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From Thursday to Thursday next week!

To pass seminary:
At least two successful presentations in class (10 %)
and passing of midtem exam on April 5 (10:40 - 11:40) (20 %)

Final Exam: (dates have been fixed!)

Written exam (2 hours) on May 31 (9:00 - 11:30) in S 11

Oral exam (30 minutes per student) on June 14 (9:00 - 12:30) in S 10
Written exam (2. try) on June 21 (9:00 - 11:30) in S 11

Oral exam (2. try) on June 28 (9:00 - 12:30) in S 11

The written exam accounts for 50 % of the final grade, while the oral
exam accounts for 20 % of the final grade.

Moodle: Course "Automata and Grammars” NTINO71.
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1. Introduction
1. Introduction

Formal Languages (not natural languages):
A formal language is a set of (finite) sequences of symbols (words,
strings) from a fixed finite set of symbols (alphabet).

How to describe a formal language? There are various options:

- by a complete enumeration, but:
L={we{abc}||lw=20}:|L =3%0~35x10°

- by a mathematical expression, but: how to check that a given word
belongs to the language described?

- by a generative device: a grammar or a rewriting system.

A grammar tells you how to generate (all) the words of a language!
- by an analytical device: an automaton or an algorithm.

An automaton recognizes exactly the words of a given language!
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1. Introduction

The Roots of the Theory of Formal Languages:

- Combinatorics on Words (A. Thue 1906, 1912)
- Semigroup and Group Theory (M. Dehn 1911)
- Logic (A. Turing 1926, E. Post 1936, A. Church 1936)

Church’s Thesis

A function is effectively computable iff there is a Turing machine that
computes this function.

Let f: X* ~ I'* be a (partial) function.

dom(f) = {ueX*|f(u)isdefined}: domain
range(f) = {vel*|3ueX*:f(u)y=v}: range
ker(f) = {ueX|fluy=¢e}: kernel
graph(f) = {u#f(u)|ue dom(f)}: graph

f is computable iff there is an “algorithm” that accepts the language
graph(f).
Classes of Automata: Restrictions of the Turing machine
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1. Introduction

- Linguistics  (N. Chomsky 1956)

- Biology (A. Lindenmayer 1968)
(T. Head 1987)

(G. Paun 1999)

phrase structure grammars

L-systems

DNA-computing,
H-systems

Membrane computing,
P-systems
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1. Introduction

Overview:

Chapter 2:
Chapter 3:
Chapter 4:

Chapter 5:

Regular Languages and Finite Automata
Context-free Languages and Pushdown Automata
Turing Machines and Recursively Enumerable and
Context-Sensitive Languages

Summary
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2. Regular Languages and Finite Automata

Chapter 2:

Regular Languages and Finite Automata
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2. Regular Languages and Finite Automata 2.1. Words, Languages, and Morphisms

2.1. Words, Languages, and Morphisms

An alphabet ¥ is a finite set of symbols or letters.

Forallne N:X"={u:[1,n] — Z}: set of words of length n over L,
thatis, u = (u(1),u(2),...,u(n)) = uus... un.

¥0 = {¢} : ¢ = empty word

Y+t = J " : set of all non-empty words over
n>1

Y* = [J X": set of all words over
n>0

The concatenation - : ¥* x ¥* — ¥* is defined through v - v = uv.
Forue¥™andv e ¥ uv e xm™n,

The length function |.| : ©* — N is defined through
luy=nforallue ¥",n>0.
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2. Regular Languages and Finite Automata 2.1. Words, Languages, and Morphisms

(a) The operation of concatenation is associative, that is,
(u-v)-w=u-(v-w).

(b) Forallue X*,u-e=¢-u=u.

(c) Ifu-v=u-w,thenv = w (Left cancellability).

(d) Ifu-w=v-w, thenu = v (Right cancellability).

(e) Ifu-v = x-y, then exactly one of the following cases holds:

(1) ul=I|x|,u=x,andv =y.

(2) |u| > |x|, and there exists z € ¥+ such that
u=x-zandy=2z-v.

(3) |u] < |x|, and there exists z € ¥+ such that
X=u-zandv==z-y.
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2. Regular Languages and Finite Automata 2.1. Words, Languages, and Morphisms

Abbreviations:
uv stands for u - v.
W=cu'=u,u™" =vuforallue *,n>1.
Further Basic Notions:
The mirror function f : ¥* — ¥* is defined through
fl=c (ua)f=aufforallue x* acx.
Hence, (abbc)f = c(abb)? = cb(ab)F = cbba.

If uv = w, then uis a prefix and v is a suffix of w.

If u+#e (v +#e¢), then v is a proper suffix (proper prefix) of w.

If uvz = w, then v is a factor of w.
It is a proper factor, if uz # ¢.
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2. Regular Languages and Finite Automata 2.1. Words, Languages, and Morphisms

A language L over ¥ is a subset L C ¥*.
The cardinality of L is denoted by |L]|.

Let L,Ly,L, CX*.

Li-Lo={uv|uelyveLl}isthe product of Ly and L,.
It is also called the concatenation of Ly and L.

LO={e}, L'=1L, LM =L". Lforall (n>1).

Lt = | L"and L* = |J L" are the plus closure and the star closure
n>1 n>0
(Kleene closure) of L.

LR = {wh | w e L} is the mirror language of L.
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2. Regular Languages and Finite Automata 2.1. Words, Languages, and Morphisms

Example:

(@) 4 :={0,1}: ,0,10,110 € X7.
Ly={10"|i>0}:
LR={01]j>0}undLy-LF={101|i>0}.
L,={0M"|n>1}.

