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3.6. Decision Problems

Theorem 3.28

The following Emptiness Problem is decidable in polynomial time:

INSTANCE: A context-free grammar G.
QUESTION: Is L(G) #07?

Let G= (N, T, S, P) be a context-free grammar. In polynomial time we
can determine the set Vi, 0f usefull nonterminals of G (Lemma 3.3),

where
Vierm = {A € N | L(G,A) £ 0 }.
As L(G) # 0 iff S € Viem, this yields the desired algorithm. ]
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Theorem 3.29

The following Finiteness Problem is decidable:

INSTANCE: A context-free grammar Q.
QUESTION: Is L(Q) a finite language?

First we transform the given grammar into a grammar
Gi=(N,T,S,P)inCNF s.t. L(Gy) = L(G) N T* (Theorem 3.9).

In addition, we can assume that Gy is proper and that it contains no
e-productions.

From G; we construct a directed graph (V, E) as follows:

— V := N, that is, there exists a node for each nonterminal, and

— (A — B) € E iff there exists a nonterminal C such that P contains
the production A — BC or A — CB (or both).
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Proof of Theorem 3.29 (cont.)

Claim:
The language L(@G) is infinite iff the graph (V, E) contains a cycle.

Proof.

If Ay, Aq,...,Am, Agisacyclein (V, E), then we have a derivation of
the following form in Gj:

Ao —p a1AiB1 —p a1apAxBefB —p - —p ag - amAmPm - - - B
—p Q1 aAmam1AoBmit - B,
where «j, 5 € N* and |aj| + |Bi| =1 foralli=1,2,... m+1.
As G is proper, S =} UpAo Vo for some up, Vo € T
andoj —p Ui I*,Bi=pvic T i=12....m+1.
As G; contains no e-production, it follows that |u;v;| > |«j| + |5i| = 1.
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Proof of Theorem 3.29 (cont.)

Proof of Claim (cont.)

Thus, we obtain the following derivations in Gy:
S =% UpAoVo —p Uply -+ - U1 AoVt - ViV
—% Up(Uy -+ Upm1) Ao (Vi1 - v1) Vo
—p Uo(U1 -+ Umi1) X (Vg -+ v1)fvp € T
forsomex e T*andall k > 1. As |u1 -+ - Upni1Vme1--- V4| > m+1,
all these words differ from one another, that is, L(G) is infinite.

If (V, E) does not contain any cycle, then each path in each syntax
tree of each derivation from S to some word v € T* has length at most
IN| 4+ 1. Thus, there are only finitely many syntax trees for G, and
hence, L(G) is finite. ]

It is decidable in time O(|N|?) whether (V, E) contains a cycle. ]
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Let G= ({S,A,B,C,},{a, b}, S, P), where

P={S—-AB A—- BC,A—aB— CC,B— b,C— a}.
G is a proper context-free grammar in CNF without e-productions.
The directed graph(V, E) for G looks as follows:

(V, E) does not contain any cycle, that is, L( Q) is finite.
In fact, it is easily seen that L(G) = {ab, a°, a*b, ba>, bab, a°}. (]
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Theorem 3.30

The following Membership Problem is decidable in polynomial time:

INSTANCE: A context-free grammar G in CNF,
andawordw € T*.
QUESTION: Isw e L(G)?

Let G= (N, T, S, P) be a context-free grammar in CNF, let
N = {A1,A2,... ,Am}, and let S = A;.

We can assume that (S — ¢) is the only e-production (if any), and that
A4 does not occur on the righthand side of any production.

Hence, € € L(G) iff (A1 — ¢) € P.
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Proof of Theorem 3.30 (cont.)
Let w = xyXo - - - Xp, Where x4, Xo, ..., Xp € T.
Forallie {1,2,...,n}andje {1,2,....n4+ 1 — i},
let Vi ; € N be defined as follows:
Vij ={AEN|A—=p XiXix1- - Xiyj1}
Thenw e L(G) iff S= A € Vq .

We now compute all the sets V; ; through the method of dynamic
programming.

This algorithm goes back to J. Cocke, T. Kasami, and D. Younger
(1967).
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Proof of Theorem 3.30 (cont.)

procedure CKY;
begin
fori:=1tondo V1 ={A|(A—x;) e P};
forj:=2to ndo
fori=1ton—j+1do

begin
Vij=0;
() fork:=1toj—1do
V,',j = V,',j U {A ‘ (A — BC) & P, B c V,',k, C ¢ Vi+k,j—k}
end

end.

