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The present paper is the introduction to the fourth chapter, that dealing with Godel’s Incomplete-
ness Theorems, of a book in progress on the metamathematics of arithmetic. This introduction
covers Hilbert's programme and the Grundlagenstreit of which the programme was a central
feature. This introduction does not entirely stand alone, nor was it intended to. However, sO
much has been written about Hilbert’'s programme by those who have not read Hilbert's papers
that | thought, imperfect as it is, the present account might serve the purposes of countering the
nonsense promulgated by the ignoscenti and of correcting the historical error of identifying
Hilbert's late advertisement for the programme (a proof of consistency yields conservation [A
strong theory T is conservative over a weaker theory S with respect to some class of formulae I
if every formula peI” which is provable in T is provable already in S] ) with the rationale for the
programme. Such an identification appears to have been a commonplace by 13930, and has
been uncritically accepted by modern expositors (e.g. by me in the Handbook of Mathematical
Logic and by Girard in his recent text on proof theory). A study of Hilbert's papers reveais his
early belief in such conservation, but also reveals that the recognition that his consistency pro-
gramme yields conservation came relatively late. This historical fact has, however, no relevance
to the simple observation - first made by Kreisel? - that the First Incompleteness Theorem, Dy
blocking the conservation result effectively kills Hilbert’s programme; the Second Incompleteness
Theorem is merely a refinement.

The present account is based primarily on a careful reading of all (but the very last) of
Hilbert's papers on foundations, less careful readings of Brouwer's and Weyl's papers of the
period, secondary sources, hearsay, and heresy. As | consider it merely a first approximation to
an historical account of Hilbert’'s programme and the Grundlagenstreit, | have not bothered to
document the sources other than the papers of Hiibert et al.

Two important sources must, however, be singled out: First, | have relied heavily on Dirk van
Dalen’s knowledge of Brouwer and Brouwer’s relation to Hilbert. Without van Dalen, the present
account would not have been half as complete as it is. Second, | have generally not consulted
Bernays' writings on the subject as, for the most part, these came (or, at least, were published)

after the end of the whole affair. A more definitive study of Hilbert's programme will have to take
Bernays more fully into account.

The thought, perhaps - the wish, the will -
Those | could understand; but really
To do the deed! Ah, no - that beats me!

Peer Gynt



The story I want to tell is one of a great controversy, a fight between two
mathematical geniuses on the course of mathematical research. The antagonists
: David Hilbert, whose philosophical views we are already
miliar with, and Luitzen Egbertus Jan Brouwer, whose views are
ifficult to describe. We will him L I '
ing lesser roles in the dispute include 1nitia
Johann von Neumann; and ultimately I

L he dispute between Hil LLT]
that between Leopold Kronecker and Georg Cantor. Indeed, this is how Hil
bert viewed it. It was, however, both more and less than this. It was a bit less
in that it was, to some extent, a fight between Hilbert and the ghost of
Kronecker come back from the grave to haunt the sexagenarian Hilbert. It was
more i that both the Kronecker-Cantor and Hilbert-Brouwer controversies
were just episodes - admittedly the most outstandi g ones - 1n a general anta-
gonism between the cautious mathematical conservatives and the daring
mathematical liberals. Prior to the Kroneckerian spectre there had been, for
example, an early 19th century battle in England over the acceptability of
negative numbers; and even today there are those who would proscribe
mathematical practice. The difference between the Hilbert-Brouwer dispute
and these other episodes is the mathematics that developed out of it.

Hilbert’s first brush with controversy was in connection with his first major

result. This was Hilbert’s solution in 1888 to Gordan’s Problem in the theory
of invariants, in which Hilbert proved, without construction, the existence of a
finite basis for any ideal in the polynomial ring K[X,, ... ,X, -] over a field
K. Hilbert drew fire for the failure of his proof to provide such a basis even in
the simplest examples: Some denied he had a proof; his formal thesis advisor,
Ferdinand Lindemann, called the proof ‘unheimlich’; and Paul Gordan
labelled the proof ‘theology’. The extent to which this controversy traumatised
the young Hilbert - in his twenties and only a few years from having received
his doctorate - was to be quite apparent three and a half decades later when
Hilbert set out to remove Brouwer from the mathematical landscape.
History - even chronology - tends to have an annoyingly non-linear charac-
ter. Another, apparently independent, prologue to the Hilbert-Brouwer
dispute was Hilbert’s work on the foundations of geometry. The earliest
recorded comment of his on the topic was an aphoristic remark he made con-
cerning a lecture on geometry he had just attended: ‘It must be possible to
replace in all geometric statements the words point, line, plane by table, chair,
mug”. This remark, encapsulating, as Hermann Weyl put it, ‘the axiomatic
standpoint in a nutshell’, was made in 1891. In the next decade, Hilbert was to
think deeply on matters both geometrical and foundational, lecturing several
times on geometry, and finally, in 1899, publishing his lectures on Euclidean
geometry, the Grundlagen der Geometrie.

A first approximation to an understanding of the foundational importance
of Hilbert’s book on the foundations of geometry is to be had by comparing

Hilbert’s work to Euclid’s Elements. Although Euclid’s Elements had been
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In the traditional Aristotelian approach to axiomatisation, the axioms are
evident truths about the structure being axiomatised, and truth is borne from
the axioms to the theorems via the proofs. In the 13th and 19th centuries, this
view was slowly changing. In 1733, Gerolamo Sacchen attempted to denive
Euclid’s parallel postulate from the remaining ones by assuming the negation
of the postulate and deriving a contradiction therefrom. Mistakenly, he
thought he had succeeded. What he had really done, and what was consciously
done in the following century by various mathematicians (including Ferdinand
Karl Schweikert, Carl Friedrich Gauss, Janos Bolyai, Nicolai Lobachevsku,
and Bermhard Riemann), was to develop axiomatically a consistent non-
Euclidean geometry. By the mid-19th century, with three major geometries and
only one physical space to be -described by them, 1t was clear that the
geomemes couldn’t all have true axioms. Whereas initially most mathemati-
cians ignored the non-Euclidean geometnies, those fami

ihar with these new
geometries recognised their coherence. While some asked which of the three
gave a correct description of space, no-one denied the significance of any of
the geometries. This became especially true in the latter half of the 19th cen-
tury when models of the non-Euclidean geometries were found.

A minor episode of a similar nature occurred in England in the early 19th
century in response to questions of the validity of the use of negative numbers.
In the face of such doubts, William Frend attempted an algebra of non-
negative quantities. Such an algebra is an awkward reversion to the practice of
the 16th century by which, for example, the equations,

x> =ax+b and x°>+ax = b,

are of completely different character (as a,b must be non-negative) and had to
be solved separately. In response to this, George Peacock proposed his
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Hilbert’s own axiomatisations are complete in that they are categorical: Any
two models are 1somorphic. I cite here his remark on completeness from the

second of his problems in his 1900 Paris lecture:

When we are engaged in investigating the foundations of a science,
we must set up a system of axioms which contains an exact and
complete description of the relations subsisting between the ele-
mentary ideas of that science. The axioms so set up are at the
same time the definitions of those elementary ideas; and no state-
ment within the realm of the science whose foundations we are
testing 1s held to be correct unless it can be derived from those
axioms by means of a finite number of logical steps.

One could take the ‘exact and complete description’ to be complete enough to
decide the truth or falsity of every statement. Semantically, such completeness
follows from categoricity; syntactically, such completeness - derivation from the
axioms by finitely many logical steps - fails, as 1s now well-known. Ultimately,
Hilbert would definitely mean completeness in this syntactic sense: Every sen-
tence or its negation would be denivable from the axioms i1n finitely many
steps.

Possibly the only one who understood the distinction between syntax and
semantics at the turn of the century was Gottlob Frege; the equivalence - for
first-order logic - would first be posed by Hil

lbert as a problem 1n the late
1920s and solved by Godel in 1929. Hilbert’s axiomatisation of geometry in

the Grundlagen and his axiomatisation of arithmetic published in 1900 were
not first-order. Indeed, each had a second-order Archimedean axiom and both
(the axiomatisation of arithmetic and the axiomatisation of geometry given in
later editions of the Grundlagen) had a ‘completeness axiom’ asserting that the
structure under consideration was maximal with respect to the remaining
axioms, 1.e. no proper extension of the structure could satisfy the remaining
axioms. This ‘completeness axiom’ 1s not even properly a second-order axiom,
but goes beyond that logic.

What Hilbert meant by the simplicity of an axiomatisation is unclear, and
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amme and to what would become Russell’s programme of reducin g
mathematics to logic, logic alone was insufficient for the foundations of
mathematics.

In August 1904, at another International Congress of Mathematicians, this
one in Heidelberg, Hilbert offered his first examples of consistency proofs.
Because logic already uses arithmetic notions, Hilbert insisted on simultane-
ously developing logic and metic. The fragments of mathematics shown
consistent are also logically fragmentary and the results are quite unimpressive.
They do, however, illustrate both his approach and 1ts weakness, and it will be
instructive to consider an example.

We begin by specifying a (non-first-order) language as follows. First, there
1s one constant 1 and three function symbols: 7 (for an infinite set), S (for suc-
cessor), and S’ (an accompanying operation); there are no variables. Terms are
built up in the usual way. The only relation symbol is that for equality and
equations between terms constitute the atomic formulae. Equations can be
negated. We also use parentheses for readability’s sake, but these are not part
of the formal language.

