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Dynamic programming
Dynamic programming is a method of solving optimization problems by breaking them

recursively into smaller problems and using a table to avoid repeated recursive
computations.

Fib(n) Fib(n) (with memoization)

1. If n < 1:return n.
2. Return Fib(n — 1) + Fib(n — 2).

. If T[n] is defined: return T|[n].

L fn<1:T[n] + n.

. else T[n] + Fib(n — 1) + Fib(n — 2).
. Return T[n].

A W N =

Fn~ 1.618" = exponential runtime
Richard Ernest Bellman
O(n) runtime

Fib(n) (without recursion)

T[0] < 0, T[1] + 1

Fork =2,...n: T[k] < T[k — 1]+ T[k — 2]
. Return T[n].

Return Fib(n — 1) + Fib(n — 2).

H 0D~
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Dynamic programming
- Dynamic programming is a method of solving optimization problems by breaking them

recursively into smaller problems and using a table to avoid repeated recursive
computations.

Fib(n) Fib(n) (with memoization)

1. If n < 1:return n.
2. Return Fib(n — 1) + Fib(n — 2).

. If T[n] is defined: return T|[n].

. fn<1:T[n] < n.

. else T[n] + Fib(n — 1) + Fib(n — 2).
. Return T[n].
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Fn~ 1.618" = exponential runtime
Richard Ernest Bellman
O(n) runtime

Grand plan: Fib(n) (without recursion)
1. Start with a recursive algorithm 1. T[0] « 0, T[] 1
2. Determine repeated invocations 2. Fork=2,...m T[k] « Tk — 1] + Tk — 2]
3. Add a table (cache) memoizing the results 3. Return T|n].
4. Determine an order of filling the cache avoiding 4. Return Fib(n — 1) + Fib(n — 2).

the recursion
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Recall: Floyd-Washall algorithm

Let G be a graph with vertices V = {1,2,...n}.
Instead of distances from a given vertex v, we want to compute distance matrix D such that D; ; = d(/, j).

Definition
Let DX be a matrix such that D{‘j is the length of shortest path from i to j such that all internal vertices are in
{1,2,...,k}.

Floyd-Washall Algorithm

Input: Matrix of length of edges D°

1. Fork=0,...,n—1

2. Fori=1,...,n

3. Forj=1,...,n

4. D' = min(Df;, DFy .y + Dy )
Output: Matrix of distances D"

Time complexity ©(n®).
Memory complexity can be reduced by ©(n?) by modifying matrix “in place”

; K41 _ pk K41 _ pk
(it holds that D, ;= Di,y and D/t;+1 = Dffyy)-
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1. Ifi>nreturnm—j+1.

2. Ifj>m:returnn—i+1.
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CAfi > nireturnm—j+ 1.
LAfj>mireturnn—i+1.

. Ly« Edit (X1, Xm), V155 ¥n), i+ 1,5+ 1).
NEXg £ Yl e 1.
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Edit operation is insertion, deletion or replacement of a single character.
Edit distance of string X and Y is the minimal number of operations needed to turn X to Y.
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Lfi> nireturnm—j 4 1.
> mireturnn— i+ 1.

. Ly« Edit (X1, .., Xm), (1, -
NEXg £ Yl e 1.

. Ly <+ Edit (X1, %xm), V1, - -
. 4« Edit (X1, ..., Xm), (W1, - -
. Return min(4;, £4, 4;).

ayn)yl+17.l+1)

vy")7l+171)+1
7yn)7lvj+1)+1
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Edit distance

Edit distance (Vladimir losifovich Levenshtein, 1965)
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Edit distance (Vladimir losifovich Levenshtein, 1965)

Edit operation is insertion, deletion or replacement of a single character.
Edit distance of string X and Y is the minimal number of operations needed to turn X to Y.

it ((th-:xm)»(}’h~~-:}’n)»i7/’)

Cfi> nireturn m—j 4+ 1.
CAfj>mireturnn— i+ 1.

0 Er(—Edit((X17...,Xm),(y17...

NEX # Yl < L 1.