(b) Xp:={a,b,c}:
L3 = { wew” | w € {a, b}* }: marked palindromes of even length
Ly={ww|we{ab}*}: copylanguage
Ls={w||w|z=0mod2and |w|, =1 mod 3 }.

(c) ¥3:={0,1,...,9,.,+,—, e} : 112.45, -23e + 17 € T
Ls = {unsigned integer in PASCAL}

Prof. Dr. F. Otto (Universitat Kassel) Automata and Grammars 14 /294



2. Regular Languages and Finite Automata 2.1. Words, Languages, and Morphisms

Let © and A be two alphabets.
A mapping h: ©* — A* is a morphism, if
the equality h(uv) = h(u) - h(v) holds for all u, v € ¥*.

Lemma 2.2
Ifh:¥* — A* is a morphism, then h(e) = ¢.

For a set S, 25 denotes the power set of S.

A mapping ¢ : ¥* — 22" is a substitution, if

the two following conditions are satisfied:
—-Vu,veX*:p(uv) =pu) - p(v).

—¢(e) = {e}-

ForLCX* h(L)={h(w) |welL}and ¢(L) = J ¢(w).

weL
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2. Regular Languages and Finite Automata 2.1. Words, Languages, and Morphisms

Example:

Letx ={a,b,c} and A = {0,1}.
If h: £* — A*is defined through a— 01, b+— 1, ¢+ ¢,
then h(baca) = 10101.

If o : ¥* — 247 is defined through
ar {01,001}, b— {1'|i>1}, c— {e},
then o(baca) = {1/0101,1/01001, 1700101, 17001001 | i > 1 }.

A morphism his called e-free, if h(a) # ¢ forall a € X.

A substitution ¢ is called c-free, if ¢ & p(a) forall a € X.

A substitution ¢ is called finite, if p(a) is a finite set for all a € .
h=': A* — 2% is defined through h=1(v) = {u € ¥* | h(u) = v }.
o1 A* — 2% is defined through o 1(v) == {u € Z* | v € p(u) }.

These reverse mappings are in general not substitutions!

16/294
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2. Regular Languages and Finite Automata 2.2 Regulare Grammars

2.2 Regulare Grammars

A semi-Thue system (string-rewriting system) on an alphabet ¥ is a
(finite) set S of pairs of words over ¥ :

S=1{ls =il =10} (0> 0,01, ln Ty, ..., Tp € T°).

S induces a number of binary relations on X*:

m the single-step derivation relation —g:
u—gviff3d(l—-r)eSax,ye ¥ u=xlyand v = xry.
m the derivation relation —%:
u—=3viffu=v.
u—tviffu—gv.
u—gtlviffIwe X cu -t wand w —g v.
u—% viftan>1:u—=5%v.
u—gviftan>0:u—-%v.
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2. Regular Languages and Finite Automata 2.2 Regulare Grammars
Lemma 2.3

(a) The relation —7 is the smallest reflexive and transitive binary
relation on ** that contains —g.

(b) Ifu—gv,then xuy —¢ xvy forall x,y € ¥*.

A phrase-structure grammar G is a 4-tuple G= (N, T, S, P), where
N is a finite alphabet of nonterminals (variables),

T is a finite alphabet of terminals (terminal symbols), where
NNT=0,

S € N is the start symbol, and

PC(NUT)* x (NuUT)*is a finite semi-Thue systemon NU T,
the elements of which are called productions.
For each production (¢ — r) € P, itis required that /|y > 1.
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2. Regular Languages and Finite Automata 2.2 Regulare Grammars

ForAe N,

~

L(G,A)={ac(NUT)|A=ba)

is the set of A-sentential forms, and
LG A)={weT" |A-pw}

is the set of terminal words that are derivable from A.
Lg = L(G, S) is the set of sentential forms that are derivable in G
and Lg = L(G, S) is the language generated by G.

The grammar G = (N, T, S, P) is called left regular, if £ € N and
re T*UN . T* for each production (¢ — r) € P.

Gis called right regular, if ¢ Nand r € T*U T* - N for each
production (¢ — r) € P.

Finally, G is called regular, if it is left or right regular.
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2. Regular Languages and Finite Automata 2.2 Regulare Grammars

(a) Gy =(N,T,S,P),where N={S,A}, T={0,1} and
P={S— 0A,A— 10A,A — ¢}.
G is right regular, and L(Gy) = {0(10)' | i > 0}.

(b) Go=(N,T,S,P),where N={S}, T ={0,1} and
P={S— S10,S — 0}.
G. is left regular, and L(Gz) = {0(10)' | i > 0} = L(Gy).
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2. Regular Languages and Finite Automata 2.2 Regulare Grammars

A language L C Y* is called regular, if there exists a regular grammar
Gsuch that Lg = L.

REG(X) = setofregularlanguages on X
REG = class of all regular languages

Remark 2.4

(a) Each finite language is regular.
(b) If L is a regular language, then so is its mirror language LF.

(c) IfLe REG(X), and if h: X* — A* is a morphism, then
h(L) € REG(A), that is, the class REG is closed under
morphisms.

(d) REG is also closed under finite substitutions.
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2. Regular Languages and Finite Automata 2.2 Regulare Grammars

A right regular grammar G = (N, T, S, P) is in right normal form if
re T-NUT for each production (/ — r) € P. In addition, G may
contain the production (S — ¢), if S does not occur on the right-hand
side of any production.

If G is in right normal form, then it does not contain any productions of
the following forms:

B A—c(A#£S):erule,

m A— B (A, B e N):chainrule,

mA—wBorA— w,wherewe T* |w|>2.

Theorem 2.5
From a right regular grammar G, a grammar Gin right normal form can

A

be constructed such that L(G) = L(G).
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Proof of Theorem 2.5.