['he axioms and rules of inference are as follows: For any terms #,u and any
formula o,

AXIOMS. I = ¢
Sty = I(8't)

[ = U [

P(u)
S(UIt) = S(u
It = Ju

RULES.

THEOREM 1. The system described is consistent.

PROOF. Define an equation r=u to be homogeneous if t and u contain the
same number of symbols (not counting parentheses, which are only used for
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system does not accommodate simple propositional logic (i.e. loglc wnhout
quantifiers) is not a critique, but a desademtu for extending the result. Sum
larly, that it does not include any arnthmetic beyond the trivial successor func-
tion ought not to be put forth as an objection; more arithm an be added
to the system with the extension then to be proven consistent. Hilbert viewed
mathematics and foundations as an open-ended enterprise. One would start
with something like the infinite set 7 and its proof of consistency, and add
additional structure and axioms, proving the consistency of such as one went
along. Indeed, in his paper of 1904, Hilbert attempted an exan of the
extension of the system by ing an abstract set and some rules of inf
ence, but this adjunction is (at least to me) not very cony Incing.

lbert’s contemporaries as
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included the notion of set in logic, held second-order a
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finitely many steps. Yet the system he treated was virtually logic-free and,
when he did mention addmg some logic to the system, it was purely proposi-
al logic. At this point 1n time, only Frege had any experience in working

ithin a formal logical system - and his was inconsistent. At the end of the
decade, Bertrand Russell and Alfred North Whitehead would be working on
Principia Mathematica, a monumental case study in the formalisation of
mathematics in logical systems. But it really wouldn’t be until the 1920s that
the nature of the quantifier and the distinction between first-order logic on the
one hand and second-order logic and set theory on the other would be under-
stood. A good part of this understanding would come from Hilbert and hi
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The contrasts between Hi
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1lbert and Brouwer were many. Hilbert had little
patience with philosophy, his own philosophy of mathematics being perhaps
best described as naive optimism - a faith in the mathematician’s ability to
solve any problem he might set for himself. His interest in the foundations of
mathematics was largely a concern for rigour - establishing the rules of the
game as 1t were; his proposal of consistency as the criterion of existence was
ostensibly a libertarian suggestion intended to allow maximum freedom to the
mathematician. As he was eventually to say, his foundational goal was to
abolish foundational questions once and for all, i.e. to allow mathematicians to
get back to business-as-usual. Brouwer, on the other hand, was as much a phi-
losopher as a mathematician and was deeply interested in the foundations of
mathematics for its own sake. Moreover, unlike Hilbert, who took the central
problem of foundations to be the clarification and Justlﬁcatlon of (then)
current practice, Brouwer took the epistemological problem to be central.
According to Brouwer we have one fundamental mathematical intuition and
mathematics 1s the working out of the consequences of this intuition. Those
parts of mathematics that cannot be based on this fundamental intuition must
be rejected.

I must be careful here in referring to Brouwer’s rejection of parts of
mathematics. Brouwer was not the cardboard replica of Kronecker that Hil-
bert was to caricature him as. When in 1912 Brouwer became Extraordinary
Professor in Amsterdam with the recommendations of Hilbert and Felix Klein
in Gottingen and Poincaré and Emile Borel in Paris, he chose as the topic of
his inaugural address the two philosophies, intuitionism and formalism,
represented by himself and Hilbert, respectively. A quote from the English
translation of the following year will illustrate the dispassionate style of the

11



prose and the level of objectivity Brouwer could bring to bear on such issues:

On what gr ounds the convﬁcﬂon of the unassz ilable exactness of

of mathematical ans as ans of nature 1s om of the question. ]
question where mathematical exactness does exist, is answered b
the two sides; the intuitionist says: in the human intellect, the for-
malist says: on paper. ‘

Another quote:

In the domain of finite sets in which the formalist axioms have an
interpretation perfectly clear to the intuitionists, unreservedly
agreed to by them, the two tendencies differ solely in their method,
not in their results; this becomes quite different however in the
domain of infinite or transfinite sets.

There are points of agreement: The notion of a “‘denumerably infinite ordinal
number” ... has a clear and well-defined meaning for both formalist and intw-
tionist’. However, the theory of higher cardinal numbers has no meaning for
the mtuitionist and ‘illustrates so clearly the impassable chasm which separates
the two sides’. Following some details on this separation, he concludes with “So
far my exposition of the fundamental issue, which divides the mathematical
world. There are eminent scholars on both sides and the chance of reaching an
agreement within a finite period is practically excluded’.

Like Kronecker, Brouwer was led to constructivity and the rejection as
meaningless of certain parts of mathematics. Whereas Kronecker’s rejection
had been externally political - Kronecker wrote to Sofya Kovalevskaya criticis-
ing Mittag-Leffler for publishing the ‘blind assertions’ of Cantor, he told Lin-
demann that the latter’s proof of the transcendence of = was a wasted effort
since the number didn’t exist, etc. - we find Brouwer simply stating his views
and acknowledging, with typically Dutch tolerance, that there are other views.
Brouwer’s writings would not become polemical until it was time to respond to
Hilbert’s polemics.

Brouwer formed his philosophical views in his youth and never changed
them. They were pessimistic to say the least and included a strong disapproval
of ‘extrovert science’ (read: technology), the goal of which was to conquer
nature. His dissertation, begun at the age of 23 in 1904, was largely an attempt
to reconcile his interest in mathematics with the réle of mathematics as the
chief tool of extrovert science. The excessive philosophical content - and its
excessively pessimistic nature - alarmed his advisor D.J. Korteweg (now
remembered prnimarily for the Korteweg-de Vries equation in partial diffe-
rential equations) and a small battle over the contents of the thesis ensued.

12
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where and how Hilbert 1s confused or outright wrong. For example, he says,
Making a mathematical study of linguistic symbols ... can teach us nothing
about mathematics’, and, ‘the most uncompromising conclusion of the methods
we attack, which illustrates most lucidly their inadequacy, has been drawn by
Hilbert’. The matter-of-fact style applied to matters of opinion was inappropri-
ate, perhaps mildly offensive, but hardly hostile.

[he following year (1908) Brouwer published two articles that must be cited
here. The first of these, entitled ‘Die moeglichen Maechtigkeiten’ (“The possible
powers’), cited our one mathematical ur-intuition and its application to the
development of the denumerable infimite both in the form of the order type of
the natural numbers (iterate ‘next’) and that of the order type of the rational
numbers (iterate ‘between’). He pointed out that such iteration allows only the
construction of countable sets. As there occur higher powers in mathematics,

there is a problem of reconciling this difference. According to Brouwer, there
1sing and 1n construct-

g is that the style of the
' Brouwer states sip ply that,

are two ways 1n which higher powers occur - in diagonal
ing the continuum. In the first case, one really has a method and not a set. For
example, constructing newer and larger countable ordinals from any sequence
of countable ordinals does not show the uncountability of the ser of countable
ordinals, but exhibits a method of construction of larger ordinals and shows,
incidentally, that the set of such ordinals does not exist. As for the continuum,
1.e. the real number line, we can compare it to the collection of all paths
through the infinite binary tree. This tree really contains only denumerably
many nodes, not uncountably many paths. While individual paths may exist,
their entire collection does not - only the countable tree exists. The ‘collection’
of paths ought to be thought of, not as a set which is an object, but as a
matrix in which to place objects. The continuum is similarly a matrix and not
a set.

Comung in 1908, Brouwer’s interpretation was not so revolutionary as it
might now seem. Poincaré similarly rejected the uncountable, Zermelo’s axioms
for set theory were just appearing that year, and Russell and Whitehead’s Prin-
cipia Mathematica, in which logic was a theory of types rather than sets, was
yet to appear. Sets had not yet disengaged themselves from properties and the
paradoxes of set theory had not yet been resolved. In short, the situation was
completely unsettled and many solutions were being proposed. Brouwer’s

13
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. the question of the validity of the principium tertii exclusi 1S
equivalent to the quesuon whether unsolvable mathematical problems
can exist. There is not a shred of a proof for the conviction, which
has sometimes been put forward, that there exist no unsolvable
mathematical problems.

he point here is that Brouwer placed mathematics in the intell
or false, a mathematical assertion had to be known to be true or km

Ise. With infinite sets (as well as infinite methods and infinite matrices) we
annot necessarily perform the infinitely many verificational tasks necessary in
finitely many steps; the principle of mathematical induction would occasion-
ally allow this for denumerable collections, but would be of no use elsewhere.
Brouwer never was to assert that the Law of the Excluded Middle was false in
the sense that,

—(pV—9)

was true, because this was contradictory. In other words, he accepted
——(pV—@) - whence the consistency of the Law of the Excluded M
he distinguished between ‘provable truths’ and ‘provable non-contrad:
Eventually, as he refined his intuitionistic development, he would assert thin
1K C,

_VF@Ax(Fx =0)v—-3x(Fx =0)),

which appears absurd at first glance. On a constructive-intuitionistic reading,
however, it asserts the unassailable prop051t10n that it 1s impossible to con-

struct a uniform algorithm which, given a function £, will tell us whether or
not F has a zero.
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reflected in the recognition accorded him:

1907 - Ph. D.
1909 - Privaatdocent (unpaid lecturer) at the University of Am
1912 - Extraordmary Professor; member of the Royal Academy
1913 - Ordinary Professor

1915 - Associate Editor of Mathematische Annalen.