As A %7}, Xj o Xitj—1 Iff E|(A — BC) c Ps.t. B %’;—, Xj o Xiptk—1 and
C —% Xitk - Xit+j—1, the set V; ; is computed correctly in (x).

Obviously, this algorithm runs in polynomial time. []
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Let G=({S,A,B,C,D,E,F},{a,b,c},P,S),
where P={S - AB,A— CD,A— CF,B — ¢,B — EB,
C—aD—bE—cF—AD}

Let x = aaabbbcec.

X = ajlalal|lb|b|b|c|c

I yleclelelplplpleasE

\ 2 A B
3 F
4 A
5 F
6| A
7|8
8|S

As S € Vg, it follows that x € L(G). ]

Prof. Dr. F. Otto (Universitat Kassel) Automata and Grammars 203 /294



3. Context-Free Languages and Pushdown Automata 3.6. Decision Problems

Theorem 3.31

The following problems cannot be solved algorithmically:
INSTANCE: Two context-free grammars Gy, Go.

) QUESTION: Is L(G1) N L(Go) =0 ?
QUESTION: Is |L(G1) N L(Gy)| = o0 ?
QUESTION: Is L(Gy1) N L(Go) context-free ?
QUESTION: Is L(G1) C L(G>)?

QUESTION: Is L(Gy) = L(G2) ?

QUESTION: Is Gy unambiguous?

QUESTION: Is L(G;)¢ context-free?
QUESTION: Is L(Gy) regular?

QUESTION: Is L(Gy) deterministic context-free?

(1

(2.
(3.
(4.
(5.
(6.
(7.
(8.
(9.

vvvvvvvv

Proof: Later!
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3.7. Deterministic Context-Free Languages

APDAM=(Q,%L,T,6,qo, 2Ly, F) is deterministic, that is, M is a DPDA,
If in each configuration there is at most one applicable transition.

This is equivalent to the following two conditions,
wherege Qand z eI

(1) Forallae X U{e}, |0(q, a,z)| <1.
(2) 1f6(q,e,2) #0,then o(q,a,z) =0 forallae X.

A language L is deterministic context-free, if there exists a DPDA M
such that L = L(M).

DCFL denotes the class of deterministic context-free languages.

Fora DPDA M, if L' = N(M), that is, L' is accepted by empty
pushdown, then L' is prefix-free:forallu e L', u- ™ N L' = 0.

Hence, at # N(M) for each DPDA M.
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L.={a"b"a"b" | m,n>0} e DCFL,
but L £ N(M) for each DPDA M.

ADPDAM=(Q,%,T,6,qo, Lo, F) is in normal form, if one of the
following statements holds for each §(q, a,z) = (p, 7):
(i) v = ¢, that is, the symbol z is popped from the pushdown,
(i) v = z, that Is, the pushdown is not changed, or

(i) v = zZ' for some Z' € T, that is, the symbol Z’ is pushed onto the
pushdown.

Theorem 3.32

If L € DCFL(X), then there exists a DPDA M in normal form such that
L=L(M).
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Let M be a DPDA, and let u € L(M).
Then M reads input u completely and accepts.

For v € ¥* ~. L(M), M will in general not read input v completely.
In fact, one of the following cases can occur before M has read v

completely:
— M reaches a configuration to which no transition applies,
— M empties its pushdown completely,

— M enters an infinite computation consisting entirely of
e-transitions.

Lemma 3.33

For each DPDA M, there exists an equivalent DPDA M’ that always
reads its input completely.

Prof. Dr. F. Otto (Universitat Kassel) Automata and Grammars 207 /294



3. Context-Free Languages and Pushdown Automata 3.7. Deterministic Context-Free Languages

Proof of Lemma 3.33.

Let M = (Q, X, T,9,qo, 24y, F) be a DPDA in normal form.

- We introduce a new pushdown symbol X, and a new initial state q;
together with the transition 4(qy, €, Z0) = (o, X02o)-

- We add a new state d s.t. §(d,a,z) =(d,z)forallae X and z € T.
If 0(q,a,z) Ud(q,e,z) =0 forsomeqge Q,ac ¥, and z €I, then we
take 6(q, a,z) = (d, 2).

The resulting DPDA M; accepts the same language as M.

It M; does not read an input completely, this means that, starting in
some state g, My executes an infinite sequence of s-transitions without
removing the topmost symbol z from the pushdown.

