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2.3 Deterministic Finite-State Automaton

L head

finite-state signal for
control é 3 acceptance

A finite-state automaton reads an input word letter by letter from left to
right and accepts or rejects.

finite-state automaton ~» language of accepted words
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Definition 2.6

A determinististic finite-state automaton (DFA) A is given through a
5-tuple A= (Q, X, 9, qo, F), where

— @ Is a finite set of (internal) states,

— Y is a finite (input) alphabet,

— 0:Q x X~ QIs a (partial) transition function,
— Qo € Q is the initial state, and

— F C (@) Is a set of accepting states.

If 6 is defined for all (g, a) € @ x ¥, then A is a complete DFA.

A DFA can be described by a state graph G = (Kn, Ka):

— Kn:= Q,

— Ka: If 6(gy,a) = @, then there is a directed edge with
label a from gy to go.

— Qo and q € F are marked in a special way.
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A=(Q,%,9, q,F), where

Q={q0,q1,9,q}, X={ab}, F={gs}, and
0(qo,a) = q1, 9(qo, b) = g3

6(g1,a) = gz, 9(g1,b) = Qo

5(q27 a) = (3, 5(Q27 b) = 1

6(g3,a) = qo, 9(qs,b) = qo

State graph: = (o
b

al|b b||a

—

—

S
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Example (cont.):

Input: aabaa

do

finite-state control

Computation: gy > g1 > 291 3 3 qs

Result: aabaa is accepted.
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Input: aabaa

a1

finite-state control
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Example (cont.):

Input: aabaa

gs

finite-state control

Computation: gy > g1 > 29 3 3 qs

Result: aabaa is accepted.
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Let A= (Q,L%,d, qo, F) be a DFA.
The function ¢ : ) x X ~ () can be extended to a function
0:Q XX~ Q,wherege Q,uer*,andae X:

— 4(qg,¢) := q,

~ $(q, ua) = { 5(8(q, u),a), ifb(q,u) is defined,

undefined, otherwise.

Lag g :={Uu€X*|d(aq,u)=q }isthe set of words
that take A from state gy to state go.

If 5(go, w) € F, then the word w is accepted by the DFA A.

The set L(A) := |J Laq,.q Of all words that are accepted by A

qeF
Is called the language accepted by A.
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Notice:

Forallge Qand ay,ao,...,an € L,

5(q,a1az...an) =

§(5(q, ai),a...an)
0(6(0(q,at),az),as...an)
0(0(...6(0(q,a1),a2)...,a8n-1), an)

Forallge Qand u,v € X*, 4(q, uv) = 0(5(q, u), v).

Example (cont.):

L(A) = {x € T* | [x]|a— |x|p =3 mod 4.
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A word of the form qu € @ - * is called a configuration of A.
The DFA A induces a computation relation =, on @ - >*.
It follows that L(A) = {u e X* | qout-, qforsomeq e F }.

From a given DFA A, a complete DFA B can be constructed
such that L(B) = L(A).

Let A= (Q, X, 4, qo, F) be an incomplete DFA.
We definea DFAB=(Q U {Ll},¥,d’, qo, F) through

6(q,a), ifo(q,a)is defined,
/ . ) 9

0(9.8) = { 1, otherwise,

¢0(L,a) = L forallaeX.
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Proof of Lemma 2.7 (cont.).)
Then the following equality holds for all g € Qand all u € X*:

’ | 4(q,u), ifd(q,u)is defined,
e ) = { 1, otherwise.

Hence,

LA ={ueX*|équu)eF}t={ueX*|d(q,u)cF}=LB). O

Let £L(DFA) denote the class of languages that are accepted by DFAs.

Theorem 2.8

L(DFA) is closed under the operations of union, intersection, and
complement.
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Let L= L(A), where A= (Q, %, 4, qq, F) is a complete DFA.

Then A= (Q, %, 6, o, Q ~ F) is a complete DFA for ©* \ L(A) = LC.
Hence, £L(DFA) is closed under the operation of complement.

Let A; = (Qy, %, 6, q((,i), F;) be a complete DFA for L;, i =1, 2.