Two episodes of this development will give us a hint to Brouwer’s personal-
ity. The first of these also introduces a minor character who was again to be a
minor character in the later fight - Otto Blumenthal, the managing editor of
the Annalen. At the time Mathematische Annalen was one of the leading
mathematical journals and Brouwer published several of his important early
papers on topology 1n it. One of these was his proof of the invariance of
dimension. [The unit interval can be mapped one-one onto the unit square,
and the former can be mapped continuously onto the latter. Brouwer now
showed that, replacing the dimensions 1 and 2 by arbitrary unequal m and r
the mapping cannot be one-one, onto, and bi-continuous.] When Brouwer sub-
mitted this paper to the Annalen, Blumenthal was visiting Paris and the subject
came up in a conversation with Henn Lebesgue, who remarked to Blumenthal
that for some time he had had a number of proofs of the result. Blumenthal
did not understand Brouwer’s proof. Nor did he understand the proof Lebes-
gue sketched for him, but such was his faith in Lebesgue that, when Brouwer’s
paper appeared it was immediately followed by Lebesgue’s simpler proof in
the form of an extract from a letter from Lebesgue to Blumenthal.

Lebesgue’s proof was simply wrong. Blumenthal had treated Brouwer
unfairly, and Brouwer’s priority on this obviously major result was needlessly
in question - and all because neither Lebesgue nor Blumenthal had a sufficient
grasp of the complexity of the problem. Brouwer’s reaction betrayed no

appreciation of the irony of the situation. He immediately submitted another
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obwous causes of an excessive and inappropriate response lil
Brouwer’s - youth, financial insecurity, ambition - were all there. But they do
not fully explam his actions; for, he was peren nally embroiled in battles of
this kind. The facts are that Brouwer was a highly emotional man who (1) had
a rgid conception of night and wrong, and (11) never completely matured emo-
tionally. In theory Brouwer hated all people; in practice he enjoyed the com-
pany of others and formed a number of friendships. However, when one of hi
friends or acquaintances would behave in a manner consistent with his general
theory of human behaviour, Brouwer seems to have been taken completely by
rprise and reacted emotionally and strongly.

A second anecdote of this period illustrates Brouwer’s immaturity and child-
ish egocentrism. In 1913, Brouwer vacillated between keeping his extraordinary
professorshi Amsterdam and answering the call to the more desirable ordi-
nary professorship - but in the more provincial Groningen. Brouwer stuck with
Amsterdam. Subsequently, in one of the rare altruistic gestures of mathemat-
ics, Korteweg vacated his chair and took the lesser position of extraordinarius
so that Brouwer could be elevated to ordinarius in Amsterdam. [There is an
apocryphal story that Isaac Barrow did the same for Newton, but his motives

were different.] Brouwer soon thoughtlessly complained to Korteweg of all the
work mvolved!

As 1 remarked earlier, Brouwer’s growing acquaintance with Hilbert was

another major development of the years 1909-1919 preceding the battle. They

met 1n the summer of 1909. Writing to a friend in November, Brouwer
described the experience thus:

This summer the first mathematicus of the world was in Scheve-
ningen. Through my work I was already in touch with him, [but]
now I have over and over again walked with him, and talked as a
young apostle with a prophet. He was 46 [actually: 47], but young
in spirit and body, swam powerfully and climbed with the greatest
pleasure over walls and fences of barbed wire. It was a beautiful
new shaft of light through my life.
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possibly have had as high an opinion of Brouwer as the
m. He was, after all, the ‘first mathematicus of the world’ and
was intelligent enough to realise it. But he could and did appreciate talent. As
I’ve already mentioned, in 1912 Hilbert was one of those recommending
Brouwer’s promotion to the position of extraordinary professor. Moreover,
between 1909 and 1919 Brouwer visited Gottingen frequently and made
numerous acquaintances there; it was, so to speak, his second scientific home.
And, in 1919, on the eve of their battle, Hilbert tried to make Gottingen
Brouwer’s first home through the offer of a professorship - not the kind of
offer lightly or easily made.

Whether their relationship was purely professional or a genuine friendship 1s
hard to say. Their first - and evidently prolonged - meeting was at the seaside
resort of Scheveningen in the Netherlands and it was a meeting of families, not
just men. Brouwer’s letters of the period seem friendly enough - the one cited
above continues to say how nice the weather by the sea had been, to express
concern about Hilbert’s news that Mrs. Hilbert’s knee had not recovered, and
to introduce some comments Brouwer’s wife was to add. Th ainly sug-
gests friendship, but in those pre-telephone days letter writing was more of an
art than it is today and I am hesitant to read too much into such remarks. 1
note, for example, that scarcely a century earlier Thomas Carlyle and Johann
Wolfgang von Goethe had a similar correspondence - right down to the
women’s appending their own comments to the letters - and yet the Carlyles
and Goethes never met. Indeed, while Carlyle was expressing to Goethe his
undyl.ng friendship and deep devotion, he was also writing a friend for an
opinion of Goethe’s mental state. On the other hand, one of Brouwer’s psycho-
logical make-up is more prone to exaggeration than dissimulation, and 1 am
inclined to believe Brouwer’s fee]mgs however overexpressed, to be genuine
enough. Hilbert’s feelings remain a mystery to me.

I have as yet said nothing about Hilbert’s personality. This remains some-
thing of a mystery to me. Constance Reid’s biography gives one the impression
of a generally nice man, as does Blumenthal’s hagiography published m
Hilbert’s collected works. Blumenthal had been Hilbert’s first doctoral student,
receiving his degree in 1898, and he paints a picture at odds with the image of

the later Hilbert we will encounter. Our Hilbert was in his 60s. It was the

lus trying to decade wi ether

latter had of him.
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of his thesis until that of his inauguration in 1912, Brouwer devoted m
nis ener gy to topolo gy. W 1th the securni ty of his jo D, B Meda
foundational interests, but not completely: He continued his topological
dies 1nto the mid-1920s and even afterwards kept in touch through his young
assistants and international visitors. However, he did return to his founda-
tional work and in 1918 and 1919 he published, in two parts, an important
Begrindung der Mengenlehre unabhingig vom logischen Satz vom
ausgeschlossenen Dritten’ (‘Founding of set theory independently of the logical
principle of the excluded middle’). As Brouwer was to say In an accompanying
paper - a sort of commentary on the present one - his previous writings on
Intuitionistic mathematics had merely been fragmentary and his non-
philosophical, mathematical work had, although he had strived for results
which could be established intuitionistically, been proven 1n the classical
manner. In the present paper, he actually gave an intuitionistic development
that went some distance. This success was to be his undoing.

Hilbert during this period was primarily occupied with mathematical phy-
sics, but in 1917 he did three things that concern us here. In the spring he
hired Paul Bernays as his assistant, in the fall he gave a lecture in Ziirich enti-
tled ‘Axiomatisches Denken’ (‘Axiomatic thinking’), and in the winter semester
(1917/1918) he gave a course on ‘Principles of mathematics and logic’
Gétngen. Bernays had impressed Hilbert with his knowledge of philosophy
and would become the latter’s primary logical co-worker in the years to come.
bernays was an extremely modest man and kept mostly in the background; he
will be underrepresented in the sequel. Of the three occurrences of the year the
one 1 wish to discuss is the Ziirich lecture. This lecture, presented on 11 Sep-
tember 1917 and published the following year in Mathematische Annalen, 1s a
transitional one lying somewhere between his attempt of 1904 and his future
programme to be undertaken with the modest Bernays. M athematically, it is
the least of Hilbert’s papers on foundations: It attempts nothing and
announces no attempts. It 1s primarily a paean to the axiomatic method, and
sings of the victories the method had had in mathematics and physics.
Towards the end, however, there are some points worth mentioning.

With respect to inconsistency, Hilbert cited Cantor’s paradox of the set of

all sets (which couldn’t possibly be smaller than its power set) and noted that,
because of it, respected mathematicians like Kronecker and Poincaré denied

the legitimacy of set theory - and this despite the fact that set theory was ‘one

»
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Four years later Hilbert would defini tely be of the opinion that the work of
Russell (and Whi

Whitehead) was insufficient and one needed a better consistency
proof. At this time, however, he had a few other things to say. Related to the
consistency problem were 5 other episten questions of a ‘specifically

mathematical colour’:

(1) the problem of the solvability mn principle of each mathematical question,

(1) the problem of the additional [nachtrighchen] controllabi of the results
of a mathematical investigation;

(1) the question of a criterion of sumplicity of mathematical proofs;

(iv) the question of the relation between content and formalism in mathemat-
1cs and logic;

and

(v) the problem of the decidability of a mathematical question through a
finite number of operations.

Of these, the only one he elaborated on was the fifth, which he remarked was
the best known and most frequently discussed. The first example he cited was
his own solution to Gordan’s invariant problem. His first solution solved the
problem, but didn’t allow the effective calculation of the invariants; for this
one needed Hilbert’s second solution.

Finally, just before a short summary of his views, Hilbert noted that prob-
lems like this fifth one of the decidability via finitely many operations of
mathematical questions seemed to require a new field of research, one in which
proofs themselves were the objects of investigation. He added that the execu-
tion of this programme was yet an unaccomplished task. He did not add that
he would soon be working on this task, but, given his hiring of Bernays, it can
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the pmcUce of accountants of controllin g, or partzally checking, their calcula-
tions. Indeed, according to Sam hnson’s dictionary (admuttedly not the
most up-to-date source, but I am aken with this explanation that I have
not subjected it to the control of a more modern etymologist), the word ‘con-
trol’ (in German: Kontrolle) derives from the word ‘counterol’ indicating just
this practice of accountants (sitting at their counting boards with their copper
counters) of checking their results. With pencil and paper computation, one
can cite the tech of casting out nines as a control for large sums. Hilbert
appears to be caling for something similar for all mathematical investigations -
not just arithmetic calculations.

