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Financial Mathematics

Annuity

- An annuity is an instrument that generates the same sum of money for a
certain period, and the number of instalments is known.

- Examples of an annuity are a mortgage loans or money paid each month
to a retiree.

PV(I,)=Cx|+-—

r r><(1+r)T_

PV — PV of instalments
C — instalment

r — interest rate

T — maturity

...if instalments are paid at the end of the period

(if it is paid twice a year:r/2 instead of r and 2t instead of t) *
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Task | (Annuity)

Calculate an instalment for a CZK | million loan with |10-year maturity,
interest rate at 5% and yearly instalments.

=129,504.57

Principal 1000 000 PV(IG) 1, 000) 000
Interest rate 5% (=
Maturity 10 1 1 1 1
Instalments per year 1 B — —
Annuity ? PR (l-i-F)T 5% S%X(l+5%)lo
Year | Instalment | Interest paid |Principal paid|Principal left| Discount factor PV of
instalments
1 129,505 50,000 79,503 920,495 09524 125338
2 129,505 46,025 83,480 837.016 0.9070 117 464
3 129505 41 851 87654 T49.362 0.8638 111,871
4 129505 37468 02,036 657,325 0.8227 106544
5 129505 32866 96,638 560,687 0.7835 101,470
] 129,505 28.034 101,470 459217 0.7462 96,638
7 129505 22961 106,344 352673 0.7107 92,036
2 129505 17,634 111871 240,802 0.6768 87,654
9 129505 12,040 117 464 123,338 0.6446 83,480
10 129505 6167 123333 0 0.6139 79505
1,295,046 295,046 1,000,000 1,000,000
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Task 2 (mortgage)

You want to buy a flat worth CZK 2,000,000.A bank will provide you with a
mortgage of up to 70% of the flat’s purchase price. Calculate an instalment

for this mortgage provided its |5-year maturity, an interest rate of 6% and
monthly instalments.

1 PV(ID)l -—— 14000001 ~11,814.00

rim rlimx U+ m)™T || 6%/12 6%/12x (1+6%/12)1%
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Perpetuity

A perpetuity (or perpetual annuity) is an annuity that is payable for a period
of time without any fixed end, i.e. its principal is not to be paid. (e.g.a consol
bond, common stock)

C
PV(ly)=—

V
PV — present value of instalments
C — coupon

r — Interest rate
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Task 3 (Perpetuity)

Demonstrate that annuity is the difference between two perpetuities in
time.

You start getting C in the first year but since year T+1, you have to give the money back.

Perpetuity starting in year 1: CI° lC l{: CF ¢ F c
7 I
P tuity starting | T+1:
erpetuity starting in year c ke ke ke c
L v
Year: 1 2 T-1 T T+1 T+2 T+3 T+4 infinity

Hence the present value of a perpetuity starting in year 1 and ending in year T is:

pr=S-_¢ ¢l 1

r (1+r)Tr r (1+r)Tr
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Types of interest

|. Simple interest — interest is calculated only on the principal,and no
accrued interest occurs.

2. Compound interest (interest upon interest) — interest is payable not only
on the principal but also on sums of interest as they accumulate.

Figure: Compound interest

A
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Frequency of interest

In the above-mentioned examples we used interest paid annually. However,
in reality other frequencies of interest also occur (e.g. daily, monthly,

semiannual etc.)

FV)=Iox(A+7,0)  FV(Iy)=1I,x (1+22)
m

— future value of investment lp
— interest rate p.a.

— maturity
— frequency of interest per year

FV — future value of investment I,
Ipa. — annual interest rate

T — maturity

3477
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Task 4 (Types of interest)

Show the difference between compound and simple interest based on a
deposit yielding 10% and a maturity of |, 5, 10, 30,50 and 100 years.

