3 . Series

3.1 . Summability of sequences

We can extend the operation of addition of two numbers a1 4+ ao to cover the addition of terms of any n-tuple
of real numbers a; + a2 + - - - + a,, owing to associative rule. This is possible not only for n-tuples but also for
the first n terms of any (infinite) sequence called partial sum

Ay =a1+ag+ -+ ay.

We obtain the new sequence A,, which is usually called series corresponding to sequence a, in literature. This

is an analogy of antiderivative (or primitive function). The limit of A, is usually called sum of the series

a,. But this terminology is rather misleading. ' By another approach we can comprehend the partial sum of
n

sequence as a mapping », which for any sequence yields the corresponding partial sum
k=1

> idankpl, o artayt - +an €R.
k=1

o0

By generalization we obtain a sum of all terms of sequence. We shall consider it as a mapping > which for
k=1

any given sequence yields the value

Z Aap},_,— lim (a1 +as+---+a,) ER",
k=1

o0
(iff the limit exists). Domain of mapping > is all sequences for which the lim (a3 +ag+---+a,) exists (finite
k=1 n—oo

or +00).
In the beginning of the last chapter we compared the notion of sequence (mapping N — R) with the notion

o0
of function (mapping R — R), now there is another obvious analogy. Sum of terms of sequence > a, is
n=1
similar to integral of function f (defined for instance on [1;o00l) floo f. The integral can also be considered as
an operator or a mapping which for any defined functions yields a real number or +oc.

IFor instance {an}2 ; is a sequence, {4, }52 | is a corresponding series, limit of {A,}22 , is a sum of series corresponding to
an}>; , so the sum of sequence is {A,}°2; . Does this mean that the sum of {4,}°° , is tantamount to the limit of {A,}°%
n=1 n=1 n=1 n=1
D



And so in the chapter with superscription ”series” we shall quite avoid this notation.

partial sum and sum of sequence

a, sequence :
n def. n def.
apr=a1+az+---+a, andforn>m > ag =ams1+ amiz+ -+ an

k=m-+1

B
—

8

akd:f' lim > ar = lim (a1 +as+---+ay)

def. 17

k=1
x def. . n .
>ooap="lim Y amtr = Um (ams1 + ami2 + -+ an)

We introduced two basic types of sequences in the last chapter. Now we can construct two tables of their
sums.
Arithmetical sequence (with difference d € R and opening term a € R):

(a+ (n—1)d)

n=1

g

a>0 |a=0] a<0

d >0 00 00 00
d =) o0 0 o0
d <0 —00 —00 —00

Geometrical sequence (with quotient ¢ € R and opening term a € R):

oo

(a-q"™)
n=1
a>0 |a=0] a<0
qg>1 00 0 —00
a a a
-1< q< 1 l—a l—a l—a
g <—1 Jdoesn'tex. 0 doesn't ex.

To deduce the formula for sum of geometrical sequence for —1 < ¢ < 1, we can prove by mathematical
induction that

Q+g+a®+-+¢" ) (1-q)=1-¢").

Then we have

1—q" 1
l4+g+¢+-+q¢" = g —
1—g¢q 1—gq
therefore
) _ a
Zaqk—lzllma(1+q+q2+...+qn l)zl_q asn — 0. (5)
k=1

00 00
st. 59 (VmEN)Zak:a1+a2+-~-+am+ Z a
k=1 k=m+1




n n
proof. A consequence of statement about limit of addition and equality > ax =a1 +az+---+am+ >, ax
k=1 k=m+1
form<n. W

summability of sequence

def. 18  |{a,},~, summable <= Z a, €R

n=1

We sometimes say a sequence has finite sum (or series of a,, is convergent).
The fact that a sequence has finite sum, does not depend on a finite number of its first terms.

> ay, finite = (Vm € N) > am4n finite
st. 60 =l oo n=1
(3m € N) 3 amyn finite = > a, finite
n=1

n=1

proof. Consequence of last statement. ll

Bolzano - Cauchy theorem

st. 61 Zan finite <= (Ve > 0) (3ng € N) (Ym,n > ng,n >m) | Z ag| < €
n=1 k=m+1

n
proof. For partial sum A,, = aj +- - -+ a, of sequence a,, we have A, —A,,, = > ai. Therefore the condition
k=m-+1
in the statement means the sequence A,, is Cauchy and we can use statement 52.

st. 62 Zan finite <= (Ve > 0) (Ing € N) | Z ag| <e
n=1 k=no+1

proof. (=): Given € > 0 arbitrary. As the sequence of partial sums converge a; + as + - -+ a, — a € R for all
n from some ng onwards we have |a — (a1 + -+ - + an) | < €. The inequality holds also for ny and by statement
o0 (o]
59 we obtain a — (a1 + -+ apy) = Y. ag — (@1 + -+ apny) = D Q.
k=1 k=ng+1
(=): Tt follows from statement 61. H

st. 63 Z an finite —a, — 0

n=1

proof. For the sequence of partial sums converges, A, = a1 + a2 +...a, — a € R and so A,4+1 — a. As
an = A, — An_1 for n > 1 we have

lim a, = lim A, — lim A,_-1=a—a=0.1

n—oo n—oo n—oo



The consequence of this statement is that a sequence with non zero limit has no finite sum.

o0
st. 64 an—>a:>2(an—an+1):a1—a
n=1

proof. We can express the partial sum of the sequence {a,, — an41},-, in the form

(a1 —ag) + (az —az)+...(an —ant1) = a1 —apny1 — a1 —a. A

3.2 . Tests for positive sequences

In the following section we shall consider the sequences with non negative or positive terms. The sequence
of partial sums of non negative sequences is increasing and its limit exists always (finite or o).

st. 65 (Vn € N) a, > 0 = exists Zan >0

n=1

proof. Monotone sequences have limits. ll
We shall introduce a very important sequence.

harmonic sequence :
o0
1
> =
n
n=1

We can prove it also by the Bolzano - Cauchy theorem, with € := % for any k € N there are two numbers m := k

and n := 2k such that
1 4+ 1 + +i>k i—l_
k+1l o k2 ok =" ok T2 €

So we know this sequence is not summable. According to the last statement 65, its sum must be equal to co.