I remarked earlier that Brouwer published a separate comm entary on his
1918/1919 paper on intuitionistic set theory. In it he began by remarking that
since 1907 he had in several publications defended two theses: (i) that the chief
set-existence axiom of set theory (the Comprehension Axiom) was - even in
Zermelo’s weaker form - inadmissible; and (ii) that Hilbert’s Axiom of the Sol-
vability of Every Problem was equivalent to the Law of the Excluded Middle,
and was impermissible as a means of proof. In a footnote, he commented on
Hilbert’s 1917 paper: This proposition, an axiom to Hilbert in 1900, was now -
as question (1) - considered by Hilbert to be an open problem. To Brouwer,
who saw the question as an open problem in 1908, the principle was now sim
ply false (albeit not in the strong sense of being contradictory). Moreover, to
Brouwer Hilbert’s questions (1) and (v) were the same - solvability (in principle
Or 1In practice) meant solvablhty by a finite number of operations. In particu-
lar, he did not accept Hilbert’s assessment of what Hilbert’s first solution to
the invariant problem had and had not accomplished. Brouwer said simply
that proving a set (here: the set of invariants) not to be infinite was not the
same as proving the set to be finite. In effect, Brouwer said that Hilbert’s first
proof did not establish the existence of a finite number of invariants - just as
Gordan, Kronecker, et al. had said years earlier.

Although it had been written in German, Brouwer’s 1918/1919 paper
appeared mn a Dutch journal. The commentary was published in both a Dutch
and a German journal, the latter being the Jahresbericht der Deutschen
Mathematiker-Vereinigung (‘Annual Report of the German Mathematicians-
Union’, hereafter simply Jahresbericht). This was the main organ of the Ger-

man mathematical society and every German mathematician would see it.
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1S unpredlcatlve n that R 1tself 1s an element of the p0351ble range of its
the truth of thls statement, one must check if R ¢ R, which of course presup-
poses one to have checked if ReR - thus taking one full circle. Like Poincare,
Weyl proposed to base analysis on the natural numbers and predicatively
defined sets thereof. His notion of predicativity was, however, extremely nar-
row and his reconstruction of analysis did not go as far as he would have
iked.

In 1918 Weyl published a short monograph, Das Kontinuum, containing his

attempted reconstruction of ana.lysis [n the fo]lowmg year he pubhshed a note
entitled “Der Circulus vitiosus in der heutigen Begriindung der Analysis’ (‘The
circulus vitiosus in the modern foundation of analysis’): Modern analysis was
based on vicious circles and was in danger of collapsing under the weight of
paradox. As late as 1930 he was to say, ‘It is true that so far no actual con-
tradictions in analysis proper have resulted; we do not completely understand
this fact at present’. Of greatest immediate importance for us, however, were
his lectures in 1920 in the mathematics colloquium in Ziirich. Published the
following year under the title ‘Uber die neue Grundlagenkrise der Mathematik’
(*On the new crisis in the foundations of mathematics’), these lectures caused
quite a stir and roused Hilbert to action.

Zirnch, where Weyl was a professor (ordinarius) at the time, was not Weyl’s
only pulpit. On 11 May 1920 he had, for example, lectured on ‘Das Kontin-
uum’ 1n Hilbert’s Géttingen, and on 28-30 July he gave a series of lectures on
his new foundation of analysis in Hamburg. His Ziirich lectures and the paper
to come out of them had, however, a bigger effect. Everything about the paper
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also the content: Dedekind’s definition of the set of natural numbers 1s circu-
lar; there are circular definitions in analysis. In his analysis the convergence of
Cauchy sequences still holds, as does the Interm ediate Value Theorem, but the

not hope to save - one

emstence of suprema of bounded sets fails and one ca

one had to give up points; Brouwer’s continuum was not a collection of points,
but a ‘medium of free becoming’ - the exact meaning of which (fortunately!)
need not concern us here.

Weyl gave the first clear and accessible (though not entirely faithful) account
of Brouwer’s 1deas. Brouwer’s big 1918/1919 paper had been primarily straight
mathematics, and his commentary on it was somewhat sparse. Weyl, by then
an experienced expositor, offered a more expansive explanation. Moreover, he

phrased things more vividly. Discussing the problem with classical logic, he
described the use of quantifiers as follows:

An existential assertion - e.g. ‘there is an even number’ - is not at
all a judgment 1n the proper sense, which asserts a fact.

Rather, 1t was a ‘judgment abstract’ to be compared with a slip of paper

offering a treasure, but not telling where the treasure was to be found. Con-
tinuing,
The general ‘Every number has property £ - e.g. ‘for each number

m, m+1=1-+m’ - 1s equally little a genuine judgment, rather [it is]
a general instruction [Anweisung] on judgment.

Thus, Weyl more-or-less considers,
3: an 1.O.U. (‘I owe you’)
V: a payment slp.

‘In this Light mathematics appears as a dreadful [ungeheuer] paper-economy’.
For good measure he adds, ‘It is not the existence theorem that is valuable, but
rather the construction carried out in the proof. Mathematics is, as Brouwer

occasionally said, more of a doing than a teaching’ [‘mehr ein Tun dann eine
Lehre’ - ‘teaching’ here in the sense of a doctrine].

Weyl's lectures were widely discussed. In Géttingen, Richard Courant joined
Bernays on 1 and 8 February 1921 in reporting ‘On the new arithmetic
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mme was, of course, to prove the consistency of arithm
aken 1n a broad sense to include analysis and set theory).
What was new were the ground rules and method, as well as perhaps a sense
of urgency. What was still ms ,

on comsistency. Obviously, an inconsistent theory has no informational con-
tent, but why should con51stency be enough? Bernays, who was more philo-
SOphlca]ly inclin Hilbert, went farther than H bert had previously gone
In explaining this 1mportance By this I do not mean that Bernays directly
addressed the issue, but that here and there in his paper one can find state-
ments bearing on the problem:

Whereas logic has to do with contentual universality [inhaltliche
Allgemeinsten], (pure) mathematics is the general study of formal
relations and properties;

and:
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possible 1n itself, that is it is a consistent creation [Gebilde].

Hilbert, whose fundamental views on this subject may well have come from
geometry where the success of non-Euclhidean geometry exemp]iﬁes the m erely
formal nature of mathematics and the sufficiency of consistency, this was
second nature. Neither he nor Bemmays realised at the time that, to Brouwer,
consistency was a red herring: Brouwer was after truth, not mere consistency.
rie would hardly have been impressed by Bern her remark that

And what we have gathered from the

investigations of Weyl and

Brouwer 1s the conclusion that a proof of consistency via a replace-
ment of existence axioms by construction postulates is not possible.

For, Brouwer could easily have objected that his goal was not to establish the

consistency of a false theory, but to learn the truth. It never seems to have

occurred to Hilbert, and did not occur to Bernays at the time, that the very

goal of the programme - once achieved - would not be convincing and was

itself in need of explanation. Perhaps, had Hilbert not been so impatient with

philosophers, he would have been led to this realisation through his. earlier

correspondence with Frege. Eventually Hilbert would - accidentally? - hit upon

such an explanation and the myth of Hilbert’s Programme (with a capital ‘P’)

would be generated. But we will get to this later.
Hilbert’s first paper, ‘Neubegrindung der Mathematik, erste

. Mittellung’
(usually referred to Sll'Ilply as Hil

lbert’s First Hamburg Lecture), may be con-
sidered the first shot fired in the battle between Hilbert and Brouwer. Indeed,
Hilbert fired a whole salvo of polemics - but polemics that appear to be aimed
more at Weyl than at Brouwer: His criticisms refer directly to Weyl’s Ziirich
lectures - not Brouwer’s writings; and whenever he refers to Brouwer and
Weyl, he mentions Weyl’s name first. Was Weyl in the audience in Hamburg?
A few quotes will illustrate the tone and the extent to which the battle between
Hilbert and Brouwer, before Brouwer was even engaged in it, was already

becoming one between Hilbert and the dead Kronecker:

Weyl and Brouwer are searching for the solution to the problem -
In my opinion - down the wrong path.

In fact:

What Weyl and Brouwer are doing comes in principle to this, that
they are wandering down the former paths of Kronecker: They
seek to found mathematics in such a way, that they throw over-

board everything that has an uncomfortable [unbequem] appear-
ance to them and erect a Verbotsdiktatur i la Kronecker.