Let G= (N, T,S, P) be aright regular grammar that is not in right
normal form. First we eliminate the e-rules from P.
(1) Determinetheset Ny ={Ac N|A—=pc}:
ND .= {AcN|(A-c)e P},
N N G {AaeN|3Be N (A B) e P
Then Ny = Uysq N = NIMD,
(2) Remove all e-rules.
(3) For each production B — wA, where |w| > 0and A € Ny,
add the production B — w.
(4) If S € Ny, then introduce a new start symbol S and
the productions S — = and S — « for each production S — «.
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2. Regular Languages and Finite Automata 2.2 Regulare Grammars
Example:

Let G=(N,T,S,P),where N={S A B,C,D}, T ={a, b}, and
P ={S—¢ S—abA, S— B, A— abS, A— B,
B—~C, B»bC, B—»D, C—A, C — aab,
D—e D-— a, D — aab, D — abD}.
Elimination of e-rules:
A MY ={s by, N® = (s D B}, N = {5 D,B, A},
N —{S,D,B,A C} = N=N;.
(2) Delete productions S — cand D — «.
(3) Add productions S — ab, A — ab, B — bbb, and D — ab.
(4) Introduce Sand S — g, S abA, S ab, and S B.
Then Gy = (NU {S}, T, S‘, P,) is equivalent to G, where
P, ={8—¢ S—abA, S—ab, S—B,  S-— abA,
S—ab, S-— B, A— abS, A—ab, A—B,
B—~C, B-bC, B—»b>, B-—D, C — A,
C— aab, D— a, D — aab, D — abD, D — ab}.
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2. Regular Languages and Finite Automata 2.2 Regulare Grammars

Proof of Theorem 2.5 (cont.).

Next we eliminate the chain-rules from P;.

(1) Two nonterminals A, B € N; are called equivalent (A <+ B)

if A —>J,51 Band B —>,J.§1 A.

ForAe Ny, [Al={BeN; |A< B}.

Pick A’ € [A] and replace all B € [A] in P; by A'.

Remove resulting productions of the form (A" — A').
(2) Order the remaining nonterminals such that

(A— B) € P; implies A < B.

If B is the largest nonterminal occurring

on the right-hand side of a chain-rule A — B,

then delete this chain-rule and

add productions A — « for all productions B — «.
(3) Repeat (2) until no chain-rules are left.
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2. Regular Languages and Finite Automata 2.2 Regulare Grammars

Example (cont.):

P4 contains the chain-rules
$-B S—»BA—-B B—C,B—D,andC— A
Hence, A+ B« Cand [A] = {A, B, C}.
We pick A as representative and replace B and C by A:
P, ={8§—¢e S—abA S—ab, S A S abA,

S—ab, S—A A— abS, A—ab, A—A,
A-A A-DbA A-b:, A—-D, A=A
A— aab, D— a, D — aab, D — abD, D — ab}.

To eliminate the chain-rule A — D,

add the productions A — aand A — abD.

To eliminate the chain-rules 8 — Aand S — A, add corresponding
productions with left-hand sides S and S.
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2. Regular Languages and Finite Automata 2.2 Regulare Grammars

Example (cont.):
This process yields Gz = (N3, T, S, P3) with N3 = {S, S, A, D} and
P ={S—c|abA|ab|abS|b*A|b3|aab|a|abD,
S — abA|ab|abS | b3A| b3 | aab | a| abD,
A— abS|ab|b*A|b|aab|a|abD,
D — a| aab| abD | ab}.

Prof. Dr. F. Otto (Universitat Kassel) Automata and Grammars 27 /294



2. Regular Languages and Finite Automata 2.2 Regulare Grammars

Proof of Theorem 2.5 (cont.).

Finally we eliminate long productions from Ps.

For each production (A — ajax - - - amB) € P3, where m > 2,

introduce new nonterminals A, Ao, ..., An_1, and

replace the above production by

A — ajAq - A — agAg, 500 7Am72 — am—_1Am—1 : Am_1 — amB.
For each production (A — ajaz---am) € P3, where m > 2,
introduce new nonterminals A, As, ..., An_1, and

replace the above production by

A— a A1 o A1 — agAg, 500 ,Am—2 — am_1Am_1 o Am—1 — dm-

The resulting grammar G is in right normal form and L(G) = L(G). [
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2. Regular Languages and Finite Automata 2.2 Regulare Grammars

Example (cont.):

P5 contains the following A-productions:
A— abS, A— b3A, A— b3, A— aab, A— ab, A— a, and A — abD.

To replace the long ones, we introduce the nonterminals Aq, Ao, ..., Ag
and the following productions:

A— aA1, A1 — bS, A— bAg, A2 — bA3, A3 — bA,
A— bAy, Ay — bAs, As — b, A— aAs, As— aAy,
A7 —-b, A—aAsg, As—~b, A—aAy, Ag— bD.

For example: A — aA; — abS,
A — bA> — bbA3 — bbbA,
A — aAs — aaA; — aab.

The long S- and S-productions are replaced analogously. Ol

Prof. Dr. F. Otto (Universitat Kassel) Automata and Grammars 29/294



2. Regular Languages and Finite Automata 2.3 Deterministic Finite-State Automaton

2.3 Deterministic Finite-State Automaton

;:|—/ head
finite-state signal for
control 5 Q acceptance

A finite-state automaton reads an input word letter by letter from left to
right and accepts or rejects.

finite-state automaton ~» language of accepted words
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2. Regular Languages and Finite Automata 2.3 Deterministic Finite-State Automaton

Definition 2.6

A determinististic finite-state automaton (DFA) A is given through a
5-tuple A= (Q,X,d,qo, F), where
— Q@ Is afinite set of (internal) states,
Y is a finite (input) alphabet,
- §:Q x X~ Q is a (partial) transition function,
— Qo € Q is the initial state, and
— F C Q is a set of accepting states.