- Lg = Edit ((x1, .., Xm), (71, - -
. 4+ Edit (X1, ..., Xm), (V1 - - -

. Return min(¢;, 44, ¢;).

7yn),l+17j+1)

Syn) i+ 1,0+ 1.
7yn)1lul+1)+1

Edit (X1, ..., Xm), (V1, - -

'7yn)7i7j)

Optimal search trees
000

.Fori=1,...,n+1: Tli,m+1] < n—i+1.
.Forj=1,....m+1:Tn+1,j]< m—j+1.

. Fori=n,... 1:

Forj=m,... 1:

T, jl < min(6+ T[i+1,j+1], 1+ T[i+1,]],

. Return T[1,1].

Runtime: O(nm)

1
2
3
4
5 If X; = x;: 0 < Oelse d < 1
6
7
8

14+ T[i,j+1])



Edit operation is insertion, deletion or replacement of a single character.
Edit distance of string X and Y is the minimal number of operations needed to turn X to Y.

.Fori=1,...,n+

.Fori=n,... 1:

1:Tli,m+1]+n—i+1.
CForj=1,... o m+1:Tln+1,]« m—j+1.

Forj=m,... 1:

Tli,j] < min(6+ T[i+1,j+ 1,1+ T[i+1,]],

. Return T[1,1].

Runtime: O(nm)

1
2
3
4
5. If Xj = x;: 0 < Oelse d < 1
6
7
8

14Tl j+11)



Given set of elements xq, Xo, . .., X, and weights wy, ws, . .., wj the optimal search tree is
a binary search tree minimizing
n
> wiF(xi)
i=1

where F(x;) is the number of vertices visited by Find(x;).

Donald E. Knuth
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Optimal search trees

Definition

Donald E. Knuth
OptTree ((X1 PR vXn)7 (W1 PRI Wn), Ivj)

1

2.
3.
4.
5.
6.
7.
8

. Ifi > j:return 0.

W wi+---+w

C + +oo

Fork=1,...,:
¢y < OptTree ((X1, ..., Xn), (Wi, ..
cr < OptTree ((X1,...,Xn), (W1, ...,

C =min(C, ¢ + ¢ + W)

. Return C.

Edit distance Optimal search trees

o

Given set of elements xq, xo, . .
a binary search tree minimizing

., Wn), i k—1)

Wn),k+1,/)

00

., Xp and weights wy, ws, . .., w, the optimal search tree is

i w;F(x;)
pu

where F(x;) is the number of vertices visited by Find(x;).
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Optimal search trees
Definition

Given set of elements xq, Xo, . .., X, and weights wy, ws, . .., wj the optimal search tree is
a binary search tree minimizing
n
> wiF(x)
i=1

where F(x;) is the number of vertices visited by Find(x;).

Donald E. Knuth

OptTree ((X1,- -, Xn), (Wi, ..., Wn),I,)) OptTree ((X1,---,Xn), (Wi, ..., Wn),i,j) (Knuth 1971)
1. If i > j: return 0. 1. Fori=1,...,n+1: T[i,i—1] <« 0

2 Wewi+---+w 2. Fore=1,...,ni=1,....,n—£¢+1

3. C+ +o0 3. j+i+el—1

4. Fork=1,...,J: 4. Wewi+---+w

5. ¢y < OptTree ((X1,...,Xn), (W1,...,wp),i,k—1) 5 TI[i,j] + +o0

6. cr + OptTree ((X1,..-,Xn), (Wq,..., Wn),k+1,)) 6. Fork=1,...,j:

7. C=min(C,c+cr+ W) 7. C+ Tli,k—1]+Tk+1,j]+W

8. Return C. 8. If C < Tlij]: Tli,j] < C, K[i,j] + k
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T|0123456 K|123456
1[0 11218242852 1122222
2 - 01016222650 2| -22222
3] — - 037102 3| 3336
4 - = — 02416 4] -—-446
5, - - -~ -~ 0111 5/~ -56
6 - — — — - 09 6] - 6
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