Against Weyl alone we read,
The circulus vitiosus is artificially dragged into analysis by Weyl;
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In describu g OIC of Hilbert’s later lectures, W ey] said that there were ¢ anger
and determuination 1in

n Hilbert’s voice’. Can we hear that in the present paper?
H so, there 1s also some humour in what we read: It cannot be with mere
arious viciousness that we enjoy the ‘Revolution/putsch’ comparison. More-
Hilbert’s good humour is further revealed when he gets down to intro-
ducing his theory. In stating that he is going to start with concrete symbols, he
biblically intones, ‘in the beginning - so it goes here - is the sign’. In any event,
any anger d1 eyl was short-lived. Hilbert gave the lecture in 1921; 1n
1922 he tn ed to spirit Weyl out of Zirich to join him in Gé6ttingen. W
un and eventually succeed in

phically, if not philosoph
oh Hilbert’s 1ndu1gence in polemics 1s certaini y a sufficient reason to
s First Hamburg Lecture, it i1s not the main reason for doing so.
[he main point of interest i this lecture is, of course, the announcement of his
new programme for defeating Weyl and B TOuUwer. As in 1904, the key to thus
programme was to be a consistency proof for arithmetic in its broadest sense
(1.e. including set theory) [here was, however, a major difference between his
1904 attempz and his new ome. His approach i 1904 was to build up
hematics and logic a bit at a time, at each stage using what was currently
available to pmve the consistency of what was to be added next. His develop-
ment at the time never reached a stage where the mathematics proven con-
sistent was powerful enough to do anything, and he did not make clear what
in the mitial His new attempt avoided these

inguished between two kinds of mathematics -
athematics (or mathematics pr()per) and metamathematics.
Actual mathematics 1s what athematmmns do - analy31s set theory,, etc.
Actual mathematics as abstract, infimtary, and has no empirical meaning; the
sole check one has on 1ts wvahdity 1s 1its non-contradictoriness.

actual [m genthch]
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Brouwer a d they would have to accept the consistency proof - though
said earlier, they need not accept the main consequence of consm&ency
envisioned - the correctness, in some sense, of the consistent theory. Moreover,
by distinguishing between metamathematics and mathematics proper, Hilbert
hoped to sidestep Poincaré’s earlier charge of circularity - that Hilbert had
been using induction to justify induction. According to Hilbert, meta-
mathematical induction was of a simpler character than the full principle of
induction. Whether one agrees with this is largely a matter of pers pective, of
whether one considers the properties to which induction is applied as central
(in which case one will agree with Hilbert) or one considers induction as a pro-
perty of naturaﬁ numbers rather than of the formulae inducted on (in which
case one will still agree with Poincaré).

Hilbert named his programme Beweistheorie [proof theory] and, as in 1904,
gave a sample metamathematical consistency proof of a formal system.
s 1 1904, the result was not very impressive and it need not concern
He would do better the following year in his Leipzig lecture.

I'he Leipzag lecture of September 1922 was published in 1923 in
tische Annalen under the title ‘Die logischen Grundlagen der
("The logical foundations of math ematms) and shows some
exposuory mathemahcal 'k il

at em aucs - and
in his dissertation In
uring their dascussmn

Mathema-
Mathematik’
progress, both
N an OCCa~
describes the
ne to be ‘to bamsh defimtively from the world the
al doubt of the security of mathematical inference’. Moreover, he came
very close to determining exactly what constituted hi

1S metan athematlcs In
doing so, he more-or-less reversed himself: In Hamburg he had said that the

amathematics, being intuitive and contentual, was not axiomatic; it had no
axioms and could not be lnc0n51stent In Lelpz;lg, he now offered a formal sys-
tem of metamathematical arithmeti nmetic portion of his
metamathematics) and sketched a proof of the consistency of a fragm
Ehereof Neither the formalisation of nor the proof of the consistency of hi
metamathematics was necessary for the working out of his programme but
they illustrated most simply how he thought the programm

out. Indeed, in the ensuing years his student Wilhelm Ackermann
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immediately through consideration of finite universes.

In such finite universes, there is no questioning of the applicability of tradi-
tional Arnstotelian logic; in particular, the use of the Law of the Excluded
Middle is unexceptionable. However, Hilbert went on to say, when we
thoughtlessly apply procedures that are Iehable in the finite case to the infinite
case, we make mistakes left and right. This happens in analysis when we
Ignore convergence criteria in dealing with infinite sums and products. In logic
it happens when one starts using quantifiers 3 and V, which merely serve to
abbreviate infinite loglcal sums and products, respectlvely

A umiversal arithm ' nf]
q;>(0)/\<p(1)/\ . Its negation had no precise content or meaning. Simil
existential assernon dvev was an infinite disjunction (p(O)\/(p(l)\/ ., Incapa-
ble of being negated. Exactly what Hilbert meant here is unclear, and the clar-
ity would not improve in future presentations of his programme. In 1925, he
would maintain that universal assertions Vvev, with o quanuﬁer-free were
fimtistic because they were mere infinite conjunctions, but that existential
assertions were not finitistic because they were only partial judgments, omit-
ung crucial information. In accordance with the necessity of considering finite
universes, one should perhaps be more inclined to accept existential assertions
as finitistic and condemn the universal ones. Hilbert may have preferred the
universal ones because, as we shall shortly see, they were subject to some con-
trol. More probably, he questioned existential assertions because he had to
establish their validity (in some sense) because it was his existential theorems
that had drawn fire from the critics - a fact he cited in this paper.

Ignoring the question of the exact borderline between finitistic and
Infinitistic assertions, one can say that, according to Hilbert, quantifiers intro-
duce an infinitistic element into logic. Quantificationally complex formulae are
meaningless and Aristotelian logic - in particular, the Law of the Excluded
Middle - does not apply to them. Nonetheless, Hilbert would add such formu-
lae to his formal system of finitary arithmetic and apply the Law of the
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To be sure [freilich] one can presumably prove a finitistic statement
also without application of transfinite means of proof... but this
claim is of the sort of the claim that in general every mathematical
assertion must allow itself either to be verified correct or refuted.

He illustrated this with the exa.mple of his theorem on invariants: After his
first transfinite proof, he had given his second finitistic proof. Incidentally, in
citing this example, Hilbert went on to recall how Gordan had distrusted the
first proof and labelled it ‘theological’; it would appear that the old bitterness
was resurfacing.

If Hilbert was not yet ready to tackle the problem of the solvability of every
mathematical problem or the conservation of transfinite methods over finitary
ones, he was ready to commit himself as to the consistency of the transfinite.
Indeed, and as I have already said, he sketched the outline of his approach. It
1s to this that we now turn.

In presenting Theorem 1, I took the liberty of simplifying the system Hilbert
proved consistent as the point there was merely to give an example of a con-
sistency proof. Because the present system offers an ‘exact’ description of
finitistic arithmetic, I shall present it in its original form. By way of prelim
inary explanation, I note that because of the equivalences,

PVY. & .Y
PAY. & —(9—>—),

Hilbert’s logic only included the two connectives, —, —. Moreover, Hilbert
used variables for formulae as well as for numbers. Vanable formulae were
used in this paper merely as place-holders allowing the axioms to be stated as
single sentences rather than as schemata; such varnables do not appear in the
theorems of the system and can be dispensed with. In ine with Hilbert’s gen-
eral ambivalence concerning the meanming of universal assertions, one might ask

whether the same was to hold for the number variables 1n the finitistic system:
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! Given that consistency is itself a universal assertion (‘for
any proof p, the end formula of p is not a contradiction®), and that it was to be
proven finitistically, we should

aimed at proving general assertions with

does, however, require care in inte: preting Hilbert’s remark on establishing
provable formulae b y considering finite universes. We will return to this ques-
tion later.

itial system are the constant 0
and the predecessor function
axioms of negation (5-6; axiom rmulation of the Law of the

Excluded Middle), axiom uality (7:-— 8), nd axioms of number (9-10).
| hese axioms follow:

Al. A > (B — A)

A4d. (B - C)—- (4 — B) - (4 = (0))
AS. A - (-4 —- B)

A6. (A4 - B) - ((w4 — B) — B)

Al. a=a

A8. a=b — (A(a) — A(b))

A9, —-—.(a-l-lﬂO)

Al0. o6(a+1)=a.

Hilbert overlooked the axiom,
—a=0 — 6(a)+1=a,

as well as some determination of a value for §(0), e.g. 0(0)=0. Even with such
additional axioms, one has at best a fragment of finitist arithmetic. To obtain
his full metamathematical arithmetic, Hilbert said one should add ‘recursion
and 1ntuitive induction’. With no quantifiers yet allowed, induction would have
to be added as a rule of inference:

from A(0) and A(a)—A(a+1) infer A(b).

The question of which recursions were to be allowed is premature:
f «Niy .

Hilbert was
liar with Dedekind’s recursive definitions of addition and multiplication,
as well as Dedekind’s general theorem allowing definition of functions by
recursion; but in 1922 the class of functions generated by recursions had not
yet been subjected to any general study. By coincidence, Thoralf Skolem was
already developing a quantifier-free number theory based on recursion, but his
paper would only first be published in 1923 - the year in which Hilbert’s
Leipzig lecture would be published. The next few years would see the begin-
ning of a general study - by the Hilbert school - of recursions, and in 1925
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| had examples of recursively generated non-
primitive recursive functions. In short, at the time of his Leipzig lecture
" nception of recursion, and h ni nly partiall
and 1 can be no more specific 1n
1st arithm etic 1S Oob ﬁamed from the 1
dding ‘recursion and intuitive induction’.
[ the historical question of what Hilbert meant by finitism is replaced bs
the philosophical question of what he could or should have meant, an answer
Allow only primitive recursions. This 1s what Ackermann did in
4, and there 1s today a consensus of opinion that finitistic arithmetic is ade-
quately captured by a quantifier-free theory of primitive recursive functions.
TI'hrough the encoding introduced by Godel, such a theory is taken to embody
finitism 1tself}
Before discussing the addition of quantifiers through the adjunction of a
‘transfinite axiom’, I would like to give Hilbert’s proof-sketch of the con-
sistency of the theory, say %, given by axioms 1-10 above and the rule modus
ponens. To do this, I must first carefully define what a formal derivation is.
[his 1s easy: A formal derivation of a formula ¢ is a sequence of formulae
Po, P1.---» Pn =@ (Say, containing no variable formulae) such that each ¢; is an
instance of an axiom, e.g.

p—(Y—) or =i,

or follows from two earlier formulae ¢; and @i (of the form @;—¢;) of the list
(1.e. j,k<<i) by modus ponens. With some effort it can be shown that axioms
1-6 are complete with respect to purely propositional reasoning, whence, in
particular, the consistency of %, reduces to the unprovability of —0=0.

