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A simple estimate

We have seen examples of coefficient bounds for functions that have specific types of
singularities (poles, algebraic singularities). What about coefficients of functions that
are analytic everywhere?
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We have seen examples of coefficient bounds for functions that have specific types of

singularities (poles, algebraic singularities). What about coefficients of functions that
are analytic everywhere?

Proposition

Suppose f(z) = Y72 anz" is a power series with non-negative coefficients and with

radius of convergence p € (0,+o0]. Then for r € (0, p) and n € Ny, the following
holds:

o Ifr<1, thenag+ai+ - +an< (@),

e

o Ifr > 1, then an+ apy1 + apt2 + -+ < i)y

e Foranyr € (0,p), an < %
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A simple estimate

We have seen examples of coefficient bounds for functions that have specific types of
singularities (poles, algebraic singularities). What about coefficients of functions that
are analytic everywhere?

Proposition

Suppose f(z) = Y72 anz" is a power series with non-negative coefficients and with
radius of convergence p € (0,+o0]. Then for r € (0, p) and n € Ny, the following
holds:

o Ifr<1, thenag+ a1+ -+ an (@),

e

o Ifr > 1, then an+ apy1 + apt2 + -+ < i)y

rn

e Foranyr € (0,p), an < (o)

rn

Note: With f, p and n be as above, the function fr(') has a minimum in a point

satisfying rf’(r) = nf(r).
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Some examples

Examples applying a, < ff,’,), with rf’(r) = nf(r).

Example 1. Consider f(z) = €7, i.e., ap = # T
Jo-y 2 pavs, Prilex
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Some examples

Examples applying a, < ( )| with rf’(r) = nf(r).
Example 1. Consider f(z) =e?ie, an=%

Example 2. Estlmate ':1’ , with n < m{2 " ImL m € W
h —
g(%\ (a+2) =7 (W)= N

h=o
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Improving the simple estimate

Recall:

Proposition (Cauchy's integral formula)

Suppose f = > 0° , anz", with radius of convergence p € (0,+oc], let vy be the circle
of radius r < p centered in 0, let n € Ng. Then
1 f(z)
" oni 5
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Idea: find estimates for a, by estimating the integral above.
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Recall:

Proposition (Cauchy's integral formula)

Suppose f = > 0° , anz", with radius of convergence p € (0,+oc], let vy be the circle
of radius r < p centered in 0, let n € Ng. Then
1 f(z)
" oni 5

Idea: find estimates for a, by estimating the integral above.
First attempt (assuming all coefficients of f are nonnegative):

1 f(z)
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Improving the simple estimate

Recall:

Proposition (Cauchy's integral formula)

Suppose f = > 0° , anz", with radius of convergence p € (0,+oc], let vy be the circle
of radius r < p centered in 0, let n € Ng. Then

1 f(z)
T 2mi 5

Idea: find estimates for a, by estimating the integral above.
First attempt (assuming all coefficients of f are nonnegative):

ol =5 | o
< %Ien(w)max{|f(z)/z"+1|;@} cey
= - 27r
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Improving the simple estimate

Recall:

Proposition (Cauchy's integral formula)

Suppose f = > 0° , anz", with radius of convergence p € (0,+oc], let vy be the circle
of radius r < p centered in 0, let n € Ng. Then
1 f(z)
" oni 5

Idea: find estimates for a, by estimating the integral above.
First attempt (assuming all coefficients of f are nonnegative):

|1 f(z)
|anl = 27 [Y zn+1
< -len(y) max{|f(2)/2"; 2 € 7)
vy
(r)
= g Temr: rn+1
()
_ ),

This is identical to the bound we already know. But we can find better estimates for
the integral.
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Digression: the landscape of an analytic function

Let Q C C be a domain, let f: Q — C be an analytic function which is not constant
on Q. What can we say about the function m: Q — [0, +00) defined as
m(z) = [f(2)[?
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Digression: the landscape of an analytic function

Let Q C C be a domain, let f: Q — C be an analytic function which is not constant
on Q. What can we say about the function m: Q — [0, +00) defined as
@: f(2)?
L&t Us say that a point zg € Q is
. ° I /

@ generic if f(zp) # 0 and f/(z0) # 0, _

@ a minimum if f(z) =0, .