(VneN)a, >0, Ap:=a1 +as+--+ay:

st. 66 > an < 00 <= A, bounded
n=1

proof. The increasing sequence A,, is convergent iff it is bounded according to the statements 26 and 2.

comparison test

(VneN)a, >0,b,>0:

(VneN) ap, <b,and Y b,=beR=(Ja€R) > a,=canda<b
n=1

n=1

st. 67
(Vn eN) ap <b, and Y a,=00= > b, =

n=1 n=1




proof. The inequality 0 < a,, < b, induces the inequality 0 < a1 + ag + - - -
statement is a direct consequence of statements 3 and 5. i

—|—an§b1+b2+—|—bn Thus this

(Vn eN) a, >0, b >0:

Qan

by

st. 68 —c€Rand Zb <oo:>2an<oo

n=1

n=1

proof. The convergent sequence 7
Then we use the last statement. I

= is bounded, so there exists M € R such that 0 < = < M, s00 < a, < M-b,.

)

proof. This is a consequence of the last statement. It is only necessary to realize that for ¢ # 0, the sequence

(Vn eN) a, >0,b, >0:

st. 69 l;—:—>c€RandC7£02><

by < 00 = Zan<oo

n=1

Z_Z also has a finite limit % |
comparison test
(VneN) ap, >0,b, >0:
b o0 o0
(VneN) 2t < 22 and ) by <00 = Y ap < 00
st. 70 " " n—1 n—1
b o0 (o)
(Vn € N) =25 < 2 and 3 ap = 00 == 3 by = o0
n=1 n=1
proof. For any n € N we have
G Gn Qo108 02 bo baoy b he ba
ai  ap-1 Gp—2 az a1 = bp—1 bp2 by b1 b1

oo

I: As a, < ‘;—Ibn and Zl ‘g—llbn = ‘g—l Z b, < 0o, the statement 67 gives us 21 an < 00.
n= n

II.: Similarly. W

Maclaurin integral test

f:[L;00[— R, f > 0 decreasing, (Vn € N) a,, = f(n) :
st. 71 > an < 00 <= there exists (R) [ f < o0
n=1

proof. We shall use knowledge of integral calculus that any monotone function on [1; oo[ has (Riemann) integral
J1° f being finite or infinite. We establish two functions g : [1;00[— R and h : [1;00[— R

ap for z € [1;2]

1
ay for x € [2;3]

g(z)

an—1 for x € [n — 1;n]

ag for z € [1;2]
as for x € [2;3]

h(z)

ap for z € [n — 1;n|



These functions are monotone so their integrals exist from 1 to oo, too. Let us also take note of the relation
0<g<f<hon[l;ol.
(=) : Given t > 0 arbitrary, there exists n > ¢ (for instance n := [t] + 1, [t] denotes integral part of t.) We

have . . . - ,
/fg/hg/ h:ZakSZak—aland/ leim/fga—al
1 1 1 — — 1 t—oo Jq

and so this integral is finite.
(<) : Given n € N arbitrary. We have

> ar= /"Hg . /n-l-lf - /Oof and so Y ax :nlin;oZak < /Oof
k=1 1 1 1 k=1 k=1 1
and sequence a,, has a finite sum. l
d’Alembert ratio test
(VneN) ap, >0:
(geR, 0<g<1)(VneN) =g = iozan<oo

on = n=1
(Vn € N) tl > 1 = Y a, =00

An
n=1

st. 72

proof. 1.. We shall step by step put n =1,2,... into the hypothesis and obtain

2 3 —1
az < qai, a3 < qaz < ¢°ar, as < qaz < qg°ay, ..., an < ¢ Cay.

[e ] o0
has finite sum 3 a1¢" ! = 1“71(1, therefore > a,, is finite by comparison
k=1 n=1

The geometric sequence {al ¢! }2021

test (statement 67).
II.: We again step by step put n =1,2,... into the hypothesis and obtain a,, > a; for all n. Then we have for
o0

partial sums a3 +ag + -+ ap, > na; — oo andso Y, a, = lim (a1 +as+---+a,) =0c0. B
n=1 n—00

(VneN)a,>0,ceR* ¢>0:

oo
lim &% —c<1 = ay < 00
st. 78 n—oo @n nzz:l "

oo
lim 2 =¢c>1 = Y a,=

An
n—00 n—1

proof. 1.. We put € := 150 into the definition of limit and obtain from some ny onwards
1—c a 1—c 1+4c¢
c— < <ot _ e
an 2 2

Then the sequence angyt1,angt2,-.. fulfil the hypothesis of the first part of the ratio test (statement 72) for
(o]

o0
q:= % > 0, therefore . ar < oo. By the statement 60 also Y ap < oo.
k=no+1 k=1
II.: We put € := ¢ — 1 into the definition of limit and obtain from some ny onward

Ap41

l=c—(c—-1)< <c+(c—1).

an



Then the sequence anOH, Ang+2, - - - fulfill the hypothesis of the second part of the ratio test (statement 72),

therefore Z ay > Z ap, = oo.
k=1 k=nog+1

We can generalize the last statement 73 replacing the hypothesis in the first part with lim sup GZII =c<1

n—oo

¢ > 1, because we can use the characterization of upper and lower limit in

and in the second, by limin

n—oo

the statements 40, 41 and 43.

An4+1
f== =

Cauchy root test
(VneN)a, >0:
(FgeR,0<g<1)(VneN) a,<q¢g = > ap<

n=1
=S

for infinite number of n € N ¢a, >1 = > a, =00
n=1

st. 74

proof. 1.: As a, < q" for all n € N we can again use the comparison test for {an}n 1 and the geometric sequence

{¢"}.2, . Then sum E ay, is finite because the sum of geometric sequence E " =L w1th quotient ¢ € (0;1)
n=1 n=1
is finite, too.

II.: The inequality a, > 1 holds for infinite number of terms a,. So for ¢ := 1 and for any n there is k, > n
o0
such that |ak,| > 1. According to the definition a, — 0 is not true and 3 a, € R is not true. Therefore with

n=1

oo
regard to a, > 0 we have Y a, =occ. li

n=1

(VneN)a, >0,ceR* ¢>0:

oo
ot 75 |Am Van=e<l = ) an<oo
oo

lim a,=¢c>1 = > a,=00

n—oo n=1

proof. 1.. We put € := into the definition of limit and obtain from some ny onwards

l1—c
2

1—c¢ 1-— 1
C—T<«"/an<c+ C= ;—C.

Then the sequence Onot1: Gnot2; - . fulfil the hypothesis of the ﬁrst part of the root test (statement 74) for

q := 1< > 0, therefore Z ar < 0o. By the statement 60 also E ay < 00.
k=no+1 k=1
II.: We put € := ¢ — 1 into the definition of limit and obtain from some ny onward

l=c—(c=1)< a, <c+(c—1).

