2. Regular Languages and Finite Automata 2.7 Regular Expressions

2.7 Regular Expressions

Let > be an alphabet, and let ' be the following alphabet:
=X U{0,e,+,%,(,)}

The regular expressions RA(X) on ¥ are defined as follows, where a
language L(r) C ¥* is associated to each expression r:

(1) 0 e RA(Y) : L(0) =0,

(2) € RA(Y) : L(e) :={e},

(83) Vae ¥:aeRAY) : L(a) .= {a}.

(4) Forallr,s e RA(X),(r+s) e RA(X) :L(r+s):=L(r)uUL(s).
(5) Forallr,s € RA(Y),(rs) € RA(Y) . L(rs) := L(r) - L(s).

(6) Forall r e RA(Y), (r*) € RA(Y) L(r*) .= (L(r))*.
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Example:
r=(0+1)*00(0+ 1)* . L(r)={ue{0,1}* | ucontains the
factor 00 }.
s=0+¢)(1+10)* . L(s) = {0,1}* ~ L(r).

t=(a+b)((a+b)a+b) : Lt)={uei{ab}*||lu =1 mod?2}.
If L={x1,Xo,...,Xm}, then L=L((xy + (X0 + (X3 +---+ Xn)---)))-

Theorem 2.30

From a regular expression r, an e-NFA A, can be constructed
such that L(A;) = L(r).

Proof.
By induction on the number of operations used to build r:

(1) For r = 0, we take the DFA A,:
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Proof of Theorem 2.30 (cont.)

(2) For r = ¢, we take the DFA A;:
(3) For r = a (€ ¥), we take the DFA A;: —> 2

(4-6) By the induction hypothesis, there are e-NFAs A; and A, such that
L(ri) = L(Ay) and L(r2) = L(A2). By Theorem 2.21, £(e-NFA) is closed
under union, product, and Kleene star. Hence, from Ay and A,, we can

construct e-NFAs for L(ry + r2), L(r1r2), and L(r7).
[]
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Theorem 2.31

From a DFA A, one can construct a regular expression r such that
L(A) = L(r).

Let A= (Q,%,6,q0,F) beaDFAforL=L(A) C X
Assume that Q = {qo, 91, G, - - -, Gn}-
Foralli,j € {0,1,....,n}andall k € {0,1,...,n+ 1},
R :={xex*|d(g,x) = g, andforallv,weXx™,
ifx = vwandd(qg,Vv)=qe then ¢/ < k}.

@~ (@
X Xo X3 Xm

h<k p<k

Thus, x € Rf; iff the DFA A, starting in state g; and reading input x,
reaches state q;, and all states q, encountered during this computation
satisfy the condition that / < k.
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Proof of Theorem 2.31 (cont.)

Ry ={acx|dig,a)=q} (i#]))
R, ={acx|d(gi,a)=qi}U{e}
Thus: RO are finite languages, that is,

there eX|st regular expressions ao for them.

R;ffﬂ = R/k' U R (Rg k)*Rllg '

O‘f'(,;ﬂ' (af; + o (ag o) ak ;)
Now L= |J Ryt
q,cF 7
thatis, if F = {q,1,q,2,...,q,-m} then
= (gt + (aft' +--- + o).
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@ o}

1, €{0,1},k € {0,1,2}.
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Example (cont.):

RO, ={e,b}, RY,={a}, RO =0, RY, ={eab)
RAO:ROOUR&O-(R&O)*- 00—{5 b} U{e, b} -{e,b}*-{e,b} = b*
Ry = Ry URy,-(Ago) - Agq ={ayu{e, b} -{e,b}*-{a} = b*-
R110:ROOURQ,O.(R&O)*~R8,O—(Z)U(Z)-{s,b} {e,b} =0
Rl =R UR) - (R3o) Ay ={e,ab}UD-{e, b} - {a} = {¢,a b}
/qgo_/qgou/?&1 (Rl,)*-Rl,=b"Uba-{c,a,b}* 0= b
R =Roq URY (Rl ) - Ry =

b*au b*a- {e,a,b}* - {e,a,b} = b*a- {a, b}*
R2, =Rl UR!, -(Rl)" Rlg=0U....0=0
R121 - R11 U":"11,1 '(":"11,1)>k ' R11,1 -

{e,a, b} U{e,a,b}-{e,a,b}l*-{e,a b} ={a, b}*.
L(A)=Rg,=b"-a-{ab}* ={we{ab}||lwa>1} O
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Corollary 2.32 (Kleene’s Theorem)

A language L is regular iff there exists a reqular expression r such that
L(r)= L.

A substitution ¢ : ¥* — 227 is called regular, if o(a) € REG(A) for all
ac.

Corollary 2.33

The language class REG is closed under regular substitutions, that is,
if Lc REG(X) and if p : ¥* — 227 is a regular substitution, then
o(L) € REG(A).

Proof.

For L € REG(X), there exists a regular expression r € RA(X) such that
L=L(r).

For each letter a € ¥, there exists a regular expression ry € RA(A)
such that p(a) = L(ra).
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Proof of Corollary 2.33 (cont.)

Let s € RA(A) be the regular expression that we obtain from r by
replacing each occurrence of each letter a € ¥ by the expression r.

L(s) = »(L).

Proof by induction on the structure of r:

If r=0,then L =0 = ¢(L) and s = 0, that is, ¢(L) = L(S).
If r=¢,then L={c} = ¢(L) and s = «.
If r=ac ¥, then L ={a} and s = ry. Hence,

p(L) = p(a) = L(ra) = L(s).
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Proof (cont.)

If r=(rn+r),thenL=L(r;)UL(r2) and s = (81 + S»).
By the ind. hyp., L(s;) = ¢(L(r;)), i = 1,2. Hence,

(L) = o(L(r1)) Up(L(r2)) = L(s1) U L(s2) = L(s).

If r=(r1r2),then L= L(ry) - L(ro) and s = (51So).
By the ind. hyp., L(s;) = »(L(r;)), i = 1,2. Hence,

(L) = o(L(r1)) - p(L(r2)) = L(s1) - L(s2) = L(s).

@A Ifr=(r), then L = (L(ry))* and s = (7).
By the ind. hyp., L(s1) = ¢(L(r1)). Hence,

p(L) = (p(L(r)))" = (L(81))" = L(s).

It follows that (L) € REG(A).

L]
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