2. Regular Languages and Finite Automata 2.4 Nondeterministic Finite-State Automaton

2.4 Nondeterministic Finite-State Automaton

Definition 2.14

A nondeterministic finite-state automaton (NFA) A is given through a
5-tuple (Q, %, 9, S, F), where

— Q is a finite set of (internal) states,

— 2 is a finite (input) alphabet,

-QNX =0,

— S C Q is a set of initial states,

— F C Q is a set of final states, and

—§: Q x X — 29 js a transition relation.

An NFA can be described by a state graph just like a.DFA.
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Definition 2.14 (cont.)

Let A=(Q,%,6,S, F) be an NFA. A
The transition relation § is extended to a function o: 29 x ¥* — 2Q:

5(P,e) := PforallPC Q,
o(P,ax) = |J 0(6(qg,a),x)forallPC Q,ac X, and x € £*.
qeP

L(A) = {x eX*|dS,x)NF +# 0} is the language accepted by A.

0(S,a1a...an) N F #

iff

390,G1,---,Gn € Q:q €S AN gn€ F AN gi€d(qi—1,a) (1<i<n).
iff

dgp € S3gn € E : In the state graph of A,

there is a directed path from gq to g, with label a;as . . . an.
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Example:

(a) Aq:

o

, 1

0 0
(a0}

Let x := 1100. Then:

S=1{q0, 91} > {q} = {qo} > {90, 91} > {G0, @1, G2}
Hence, x € L(Ay).

D

In fact:
L(A))={xe€{0,1}* | x=00rdy € {0,1}* : x = y00 }.
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Example (cont.):

(b) A2:

a,b
L(A>) ={ w e {a,b}* | w has suffix baa}.

A DFA for this language:
A3: a
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Theorem 2.15 (Rabin,Scott)
From an NFA A, a DFA B can be constructed such that L(B) = L(A).

Let A= (Q, X, 04, S, F) be an NFA.
Goal: ADFA B=(P,X%,dg, pg, G) such that L(B) = L(A).

Power set construction:

P =29 py:=S,

G={Q CQ| Q’HF#(@};,
= iz

g(@,a):= | da(q,a)
qeQ’

forall @ C Qandall ac ¥.

(Q',a)
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Proof of Theorem 2.15 (cont.)

Claim:
L(B) = L(A).

Proof.
ec L(A)IfSNF£0iff Se Giff e € L(B).

Now let x = aia...ap, € X™.

Then: x e L(A)iff 04(S,x)NF #£ 0
Iff 301,02,...,Qn C 0255(8,31) = Q1,
55(01 : 82) — Qo ..., 55(0,7_1 : an) = Qpand QN F # 0
iff 05(S, x) € Giff x € L(B).

L0
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Example (cont.):

A:

Remark

Only compute the subautomaton of B that is reachable from S!
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Ly ={x=Xx1..xp€{0,1}* | |[X|=n>kand x,_x;1 =0}
An NFA Ak with L(Ak) — LkZ

1

P,

0,

Let B=(Q,{0,1},9, qo, F) be a DFA such that L(B) = L.
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Example (cont.):
Claim: |Q| > 2*.

Assume that Q = {qo, G1,...,qr}, where r < 2K — 1.
Then: 3yy, ¥» € {0,1} : y1 # yo and (o, ¥1) = (o, ¥2)-
Let / be the leftmost position such that y; (/) # y»(i),
w.l.o.g. y1 = u0vy and y» = ulws.

Let w € {0,1}'~" be arbitrary.

Then: y;w=u0vyw, |lviw|=Kk—i+i—1=k—1

~ YW € Ly
Yow = ulvow, |Vow| =k — 1
~ YoW & L.
But: (g0, y1w) = 0((qoy1), w)
= 0(0(qo, y2), w)
= 0(Qqo, Y2w), a contradiction! O]
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