Then the sequence anOH, Ang+2, - - ulfill the hypothesis of the second part of the root test (statement 74),

therefore Z ar > Z ar, = oo. B
k=1 k=ng+1



We can again generalize the last statement 75 replacing the lim /a, in hypothesis of both parts with
n—oo
limsup /a, and again use the characterization of only upper limit in the statement 40.

n—oo

Rhabe test
(VneN) ap, >0:
(FpeR,p>1)(YneN) (1—“Z+l)n>p = Zan<oo

n 1

(Vn € N) (l—a"“)n<1 = Zan:oo

An
n=1

st. 76

proof. 1.: We transform the condition into a form (a,, — an+1)n > pa,, or

(n—1ap—nany1 > (p—1)a, >0 (6)
—_————— N ——
=b, :bn+1 >0

and define sequences b,, := (n — 1) a,, and ¢,, := b,, — b,+1. From (6) we deduce that sequence b, is decreasing.

As it is also bounded below b, = (n — 1) a, > 0 by statement 30 has finite limit b, — b € R. It follows from

o0
statement 64 that sequence ¢,, = b,, — b, 11 has finite sum 21 ¢n = b1 —b. According to (6) we have a,, < p—ilcn
n=

for all n and Z l;l < 00, therefore Z ap < 00, too, by the comparison test (statement 67).
n=1
II.: We transform the condition into a form

(n—1)a, <napy1
——— N——
=b, =bn41

and again define sequence b, := (n — 1) a,,. This sequence b,, is increasing and for all n > 2 we have b,, > by =
o0

oo oo
as > 0 and also a,, = % > 2. As 20 = ay > % = oo we obtain Y a, = oo by the comparison test
n=2 n=1 n=1

(statement 67). H

(VneN)a,>0,ceR* ¢>0:

3 _ an+l —
N e L nzla"<°°

lim (l—a”“)n*c<1 == Zan—oo

—
n o0 n=1

proof. It is the same as in the statement 75. H

The notion of replacing the limits in the hypothesis by upper and lower limits can similarly be accepted in
this statement as in the case of statement 73.



Now we state a quite general test from which other tests can be obtained.

Kummer test

(Vn eN) ap >0,b, >0and > b, =00:
n=1

st. 78 (IpeR,p>0)(Vn eN) aiili_b >p = Zan<oo
n 1
(Vn € N) P bl Y — <0 = Zlan—oo

proof. It is similar to that of the statement 76.

I.: We define sequences d,, := ‘g—" and ¢, := d, — dn4+1 and we can again transform the condition into a form
n

(7% an+1

T > pant1 > 0. (7)
bn bn+l
~N =
=dn  =dpq1
— —

=Cn

Sequence d,, has positive terms and it is decreasing. Therefore by statement 30 it has finite limit d,, — d € R.

oo
It follows from statement 64 that sequence ¢, = d,, — dp+1 has finite sum > ¢, = & — d. According the (7)
n=1
an < 5gcp for all n and Z 7 < 00, therefore also Z an < 0o by the comparison test (statement 67).
n=1
II.: We transform the condltlon into a form
a_n < an+1
bn - bn+l
~—  ——
=dn =dn41

and define sequence d,, := b . This sequence d,, is increasing and for all n € N we have d,, > ‘;1 > 0. Therefore
it has limit A € R* such that A > 0. So there exists K € R, K > 0 such that a,, > Kb, (for A E R we have

K = %, for A = oo we can take arbitrary K, for instance K :=1). As Z b, = 0o we obtain 21 an = 00 by
n=
the comparison test (statement 67). H

3.3 . Tests for positive decreasing sequences

Now we go on to consider the sequences with positive or non-negative terms and we shall more over suppose
they are decreasing. For any sequence with finite sum we have a,, — 0, for decreasing sequences with positive
terms in addition na, — 0.

st. 79 (Vn €N) ap >0, apt1 < a, and ZaneR:nanHO

n=1

proof. Given € > 0 arbitrary. By Bolzano-Cauchy theorem (statement 61) there is some n; such that for all
k,l>mnq, k > 1 we have

al+1+-~-+ak<§. (8)
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Let ng := 2n1 + 4 and let n > ng is arbitrary. There exists m € N such that n > 2m > n — 2 (we can put
m = [%], [[] denotes integral part of real number). We put [ := m —1 > n; and k := 2m > n; into the relation
(8) and we obtain

am+---+a2m<§.

Because sequence a,, is monotone and inequalities n > 2m and m + 1 > 7 holds we have the valid estimation
below

~—
>azm >z >an
—_—

m—+1 terms

n
A, + -+ am > (M+1) aom > —ap .
N—_—— 2

Then for arbitrary n > ng we have “§= < a,, + -+ + a2, < § and |na,| <e. W
The condition a,, is a decreasing (not strictly) sequence is necessary in the statement 79.
For instance the sequence

1

1, 0,0
7774

£0,0,0,0, 5,0,0,0,0,0,0, 7, 0,0,0,0,0,0,0,0, 2, 0,0, ..

25

% for n = k2

an =
for n # k2

2

is summable but n - a, 4 0 as n® - a,2 = 1.

Cauchy accumulation test

(Vn eN) ap >0, ant1 < ay :

st. 80 S an <00 <= Y 2"agn < 00

n=1 n=1

proof. We shall denote A,, :=a; +az + -+ a, and B, := 2as + 4a4 + 8ag + - - - + 2" agn.
(I=:) For any n € N we have

Aon = a1+ a2+ a3 +as+ as + ag + ay +ag+---+agm-1+agu-1,9 4+ +agn
- -~~~ —~~ N

>aq >as >asg >asg >asgn
N—_—— —
22(14 24118 22"*10.271

and )
Aon — a1 > as + 2a4 +4a® + - + 27 Lagn = §Bn.

oo
Therefore B, < 2 (Aan —ay) <2 (Z Ay — al). As B, is increasing and bounded it converges by statement
n=1

28.
(I.<=:) Similarly for any n € N we have

Aogn = a1 4+as+ a3 +ag+ a5 + ag + ar +---+agm-1_1 +agn-1+ -+ agni1 + aoy,
~— ~— M~ = —— ~—

<az <aq <as <as <ayn-1  S2Magn
———
<2as <4daq

27"71@27171
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o0
Therefore Agn < B, < > 2™agn and as A, is increasing and bounded it converges again by statement 28. ll
n=1
We can also state similar test which is more general.