18 - -8 10% simple interest

Simple interest Compound interest
=~ 10% compound Interest
. Imitial Final Initial Final ]
Year Amount Interest Amount | Amount Interest Amount Difference
1 1 0.10 1.10 1 0.10 1.100 0.00
5 1.40 0.10 1.50 146 0.15 1.61 0.11
10 1.90 0.10 2.00 236 0.24 2.9 0.59
30 390 0.10 4.00 15.86 1.539 1745 13.45
a0 390 0.10 6.00 106.72 10.67 117 39 111.39
0 100 10.90 0.10 1100012527 83| 1252 78|13 780615 13.769.61

- W M~ ) e 0 W P~ R T M W P~ O}
- o v v v NN NN
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Task 5 (Frequency of interests)

Show that the following formula holds for continuous interest:

FV(I,)=PV(I)xe™

rl
m rT
r

= PV x (1+1] where n=m/r

B |
1) FV—PV:«:(HLJ = PV x {1+’—J
_ _ n

m m

2) We know that ulnm(nl} e

n

3) Hence FV = PV x e
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Task 6 (Frequency of interests)

In 1626, Peter Mint, the governor of the colony of New Netherland, bought

| the island of Manhattan from Indians with beads, cloth and trinkets worth

$24. Find the value of this sum in the year 2006 at 5% compounded

a) continuously and b) annually.

a) FV(Iy) =PV (Iy)xe™ =24x ™380 =$4 283 575,223
b) FV(Io) =TIy x(1+7,,)7 =24x(1+5%)*° =$2,704,860,603

4 500 000 000

4 000 000 000 !’
o 3 500 000 000 f
3 3000000000 !
g 2 500 000 000 , -
]
5 2 000 000 000 / — Annually

S 1500 000 000
(T
1 000 000 000 //
500 000 000
___.--"“'”

0

e C pnitiniiously
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Effective Interest Rate

Considering a variety of interest frequencies, it would be difficult to compare
these interest rates. Therefore a new variable has been introduced: effective
interest rate, sometimes denoted as annual percentage rate or APR,
corresponds to an annual nominal interest rate ry compounded m-times a
year.
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Task 7 (Frequency of interests)

Ota is looking at different banks to find the best investment choice for his
deposit. Ota has CZK 100,000 and has a three-year horizon. What bank
would you recommend to him? Assume a |15% tax on interest. Here is the
table of rates and compounding periods:

Bank Rate ( p.a.) Compounding | Eff.int.rate
CSOB 7.000% 1 7.000%
Komer¢ni Banka 6.950% 2 7.071%
Ceska spoiitelna 6.900% 4 7.081%
GE Money 6.850% 12 7.069%




Financial Mathematics

Long-term bonds

A bond is a debt instrument with a maturity of over | year.We can
distinguish many types of bonds, for example according to:

a) Coupon: Zero-coupon vs. coupon bonds

b) Coupon-rate variability: Floating-rate vs. fixed-rate bond

c) Issuer: Public sector vs. financial institutions vs. companies vs. sovereign
d) Embedded options: Callable vs. putable vs. convertible bonds

e) Maturity: Short-term vs. medium-term vs. long-term bonds.
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Task 8 (Foreign bonds)

A Foreign bonds are the bonds whose issuers are not domiciled in the
country where they are issued and traded. Several types of foreign bonds
and countries are listed in Table below. Try to assign each bond to each
country, where it is traded.

Bond tvpe Countrv of trading
1 Yankee A us
2 Samurai B Japan
3 Bulldog C UK
4 Rembrandt D The Netherlands
5 Matador E Spain
6 Kangaroo F Australia
7 Kaun G New Zealand

Table already ordered: 1A, 2B, 3C, 4D, 5E, 6F, 7G
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Bond valuation

regularly and the principal at the end of maturity.

The valuation of a straight (vanilla) bond that pays constant annual coupons

C, _ _

T e M C cC—r

p=> " n P =Mx|—-
m=t : ~ m=T n
= r r r rx(+r)
1+— 1+— - -
Ps — market value of the bond

Pa — market value of the bond M — face value of the bond
r — required rate of retum r — required rate of refurn in an interest period
Cy — coupon at time t C — coupon rate in an interest period (in %)
M — face value of the bond T — number of interest periods until the bond’s matunty
T — maturity



Financial Mathematics

The inverse (non-linear) relationship between bond prices
and yield valuation

Yield

Bond price
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The inverse relationship between bond prices and yield
valuation — Austrian 100Y GB case