THEOREM 2. The system %, is consistent.

PROOF SKETCH. Suppose D =gy, ¢;,...,9, is a formal derivation of —0=0.

As a first step, we can modify D by throwing away any ¢; (other than g,)
which 1is not used as a premise of an application of modus ponens. Moreover,
by repetition of formulae, we can assume each ¢; occurs only once as such a
premuse. Call the resulting derivation D’.

Second, we can omit number variables from D’ by substituting, say, O for
each occurrence of a variable in D’. Call the result D”.

[hird, we can simplify the terms to the point that each formula is a Proposi-
tional combination of equations of numerals,

0, 0+1, 0+1+1,...

Fourth, every formula can be brought into a logical normal form (of some
sort - Hilbert doesn’t say which kind).

Each formula of the derivation is now subject to a control, i.e. one can
check each formula for ‘correctness’ or ‘falsity’. But it can be shown that each
formula of this final derivation is correct, whence the end formula —0=0 1s
correct - a contradiction. Thus, there was no derivation D of —0=0.

QED
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d e reader should not fauh ne if he finds u

arry out the Ee&ﬁ work of
it. The fourth step is an

sense of our
NS every term into a com-
last 1s only true if one

equent p artial extension of Th m 2 to the ‘transfinite case’
suggests the fol owing inte; pretation of step 3: Calculate the value of each
term ¢ occurring in the gwen derivation D and replace 7 in each occurrence by
the numeral for this value. Every form propositional combination
of equations of numerals. The ‘correctness’ or falsity of each equation is si nply
a matter of comparison, and the calculation of truth values of propositional

combinations is a simple m can now show by induction on the

length of D” that the formulae occurrin 2 in the latest transformation are all
true. [If this 1s indeed what Hil

mind, then the reference to putting
formulae into a ‘logical no: m” must refer to the simple calculation of

the truth value of a proposnlonal combination of sentences once the individual
truth values are known.]
[Digression: Another plausible mterpretatlon of step 3, which may shed a

little light on Hil 2 derivations, 1s thls Transform the

lbert’s 1dea of transformi:
derivation D" by repeatedly replacing terms §(t+1) by r. With a little luck,

the result 1s (or is easily made into) a derivation itself. For example consider
the following derivation of 0=8(0+ 1):

(1) &(0+1) =0 Al0

2) 6(0+1)=0— (6(0+1)=860+1) > 0=8(0+1)) A8

(3) o6(0+1) =6860+1) - 0=68600+1) by (1), (2)
4 o60+1) =6(00+1) A’

3) 0 =06(00+1) by (3), (4).

The replacement of 8(0+ 1) by O results in the correct derivation:

(1) A7

(2) A8 (or Al)
(3) by (1), (2)

(4) A7

(3) by (3), (4).

The point to notice is that the instance of A10 has been replaced by an
instance of A7. Similarly replacing 8(¢)+1 by #z for t5~0 will transform an
instance of the auxiliary axiom,

—d — 0 — a(a)-"].:a,

Vo
8
c’o
!
o
8

coocoo
| I TR

O OO0 OO0
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into the formula,
—a = 0 — a=a,

an axiom, is readily given a quick logical derivation:

(1) a=a A7
2) a=a—->(—-a=0-a=a) Al or AS
3) —a=0->a=a by (1), (2).

Replacing 8(0) by O changes the axiom 6(0)=0 mto 0 0. It 1s tempting to
Jump to the conclusion that such replacements will eliminate the arithm
axioms other than —(f+1=0) from the derivation and yield a (nearly) purely
logical dernivation. I haven’t checked this, but I do note that it is not as trivial
a matter as the above examples indicate.]

ilbert had

Accepting the pre-digressive consistency proof for 9, as the one Hi
: Hilbert intended to extend the proof to obtain the con-

mind, let us see how
sistency of transﬁnite arithmetic, 1.€. arithmetic with quantifiers.

To begin with, Hilbert decided to go a step beyond quantifiers by dealing
with choice functzons Given a formula ¢(a) with free variable a, Hilbert added

a new term 7,(@) attempting to choose a counterexample to ¢. Together, T and
¢ satisfied the transfinite axiom :

P7a(P)) — la).
[Formally, in terms of variable formulae, the axiom was
All. A(m(4)) — A(a).

Note that, since 4 1s a variable for formulae, it has no numerical variable a
occurring 1n it, whence 7(4) has no subscript indicating which variable is being
bound. Although there are no quantifiers the new abstraction operators T,

bind varnables and the familiar problems with substitution arise; however, Hil-
bert was not yet aware of this.]

Using 7, quantifiers can be introduced as abbreviations:
Vag(a): o(7,(p))
dap(a): p(7a(—9)).
With these, the usual laws for quantifiers can be derived:
Vap(a) — ¢(a), ¢(a) — Jag(a)
—Vag(a) © Ja—-¢(a), —Jag(a) < Va—gp(a).

Hilbert did not claim that he had already extended his consistency proof to
include the transfinite axiom. There were, as he noted, difficulties with the

nestings of 7’s. What he did do was to indicate how the proof of Theorem 2
could be extended to cover one special instance of the new axiom.
Let f be a function variable and define,

™(f) = 7.(f(@)=0).
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pansions of nun bers for which we cannot con pute

ntrary to the conchmon drawn by Brouwer in his 1920
d a few pages back. Indeed, usin e T one could *

1S rational

Moreover, one could do this despite the fact that one could
calculate the ﬁrst bit of r - 1.e. one dad not even know F(2).

Second, Hil i detail - this time in response to Weyl - how
using the 7’s made it possible to prove the existence of the least upper bound
of a bounded set of real numbers.

L he question, then, is the proof of the consastency of A12 with AE—AEO (and
the recur SIOIIS) TO S ry |
Al2.

(obtained by recursions) in
Al2. F(r(F)) = 0 —- F(a)=0.

'hus, Al12 becomes

Moreover, F' 1s assumed unary. Let the resulting system with axioms A1-A10,
Al2’, and whatever recursion equations are necessary to compute F be called
I

| HEOREM 3. The system %, is consistent.

PROOF SKETCH. Using the first few steps of the proof of Theorem 2, we can
transform any derivation D into a derivation D’ which consists solely of propo-
sitional combinations of equations involving numerals and the symbol 7(F).
[Not true, but let’s overlook this.]

We now attempt a control of the proof by assigning 7(F) the value 0. That
1s, we replace all occurrences of 7(F) in D’ by the numeral O to obtain a new
‘derivation’ D”. As in the remarks following the proof of Theorem 2, we would
ike to show that all sentences in D are correct. Those that come from axioms
Al-Al0 or the recursion equations defining F are correct, and modus ponens

preserves correctness. Thus, any possible false sentences must have been intro-
duced by A12"

33



for SOME numers S 2z

If all of these are correct, then every sentence i D
correct and the original D could not have derived —0=0 as this form
false and is left unchanged by the proof transformations.

If, on the other hand, an instance,

F(0) = 0 — F(z) = 0,

IS 1nCorTect, we Sin
numeral z. 1he

ply go back to D’ and replace all occurrences of 7(F) by the

instances of A12" now become instances lik
Fiz) = 0— F(x) =0,

arious numerals x. But these in plications are correct formulae because
F(z)=0 1s false! Again, all sentences in D’ are correct, whence D could not
have been a derivation of —0=0.

Hilbert ended his lecture with the remark that one had but to carry through
the details of his proof sketch in order to complete the laying of foundations
for analysis, and therewith begin the corresponding work on set theory. Th
there would be difficulties is something Hilbert was aware of; the extent of
these difficulties would not become clear until 1930. Indeed, it would only after
that become clear that Theorem 2 itself was not without hidden difficulties.

So we finally come to the end of Hilbert’s Leipzig lecture of 1922. Ths
hings of a more personal nature happened in 1922. I have already cited
Hilbert’s offer of a position in Géttingen to Weyl and W eyl’s refusal. B
was appointed extraordinarius without tenure, but was able to keep hi
until the Nazis came to power - Bernays was Jewish. And, as Reid reports in
her biography, Hilbert’s new physics assistant was unin ipressed: Hilbert was
showing signs of aging. Hilbert was only 60 and was acting like someone much
older. At first it was just assumed Hilbert was suffering from an early, but
natural, decline. B all of 1925, however, it was known that he was
suffering from pernicious anaemia, in those days a generally fatal illness. This
illness would play a major role in Hilbert’s battle with Brouwer.