(Vn €N) ap >0, ant1 < an,
st 81 p: N — N increasing and (IM > 0) (Vn € Nyn > 2)p(n+1) —p(n) < M (p(n) —p(n —1)) :

21 n < 00 <= Zl (p(n+1) = p(n)) apm) < oo

proof. Proof is very similar to that of last statement 80.
We again denote A,, := a1 + as + -+ + a, and
By = (p(2) = p(1)) ap(r) + (p(3) — p(2)) apiz) + -+ + (p(n + 1) = p(n)) apen) -
(=) For any n € N we have
Apmy = a1+ Fapy-1 + ap) +
| S ——
> 280 (p(2)—p(1))

T ap)+1t - ap2) T p@)+1F o apE) + o T Apn—1) T Op-n41 Tt Upn
S~—— N—— N——

Zap(2) 2ap(s) Zap(n)
>ap) (P(2) —p(1)) e (p(3) — p(2)) apm (P(n) = p(n = 1))
and ) )
Apny > a1+ -+ apy—1 + MBn > MBn-

(o)

Therefore B,, < MAyy,)y < M Y a, and as B, is increasing and bounded it is convergent according to
n=1

statement 28.

(I.<=:) Let us denote B,, — B € R. Then for any n € N we have

Apn) = a1+ + apa)—1+
tap) + ot ape)-1 T ap2) T+ apE) -1 TapE) ot Gpn-1)—1 F Apn—1) T+ Gpn)—1 TAp(n)
N—— N—— SN——

Sapa) Sap() Sap(n-1)

<ap(1)(p(2)—p(1)) <ap(2)(p(3)—p(2)) ap(n—1)(P(n)—p(n—1))

and
AZD(") Sal—’—"'—i_a/p(l)fl"'-Bn §a1+"'+ap(1),1+B.

As A, is increasing and bounded it converges again by statement 28. H

The condition a,, is a decreasing (not strictly) sequence is necessary in the condensation test 80.
For instance the sequence

1
17 17 YR 15 15 15 17 17 17 17 1

— 1
64 196" 7

g e
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nl—2 for n = 2%
ap =
for n # 2k

is not summable but 2" - agn = 2" is summable.

R S
(27")2=5%

3.4 . Tests for other sequences
The following statement is similar to integration by parts in integral calculus.

Abel partial summation

a1b1+"'+anbn:

t.
st 82 = a1 (b1 —b2) + (a1 +az) (ba —b3) + -+ (a1 +az + -+ ap—1) (bp—1 = by) + (a1 + -+ -+ an) by

proof. We shall consider the following list

a1 (b1 — b2)
ai (bz - bs) ag (b2 - b3)
ay (bs — ba) az (bs — ba) as (bs — ba)

ai (bn—l - bn) a2 (bn—l - bn) as (bn—l - bn) v Qp—1 (bn—l - bn)
aib, asb,, aszb, e Qp_1by, anbn

Upon adding the rows and columns we obtain exactly and respectively the right and left sides of the statement.

We can denote Ay := a1 +- - -+ay (something like an integral) and b;C :=bp—bx_1fork=1,...,n (something
n n—1
like a derivative). Then the Abel partial summation can be written in the form 7 apby = Anby — > Arbyq,
k=1 k=1
which suggests integration by parts indeed.

Abel test

st. 83 ‘an summable , b, bounded and decreasing = a,,b,, summable ‘

proof. As sequence b, is bounded there is some M > 0 such that |b,| < M for all n € N. As it is decreasing we
have bk - bk+1 Z 0.

I. First we suppose b,, > 0 for any n € N. Given € > 0 arbitrary. As a,, is summable according to the Bolzano -
Cauchy statement there is ng € N such that |apm41 + -+ ag| < a7 for any k,m > ng k > m. Given m,n > ng
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arbitrary. We use the Abel partial summation to estimate

|am+1bm+1 + -+ anbn| -
— |am+1 (bm+l - bm+2) + (am-i-l + am+2) (bm+2 - bm+3) +...
-+ (aerl + - +an71) (bnfl _bn) + (aerl + - +an) bn| S
S |am+1| (berl - bm+2) + |am+1 + am+2| (bm+2 - bm+3) +...
N—— —
<37 <37
"+|am+1+"'+an71|(bn71 _bn)+ |am+1+"'+an|bn <

< <37

&l

n—1
€

< M (k_z—’_l (bk — bk+1) + bn) <e

=bmi1<M

H For any (not only positive) sequence b, we use the part I. with sequence b, + M > 0 and can conclude that

Zann— Zan(b +M) - MZanmﬁmte too. H

n=1

Dirichlet test
st. 84 ‘ (3M > 0)(Vn € N)|ay + az + - - - + an| < M, b, decreasing and b, — 0 = a,,b, summable

proof. Sequence b,, is decreasing and tends to 0 hence by — bgy1 > 0 and b, > 0. Given € > 0 arbitrary. As
b, — 0 there is ng € N such that |b,| < 557 for any n > ng. Given m,n > ng arbitrary. We shall again use the
Abel partial summation to estimate

|am+1bm+1 +-+ anbn| =
- |am+1 (berl - bm+2) + (aerl + am+2) (bm+2 - bm+3) + ...
-+ (aerl + - +an71) (bnfl _bn) + (aerl + - +an) bn| S

< |am+1| (bm-l-l - bm+2) + |am+l + am+2| (bm+2 - bm+3) +...
—— ~—_— —

<2M <2M
"+|am+1+"'+an—1|(bn—l _bn)+|am+l+"'+an|bn S
<2M §2M

< 2M Z b —bgy1) + b, <e. M

k=m-+1
=bmi1<557
Leibniz test
st. 85 b, decreasing and b, — 0 = (—1)" b,, summable ‘
proof. Consequence of the last statement for sequence a,, :== (—1)". This sequence —1, 1, — . has bounded

partial sums —1,0,—1,0,.... W
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The condition a,, is a decreasing (not strictly) sequence is necessary in the Leibniz test 85.
For instance the sequence

11 1 1 1 1 11
teostr BT T S g =

2% forn =2k -1
anp =
3% for n = 2k
is not summable but a,, — 0.
3.5 . Summability in average
st. 86 cn%Oéw—»O
n

proof. Given ¢ > 0 arbitrary. There is n; € N such that |c,| < § for any n > n;. We can choose some

na > 2 (|e1] + -+ + |cn,|) and put ng := max(n1, n2). For arbitrary n > ng we have

c+top S|Cl|+"'+|cn1|+|cn1+1|+"'+|cn| e m
n n n 2 2
<loalttlem | o (n—m)si<s
a +...+a
st. 87 an—>a€R:>¥—>a
n

proof. It is a consequence of the last statement with ¢, :=a, —a — 0. R

d, d,_ nd
st. 88 cn—>03mddn—>O:>Cl tes 1+ te L 2o
n

proof. As the sequences ¢, and d,, are convergent they are also bounded, so for some constant M > 0 it holds
lenl, |dn| < M for any n € N. Given € > 0 arbitrary. There is n; € N such that |c,| < 557 for any n > n; and
similarly for all n from a certain ny onwards |d,| < ﬁ Let ng := max(n1,ng) and n > 2ng be arbitrary. Then
n —ng + 1 > ng too, and we can estimate

c1dn + -+ cndy < |Cl||dn|+"'+|Cno||dnfno+1|_|_ |cno+1lldn—no| + -+ lenldi | <E+E:€..
n n n 2 2
< (‘Cl\+---tl\cno‘)2§\/[ <L7?A425WS% < (‘d1\+“‘+\in—no‘)25u <n7nn0 Mziwﬁﬁ
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.89 |a, macRandb, —beR— Aont@Ont tad oo
n

proof. It is a consequence of the last statement with ¢, :==a, —a —0and d,, :=b, —0— 0.1