- In this situation we take 6(q, ¢, z) = (d, z), provided that no final state
Is reached through this sequence of =-steps.

If, however, a final state is reached, then we take 6(q, ¢, z) := (e, z) for
a new final state e and é(e, ¢, z) := (d, 2).

The DPDA M’ obtained in this way has the desired property. ]
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Remark:
The construction in the proof of Lemma 3.33 is effective.

Theorem 3.34

The language class DCFL is closed under complementation, that is,
for each L € DCFL(Y), L := (X* ~ L) € DCFL(Y), too.

Proof.

Let M = (Q, %, T,9,qo, 4y, F) be a DPDA such that L(M) = L, and
assume that M always reads its input completely.

Unfortunately, L does in general not coincide with the language
accepted by the DPDA M’ = (Q, X, T, 0, qo, Zo, Q ~ F), as M may have
a computation of the following form:
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Proof of Theorem 3.34 (cont.)

We must ensure that the DPDA M cannot execute e-transitions in a
final state.

We define a DPDA My = (Q4,%,T, 04, G4, £y, F1) as follows:
- Qi :={[g.k][ge Qand k € {1,2,3} },
[q071]7 iquEFa }
— Q1 = . ,— F1 = , 3 c Q},
a={ oo Ge b -Fi—tasllgc0)
— and the transition function 1 is defined by:

(1) 61([q, k], e, 2) == ([p,Kk'],y) ifé(q,e,2) = (p,v), k€ {1,2}
, |1, fk=1orpeF,
el i _{ 2, otherwise,
(2) 01([g,2],¢,2 q,3],z) ifd(q,a,z)=(p,),

) = (
(3) 51(:0/,15372)1=(fP,kfav)}if5(q»aaZ)=(Pﬁ)
) = (

51(:q,3:,a,2 p,k,’}/) and k = 1’ IfPEF’
2, otherwise.
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Proof of Theorem 3.34 (cont.)

Claim:
L(My) =X* L.

Proof.

Let u = aja>---an € L. On input u, M executes a computation of the
following form:

(9o, 2o, U) =y (P1, @, @n) Fm (P2, B,€) Fy (P3, v, €) where ps € F,

but p> and the subsequent states before p3 are from Q . F.
For M;, we have the following computation:

([q07 ']7207 U) 7;”1 ([p17']7&7 an) l_l\g/l.lz [p272]7/67 6~) I_*M-] ([p37 1]7/)/7 6)7

that is, further e-transitions cannot lead to a final state of M;.
Thus, L(M;) C ¥* ~ L.
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Proof of Theorem 3.34 (cont.)

Proof of Claim (cont.)

Conversely, for u = a1a» - - - an ¢ L, M has a computation of the form:

(QOaz()a U) l_ﬂliﬂ (p‘laaa an) I_M (p27678) l_ﬂI;ﬂ (p37/775)7 where P2, ..., P3 g F7

and in (ps, 7, ), no further e-transition is applicable.

As M reads each input completely, there exists a letter a € ©
s.t. 6(ps, a,top()) is defined. Hence, M; executes the following
computation:

([CIOv ']7207 U) l_ﬂli/h ([p272]7675) |_7;”1 ([p372]7775) |_M1 ([p373]7776)
where [ps, 3| € Fq, thatis, X* ~ L = L(M;). ]

This shows that L¢ € DCFL(X). ]
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Corollary 3.35

Each language L € DCFL is accepted by a DPDA that does not
execute any s-transitions in any final state.

Corollary 3.36

The class DCFL is closed under intersection with regular languages.

Proof.

Let L1 € DCFL. The there exists a DPDA M that accepts L4 and that
reads each input completely.

For L, € REG, there exsists a DFA A such that L(A) = L.

From M and A, one can construct a DPDA for L1 N Lo, that is,
Ly N L, € DCFL. []
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Obviously, DCFL C CFL. Now we will prove that this is a proper
inclusion. Let

Lo = {wew"e¢w | we {a bl*}
be the so-called Gladkij language [Gladkij 1964].

Using the Pumping Lemma 3.14 it is easily shown that Lg is not
context-free.

Let LE, :=({&, b,¢}" \ La).

Lemma 3.37

LS, € CFL ~ DCFL.
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If Lg, € DCFL, then by Theorem 3.34, Lg € DCFL.
As Lg ¢ CFL, we see that L, ¢ DCFL.

It remains to prove that L&, € CFL.