If§ is defined for all (g, a) € Q x ¥, then A is a complete DFA.

A DFA can be described by a state graph G = (Kn, Ka):
- Kn:= Q,
— Ka: If 5(gy, @) = o, then there is a directed edge with
label a from g t0 @o.
— Qo and g € F are marked in a special way.
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2. Regular Languages and Finite Automata 2.3 Deterministic Finite-State Automaton

Example:

A=(Q, %0, q,F), where
Q={q,aq,9,0}, T={ab}, F={gs}, and
5(qu a) =i, 5(q0a b) =Qq3

6(g1,a@) = @, 6(q1,b) = qo
5(q2,a) = g3, (g2, b) = g
6(g3,a) = o, 9(gs, b) = qe
State graph:
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2. Regular Languages and Finite Automata 2.3 Deterministic Finite-State Automaton

Example (cont.):

Input: aabaa

afalblafa] |

Qo

finite-state control

Computation: g0 2 g1 221 32 g

Result: aabaa is accepted.
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2. Regular Languages and Finite Automata 2.3 Deterministic Finite-State Automaton

Example (cont.):

Input: aabaa

lafalblafa] |

a1

finite-state control

Computation: g0 2 g1 221 32 g

Result: aabaa is accepted.
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2. Regular Languages and Finite Automata 2.3 Deterministic Finite-State Automaton

Example (cont.):

Input: aabaa

lafalbfafa] |

Q2

finite-state control

Computation: g0 2 g1 221 32 g

Result: aabaa is accepted.
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2. Regular Languages and Finite Automata 2.3 Deterministic Finite-State Automaton

Example (cont.):

Input: aabaa

lafalblafa] |

a1

finite-state control

Computation: g0 2 g1 221 32 g

Result: aabaa is accepted.
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2. Regular Languages and Finite Automata 2.3 Deterministic Finite-State Automaton

Example (cont.):

Input: aabaa

lafalblafa] |

Q2

finite-state control

Computation: g0 2 g1 221 32 g

Result: aabaa is accepted.
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2. Regular Languages and Finite Automata 2.3 Deterministic Finite-State Automaton

Example (cont.):

Input: aabaa

[afalb]afa] |

finite-state control

Computation: g0 2 g1 22 3 2 g

Result: aabaa is accepted.
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2. Regular Languages and Finite Automata 2.3 Deterministic Finite-State Automaton

Let A= (Q, X%, 4, qo, F) be a DFA.
The function § : Q@ x ¥ ~ @ can be extended to a function
0:QxX*~Q,whereqgeQ,ueX*,andaci:

- S(q,s) =q,
2 [ 8(8(q,u),a), ifd(q,u)is defined,
2(q, ua) = { undefined, otherwise.

Lag.g =1{Uu€X"|daq,u)=q }isthe set of words

that take A from state gy to state go.

If 5(qo, w) € F, then the word w is accepted by the DFA A.

The set L(A) := |J La,q,,q Of all words that are accepted by A
qeF

is called the language accepted by A.
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2. Regular Languages and Finite Automata 2.3 Deterministic Finite-State Automaton

Notice:
Forallge Qand aj,as,...,ap, € %,
5(q,a1a2...ap) = §(5(q, ai),a...ap)
= 0(6(6(q,a1), @), a3 .. an)
= 5(6(5(5(q’ a1)7a2)"'7an71)7an)

Forallge Qand u,v € ¥, 8(q, uv) = §(5(q, u), v).

Example (cont.):
LA)={xeX*||X]a—|X|]p =3 mod4}.
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2. Regular Languages and Finite Automata 2.3 Deterministic Finite-State Automaton

A word of the form qu € Q - ©* is called a configuration of A.
The DFA A induces a computation relation =3 on @ - X*.
It follows that L(A) = {u € X* | qou -, qforsome q € F }.

Lemma 2.7

From a given DFA A, a complete DFA B can be constructed
such that L(B) = L(A).

Proof.
Let A= (Q, X, 0, qo, F) be an incomplete DFA.
We definea DFA B=(Q U {L},%,d, qo, F) through

, B 4(qg,a), ifd(q,a)is defined,
d(ga) = { 1, otherwise,
y(L,a) = L forallaex.
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Proof of Lemma 2.7 (cont.).)

Then the following equality holds for all g € Qand all u € X*:

y | o(q,u), ité(q,u)is defined,
Tlgr ) = { 1, otherwise.

Hence,

LA ={uex"|d(q,u)e F}={uexr*|§(q,u)eF}=L(B). O

Let £(DFA) denote the class of languages that are accepted by DFAs.

Theorem 2.8

L(DFA) is closed under the operations of union, intersection, and
complement.
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Proof.

Let L = L(A), where A= (Q, %, 0, qo, F) is a complete DFA.

Then A:= (Q,X,0,qo,Q ~ F) is a complete DFA for ©* ~ L(A) = LC.
Hence, £L(DFA) is closed under the operation of complement.

Let A =(Q), %, 0;, q((,i), Fi) be a complete DFA for L;, i = 1, 2.

A DFA for the intersection Ly N L, is obtained by taking
A=(Q,X, 4 q,F), where

Q:= Q1 x @, @ = (8", 9?), F := Fy x Fa, and

6((q1, q2), @) := (61(q1, @), 02(qe, @)) forall g1 € Q1, o € Qp, 2 € £
Then 3(qo, w) = (61(a", w), 82(a5, w)) € F = Fy x Fy

iff we Ly and w € Lp, thatis, L(A) = Ly N Ly.

