Automata and Grammars
SS 2018

Assignment 2: Solutions to Selected Problems

Seminary: Thursday, March 8, 2018.

Problem 2.1. [Normal Form for Regular Grammars|

Determine a grammar in right normal form that generates the same language as the following
grammar G = ({S, 4, B,C, D},{a,b}, S, P), where P contains the following productions:

S — aadA, S — bbB, S = C,
A — adA, A — B,

B — bbB, B — A, B — C,
C — adA, C — bbB, C — D,
D — aaA, D — bbB, D — e

Hint: Use the construction from the proof of Theorem 2.5.

Solution. The construction proceeds in three steps:

1.
2.
3.

Eliminate the e-productions.
Eliminate the chain productions.

Split long productions into short ones.

. N ={X¢e{S,ABCD}|X—=}pec}={S,AB,C D}

Now we remove all e-rules and introduce replacement rules, which results in the set of
productions P;:

S — adA, S — bbB, S = C, S — aa, S — bb,
A — adA, A — B, A — aa,
B — bbB, B — A, B — (C, B — bb,
C — adA, C — bbB, C — D, C — aa, C — bb,
D — adA, D — bbB, D — aa, D — bbb
As S € Ny, we also add the production S — . Observe that S does not occur on the

right-hand side of any production.

. P contains the following chain rules:

S — C, A — B, B — A, B — C, C — D.

Hence, A < B < C, and S < C < D. First we replace all occurrences of B by A,

deleting chain rules of the form X — X and multiple occurrences of productions, which
yields Ps:

S — aaA, S — bA, S —» C, S — aa, S — bbb, S — &,
A — adA, A — aa,

A — DbbA, A —- C, A — bb,

C — adA, C — bA, C —» D, C = aa, C — bbb,

D — aaA, D — bA, D — aa, D — ©bb.



Finally, we remove all chain rules and introduce corresponding replacement rules, pro-
ceeding from D down to S, which gives Ps:

S — aaA, S — A, S — aa, S — bb, S — e,
A — aaA, A — aa, A — bbA, A — bb,
C — aaA, C — bbA, C — aa, C — bb,
D — aaA, D — bbA, D — aa, D — bb.

. As C' and D are not reachable from S, we can delete all C- and D-productions from Ps.
The remaining S- and A-productions are split into shorter productions, where S1, So, Ss,
Sy, A1, Ag, A3, A4 are new nonterminals, which yields the final set of productions Py in
right normal form:

S — as, S — bSQ, S — CLSg, S —  bSy, S — g,
ST — aA, Sy — bA, Sy — a, Sy — b,

A — CLAl, A — CLAQ, A — bAg, A — bA4,

A — dA, Ay — a, As — DA, Ay — b

Problem 2.2 [Closure Properties for Regular Grammars|

Let

G = (N1,%,51,P1) and Gy = (N2, %, Sy, P2) be two right regular grammars such that

N7 and Ny are disjoint.

1
2
3
4

. Construct a right regular grammar G from G; and G such that L(G) = L(G1)UL(G2).
. Construct a right regular grammar G from G; and Gg such that L(G) = L(G1)NL(G2).
. Construct a right regular grammar G from G; and G such that L(G) = L(G1) - L(G2).
. Construct a right regular grammar G from G; such that L(G) = (L(Gy))™.

Hint: You may assume that the grammars G; and G4 are in right normal form.

Solution. Let G1 and G2 be in right normal form, and let .S be a new nonterminal.

1

. Let G = ({S} UN; UNy, 3, S, P), where P is defined as follows:
P:P1UP2U{S—>Q1 ’ (Sl—>a1)€P1}U{S—>042 ’ (SQ—>062)€P2}.
Then it is easily seen that L(G) = L(G1) U L(G2).

. Let G = (N, X%, [S1, S2], P), where N = { [A1, Aa] | A1 € N1, Ay € Ny } and P is defined
as follows:

P = {[Al’AQ] — a[Bl,BQ} ’ a € X, (Al — aBl) € P, and (AQ — aBg) S PQ} U
{[Al,AQ]—>a|a€E,(A1—>a)EPl, and (AQ—)CL)EPQ}U
{[51,5’2} — € ’ (51 —>€) € P, and (Sg —)6) S Pg}.
Then L(G) = L(Gy) N L(Ga).

. Let G = ({S} UN; UNy, S, P), where P is defined as follows:

P = {S—)aA1](51—>aA1)EP1} U {S—>a52](51—>a)€P1}U
{A1—>aBl\(A1—>aBl)€P1} U {A1—>a5’2\(A1—>a)€P1}U
Py U {S—>52|(51—>€)€P1}.

Then L(G) = L(G1) - L(Ga).



4. Let G = ({S} U Ny, S, P), where P is defined as follows:
P = {S—e&S—->51UPLU{A—aS | (A—a)c P}

Then L(G) = (L(G1))™. 0

Problem 2.4 [DFAs]

Determine the languages that are accepted by the following deterministic finite-state au-
tomata ({qo,q1,92},{0,1},6,qo, F), where 6 and F' are defined as follows:

0]1

qo | 41 | 90
a) F = , and 0: )
( ) {ql q2} q1 | q2 | 41

g2 | 4o | 42
011
qo | 90 | 91
b) F = and 0: A
( ) {qQ} q1 | 9o | 92
q2 | 90 | 92

011

qo | 90 | 91
c) F = , and 4: A
( ) {QI CJ2} q1 | g2 | 41
q2 | 90 | 91

Solution. The above DFAs accept the following languages:
(a) Ly = {we{0,1}7||wlo= 1 mod 3or |wjp= 2 mod 3},
(b) Ly = {we€{0,1}" | w=wull for some u € {0,1}*},
(c) Lo = {we{0,1}" ]| w=ul or w=wul0 for some u € {0,1}* }.