Foraword w € {a,b,¢}*, we have w € L, iff
one of the following conditions is met:

1) |W’¢ #2, or

(2) w = wi¢wagws, where W1 # Wo, OF

(3) w = wi¢wntws, where W3 + Wo.

Llet Hi = {ue{ab¢}* HW\¢7£2}
Ho = {witwotws | wy, wo, w3 € {a,b}", W1 # W } and
Hy = {wid¢watws | wy, wo, ws € {a b}*, wi # ws }.

Then Hy € REG and H», H; € CFL, implying that
L(C}l Hy U Ho U Hy € CFL. L]
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Corollary 3.38

DCFL C CFL.

Each DFA can be interpreted as a DPDA that does not use its
pushdown. As {a"b" | n> 1} € DCFL \ REG, we obtain the following

proper inclusion.

Corollary 3.39

REG ¢ DCFL.
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Theorem 3.40 (Ogden’s Lemma for DCFL (see Har78))

Let L € DCFL(X). Then there exists a constant k that depends on L
such that each word z € L containing 6(z) > k marked positions has a
factorization z = uvwxy that satisfies all of the following properties:

(1) v#e,

(2) uv'wx'y e L foralli > 0,

(3) u,v andw orw, x and y contain marked positions,
(4) o(vwx) < K,

(5)

5) Ify # e, then the following equivalence holds for all m,n > 0 and
all o € *: uv™ "wx"o € L iffuv™wa € L.
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Theorem 3.41

L:={a"h",a"b?" | n>1} ¢ CFL ~ DCFL.

It is easily seen that L is context-free. In fact, L is the union of the two
deterministic context-free languages Ly := {a"b" |n>1} and
Ly :={a"b*" | n>1}.

We claim that L is not deterministic context-free.

Assume that L is deterministic context-free.
Let k be the corresponding constant from Thm. 3.40, and let p := k!.
Let z := aPbP € L, where we mark all occurrences of b.

Then z = aPbP has a factorization z = aPbP = uvwxy that satisfies
conditions (1) to (5) of the theorem.

AsZ =uwy € L,we have v=a und x = b’ forsome i € {1,2,... k}.
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Proof of Theorem 3.41 (cont.)

Because of (3) this implies that w, x and y contain marked positions,
that is,

u=a", v=a,w=a"""'b, x="> and
y = bP~""J forsomej e {1,2,..., k}.

In fact, we have j + j < k. In particular, we have y # «.

Now we choose m =1 and n= 1, and we take a = bP~/+Pt/_Then
UV Mxo, = gM g2 gP—m—ip pi pP—itp+i — gptipptitpti o L

but uvmwa = aha'aP— M~ plpPIHPE = gPpPtPt — gPpPti & | g

contradiction!

Thus, it follows that L ¢ DCFL. ]
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Corollary 3.42

The language class DCFL is not closed under union.

By using the same technique it can be shown that
L':={a"b"c,a"b*"d |n>1}

is not in DCFL. On the other hand, the language
L' = {cba", db?"a" | n> 1)}

belongs obviously to DCFL.

Corollary 3.43

The class DCFL is not closed under reversal.
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Also L" := { ca"b",da"b?" | n> 1} is in DCFL.
The morphism ¢ :¢c+—¢,d— ¢,a— a,b— bmaps L"” onto L.

Corollary 3.44

The class DCFL is not closed under morphisms.

Theorem 3.45
The class DCFL is closed under inverse morphismes.

Theorem 3.46
The class DCFL is not closed under product and Kleene star.
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Theorem 3.47

The following problems are decidable:

(1) INSTANCE: L e DCFL(X) and R € REG(X).
QUESTION: IsL = R?

(2) INSTANCE: L e DCFL(X) and R € REG(X).
QUESTION: IsRC L?

(3) INSTANCE: L € DCFL(X).
QUESTION: Is ¢ =()?

(4) INSTANCE: L € DCFL(X).
QUESTION: Is L regular?

(5) INSTANCE: Ly, L, c DCFL(X).
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(1) Let L1 := (LN R°) U (L° N R).
Then L = Riff Ly = 0.

From a DPDA for L and a DFA for R one can construct a PDA for L;.
By Theorem 3.28 it is decidable whether Ly = 0.

(2) R C Liff L°n R = (. In analogy to (1) this is decidable.

(3) This is obvious, as by Theorem 3.28 emptiness of context-free
languages is decidable.

(4) See (Stearns 1967).
(5) See (Senizergues 1997). =
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