_‘: C/

h
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Plane trees and plane forests

A plane tree consists of a root node together with an ordered d-tuple of subtrees, for

some d € Np. The size of a plane tree is its number of nodes (in particular, each plane
tree has positive size). Let p, be the number of plane trees of size n

=0 VN
ke P {
A

A b =1 "

P~ IPSA[\L{\}\
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Plane trees and plane forests

A plane tree consists of a root node together with an ordered d-tuple of subtrees, for
some d € Np. The size of a plane tree is its number of nodes (in particular, each plane
tree has positive size). Let p, be the number of plane trees of size n.

A plane forest with k components is an ordered k-tuple of plane trees. Let f, be the
number of plane forests with k components that have total size n (k is a fixed
constant).



Plane trees and plane forests

A plane tree consists of a root node together with an ordered d-tuple of subtrees, for
some d € Np. The size of a plane tree is its number of nodes (in particular, each plane
tree has positive size). Let p, be the number of plane trees of size n.

A plane forest with k components is an ordered k-tuple of plane trees. Let f, be the
number of plane forests with k components that have total size n (k is a fixed

constant). ("_'q

Goal: Find an explicit formula for pp and f,.

3
P=L R = 2+t 2Pt ..
WM ¢ I K (roo*', s&%w)
AN

< [X13 P@) . A
=2(Z %)= 27 i

w-4 k=D
[% 1 (/1 A :}F(F(%)> l Fo= ;—%-

\n (n-/\ B R R

BRYE
c-w\')

\ \“q (1)
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Labelled trees

A rooted tree of size n is a tree on the vertex set [n] with one vertex designated as
root. A rooted forest of size n is a graph on the vertex set [n] whose every component
is a rooted tree. Let r, be the number of rooted trees on the vertices [n], and let g,
be the number of rooted forests with k components on [n] (k again fixed).

a2
=0, T4 ©, =2 &7 =9
—®
A KN

Y K3
o> K3
& ALD
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Labelled trees

A rooted tree of size n is a tree on the vertex set [n] with one vertex designated as
root. A rooted forest of size n is a graph on the vertex set [n] whose every component
is a rooted tree. Let r, be the number of rooted trees on the vertices [n], and let g,
be the number of rooted forests with k components on [n] (k again fixed).

Goal: Find angpricit formula for r, and g,

h*®D V\- s
>( 'ECL)

rvv&' hors d"ﬁ 1~
x (2_(1)

<{¢3—.lc ; /‘ B lzcg ,d"
h-ooi,u)\ \rets w. voot Q\S Jn.ﬁ 45 ‘{,.wlff €Y {r:;ﬁe‘;
4&/—» LU Aajz’l ?.—oa"iﬁi'“::jfﬂ

v @iroo#ﬁ[
R = Zﬂi‘%=x-eﬁ‘” N\
= le 2

u

n»



Guest
FreeHand

Guest
FreeHand

Guest
FreeHand

Guest
FreeHand

Guest
FreeHand

Guest
FreeHand

Guest
FreeHand

Guest
FreeHand

Guest
FreeHand

Guest
FreeHand

Guest
FreeHand

Guest
FreeHand

Guest
FreeHand

Guest
FreeHand

Guest
FreeHand

Guest
FreeHand

Guest
FreeHand

Guest
FreeHand

Guest
FreeHand

Guest
FreeHand

Guest
FreeHand

Guest
FreeHand

Guest
FreeHand

Guest
FreeHand

Guest
FreeHand

Guest
FreeHand

Guest
FreeHand

Guest
FreeHand

Guest
FreeHand

Guest
FreeHand

Guest
FreeHand

Guest
FreeHand

Guest
FreeHand

Guest
FreeHand

Guest
FreeHand

Guest
FreeHand

Guest
FreeHand


Reo = % 2 = x Flecw)
= nl [ -
=\ (i{;\{_xwi\ @Sq
=n! (/VE g éx}

w4 w7

~ ()
= v-\—/\ L
Y_\ = h w V\,U\—w L~ 07&
Yrers
v\"l

DL.J‘(«\ F= 6

f’_rwi'ﬂf‘; Wu‘(‘l«s

L wmrobw—bv"s
e E6 F

R ()%

wna '« 00{"&J\

~J


Guest
FreeHand

Guest
FreeHand

Guest
FreeHand

Guest
FreeHand

Guest
FreeHand

Guest
FreeHand

Guest
FreeHand

Guest
FreeHand

Guest
FreeHand

Guest
FreeHand

Guest
FreeHand

Guest
FreeHand

Guest
FreeHand

Guest
FreeHand

Guest
FreeHand

Guest
FreeHand

Guest
FreeHand

Guest
FreeHand

Guest
FreeHand

Guest
FreeHand

Guest
FreeHand

Guest
FreeHand

Guest
FreeHand

Guest
FreeHand