— b b 0n
T PSR  SEES LY

n=1

proof. Tt is similar to that of statement 86. Given € > 0 arbitrary. There is n; € N such that |c,| < § for any

na

n > ny. We can choose some ny such that > b, > 2 (|c1|by + - + |cn, by, ) and set ng := max(n1,nz). For
n=1

arbitrary n > ng we have

c1by + -+ cpby < |Cllb1 + -+ |Cn1|bn1 + |Cn1+1|bn1+1 + -+ |Cn|bn ccnm
bi+---+b, by +---+0b, by +---+0b,
ST
a = ay+azx+---+a
st. 91 = —a€R, by = 00 and (Vn € N) by, > 0 = — 2 -
b ;n ( ) b by +ba+---+ by
proof. It is a consequence of the last statement with ¢, := 3= —a — 0. R
The next statement requires little recall of the ’'Hospital rule.
Stolz theorem
Gp — An-1 . . . Gnp
st. 92 —— —a €R, b, — oo and b, strictly increasing — — — a
bn - bnfl bn
proof. It is a consequence of the last statement with sequences a} := a1, a), := an, — ap—1 and b} = by,

b, i=by —by_y. W

er. Example

o VI+V2+...yn 2

i =
s ny/n 3

we can use Stolz theorem 92 for sequences a, = VI+V24+ -+ vn and b, = ny/n — oo increasing, lets
calculate

Gn —an-1 _ vn _ Vn(nyn—(n—1)y/n—1)
by —bn—1  nyn—(n—1)yn—-1 n® —(n—1)3

b m—lamoD 1+0-11-1

3n2 —3n+1 3-34+ L
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C - summability of sequence

1 n

def. 19  |{an},—, C - summable <= — E (a1 4+ +ax) —a€R
n

k=1

We usually denote s, := a1 + as + --- + a,, and

1 1 ¢ & k—1
Un2=E(al+(a1+a2)+---+(a1+---+an)):EZsk:Z(l— )ak.

oo 1 n
t. 93 n bl d n=06€ER=a, C- bl d —
s apn summable an ; a a a summable an - ,; (a1 +--4ax) —a

proof. We keep the notations of s, and o,,. Given € > 0 arbitrary. As s,, — a there is ng € N such that
a— €< s, <a+ e for any n > ng. Let n > ng be arbitrary. Then we can estimate and use limits so that

n—no

1 1
onzE(31+---+sn0+sn0+1+---+sn)>E(sl—i—---—i—sno)—i— (a—¢€) — a—ce€and

1 1 n—ngo
onzE(81+---+Sn0+sn0+1+---+sn) < E(sl—l—---—i—sno)—i— (a+e)—a+e.
These inequalities are true for any € > 0, hence o, — a. R
a a PR a/ a/ a PR a
st. 93a liminf a,, < liminf 1+ ay + an < lim sup 1+ ax + an < limsup a,
n—00 n—:00 n n— oo n n—oo
proof.
I. Lets denote a = liminf a,, and € > 0 arbitrary. For any n from some ng onward it holds a — ¢ < a,,. Then for

n—oo
any n > ng we have
a1+a2+...+an 7a1+...+a/no+an0+l+...+an
n n n

—0 >(n—ng)*—=—a—e

and so Yt n
X X a a N a
lim inf — 2 " >ag—¢.
n—o00 n

Because € > 0 was arbitrary the inequality

lim inf artazt -t on > liminf a,,
n— o0 n n—oo
has been proved.
II. The second inequality is a consequence of statement .
III. The proof of the third inequality is the same like at case I. W



17

Statement 87 is a straight consequence of this inequalities.

(VneN) a, >0:
st. 93b liminf a,, < liminf /a7 -ag - - - - an, < limsup /ai -az - - a, < limsupa,

n—oo n—oo n— oo n—oo

proof. It is the consequence of the last statement 93a for the sequence b, =1Ina,. W

(VneN) a, >0:
st. 93¢ lim inf GZII < hnnii(gf va, < limsup /a, < limsup %

n—00 n— oo n— oo

proof. It is the consequence of the statement 93a for the sequence by = Inaq, b, = In aafl for n > 2. Then

an Inay +In g2 + -+ +In 2=

lim inf In < liminf =L — liminfln ¥a,
n—oo Apn—1 n—oo n n—oo
and a a
liminf = — lim inf In —* < liminf ¥a,, .
n—oo an n—oo an—l n—oo
|
3.6 . Absolute summability
absolute summability
def. 20 a, absolutely summable <5 |a,,| summable
st. 94 ‘an absolutely summable = a,, summable ‘

proof. It is based on Bolzano - Cauchy statement and inequality |an+1+ -+ am| < |ant1|+ - -+ |am|. For any
e > 0 there is some ng € N such that |ap41]|+ -+ |am| < € for all m > n > ng. Therefore |an11+ -+ am| < €,
too. H
o0
Note that Y |a,| and

n=1

o0
> an| can assume different values.

n=1

st. 95 ‘ a, absolutely summable and a,,(,) subsequence of a, = a,(,) absolutely summable ‘

proof. As pis strictly increasing and by the statement 35 injective, too, the set of different indices {p(1),p(2),...,p(n)}
is a subset of {1,2,...,p(n)}. Hence

p(n

n ) 00
B, = Z |ap(k)| < Z |a;€| < Z |a;€| < o0
k=1 k k=1

=1
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is bounded and we can use the statement 66.

def. 21 ate max(a,0) aidgc'max(—a,O)
Obviously |a] =a™ +a~ and a =at —a™.
st. 96 ‘an absolutely summable = a, a,, summable ‘

proof. As 0 < aJr < |an] (the same for a;) it is obvious. I

Clear that Z Gy, = Z al — Z a, and Z lan| = Z a + Z y, -
n=1

n=1
The commutative law permits "reordering” of the sum of a finite collection of numbers, for instance
CL1—|—CL2+CL3 :a3+a1—|—a2.