@ a saddle point (of multiplicity k) if f(z) # 0, ¢

f'(z0) = f"(z0) = --- = fK)(z0) = 0 and Fk+1)(z) #£ 0.

Proposition

Let f, m and 2 be as above. Let zg € 2 be arbitrary, let € > 0 be small enough so
that N<.(20) C Q. Let z = zg + re'®, with r € [0,¢), ¢ € [0, 2m).
o If zg is a generic point, then there are constants A > 0 and T € [0,27) such that
m(z) = m(z0)(1 + Arcos(¢p — 7) + O(r?)) as r — 0.
o Itz isa sa’glle point of multiplicity k > 1, then there are constants A > 0 and
7;5[(())7 27) such that m(z) = m(zo)(1 + ArktL cos((k + 1)é — 7) + O(rk*1)) as
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Digression: the landscape of an analytic function

Let Q C C be a domain, let f: Q — C be an analytic function which is not constant
on Q. What can we say about the function m: Q — [0, +00) defined as
m(z) = |f(2)[?
Let us say that a point zg € Q is

@ generic if f(zp) # 0 and f/(z0) # 0,

@ a minimum if f(z) =0,

@ a saddle point (of multiplicity k) if f(z) # 0,

f(z0) = f"(z0) = --- = F(W(z9) = 0 and Fkt1)(z) £ 0.

Proposition

Let f, m and 2 be as above. Let zg € 2 be arbitrary, let € > 0 be small enough so
that N<.(20) C Q. Let z = zg + re'®, with r € [0,¢), ¢ € [0, 2m).

o If zg is a generic point, then there are constants A > 0 and T € [0,27) such that
m(z) = m(z0)(1 + Arcos(¢ — 7) + O(r?)) as r — 0.

o It zg is a sadle point of multiplicity k > 1, then there are constants A > 0 and
T € [0,27) such that m(z) = m(z0)(1 + Ark*tt cos((k + 1)¢ — 7) + O(rkt1)) as

r— 0.

In particular, m has no local maxima, and the only local minima satisfy m(zo) =0.



Proof of the proposition

Proposition

Let f, m and Q be as above. Let zg € Q be arbitrary, let € > 0 be small enough so
that N<.(z0) C Q. Let z = zg + re/®, with r € [0,¢), ¢ € [0, 2T)

o If zg is a generic point, then there are constants X\ > 0 and T € [0, 27) such that
m(z) = m(zo)(1 + Arcos(¢p — 1) + O(r?)) asr — 0

T € [0,27) such that m(z) = m(z0)(1 4+ ArkT cos((k + 1)¢ — 7) + O(rkt1)) as
r— 0.

T s JEa &‘?«M@Q\ . &_Cf:) O
< 5@ + geﬂm « $ED #70
h(})_(é@;\l = \({(ja}( (( A+ &(%a> @:1)’( DUJ)
2
e | gy ngt e ¥

e It zg is a sadle point of multiplicity k > 1, then there are constants X\ > 0 and
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Proof continued ...



Back to coefficient estimates

Let us assume (again) that f(z) = 372 anz" is a power series with nonnegative
coefficients and radius of convergence p € (0, +0o0]. Recall that

1 f(z)
an = ~— s
27i ) z"tL

where «y is a circle or radius r < p centered in the origin.



Back to coefficient estimates

Let us assume (again) that f(z) = 372 anz" is a power series with nonnegative
coefficients and radius of convergence p € (0, +0o0]. Recall that

1 f(z)
an = ~— s
27i ) z"tL

where «y is a circle or radius r < p centered in the origin.
Let p: [a, b] — C be a parametrization of . Then

/ f(2)

5 Zzn+1
b

[ som

f(p(t))

p(t)"t

1

o
1
2w
1 b
,ga
~—

an =

|p'(1)| dt
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Back to coefficient estimates

Let us assume (again) that f(z) = 3 2, a,z" is a power series with nonnegative
coefficients and radius of convergence p € (0, +0o0]. Recall that