A DFA for the intersection Ly N L, is obtained by taking
A=(Q, %, 0,q,F), where

Q:=Q x @, qo:=(q\",q%), F:= Fi x F, and

0((q1,q2), @) == (61(q1, a),02(qe, @)) forall g1 € Qy, g2 € o, @€ X
Then 6(go, w) = (31(qg > w), d2(as ", w)) € F = Fy x F

iff we Ly and w € Lo, that is, L(A) — [4 N Lo.

A is called the product automaton of Ay and A,.

By De Morgan’s law, closure under union follows. []
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Theorem 2.9

If a language L is accepted by a DFA, then L is right regular.

Let L C >* be accepted by a complete DFA A= (Q, %, 4, qo, F).
We define a right regular grammar G := (V, %, P, S) as follows:
-V:=Q,
- S = do,
-P:={q1 —ag|iq,a=q}
a1 —aldg,a)=qgand g € F }

If o € F, i.e., e € L(A), then we add the new start symbol gy and the
following productions:

{Qo —¢} and {Qo—ag: | 6(qo,a)=q}

and {qo—a | d(qo.a)eF}

39 /294

Prof. Dr. F. Otto (Universitat Kassel) Automata and Grammars



2. Regular Languages and Finite Automata 2.3 Deterministic Finite-State Automaton

Proof of Theorem 2.9 (cont.).

Claim.
Vx e Xt :x e L(A)iff x € L(G).

Proof.

X=aja...ape€ L(A)

Iff

HQ17C72>-~-aQnEQiQnEFand(s(QI—hai)ZQI (1 Slén)

Iff

3Q1,...,Qn € V:C]o—>a1Q1%...—)31...3,7_1(],7_1%31...3,7_13”
Iff

X=ajas...ap € L(G). 00O
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There are many DFA that accept the same language.
Among these is there a smallest DFA?

Let L C > *.

Definition 2.10

The Nerode relation R; C ¥* x ¥* for L is defined through
xR yiffvzeY*:(xzeLiffyze L).

Lemma 2.11

— R} Is an equivalence relation on ¥*.
— Ifx R, y, then xw R, yw for all w € ¥*.
— R; partitions ~* (and L) into disjoint equivalence classes.

The index of R; := number of equivalence classes of R;.

Prof. Dr. F. Otto (Universitat Kassel) Automata and Grammars 41 /294



2. Regular Languages and Finite Automata 2.3 Deterministic Finite-State Automaton

Theorem 2.12 (Myhill, Nerode)

A language L is accepted by a DFA iff the relation R, has finite index.

Proof.

‘=" Let A= (Q. L%, 0, qo, F) be a complete DFA for L. We define a
binary relation Ra CX* x X*: x Ray iff 0(qo,x) = d(qo, y)-

Claim. R4 C R;.

Proof.
Assume that x Ry y,and let z € ¥*.

Then: xz e L iff (g, xz) € F iff  0(5(qo, x),2) € F
iff 6(0(qo,y),2) € F iff 0(qo,yz) € F
iff yze L.
Hence: xR, Y. ]

Thus: index(R;) < index(Ra) < |Q| < .
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Proof of Theorem 2.12 (cont.)

“<". Assume that R; has finite index.

Then there are finitely many words xq, Xo, ..., X, € ¥* such that
> = [X1] U [XQ] Uu...U [Xk].

We define a complete DFA Ay := (C, X, 9, qo, F):

_ QO = { [X1]7 [X2]7 OG0T [Xk] }5

— Qo := [g],

—F={[x]| xieL},

— d([xi], @) == [xia] (foralli=1,2,....,kand a€ ).

Then 4([e], x) = [x] for all x € ©*, that is,

x € L(Ay) iff d(qo,Xx) € F
iff o([e],x) € F
iff [x]eF
iff xelL. O

Ay is called the equivalence class automaton for L.

Prof. Dr. F. Otto (Universitat Kassel) Automata and Grammars 43 / 294



2. Regular Languages and Finite Automata 2.3 Deterministic Finite-State Automaton

L={a"b"|n>1}

Then:
ab] = L
a°b] = {a°b,a’b? a*b’,...}

a’b] = {a’b,a*b? ab’, ...}

[a¥b] = {a&*T b |i>1}

For all i # j, @b and &b are not equivalent w.r.t. R,
that is, index(R;) = .