Before getting too involved in personal matters, however, let us return
briefly to 1923 and Brouwer. In 1921
Jena, and in 1922 Hilbert lectured to the DMV in Leipzig. The 1923 meeting
of the DMV was in Marburg and on 21 September Brouwer spoke on ‘Die
Rolle des Satzes vom ausgeschlossenen Dritten in der Mathematik’ (‘On the
role of the principle of the excluded third in mathematics’) and, in addition to
a brief summary in the Jahresbericht, a version of the lecture was published 1n
another German journal under the title ‘Uber die Bedeutung des Satzes vom
ausgeschlossenen Dritten in der Mathematik, insbesondere in der Funk-
tionentheorie’ (‘On the significance of the principle of the excluded third in
mathematics, in particular in the theory of functions’).

As we have already seen, Hilbert’s papers on the foundations of

Bernays had spoken to the DMV in
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mathem ancaﬂ detail.

th ereb y no less incort ec& Just as a Ci

Such a remark is certainl

Hilbert; it is more of playful uaﬁon of the politlcal metaphor ear-

on these next few years ‘ 1sh papers on topol-
AT his mntuitionistic mathematics, the most im iportant of the latter
being a three-part reworking and extension of | 1918/ E919 paper, published
from 1925 to 1927 in M athematzsche Annalen, and another paper published 1
the same journal: Definitionsbereiche von Funktionen’ ( On the domain
of definition of functlons) In this latter paper pubhshed 1n 1927
devotes a footnote to hi main objections to Hilbert’s form
of these would take us too far afield to be discussed intells glbly

reveals the great difference in Hilbert’s and Brouwer’s perspective. To Hilbert
the consistency of a theory im

mplied the existence of the objects of the theory;
to Brouwer the objects were constructed and a consistent fal
no truths. To go from consistency to truth required, B

ple of the Reciprocity of Complements’, i.e.

——@ —> Q,

which was equivalent to the Law of the Excluded Mi m Hilbe
proved the consistency of the Law of the Excluded Middle, he could not con-
clude its truth without assuming its truth, i.e. Hilbert’s programm

ried out, would rest on a circularity.

The point here i1s philosophically subtle and this is not the correct place to
go mto it. I will simply say that it seems to me Hilbert was misled by Weyl’s
remarks on the meaninglessness of quantified formulae into believing them to
be meaningless to Brouwer. Thus, to Hilbert ‘transfinite formulae’ did not
have to be true, merely consistent; while, to Brouwer the issue was truth. One
of the many ironies of the dispute between Hilbert and Brouwer was that any-
one who agreed with Hilbert did not need this programme, and anyone who
agreed with Brouwer would not be convinced by its positive outcome should it
occur, but yet Hilbert pushed on.
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kermann’s dissertation, which Ackerman
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rmann, however, found an
ent of ‘transfinite’

H; above-sketched consistency proof. Ackerma
error and eventually claimed only the consistency of a fragn
22 July 1924, Brouwer spoke at Géttingen on intuitionism. Is thi
1e and Hilbert were still on friendly terms? In her biography of Hil
Reid describes the end of a talk Brouwer gave in Goéttingen. She says, ‘A
ively discussion Hilbert finally stood up. “With your methods”, he said to
most of the results of modern mathematics would have to be aban
an 1My 1S not to get fewer results but to get
more results.” He sat down to enthusiastic applause’. Was this the 1924 talk,
an earlier one, or a talk Brouwer gave in 1926? Is there hostility in Hilbert’s
stereotyped remark - a remark that applied to Kronecker and Weyl, but not
quite as fairly to Brouwer? In the next year, the mood would indeed be hostile
- albeit over matters more political.
I'he year 1925 was a major one in the dispute, for now there was a real
dispute and not just two competing mathematical philosophies. Hilbert gave a
major lecture which, unfortunately, confuses rather than clarifies his views.
And Weyl published an article reviewing the debate on the nature of the con-

tinuum (i.e. real number line) from the time of the ancient Greeks to Hilbert’s
Leipzig lecture.

I have been promising a fight for so long now that I feel compelled to begin
with the real battle between Hilbert and Brouwer. This battle was political and
nationalistic: The reader will recall that Europe had lain locked in war from
1914 to 1918, and that Germany had been the villain. Perhaps because this
was the first mechanised war to be held in Europe and the damage so great,
French mathematicians forgot that, under Napoleon, the French had been the
villains only a century earlier. With some vindictiveness, in orgas the first
post-war International Congress of Mathematicians in Strasbourg in 1920, they
ruled that Germans could not attend. The bar to German attendance at the
ICM was still in effect in Toronto in 1924.

It so happened that 1926 would mark the century since Riemann’s birth and
the editors of Mathematische Annalen wanted to commemorate the occasion
with a special volume. Hilbert, although proud of German achievements in
mathematics, was something of an internationalist. He felt that international
cooperation was good for mathematics and wanted French contributions to the
volume. Brouwer felt otherwise and sought to bar the French, particularly Paul
Painlevé who had issued a number of anti-German statements during the war
and who was becoming involved in the project. Ludwig Bieberbach, a Berlin
mathematician and by then a close friend of Brouwer’s, managed a comproms-

1se - Einstein, also an editor, would contact friendly French mathematicians
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his second scienﬁﬁc home. If B

he probably han t forgotten that the French mathemaua 1S had sided with
Lebesgue 1n this matter.
eyl’ s 1925 paper 1s an impartial account attempting to do justice to both
sides. He repeats h 1s earlier account of Brouwer, but acknowledges that his
description 1s not true so much to Brouwer’s views as to his own reworki
thereof. Although L detect the beginning of Weyl’s transition from sup-
pomng Brouwer to suppomng Hilbert, his treatment of Hilbert’s programm
1s none too flattering. Weyl compares Hilbert’s formalised mathematics to the
game of chess: Once the axioms and rules of inference are set up, one merely
follows the rules. The consistency proof is comparable to a proof that there
can never be 10 queens of a given colour on the chessboard during a game.
Weyl even went so far as to call Hilbert’s ‘actual mathematics’ a ‘Formelspiel’,
a ‘formula-game’.
['he ‘reproach’, as Hilbert would eventually call it, that Hilbert was trying to
turn mathematics into a meaningless game had long been a criticism of formal-
1sm in mathematics and, except perhaps in direct reference to Hilbert’s pro-
gramme, did not originate with Weyl’s remarks. Hilbert himself would, two
years hence, blame Brouwer for the phrase ‘formula-game’, although it seems
to have been used by everyone except Brouwer. (At least, I haven’t been able
to find such a remark in Brouwer’s published papers.)
That Hilbert did indeed deny any meaning to ‘actual mathematics’, whether
nself said,

by design or accident, dismayed some. Weyl hi

Without doubt: For mathematics to remain a serious cultural con-
cern, some sense must attach itself to Hilbert’s formula-game; and
I see only one possibility of ascribing an independent intellectual
meaning to it, including its transfinite component.

To Weyl, Brouwer had demanded every mathematical assertion to be
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Brouwer? I would
yes no, a.nd yes respectwely [t 1s nowadays a comm
icians that mathen ach 1S a meaning] of formal symbols
Hilbert’s authcmty 1s nvoked 1 support of this view. Hilbert’s contemporar:

m mnkers. G.H. Hardy, perhaps the quintessential punst
mathematics, 1s quoted by Reid:

. 15 1t really credible that this is a fair account of Hilbert’s views,
the view of the man who has probably added to the structure of

enificant mathematics a richer and more beautiful aggregate of
theorems than any other mathematician of his time? I can believe
that Hilbert’s philosophy is as inadequate as you please, but not
that an ambitious mathematical theory which he has elaborated is
trivial or ridiculous. It is impossible to suppose that Hilbert denies
the significance and reality of mathematical concepts, and we have
the best of reasons for refusing to believe it: ‘The axioms and
demonstrable theorems,” he says himself, ‘which arise in our for-
malistic game, are the images of the ideas which form the subject-

matter of ordinary mathematics’.

[‘Formalistic game’ is a mistranslation of ‘Wechselspiel'. The passage from
Hilbert’s Leipzig lecture quoted by Hardy directly follows Hilbert’s remark on
how mathematics grows alternately by deriving theorems and adding new
axioms. It was this ‘interplay’ Hilbert described as ‘Wechselspiel’.] Hardy may
not have chosen the most convmcmg quotation; I am inclined to point to the
earher cited remark that ‘one can presumably prove a finitist statement also
without application of transfinite means of proof’ and the contentual nature of
finitist truths. This and the comparison with the use of ideal elements 1n alge-

bra and geomtry suggests that zmplzcztly, 1f not yet exphculy,
gra .

Hilbert’s Munster lecture of 1925 published in two shghtly different ver-
sions in Mathematische Annalen and Jahresbericht in the next two years, one
can find remarks that seem to support the claim that Hilbert was trying to
create a theoretical science out of mathematics. One can also find evidence
supporting virtually any phﬂosophy of mathematics other than the extreme
sort of formalism (mathematics is a meaningless activity) generally attributed
to Hilbert and the platonism implicit in his equation of consistency and
existence - a platonism which would explam his blindness to the realisation
that consistency alone might be unconvincing to others and which might also
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descnptlon as a ‘clear and forceful presenmtmn of Hil

bert s 1deas at the tim

on the foundations of mathemaucs and one can debatably agree with Van

Heljenoort’s further remark that am ong Hilbert’s papers on foundmwns u

‘stands out as the most comprehensive presentation of Hilbert’s ideas’. V

gets down to details, however, only the adjective ‘forceful’ still applies.
It 1s detail that 1 WlSh to discuss - specifically the detail

that is new. Unfor-
tunately, 1t is on just this point that Hilbert is not very clear, and I have had

to consult both German and English versions of the paper and both past and
future papers (‘future’ relative to 1925) in order to come to a clear understand-
Ing - one so clear and fitting his remarks so well that I declare it the correct
terpretation: No-one, though he speak with the tongues of angels, will con-
vince me otherwise. This detail is a trichotomy replacing the old dichotomy
between finitary propositions and transfinite, or ideal, formulae. There are now
real propositions, finitary general propositions, and ideal propositions.