1)
" oni 5z

where v is a circle or radius(r’)< p centered in the origin.
Let p: [a, b] — C be a parametrization of . Then

~
) Eayc
r_V\ an = 2n |/, Zn+1 . {f)
1|/ fe(r) =
= — t)dt -
o | e e z=T
1P () |,
< — - t)|dt
] [ el
wtA
Ideas: \ G [
@ We may choose « so that it passes through (or near) saddle points of an(ﬂ , SO

that the maximum of the integrand is small. ~
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Back to coefficient estimates

Let us assume (again) that f(z) = 372 anz" is a power series with nonnegative

coefficients and radius of convergence p € (0, +0o0]. Recall that
1 f(z)

©2wi Jy z0tl

where «y is a circle or radius r < p centered in the origin. -
Let p: [a, b] — C be a parametrization of . Then

1 f(z)
an g / Zzn+1
1 flp(t)
- 5 /a p(t)" p(eyri P (09
@) | .,
= or p(t) 1 [P/ (1)] dt

Ideas:

@ We may choose « so that it passes through (or near) saddle points of ‘an(—ﬂ

, SO
that the maximum of the integrand is small.

o Often ’Zf,,(ﬂ ‘ is only large in small neighborhoods of the saddle points and very

small elsewhere. We may distinguish “large’” and “small” regions and bound them
separately.
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Factorial revisited

Example: find a better lower bound for n! than (g)n



Factorial revisited

Example: find a better lower bound for n! than (g)n - h.\,.\_l.\,u»;?—-d_g (r\

Let v = «(n) be a circle around the origin with radius n. ”
"
— '

gtr)-— e
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Factorial revisited

Example: find a better lower bound for n! than (g)n
Let v = y(n) be a circle around the origin with radius n.
Parametrize v by p: [—m, x|, p(t) = ne™.



Factorial revisited

Example: find a better lower bound for n! than (ﬂ)".

h
A ¢ /e
e _— ——
Let v = 7(n) be a circle around the origin with radius n. hI - ~N

Parametrize vy by p: [—m, 7], p(t) = ne't.

We have
ks =[2"]e* = 1 e
n! 27i J z" L
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Factorial revisited

Example: find a better lower bound for n! than (g)n
Let v = y(n) be a circle around the origin with radius n.
Parametrize v by p: [—7, 7], p(t) = ne'.

We have
1 "z 1 e?
2 2"e? = —
n! ("] 27i J z" L
1 (™ exp(net) .

it
— ————ine'tdt
2mi J_n nnt1e(n+1)it



Factorial revisited

Example: find a better lower bound for n! than (g)n
Let v = y(n) be a circle around the origin with radius n.
Parametrize v by p: [—7, 7], p(t) = ne'.

We have
= [z2Me* = L e
n! 27i J z" L
1 T exp(ne' :
= — _exp(ne?) ) ine'tdt
2mi J_n nnt1e(n+1)it
exp(ne) .

dt

IN

1 ™
=l

— . In
nnt1le(nt+1)it



Factorial revisited

Example: find a better lower bound for n! than (g)n
Let v = y(n) be a circle around the origin with radius n.
Parametrize v by p: [—7, 7], p(t) = ne'.

We have
- =[2"]e* = 1 e
n! 27i J z" L
1 T it .
_ L [T expnet) gy
2mi J_n nnt1e(n+1)it
1 (™| e e't ;
<L [T eelnet) g,
o | | ielninye

since | exp(w)| = exp(R(w))

L[ eelie),,

27 J_n n
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Factorial revisited

Example: find a better lower bound for n! than (g)n

Let v = y(n) be a circle around the origin with radius n. b

Parametrize v by p: [—m, x|, p(t) = ne™. A e

We have o s — \
1 [N eZ — 1 e’ l L\
il e ne

1 (™ exp(net) . 4
— ————ine'*dt
2mi J_n nnt1e(n+1)it

1 /"r
< =
2 J_x

™ it
_ i/ exp(?R(nne ))dt

27 ) _x n

eXp("eh) .t

e dt

since | exp(w)| = exp(R(w))

1 T
= / exp(ncos t)dt.
—T LY

2mn"
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Factorial revisited

Example: find a better lower bound for n! than (g)n
Let v = y(n) be a circle around the origin with radius n.
Parametrize v by p: [—7, 7], p(t) = ne'.