Now we ask ourselves whether something similar holds for infinite sums. First it is necessary to define the term
”reordering”.

rearrangement

def. 22 sequence {ap n)} , where p : N — N bijective, is rearrangement of {a,} -,

For instance we can describe the rearrangement ”two odd; one even” by the map

dn—l — gl — 3 forn=3k—2
p(n) = 4”T+1:4k—1forn:3k—1 (9)
%n:2kf0rn:3k

The map p : N — N is bijective.

ex. Example For ap := (— 1)"Jrl L and map p : N — N described by (9) we have Y a, < 13 and Y ap(n) >
n=1

n=1
11
12
i - LIS NS N S L, ! 5
- 3 45 6 7 7 2 2k+1 -6
=1 A’,_’H’_/H’_’ —_————
=% =% =—1 :_2k(21k+1)

Z 1 1 1+1 1+1+1 1+1+1 1+ N 1 N 1 1+ . u
oy =145 — oo — b b o S g> =
P =t s T Ty T T Ty T I T T 3T 158 k-3 dk—1 2%k 12

=38>4 =165 >3 =280 > 18 :%

This example shows that summation in a different order gives a different sum in general.
Even, if a sequence is summable and not absolutely summable then for any A € R* there exists rearrangement
such that the sum of rearranged sequence is equal to A.

Riemann theorem

o0 o0 o0
st. 97 Z ay < 00, Z |an| = 00, A € R* = there exists rearrangement p : N — N, Z a

n=1

A

p(n) =
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proof. The proof is similar to the process at last example. Because a; = 1(|an| + an) and a,; = £ (|an| — ax) it

o0 o0
holds > af = o0, . a; = co and partial sums of positive terms a;7 and negative terms a;; are not bounded.
n=1 n=1

Suppose a1 > A < oo first. We gain the rearrangement p by following way. First, we will add the non-
negative terms of sequence a,, until their sum does not get over number A, then we add the negative terms od
sequence a, until the whole sum does not get below A and so on. The distance of partial sums of this newly

rearranged sequence ) a,r) from A is less than |ap,)| — 0. Hence )7 ap) = A.
k=1 =

The same for —co < A < Q.

We proceed similarly for A = co. First we add the positive terms a,} until the sum does not get over 1, then
we add one negative term and again we add another positive terms until the sum does not get over 2 and so
on. The same for A = —co. A

n
Even there exists rearrangement p such that lim Y aj does not exists.
n—oo

The next statement shows that the order does not matter in summation of absolutely summable sequences.

about rearrangement

st. 98 Z = a € R, a,, absolutely summable and a,(,) rearrangement of a,, = Z Ap(n) = a
n=1 n=1

proof.
L. ap(n) is summable:
Given € > 0 arbitrary. According to the statement 62 there is n1 € N such that

o]
Z |ak| <€
k:nl

as the sequence a,, is absolutely summable. As p is bijective there is no € N such that p{1,2,...,n2} =
{p(1),p(2),...,p(n2)} D {1,2,...,n1}, (it is possible to choose max{p_1(1,...,n1)}, p—1(K) denotes pre-image
of set K).

Let n > ng arbitrary. It holds p(k) > ny for any k > n > na, then

o0

Z Ap(k)
k=n
and according to the statement 62 a,(,) is summable.

o0
I > apy = a:
k=1
Given € > 0 arbitrary. According to the statement 62 there is nq € N such that

oo

oo
<D lapw] < 3 lail <e
k=n

l:nl

o0

Z |ak|<§

k:nl

as the sequence a,, is absolutely summable. As p is bijective there is ny € N such that p{1,2,...,n2} =
{p(l)up(2)7 cee 719(712)} D) {1, 2, .. .,nl},
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n n
We denote partial sum A, = > ar and S, = > apn)- Let n > mng = max(n1,n2) arbitrary. Then we can
k=1

k=1
write
n n
[Sn = Anl =D apey = Doa|=| D amt Y wmw— Y w— D a|<
k=1 =1 1<k<n 1<k<n 1<i<ng ni1<l<n
k<ns na<k
n n ¢ c
<D m|+| D a| <55 =¢

k=no k=n1

the first and third terms in the second part of expression above are equal because n > ns and

{L,...,n} C{p(1),...,p(n2)} C {p(1),...,p(n)}
{1,...,n1} C{p(1),...,p(n)}N{L,...,ma} C {1,...,nm} (1)
{p(k);1 <k <n,pk) <m}={1,...,n1}.
Then S,, — A,, — 0 and

Z Ap(n) = 77,11—>Ir;o Sy = 77,11—>Ir;o A,=a
n=1

and proof is complete. H

3.6 . Product of series

It is possible to calculate the product
(CLl —+ ag)(bl —+ bg) = Clel + CleQ —+ a2b1 —+ a2b2 .
Now we ask ourselves whether something similar holds for infinite sums. We have several possibilities how to

create such product - Cauchy product

o0
ch where ¢, = aib, + asb,—1+ -+ a,b1

n=1

and Dirichlet product

oo
Z d, where d,, = apby + anby + -+ + apby_1 + anbp+

n=1

+ap—1b, + -+ + asb, + a1b, .

st. 99 |Y ax=a€RY by=bER= (anbs +anby+ -+ anby + - + azb, + a1b,) = ab
k=1 k=1 k=1
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proof. We denote partial sums A, = > ag, B, = Y. by and d, like above. We have
k=1 k=1

de = a1b1 —|—CL1b2 —+ - +a1bn+

k=1
+agby + agbs + - - + azby+
+a,b1 + anbs + - -+ apb, = a1B, +asB, +--+a,B, = A,B, —ab .l
Mertens

st. 100 Z ar = a € R, Z br = b € R and a,, € R absolutely summable — Z (a1by, + agbg—1 + -+ -+ arby) = ab
k=1 k=1 k=1

proof. We introduce new notations (3, and w,) based on the relation
n
Z (a1bg + agbp—1 + - +agbr) =

k=1
=ai(bi+---+by) +asbi+---+bp_1)+--Fan_1(b1 +b2)+a, b =
— ~—— ~~~
=b—PFn i=b—fn_1 =b—/2 =b—[h

=(a1+ - +ap)b—(a10n + a2fpn-1+ -+ anf),

=wp

SO Wy = a10p + a2fn—1+ -+ apf1 and B, ;= >, b — 0 by Bolzano - Cauchy statement 61 and 52. We
l=n+1

denote M := ) |ax|. Given € > 0 arbitrary. As §, — 0 there is N € N (depending on €) such that |3,| < 17.