A is called the product automaton of A; and As.

By De Morgan’s law, closure under union follows. O
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Theorem 2.9

If a language L is accepted by a DFA, then L is right regular.

Proof.
Let L C ¥* be accepted by a complete DFA A= (Q, ¥, 0, Qo, F).
We define a right regular grammar G := (V, ¥, P, S) as follows:
-V:=Q,
- S = qo,
-P:={qg1—~ag|iq,a)=q}
U{gy » ald(gr,a)=qgand g € F}

If go € F,i.e., e € L(A), then we add the new start symbol g, and the
following productions:

{0 —¢} and {Go—ag | d(q.a)=q}

and {go—a | d(q.a) € F}
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Proof of Theorem 2.9 (cont.).

Claim.
Vx € T : x € L(A) iff x € L(G).

X=aja...ap < L(A)

iff

E'Q17Q27---7Qn€ Q3Qn€ Fandé(qi—hai):qi (1 Slgn)

iff

391,...,qgh €V :q —a1qy — ... > a...ap-19n—1 — a1 ... ap_18n
iff

X=aia...ap € L(G). 0o
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There are many DFA that accept the same language.
Among these is there a smallest DFA?

Let L C X*.
Definition 2.10
The Nerode relation R, C X* x L* for L is defined through

xR yiffVzeX*:(xze LiffyzeL).

Lemma 2.11

— R, is an equivalence relation on ¥*.
— Ifx R, y, then xw R, yw forallw € L*.
— Ry partitions ¥* (and L) into disjoint equivalence classes.

The index of R, := number of equivalence classes of R;.
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Theorem 2.12 (Myhill, Nerode)
A language L is accepted by a DFA iff the relation R, has finite index.

Proof.
‘=" Let A= (Q.,Z,0,qo, F) be a complete DFA for L. We define a
binary relation R4 C X* x X*: x Rq y iff 0(qo, x) = (qo, y)-

Claim. RA C RL.
Assume that x R, y,and let z € *.
Then: xze L iff §(qo,xz) € F itf 5(5(qo,x),2) € F
itt 5(5(do.y).2) € F iff d(qo,yz) € F
iff yzel.
Hence: x R_y. a

Thus: index(R;) < index(Ra) < |Q| < occ.
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Proof of Theorem 2.12 (cont.)

“«<": Assume that R, has finite index.
Then there are finitely many words xi, Xo, . .., Xx € ¥* such that
Y= [xq] U [X] U. ..U [Xg].
We define a complete DFA Ag := (Qo, X, 4, qo, F):
- Q= { [l el [l 1
- qo = [e],
—-F:={[x]|x €L},
- 4([x], @) := [x;a] (foralli=1,2,...,kand a € ¥).
Then §([¢], x) = [x] for all x € £*, that s,
x e L(Ay) iff 8(qo,x)eF
iff 5([e],x) € F
iff [x]eF
iff xel. O

Ao is called the equivalence class automaton for L.
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L={a®"|n>1}

Then:
[ab] = L
[@2b] {@°b, &P, a*b®,. .}
[@%b] = {a&°b,a*p? a°b®, ..}

[@b] = {a&*t-"b|i>1}

Forall i # j, ab and &b are not equivalent w.r.t. R,
that is, index(R) = oo.

Hence, L is not accepted by any DFA.
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Example 2:

L={x e {0,1}* | x has suffix 00 }
Then:

[] = {x|x does nothave suffix 0 }
[0] = {x|x has suffix 0, but not suffix 00 }
[00] = {x|x has suffix 00 }

{0,1}* = [€] U [0] U [00], and hence, index(R,) = 3.

Equivalence class automaton Ay for L:
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Assume that L is accepted by a complete DFA A, and let Ay be the
equivalence class automaton for L.

Then:  Ra C R = Ry,

and so: |Q| > |Qp| = index(RL).

Infact: If |Q| = |Qu|, then Ry = Ry, thatis, A and A, are isomorphic.
Thus: A is the minimal automaton for L.

How to determine whether a given DFA A is minimal?

A is not minimal iff A A
39,9 € Q,g#q :VxeX*:4(q,x) € Fiffo(q',x) € F.
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Algorithm “minimal automaton”

Input: a complete DFA A= (Q, X, 4, qo, F).

(0) Delete all states that are not reachable from qp.

(1) Initialize a table of all pairs {q, g’} such that g # q'.

(2) Mark all pairs {g, g’} for which {q,q'} N F # () and
{9,9'}n(Q~ F)#0.

(8) For each unmarked pair {q,q’} and each a € ¥,
check whether {4(q, a),4(q’, a)} is marked.
If so, then mark {q, g’} as well.

(4) Repeat (3) until no further pairs are marked.

(5) For each unmarked pair {q, q'},
merge the states g and ¢’ into a joint state.

Output: The minimal automaton for L(A)
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Example 1:

Table: (1) (2) (3)
i ] i ] q | x
d2 d2 92 X
93 g3 g3 | x X
94 | QG| x| x| x| x 9| x | x x | x
% d1 9 43 % d1 9 43 9 d1 9 43
A
° ‘/7’1\ @D
1 (92)
L(A) = L(Ap) = { x | x contains 00 as a factor }.
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a4

g5

9

X

X

X

a7

X

X

X

X

X

X

X

Hence:

]

)]

92

a3

94

g5

96

{q1 9 QZ} and {q37 q4a q5a qs}v that iS’

010101

L(A) = L(A)) ={ we {0,1}" | w| >3}
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Let h: ¥* — A* be a morphism. Then h~' : A* — 2% is defined
through
h'(v):={uex|hu)=v}.