We have
= [z2Me* = L e
n! 27i J z" L

1 (™ exp(net) .
— —
2mi J_x ntl e(n+1)it

i/”
27 ) _»
1 T it
- 7/ exp(?R(nne ))dt

27 J_n n

1 T
= / exp(ncos t)dt.
27n" J_ .

Let a = a(n) € [0, 7] be a value to be specified later. We will decompose the integral
into three integrals over the intervals [—7, —a], [—«, @], and [«, 7]. Using trivial
bounds on each of the three intervals yields

(T=0l)

—Q T
/ exp(ncos t)dt = / exp(ncost)dt < - e

- o

ne'tdt

exp(ne’t) . .

——————ine"|dt
nnt1le(nt+1)it

IN

since | exp(w)| = exp(R(w))

«@
/ exp(ncos t)dt < 2ae”.

—Q
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Finishing the factorial bound

2 \h
We saw that for any « € [0, 7], we have the bound {'T\) A0
1 cos _ n(cos(a)—1)
nl = 2mn" (2me™ % 4 20e7) = mn" M

—D «S$w— ol
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Finishing the factorial bound

We saw that for any a € [0, 7], we have the bound

1 < ! (2me" ™ + 2ae") = e (27re"(°°5(°‘)29 + 2a>
nl = 2mwn" 2mnn”

NN

N o 4
We know that for a — 0 we have the Taylor approximation cos « —\1/ +%’.
13

o
Wi-% 2 A
= S0 & N"AK =0 D > —

P

X =0
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Finishing the factorial bound

We saw that for any a € [0, 7], we have the bound

L

n! = 2mwn"

n
(2me" ™ + 2ae") = i
2mwn"

(27Te"(c°5(°‘)71) + 2a)

We know that for o — 0 we have the Taylor approximation cosa =1 — 0‘72 + O(a*).

0.00001
o . Then

v

Fix o =

0.00001
i < el 2ﬂ_e(72n°-°°°°2+0(n—°-”°°°)) " 2n )
nl ~ 2ap" \ ——m———— vn

o <n0.00001 (f)" =< ~—
RO

IN
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Finishing the factorial bound

We saw that for any a € [0, 7], we have the bound

L

n! = 2mwn"

n
(2me" ™ + 2ae") = i
2mwn"

(27Te"(c°5(°‘)71) + 2a)

We know that for o — 0 we have the Taylor approximation cosa =1 — 0‘72 + O(a*).

Fix o = "0':’/0501 . Then
n _ o, ,0.00001
% S 2enn (271'6(72”0 00002+O(n o 99996)) + n \/E )
! T
<o <n0.00001 (e)n)
- vn n '
Hence

nl>Q (,7007\/0@01 (g)n) '



Finishing the factorial bound

We saw that for any a € [0, 7], we have the bound

L

n! = 2mwn"

(2ﬂ_encosa +2aen) —

(27Te"(c°5(°‘)71) + 2a)

wn"

We know that for o — 0 we have the Taylor approximation cosa =1 — 0‘72 + O(a*).

Fix o = "0':’/0501 . Then
n _ o, ,0.00001
% S 2enn (271'6(72”0 °°°°2+O(n o 99996)) + n \/E )
! T
<o <n0.00001 (e)n)
- vn n '
Hence

>0 ( f (g)") .

Remark: Stirling approximation gives

nl = \/2771(5)"(1 +0(1/n)).
.’ \e


Guest
FreeHand

Guest
FreeHand

Guest
FreeHand

Guest
FreeHand

Guest
FreeHand

Guest
FreeHand

Guest
FreeHand


Partial matchings

A partial matching is a graph whose every component is an isolated vertex or an edge.
Let pn be the number of partial matchings on the vertex set [n]. Find a bound for pj.

’\>4:/\ »

2 Yy | °® [
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