The real propositions - the term ‘real’ being added first in 1927 - are,
says, ‘of no essential interest’ in themselves.
combinations of equations involving prin
numerals:

2+3=3+2, 1+1=2, etc.

Hilbert
lhey are simple propositional
utive recursive functions and fixed

arily in affording a control on the results of formal

They are directly contentual assertions verifiable by direct computation.
importance lies prin
mathematical proofs:

The science of mathematics is by no means exhausted by numerical
equations and it cannot be reduced to these alone. One can claim,
however, that it is an apparatus that must always yield correct
numerical equations when applied to integers.

I think we can read in these lines just the sort of theoretical view Weyl
demanded: Mathematics is an abstract theoretical science subject to numerical

control just as physics is an abstract theoretical science subject to experimental
control.
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prop osmons
rm ‘for every num eral n, n+1=1-+n", which ibert would have written
in Leipzig as the free-variable formula,

x+1 = 14+=x

¥ al assertion ‘is from the finitist point of view incapable of being
negated’ because the negation (‘for some numeral n ...’) ‘cannot be interpreted
as a combination, formed by means of “and”, of inf many numerical
equations’. [It may seem odd that infin te COHJ unctions are finitistic assertions.
rlowever, (1) one cannot seriously consider any science which does not pro pose
universal laws, (i) there are finitary schematic methods of proof, (iii) con-
sistency, which must be proven finitistically, is such a universal assertion, and
(1v) 1t was his existential theorems that Hilbert had been criticised for.]

inally, there are the ldeal propositions that are not really propositions at

rmined rules - those

[hough it 1s unnecessary for our general discussion, I would consider myself
remiss in my respon31b1]1ty as a chromcler if I didn’t mention the delightful
Hony and famous quotes to be found in Hil Minster lecture. The former
1s given by one of his polemics:

. the literature of mathematics is replete with absurdlues and
inanities... for example, some stress the st1pulat10n as a kind of
restrictive condition, that, if mathematics is to be rigorous, only a
finite number of inferences is admissible in a proof - as if anyone
had ever succeeded in carrying out an infinite number of them!

The 1rony is not so much that he is here criticising himself, but that he himself
would 1n 5 years’ time be considering proofs with inf nitely many inferences.
His quotable remarks include ‘mathematical analysis is but a single sym-
phony of the infinite’, ‘no-one shall be able to drive us from the paradise that
Cantor created for us’, ‘no-one, though he speak with the tongues of angels,
will keep people from negatmg arbitrary assertions, forming partlal judgments,
or using the principle of the excluded middle’, and, concerning what to do
when confronted with a foundational problem, ‘let us remember that we are
mathematicians’ and simply solve the problem. Moreover, he reached all the
way back to 1900 to recall ‘that within us we always hear the call: here is the
problem, search for the solution; you can find it by pure thought, for in
mathematics there is no ignorabimus’

If the year 1925 saw Hilbert and Brouwer fighting, Hilbert glvmg a confused
lecture attacking even himself, and Weyl inadvertently sowing the seeds of
future discord with his caricature of Hi

lbert’s programme, the year 1926, on
the other hand, brought good news. Hilbert discovered that a treatment for

pernicious anaemia of some promise was being experimented with in America
and, after some manoeuvring, he was receiving the treatment and his health

was improving. And: Hilbert and Brouwer had a reconciliation, albeit a short
one.
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The occasmn of the reconciliation was a summ

eetmg Of topologlsts N

have young assistants in 3
for young topologists - and occasional other m
and Russia. Moreover, despite his dif
friends with many of the other Géttingen mathematicmns.
ticians at Gottin gen wan ted B

topology 1n

and they wanted a reconcilia-

Noether whom Weyl once descnb ed as ‘warm
the necessary Gemiitlichkeit: Dinr
Hilbert and Brouwer were al
of younger mathematicians, am Heinz H opf
later joint authors of a famous topology book [he task of getting the conver-
sation going fell to Alexandroff. According to him, the best way of gett g twO
arring factions together is to find a comm Alexandroft
brought up the subject of a ‘famous Luckenwalder function theomst P. K
His success exceeded all expectations: Hilbert and Brouwer were soon ‘falling
1l over themselves 1n a spirited exchange of opinion, during which they agreed
ever more 1in their views of that function theorist’. The two became progres-
sively friendlier and finished toastmg each other. T] lin
entire period of Brouwer’s stay in Géttingen.
Unfortunately, Brouwer eventually had to return am and the two
were publicly attacking each other the following year. Hilbert’s attack may
have been occasioned by the heavy interest in Brouwer’s lectures, in March of
that year, in Berlin. Success in lectures on intuitionistic mathematics might be
a bit hard to believe nowadays. Most mathematicians have little understanding
of, hence little patience with, matters philosophical and if they comment on
such matters at all it is usually in derision, as in the following opening remark
in a paper of Oskar Perron of 1926:

pﬁCity itself. Emn
ike a anf of bread’, supphed

A set of numbers bounded from below (above) has a greatest lower
(least upper) bound. Despite Brouwer and Weyl this fact, funda-
mental and indispensible for analysis, is known to have been
clearly enunciated by Bolzano in 1817; it can be found just as
clearly already in a posthumous manuscript of Gauss, which was
written around 1800.

Berlin, however, was an exception. Under the leadership of Klein, and continu-
ing under Hilbert, Géttingen - not Berlin - had become the capital of German
mathematics. The rivalry between the two universities was intense and much of
the interest in Brouwer’s lectures may well have been in Brouwer himself, the
thorn in Hilbert’s side, and not in intuitionistic mathematics itself. Brouwer
spoke to an overflowing hall, and his lectures were mentioned in the newspa-
pers.

Perhaps Hi

Ibert, who had been roused to action at Weyl’s 1920 conversion,
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Hamburg again firing off a fresh salvo of

ger. In any event, in July he was in

.. 1t 1s part of the task of science to liberate us from arbitrariness,

: , and habit and to protect us from the subjectivism that
dy made 1itself felt in Kronecker’s views and, it seems to me,
finds 1ts culmination in intuitionism.

Probably the most famous line of the paper is:

aking the principle of excluded middle from the mathematician
would be the same, say, as proscribing the telescope to the astrono-
mer or the boxer the use of his fists.

Apparently Hi] mucist; for, he prefaces his
criticism of B al, “INot because of any inclination for
polemics, but in order to express my views clearly and to prevent misleading
conceptions of my own theory, I must look more closely into certain of
Brouwer’s assertions’. He then proceeds to compare Brouwer to Kronecker in
declaring existence statements to be meaningless (fair gh, if a bit insult-
ing), and then attributes to Brouwer Weyl’s paper economy and formula-game
metaphors. Hilbert was, to put it bluntly, angry; this was the lecture about
which V

Weyl, who was in the audience, would say that there were ‘anger and
determination in Hil

Ibert’s voice’.

The anger, if not the determination, was irrational. For, progress on the con-
sistency proof was so great that everyone in Hilbert’s camp was certain success
was forthcoming, and, moreover, Hilbert had a trump card to play - an appli-
cation of consistency proofs that even Brouwer would have to admit the
significance of: a method of obtaining finitistic proofs of finitary general pro-
positions from formal proofs of their ideal representations.

I have offered an awkward statement of this last in order to remain

as faith-
ful as possible to Hilbert’s views. In a lecture in December 1930 - again in
amburg -

Hilbert would point out the difference between a finitary general
proposition, say,

l+x = x+1,

and the similar ideal proposition,
Vx(l+x=x+1).

The former is the assertion that,
l+n = n+1,

for all numerals n; the latter also asserts the equation for meaningless
infinitary constructs involving the r-function - or, rather, a replacement to be
cited shortly. If we agree to ignore such subtleties, we can say that Hilbert said
the following: Let & be a formal system of finitary arithmetic and let § be

some system of transfinite mathematics. Suppose & proves the consistency of
J. Then: For any universal assertion ¢, if 5+ @ then S + .
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We reason finitistically: Suppose we are given numerals k,m,n,p such that,

k>1"m>1An>1Ap>2AkP +mP = nP. (*)

[his assertion can be verified by a simple computation, which translates
directly into a proof in the transfinite system. But, by the provabil ity of F1
ithin inite system, we see that,

k>1 A"m>1An>1Ap>2 — kP +mP%n?, (**)

[his means that

kP+mP = nP and kP +mP£n?

1s provable within the system.

are both provable transfinitely, contrary to the consistency of the transfinite
system. Hence (*) 1s false and we have proven that for any numerals k,m,n,p
(**) holds, i.e. we have proven FT. [Actually, we have only proven ——(**), but
the validity of ——(**) — (**) is intuitionistically acceptable because of the
simple nature of (**). In other words, Hilbert was right that Brouwer would
agree to the validity of Hil

Ibert’s method - once the finitistic consistency proof
was given.]
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