For alanguage L C A*, h—'(L) is defined as

hY(L):={uex|h(u)ecl}.

Theorem 2.13

The language class L£L(DFA) is closed under inverse morphisms, that
is, if h: X* — A* is a morphism and L C A* is accepted by a DFA,
then also h=—'(L) is accepted by a DFA.
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Proof of Theorem 2.13.

Let A= (Q,A,0, qo, F) be a complete DFA such that L(A) = L
and let h: ¥* — A* be a morphism.
We construct a DFA B := (Q, X, ¢, qo, F) by taking

Vg e Qvae X :4(q,a):=d(q, h(a)).

Claim:
For all x € ©*, '(qo, X) = 4(qo, h(x)).
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Proof by induction on |x|:

If x = ¢, then §'(qo, X) = 9o = 6(qo, €) = 4(qo. h(x)).

Assume that the claim has been proved for some n > 0,
let x be a word of length n, and let a € X. Then:

5 (Go, xa) = §'(8'(do, ), @) = 5'(5(do, h(x)), &) = 8(5(do. h(x)), h(a))
= 3(do, h(x)h(a)) = 3(do, h(xa)). .

Thus, forall x € ¥*: x € L(B) iff & (qo,x) € F
ifft 0(qo, h(x)) € F
iff h(x) e L
iff x e h'(L),

=

that is, L(B) = h~'(L). O
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2.4 Nondeterministic Finite-State Automaton

Definition 2.14

A nondeterministic finite-state automaton (NFA) A is given through a
5-tuple (Q, X, 4, S, F), where

— Q is a finite set of (internal) states,

— X is a finite (input) alphabet,

-QNnxX =0,

— S C Q is a set of initial states,

— F C Q is a set of final states, and

-4 :Q x X — 29 js a transition relation.

An NFA can be described by a state graph just like a. DFA.
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Definition 2.14 (cont.)

Let A=(Q,%,0,S, F) be an NFA. A
The transition relation ¢ is extended to a function §: 29 x ¥* — 2Q:

A

)(P,e) = PforallPCQ,

S

6(P,ax) = | 8(6(q,a),x)forall PC Q,ac ¥, and x € L*.
geP

L(A) :={x € X* | §(S,x) N F # 0} is the language accepted by A.

5(S,a1az...an) N F #0
iff

390, G1,..-,Gn € Q: Q€S A g€ F A g €6(gi1,a) (1 <i<n).
iff

qo € S3qn € E : In the state graph of A,

there is a directed path from q to g, with label ajas . .. a,.
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(@) Ai: 0,1 A\
OREOE

Let x := 1100. Then:

S={do,d} > {q} > {0} > {q0, a1} > {0, G, G}
Hence, x € L(Ay).

In fact:
L(A))={xe{0,1}* | x=0o0r3dy € {0,1}*: x = y00 }.
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Example (cont.):

(b) Ag: ab

(@)

L(A2) ={ w e {a, b}* | w has suffix baa}.

A DFA for this language:
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Theorem 2.15 (Rabin,Scott)
From an NFA A, a DFA B can be constructed such that L(B) = L(A).

Proof.

Let A=(Q,%,da, S, F) be an NFA.

Goal: ADFA B=(P,%,dp, po, G) such that L(B) = L(A).
Power set construction:

P:=29 p,:=S,

G={QCQ|@nNnF#0},

op(Q, a) = UQ 6a(g,a) = 64(Q@, a)
qeq’
forall @ C Qandallae X.
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Proof of Theorem 2.15 (cont.)

Claim:
L(B) = L(A).

Proof.
eeL(A)iff SNF #0iff Se Giff e € L(B).

Now let x = aja>...ap € L.

Then: x € L(A)iff 54(S,x)NF #0
iff5|01,Qg,...,Qng 0255(3,81) = Q1,
(55(01,32) =Q,.. .,5B(Qn,1,an) =Qpand Q,NF #10)
iff 55(S, x) € Giff x € L(B).

0o
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Example (cont.):
A:

Remark

Only compute the subautomaton of B that is reachable from S!
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Example:

Ly ={x=x1...x,€{0,1}* | [x|=n>kand x,_,,1 =0}
An NFA A with L(Ak) = Lg:

@ 0 @0,1 @0,1 0,1@0,1

0,1

Let B=(Q,{0,1},4, qo, F) be a DFA such that L(B) = L.
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Example (cont.):
Claim: |Q| > 2k.

Proof.

Assume that Q = {qo, @1, ...,0r}, where r < 2K — 1.
Then: 3y, y» € {0,1}% : y4 # y» and 8(qo, y1) = 3(qo, ¥2)-
Let i/ be the leftmost position such that y; (i) # ya(i),
w.l.o.g. y1 = uOvy and yo = ulve.

Let w € {0,1}~" be arbitrary.

Then: yyw=u0wvyw, lviw|=k—i+i—1=k—1

~ 1w e Lk
Yow = ulvow, [vow| =Kk — 1
~ YoW & Li.
But: $(q07.y1 W) = ‘?(Oj(%’}ﬁ):w)
= 5(3(qo.y2). w)
= 4(qo, y2w), a contradiction! O
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Theorem 2.16

From a right regular grammar G, one can construct an NFA A such
that L(A) = L(G).

Proof.

Based on Theorem 2.5 we can first transform the grammar G into an
equivalent grammar G' = (N, T, S, P) that is in right normal form,
that is, it only has productions of the form

A— aBand A— a, where ABe Nandae T,

and possibly the production S — ¢.
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Proof of Theorem 2.16 (cont.)