k=1
Let n > N be arbitrary. We can split w,, into two parts

Wn, :alﬁn—f— +an—N+lﬁN +an—N+2ﬁN—1 + +anﬁl

and estimate the absolute value of the first part

€
la18n + - - + an—N10n8] < a1]|Bnl + - + |an—n+1]|Bn] < i (la1] + -+ |an—n41]) <

For any n > N we have
lwn| < €+ lan—Ni2l[Bn-1] + - + |an]|B1]
therefore
lim |w,| <e+ lim |an—ni2||BN-1]+ -+ lm |a,||B1] =€.
n— 00 n—oo

n—oo
~—_—— ——
=0 =0

As € was arbitrary w, — 0. W
The condition of absolute convergence is necessary in Mertenz theorem.
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ex. Eramples For ap = by := (_\}E)k, > a and Y by are finite, but (a1b, + agb,—1 + -+ + apby) is not
k=1 k=1

summable. - -

We can use Leibniz test for g::l ar and 1;:21 br. We have inequality VEvn—k+1 <n and \/E\/ﬁ > % for

any 1 < k <n. Therefore for sequence

(1 11 1 11
Cn:_(albn+a2bn1+...+anb1)_(_1)+1<I _|__ +...+—+.-.+—_)

no V2yn-1 Vv —k+1 Vil

i

we have |¢,,| > 1, hence lim ¢, # 0 and ¢, is not summable by statement 63.
n—oo

But we have the following statement.

Abel theorem

st. 101 Zan:aéR, an:bERand Z(albn+-~-+anb1):cER:>c:ab
n=1 n=1 n=1

n n

proof. We shall denote A, := > ag, B, = b and Cp, := Y (a1bi + -+ arby). We obtain by simple

k=1 k=1 k=1
calculation
r r—k+1 r
Cr = Z akbl = Z Qg Z bl = Z akBT_kH and
Eri<r k=1 =1 k=1 (2)
k1> 1

ci+---+C,=AB,+---+A,B;.
We can divide this equation by n and in limiting use the statements 87 and 89

1 1
—(C—1+"'+Cn):EAan'i‘""f'AnBl .

n

—c —ab

It is possible to prove this statement using power series (for instance in ).

3.6 . Double series

Given a finite table of numbers, we can add all the rows to obtain a last column and then add the last
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column. Or first add all the columns to obtain a last row and then add the last row. For instance

n
a1,1 ai,2 a1,3 Q1,4 ai,n ai. = E a1,
=1
n
as as 2 as 3 as,a asn as. =y as;
=1
n
as as as;s as.a asn as. =y as;
=1
n
am,1 am,2 am,3 am, 4 Qm,n Um. = E aml
=1
m m m m m m m
a1= Y ap1 2= ) Ak2 (3= ), Gk3 A4 = ), (k4 An =D Ak Q.= D Y Ak
k=1 k=1 k=1 k=1 k=1 k=11=1

Now we can ask ourselves if something similar holds for infinite tables called double series.

o0
ai,i 1,2 ai,3 Q1,4 S1 = Z ai,l
=1
o0
as as 2 as 3 as,a Sp =) asy
=1
o0
as; as as;3 as.a s3 = asy
=1

t1= > ar1 to= Y. a2 t3= Y, ar3 ta= D ara
k=1 k=1 k=1 k=1

?

118

00
> tn Sn
n=1 n=1

This cold be be linked to above question by changing the order of limits.

A A Az Aig — Sh
A1 Azs Azz Ass — S
Az Az Azz Az — S3
! ! ! ! !
?
T1 T2 T3 T4 — lim Tn: lim Sn
But this is not true in general. For instance if A, ,, := m’in we have lim A,,, =1and lim A,,, =0. Also
for sums we have counterexample
-1 0 0 0 -1
L1 0 o —1
i 1 -1 0 _i
i i e _i
8 1 2 8
0 0 0 0 0#£ -2

But it is possible for limits of increasing sequences or sums of sequences with positive terms.

st. 102

(Vk,l e N) Ap; < Apq1y and Agy < Ay,
(VI e N) klim Ai; =S5 € R and llim S;=5eR—=

— (Vk S N) (HTk S R) lhm Ak,l =T and khm T, =S
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proof. 1.(Vk € N) (3T}, € R) hm Aj, = Ty: From hypothesis for any k,l,m € N, I < m we have Ay ; < A,

therefore S; < S, and S; S S Let k € N be arbitrary. Also Ax; < S; < S, hence {Ay;}7°, is an increasing
sequence bounded above by S. According to the statement 28 it has finite limit llim A < S and we shall

denote it by Tj.

Il. Ty — S: Given € arbitrary. As S; — S there is ng € N such that § — 5 < .5; < S for any [ > ng. We can

use klim Ay = Sn, similarly and from some mg € N (depending on ng) onwards Sy, — 5 < Akng < Sny- Let
— 00

k > mg and [ > ng be arbitrary. Then

< Apng and S — S8, .

Apng A <Tp <8, Spy — 5

NN

Hence
S—ESAkISTkSS and S—egklimTkSS.

As € > 0 was arbitrary S = klim T.. 1
—00

(Vk,l € N) Apg < Apy1y and Ay < Agpg,
o 103 |(EN) lm Ay eRand (Yh €N) lim Ay €R =

:> lim lim Ag; = hm hm A

k—o0 l—0 l— 00 k—o0

proof. Keeping denotation from the last statement T}, S; are increasing, hence they have limits. If one such
limit is finite we can use the last statement, if not both limits are co. WM

(Vk,leN)ap; >0, (VIeN) Y ag; =5 €Rand Y 5=5€R =
st. 104 =1 =1

— (VkEN)(HTk ER) Zak,l:Tk and Z T. =S
=1 k=1

ko1
proof. We can use the statement 101 with Ay ;:= > > a; ;. B

i=1j=1
st. 105 | (Vk,l € N) Ay, >0, (VI €N) Zakl € R and (Vk € N) Zakl ERzZZaM—ZZaM
k=1 =1 k=1 1=1 =1 k=1
proof. It is a consequence of the statement 102. W
(Vk,lEN) ag,; <0, (VZEN) Zak,leleRand ZSlZSER:>
st. 106 k=1 0o =1
= > (a1, +azr—1+--+a1)=9
r=2
proof. Given € > 0 arbitrary. There is N € N such that for any m > N
Y s < § . (10)
l=m+1
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We also have for n € N from some n; onwards

n
Zahl -5 <
k=1

from some no onwards

So <— ()

and so on, from some ny onward

<ﬁ 0

n
g ap,N — SN
k=1

n n
Let ng := max(ny,na,...,ny, N —1) and n > 2ng be arbitrary. Because > (a1, + -+ +ap1) = Y. (ay + -+ +
r=1 =1