Hence, L is not accepted by any DFA.
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Example 2:

L ={x e {0,1}* | x has suffix 00 }

Then:

S .0,
1.
=~
X X

00] = {x

x does not have suffix 0 }
x has suffix 0, but not suffix 00 }
x has suffix 00 }

{0,1}* = [¢] U [0] U [00], and hence, index(R;) = 3.

Equivalence class automaton Ag for L:

1 . 0
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Assume that L is accepted by a complete DFA A, and let Ay be the
equivalence class automaton for L.

Then: Ra C R = Ra,,

and so: |Q| > |Qp| = index(R}).

In fact: If |Q| = |Qyl|, then Ry = Ry, that is, A and Ay are isomorphic.
Thus: Ag is the minimal automaton for L.

How to determine whether a given DFA A is minimal?

A is not minimal iff
19,9 € Q,g#q :VxeX*:6(q,x) € Fiffo(q',x) € F.
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Algorithm “minimal automaton™

Input: a complete DFA A= (Q, %, 4, qo, F).

(0) Delete all states that are not reachable from qy.

(1) Initialize a table of all pairs {q, @'} such that g # ¢'.

(2) Mark all pairs {q, g’} for which {g,q'} N F # () and
{g.4FN(Q~F)#0.

(38) For each unmarked pair {q,q'} and each a € ¥,
check whether {6(q, a),(q’, a)} is marked.
If so, then mark {q, g’} as well.

(4) Repeat (3) until no further pairs are marked.

(5) For each unmarked pair {g,q'},
merge the states g and ¢’ into a joint state.

Output: The minimal automaton for L(A)
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Example 1:

A: ﬁ—/)o‘) (@)
’ 0, 1
0

Table: (1) (2) (3)
a1 a1 a1 X
aq> Qo Q2 X
as as a3 | x X
Qa Qs | x X X X Q4| x | x X X
G 91 Q9 Qq3 G 9 QG Q3 G 9 9 Qa3
1
Ao (@0) ()2
— = — =
‘ 50,1
1 (g2) (g3)

L(A) = L(Ag) = { x | x contains 00 as a factor }.
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Example 2:

Q| x | x | x

G| x| x| x

s | x X X

a | x| x| x| x| x| x| x

Qo " 91 " Q92 " Q3 " Q4" Q5 " G

Hence: {gi,92} and {qs,qu4, g5, s}, that is,

43, 44, 45, 4e
L(A) = L(A)) ={we{0,1}"||w| >3}
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Let h: ¥* — A* be a morphism. Then h~' : A* — 2" is defined

through
h ' (v) ={ueX*|hu)=v}

For a language L C A*, h=1(L) is defined as

h'(L):={uexX*|h(u)elL}l.

Theorem 2.13

The language class £L(DFA) is closed under inverse morphisms, that
is, if h: X* — A* is a morphism and L C A* is accepted by a DFA,
then also h=1(L) is accepted by a DFA.
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Proof of Theorem 2.13.

Let A= (Q, A, 9, qo, F) be a complete DFA such that L(A) = L
andlet h: 2* — A* be a morphism.
We construct a DFA B := (Q, X, ', qo, F) by taking

Vge QVac X :4d(q,a):=4(q,h(a)).

Forall x € ¥*, §'(qo, X) = d(qo, h(x)).

51/294
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Proof by induction on |x|:

If x = ¢, then §'(qo, X) = g0 = 6(qo, ) = 9(qo, h(x)).

Assume that the claim has been proved for some n > 0,
let x be a word of length n, and let a € ¥.. Then:

0'(qo, xa) = 6'(6'(qo, X), &) = &'(d(qo, h(x)), &) = 4(d(qo, N(x)), h(a))
= 0(qo, h(x)h(a)) = 6(qo, h(xa)). a
Thus, for all x € X*: x € L(B) iff '(qg,x) € F
iff 6(qo, h(x)) € F
iff h(x) e L
iff x € h=1(L),

that is, L(B) = h~1(L). ]
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