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Hash function is a function h from universe ¢/ to set P = {0,1,...,p — 1} (of hashes).

Hash table is an array H of linked lists indexed by P. List H[/] contains all elements e of set S such that h(e) = i.

1. h(x) can be computed in O(1).
2. h(x) “behaves randomly”.
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Hash table is an array H of linked lists indexed by P. List H[/] contains all elements e of set S such that h(e) = i.
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Every entry of the hash table will contain approximately % elements.

Operations FIND, INSERT and DELETE will run in O(|S|) however expected (average) runtime is only O(J%[).

Putting p ~ | S| we get FIND, INSERT and DELETE is running on average approximately in O(1).
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The lemma shows expected runtime of INSERT, FIND and DELETE with separate chaining.
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System S of hash functions from universe ¢/ to {0,1,...,p — 1} is c-universal for given ¢ > 1 if
forevery x,y e U, x # y

Prreslh(x) = h(y)] < =.

o

Let S be c-universal system of hash functionstd{ — {0,1,...,p}. Letx1, Xz, ..., Xn, y be pairwise different
elements of . Then

Enesl#i: h(x)) = h(y)] < %f

We define indicators /y, b, . . . , In: E[l;] =Prlli =1] < g. (by universality)
) Enes[#i: h(xi) = h(y)] = 21 <j<n Elh]-
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S is 1-universal.
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Let p be a prime number, P = Zy, (ring modulo p), U = Z vectors of length d in Zp).
S={h;:3€Z é';é 0} where hz(x) = &@x Z X; mod p. (ax; is the scalar product).

S is 1-universal.

Set X # ¥ € 2. WLOG xg # yq. What is Pr eZd[ax =4y mod p]?
Z=x

d—1
Prﬁezg [aX = &y = ezd |:Z ajzji = 0:| = Pr‘eZd |:Z ajZj + aqzg = 0:|

97" aizi + agzy = 0 happens only if 297" a;z; = —agz,. This has probability 2 m|
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combined to give a solution to the original problem.”
=[]

MergeSort (X1, . . ., Xn), John von Neumann, 1945
1. (y1,...,yL J)eMergeSort X{ye - XL J
2. (z1,...,z(g]) +MergeSort ( X\ a]1re o Xn)
3. Return Merge ((y1, - - - ,ngJ ), (21, - .. ’Zfé’w ))-

Time complexity (for n = 2K)

John von Neumann n
T(n) = 2T(§) + ©(n)

ST 7% 5[]
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n. cn
2 (2T(Z) + ?) +cn
4T(:—:)+20n
n
8T(-)+3cn
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2IT(§) + icn

2KT(1) + ken
n+ cnlogn = ©(nlogn)
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1. (.- Y| J) +MergeSort (x1, . XL J

2. (zy,.. z[ﬂ) +MergeSort ( X g 410 Xn)
3. Return Merge ((y1,- .., y[é’J)’(z1""’z[£]))'

R(n) = R(g) +e(n)

R(1) =1

R(n) R(f) +0(n)

R(n)

o(m +6(; Dyt T+ O(5 )_e(n)



T(n) = 2T(g)+cn

T(1) =1

Tree of recursion:
# of subprob | size of subprob. | time per subprob | time per level
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