An—i+1,1), We can estimate

n

Z (a1, +agp—1+---+ar1)

r=1

n
Z arg+asg+--+an—iy10) — S
=1

n

N
= Z (a1 +az;+ -+ an—i411) + Z (a1 +az;+ - +an_i411) — S
=1 I=N+1

<

n

€ € €
<gtgtgz=c¢

N
< Z (arp+ -+ an_it10— S|+ Z (a1 + -+ an—i41,) 3t3T3
=1 I=N+1
=1 =11 =IIT
using the following inequalities. For 1 <! < N and n > 2ng we have n — [ + 1 > ng > max(ny,...,ny), and

€

lats+ -+ an—ir10— S| < N

hence

N
= Z (a1 + -+ an_1+11— S| <
=1

Wl m

Also
II =

according to the inequality (10). We shall also use (10) in the third estimate

Iy s<l Y s

I=N+1 I=N+1

n

g (a1 + -+ an—i1+1,1)
I=N+1

11T =

< £
3

and proof is complete. H



26

For limits we have relations

lim (ap +b,) = lim a, + lim b, or liminf(a,+b,) > liminf a, + liminf b,

n—oo n—oo n—oo n—oo

n—oo n—oo

Let us consider the situation where something similar holds for infinite sums. We obtain three statements,

which are similar to those in theory of Lebesgue integral.

Levi theorem

(Vk,n S N) Ak.n Z 07 Ak S Gk n+1,
0o

li » € R and n€R
st 107 Jim ag, € R an 1;::1%’ ER =

kzl n—oo

oo oo
= > lim ag, = lim ) agn,

m
We use the statement 102 with A,, , := > . Then A, , < Apy1,n and Ay, < Ay and as

k=1

n—oo

o0
Ay = E apn <00 and
k=1

we can conclude that

n—oo m—00

lim A,

m
= E lim ay,, < oo
n—oo
k=1

n—oo

oo oo
E lim ag, = lim lim A, ,= lim lim A, , = lim E ag,, - 1
k_l n—oo m—00 N—00

Fatou theorem

k=1

st. 108 k=1

(Vk,n e N) ax,, >0, lim ap, € Rand ) ap, € R=

oo oo
= > liminfag, <liminf > ap,

— —
k=1 n oo n oo

proof. We shall use the statement 106 with by, ,, := inf(ag n, Gk nt1,---

n—oo

)- We have Ak n > bk,n > 07 bk,nJrl > bk,n

oo o0
> bknt1 > Y bin and by the definition of lower limit liminf ay ,, = lim by ,. Therefore
k=1 =1 n— o0

oo oo oo oo oo

g liminf ay ,, = g lim by, = lim g b, = liminf g br,n < liminf g ks
n—oo n—oo n—oo n—oo n—oo

k=1 k=1 k=1 k=1 k=1

we also used that monotonic sequences are convergent (statement 28, 29) and statement 48. H

Lebesque theorem

st. 109 -

k=1 n—oo

(Vk,n € N) |agn| <bg, >, bp € Rand lim at, € R =
=1 n—oo

o0 oo
= > lim ar, = lim Y arn
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proof. We can use the last statement for ag, + by > 0 and then for by — ar, > 0. We shall also use
liminf (—ay ) = —limsupay,,. B

n—oo N—00

er. Erxamples

o0
() 1+i+iegeoo=3 (3) =iy =2
n=
We can use formula (5) .
o0
(2) $4+34+3+45+-= 5% is finite (it means sequence g is summable)
n=1
We can use the ratio test for instance: aZ—:l = g‘ntll % = "2—47;1 L1
o0
B) 24+34+44+Z+-= ] 241 i finite (it means sequence “EL is summable)
n=
We can use the root test for instance: /a,, = n—VZ‘H —0<1.
o0
(4) (1- %)2 +(1- %)3 +(1- %)4 += 21 (1- %)n is not finite (it means sequence (1 — %)n is not
n=
summable)
If this sum is finite then lim (1 — l)n = 0, but it is not true, indeed (1 — %)n — %
n—oo
(5) %—i—%—i—%—i—%—i— : Z HTE?D is not finit (it means sequence # is not summable)

We can use the Rhabe test:

<1_a2—:1>": <1_ 1'3'.2'541(?757:2)1!)_1)1-3---2-71-”&!211—1))”:

1 2n +1 n 1<1
= — n = —_— — .
2n + 2 2n + 2 2

[e.e]
(6) 1+4i4+2+3+---=73 Lisnot finite (it means sequence L is not summable)

o0
We can use the integral test [ 1 dz = [Inz]}® = oo.
1

o0
(1 1+ % + \/Lg +54--= > \/_H is not finite (it means sequence \/R is not summable)
OO
(8 1+i+s+H+ = Zl 2 is finit (it means sequence - is summable)
n=
oo
Similarly by integral test as f % dr = [2y/z]]° = oo and { L de = [—%HO =1.
o0
(8) stz tigt = HZ —L— is not finite (it means sequence —— is not summable)
o0 [e.e]
We can use for instance Cauchy accumulation test (p(n) := 2™) and inquire sum 22 2" 5 111 5w = Z 1 5, this
n= n=2
sum is not finit by example .
. N LT
(We can also use integral test.) (9) 21 (3)" " is finite (it means sequence (5)"  is summable)
n=
o]
; ; — 2 ; ; 2 2) 17 _
We can use generalized Cauchy accumulation test for p(n) := n® and inquire sum Y ((n +1)"—n ) 5 =

n=1
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00
2n+1
2’7l

, This sum is finite according to the ratio test for instance.
n=1

o (D" e =" .
(10) ngl oSl finite (it means sequence is summable)

Vil
We can use Leibniz test as sequence with positive terms n§+ = is decreasing and tends tends to 0.
o0
(11) > 2% is finite (it means sequence % is summable)
n=1
We can use Dirichlet test for sequence a,, := cosn and decreasing sequence with positive terms b,, := % — 0.
ntlgnn
To prove that a, has bounded partial sums we use cos 1+ cos2+ cos3+---+cosn = ms;ﬂ% and we have
2

jar + -+ +an] < g1

[e.e]

1_9. . . 1_9 .

(12) > nw =2 is finite (it means sequence n» ~2 is summable)
n=1

We can use Abel test for sequence with positive terms b, := {/n (it is decreasing from the third term onwards)

o0
and a, == % as > L is finite.
n=1