We take A:=(Q, T,0,S', F), where
- Q:=NU{X} (X anew symbol),
-8 :={S},
_F . {§, X}, if(S—e)eP,
o {XT otherwise,
-iAa)={B|(A—aB)e P}U{X|(A—a)e P}
foralAe Nandae T.
Then: ece€L(G) iff (S—¢e)eP
iff SeF
iff e L(A).
Foralln>1:ajax...ap € L(G)iff a1ax...an € L(G) iff
E|A1,...,An_1 eN: S—>a1A1 —>...—>a1a2...an_1A,,_1 — a1...dan
iff
JAq,..., A1 € N A4 6(5(8,31),/\2 €(5(A1,32),...,X€(5(An_1,an)
iff ajax ... an € L(A). O
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Theorem 2.17

The class of languages L£L(DFA) is closed under the operation of taking
the mirror image.

Proof.

Let A= (Q, X%, 9, qo, F) be a DFA.

By A we denote the NFA A7 = (Q, X, 6%, F,{qo}),
where 67 : Q x ¥ — 29 is defined as follows:

0f(p,a):=={qlé(q,a)=p} (peQ,ac¥),

that is, initial and final states are interchanged,
and each transition is simply reversed.

Then L(AR) = (L(A))F. O
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Corollary 2.18

For any language L, the following statements are equivalent:
(1) L is a regular language.

(2) L is generated by a right regular grammar.

(3) L is generated by a left regular grammar.
(4) There exists a DFA A such that L = L(A).
(%)

5) There exists an NFA B such that L = L(B).

Proof.

(2) — (5): Theorem 2.16.

(5) — (4): Theorem 2.15.

(4) — (2): Theorem 2.9.

(8) — (5): From a left regular grammar for L, we obtain a right regular
grammar for L7 by reversing the right-hand sides of all productions.
The above and Theorem 2.17 yield an NFA for (LF)F = L.

The remaining cases follow analogously. Ol
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Definition 2.19

A nondeterministic finite-state automaton with e-transitions
(e-NFA) A is given through a 5-tuple A= (Q, %,9, S, F),
where Q, ¥, S, and F are defined as for an NFA, while

the transition relation § has the form § : Q x (X U {e}) — 29.

Let A be the e-NFA that is given by the following state graph:

Then L(A) = {ab/cX | i j,k>0}.
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Theorem 2.20
From an e-NFA A, a DFA B can be constructed such that L(B) = L(A).

Proof.

Let A= (Q,%,4,S, F) be an e-NFA. For q € Q, e-closure(q) C Q
denotes the set of states of A that can be reached from state g without
reading any input symbol, that is,

e-closure(q) = {pe€@|3In>03py,p1,....Ln € Q: po = q,
Pn=p, and pi11 € 5(,0,',5), i=0,1,...,n—1 }

Further, for P C Q, e-closure(P) := [, p c-closure(q).

We define the DFA B := (20, Y, 4B, o, G) through a power set

construction:

— Qo = 87
- G = {PC Q]|eclosure(P)NF #0},
— ¢6p(P,a) = d(e-closure(P),a)forallPC Qandac Xx.
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Proof of Theorem 2.20 (cont.)

Claim.
L(B) = L(A).

Proof.

e € L(A) iff e-closure(S) N F # (iff qo € Giff e € L(B).
aiay...ap € L(A) iff 3s€ S3s1,01,p1,92,P2,---,0n, Pn € Q:
s =% 81 2% g1 5 P92 G T - prg =¥ gy = preF

iff 3Q, Qo,...,QnC Q:
Q; = o(e-closure(S),a1) A Qn € GA
Qi1 = d(e-closure(Qy),air1) (1 <i<n-1)
iff aja...an e L(B).
L]
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Example (cont.):

The ‘lazy’ form of this construction yields the following DFA from the
given e-NFA A:
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Theorem 2.21

The language class L(DFA) is closed under the operations of
union, product, and star.

Proof.

Union: Let A; = (Q;, %, 6;, S, Fi), i = 1,2, be two NFA s.t. Q; N Q = 0.
Then A .= (Q1 U@, x,0,S1USs, Fi U Fg), where

_ [ di(g.a), ifgeQy,
5(q’ a) N { 52(q7 a)a if gqce 027 ’

accepts the language L(A) = L(A1) U L(Az).
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Proof of Theorem 2.21 (cont.)

Product: Let A; = (Q;, %, 65, S, Fi), i = 1,2, be two e-NFA
st. Qi NQ =0.
Define A := (Q; U Qy, X, 9, Sy, F2), where

5(g,a) = 61(q,a) forallge Q;andac ¥,
0(q,¢) { 61(q,¢€) forallge Qy ~ Fq,

91(gq,e) U S, forall g€ Fy,
5(g,a) = 0d2(q,a) forallge Qpandac XU {e}.

Then Ais an e-NFA satisfying L(A) = L(A1) - L(Ag).
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Proof of Theorem 2.21 (cont.)

Graphical representation of A:

L O
ORI Ol
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Proof of Theorem 2.21 (cont.)

Kleene Star:
Let Ay = (01 , 2,01, S 5 F1) be an e-NFA.

Define A = (@1 U {qo}, %5, {qo}, Fi U {qo}), where

0(qo,e) = Sy,

5(q,e) = 01(q,e)u Sy forallge F,

3(q,e) = 01(q,¢) forallg € Q1 \ Fq,
0(q,a) = d1(q,a) forallge Qyand ac k.

Then Ais an e-NFA satisfying L(A) = (L(Aq))*.
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Proof of Theorem 2.21 (cont.)