Austrian government issued 100Y government bond in 2017 (volume
EUR 3.5bn; coupon 2.1%)

Market rates (and expectations!) went down significantly since
then...price of a bond increased by 78% in 2019

Soaring Austrian ‘century bond’ shows appeal of duration

Price of Austria’s government bond maturing in 2117

220
200
180
160
140
120

100
Jan 2019 Sep

Source: Bloomberg

OFT |8
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Vanilla bond yields

Par yield (nominal) yield (c):

Current (flat, running) yield (y):

Yield to maturity (YTM):

C — constant coupon

Po — market value of the bond
Ci — coupon at time t

M — face value of the bond

T — maturity

th

(1+ FTM)“

(1 +YTM)T
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Yield to maturity

The yield to maturity (YTM ) is an average return paid to an investor if he or
she holds a bond until its maturity. It is hard to compute without software,
so “hand” computing is possible either by iterations (a trial and error

method) or approximation (e.g. the Hawawini-Vory’s approximate yield to
maturity, or AYTM):

ciM-h

AYTM = I
0.6x P +0.4xM

,_ — coupon
S — purchase price of the bond
M — face value of the bond

— residual maturity

20
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Yield curve

The yield curve shows the relationship between maturity and yields

Yield curve, CZK, EUR, USD
as of 14.9.2020 (IBOR + IRS rates)

1,40

1Y — where IBOR rate
meets swap rate
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Yield curves — int. comparison

CHarT LG

Decrease in general level of interest rates (2011-2016 -2017)

{x-anis: years; y-axis: %)
5.

Movement of government yield curves in selected economies

0 5 10 15 20 25
- = (7 29/4/2011 C7 30/4/2013
= = EA 29/472011 EA 30/4/2013
- U5 29/4/2011 US 30/4/2013

30

Movement of government bond yield curves in selected
economies
{x-axis: maturity in years; y-auis: yield in %)

3 5

a 5 10 15 20
------ CZ30. 4. 2016 = 7 30.4 2017
------ DE 30. 4. 2016 = DE 20. 4. 2017
mmmmas )5 30 4. 2016 U5 30.4.2017

Source:  Thomson Reuters, Bloomberg LP

EA — Euro area

Source: Financial Stability Report 2012/2013, 2016/2017

Source:  Bloomberg
Mote:  The yield curves are derived from generic government bond yields.
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Accrued interest (1/4)

Accrued interest is a part of the coupon that compensates the Buyer (or the
Seller) for non-obtaining of the accrued part of the coupon.

PD — PC i AI
Pp — dirty price

Pc — clear (market) price of the bond
Al — accrued interest

24
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Accrued interest (2/4)

The equation above shows that a bond’s dirty price is equal to a bond’s price
adjusted by Al, which can be both positive and negative based on the date of
a bond’s sale.

When calculating Al, we should know the ex-dividend day, which is decisive
for a coupon payoff for an investor. Whoever owns the bond on that day
will receive a coupon.

However, the coupon is to be paid on a dividend day, which usually follows
3—4 days after the ex-dividend day. Two different dates of the sale of the
bond are shown in the following figures.

25
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Accrued interest (3/4)

/ Al
/_nl 0 I / '
X, D, X, D, X, D clean price

3

-

If the deal is done at time ti, the buyer is to be compensated

for holding a bond in period (D), t)...buyer pays more,i.e. Po = Pc + Al

Al = — D, ——x(C
360
Al — accrued interest
ty — the date of a bond’s sale
D — a dividend day
Xi — an ex-dividend day

C — annual coupon
26
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Accrued interest (4/4)

/ Al
/ tll t]l / )
X, D, X, D, X; D clean price

3

-

If the deal is done at time t,, the buyer is to be compensated

for holding a bond in period (tz, D2)...buyer pays less, i.e. Po = Pc - Al

ar=L"b ¢
360
Al — accrued interest
to — the date of a bond’s sale
Do — a dividend day
Xo — an ex-dividend day

C — annual coupon
27
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Thank you for your attention.
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