Graphical representation of A:

A: @ 81 A1 E F1

8
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2.5 Two-Way Finite-State Automaton

Definition 2.22

A deterministic two-way finite-state automaton (2DFA) A is defined
through a 7-tuple A= (Q, X, >, <, d, Qo, F), where
—Q, X, qo, and F are defined as for a DFA,

— >, < ¢ X are two new letters that serve as border markers for the left
and the right end of the tape, and

d:Qx(Xu{r,<}) = Qx{L R}
is the transition function satisfying the following restrictions:
Vg e Q:4(q,>) # (9, L) and é(q, <) # (4, R).

These restrictions ensure that A’'s head cannot fall off the tape.
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2. Regular Languages and Finite Automata 2.5 Two-Way Finite-State Automaton

Example:
Let A= ({qO) 1y -5k, q—i—}) {07 1}7 >, 4, 57 Qo, {q+})
1) > 0 1 <
Q@ | (q0,R) ] (q,R) | (q0,R) | (a1,L)
aqi - (9, L) | (92,L) —
Qe = (g, L) | (gs,L) | —
Qk—1 — (g, L) | (g, L) -
Qk - 1(g+,R) - -
qu — (q+7 R) (q+7 R) —
Let k = 3:

[>of1]o]r]o]<]

Qo

finite-state control
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Example:
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Let A= ({qO) 1y -5k, q—i—}) {07 1}7l>7<]7 57 Qo, {q+})

) > 0 1 <
Q@ | (q0,R) ] (q,R) | (q0,R) | (a1,L)
i — (g2, L) | (go,L) —
o2 - (gs,L) | (gs:L) | —
Qk—1 = (gk, L) | (g, L) =
Qk - (@R | - -
aq+ - (9+,R) | (9+,R) -

Let kK = 3:

[>[oft]o]1]o]<]

Qo

finite-state control
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Let A= ({qO) 1y -5k, q—i—}) {07 1}7l>7<]7 57 Qo, {q+})
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Let A= ({qO) 1y -5k, q—i—}) {07 1}7l>7<]7 57 Qo, {q+})

) > 0 1 <
Q@ | (q0,R) ] (q,R) | (q0,R) | (a1,L)
i — (g2, L) | (go,L) —
o2 - (gs,L) | (gs:L) | —
Qk—1 = (gk, L) | (g, L) =
Qk - (@R | - -
aq+ - (9+,R) | (9+,R) -

Let kK = 3:

[>[oft]o]1]o]<]

a1
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Let A= ({qO) 1y -5k, q—i—}) {07 1}7l>7<]7 57 Qo, {q+})

) > 0 1 <
Q@ | (q0,R) ] (q,R) | (q0,R) | (a1,L)
i — (g2, L) | (go,L) —
o2 - (gs,L) | (gs:L) | —
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Qk - (@R | - -
aq+ - (9+,R) | (9+,R) -

Let kK = 3:

[>of1]o]1]o]<]

Q2

finite-state control
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Let A= ({qO) 1y -5k, q—i—}) {07 1}7l>7<]7 57 Qo, {q+})
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[>oft]of1]o]<]
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[>of1]o]1]o]<]

aq+

finite-state control
Prof. Dr. F. Otto (Universitat Kassel) Automata and Grammars 76 /294




2. Regular Languages and Finite Automata 2.5 Two-Way Finite-State Automaton
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Let A= ({qO) 1y -5k, q—i—}) {07 1}7l>7<]7 57 Qo, {q+})
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Definition 2.22 (cont.)

A configuration of the 2DFA A is described by a word of the form
g>w< or > wyigwse<,

where g € Qand w, wy, w, € T*.

The transition function ¢ induces a computation relation 7 on the set
of configurations, which is the reflexive and transitive closure of the
following single-step computation relation +4:

>ar...aj_2q'ai_1...an<, ifé(q,a) =(q,L),

>ai...8i-149a;...andk {>a1 3 ~aiq/ai+1 . apd, if 5(q7 ai) _ (q/7 R).

The initial configuration for input w € ¥* is gp > w<, and
a configuration of the form >wqg<, where g € F, is an accepting
configuration.

W.l.o.g. we can assume that §(q, <) is undefined for all g € F.
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2. Regular Languages and Finite Automata 2.5 Two-Way Finite-State Automaton

Definition 2.22 (cont.)

The language L(A) accepted by A is defined as follows:
L(A)={weX*|qgy>w<at}>wg< forsome qe F},

and £(2DFA) is the class of languages accepted by 2DEAs.

Example (cont.):

Let Kk = 3. On input w = 01010, A executes the following computation:
Qo> 010104 F4 >go01010<« 5 >01010gp <
Fa >0101910<« F4 010010«
Fa 0193010« F, »010g9.10«
2 >01010q.<,
that is, A accepts on input w = 01010.
In fact, it is easily seen that L(A) is the language

Ly ={x=xy...xp€{0,1}" | x| =n>kand x,_x.1 =0}.
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Example:

Let A= ({q07 a1, gz, q3}a {07 1 }) >, <, 9, Qo, {q1 » g2, qS})! where § is given
through the following table:

> 0 1 N
Q| (g1,R)| - - |-
a1 - |(@,R)|(g,R)| -
R| - [(92,R)](g,L) |-
Bl - |(¢,A)] (9L |-

On input w = 101001, A executes the following computation:
Qo> 101001« F4 ©>g4101001<« 4 >1g,01001«

Fa >100,1001< 4 >1g301001«

Fa >109;1001< F4 1012001«

2 1010021« k4 10109301«

Fa >10100g41< 4 1010010 <,

that is, A accepts on input w = 101001.

Prof. Dr. F. Otto (Universitat Kassel) Automata and Grammars 79/294



2. Regular Languages and Finite Automata 2.5 Two-Way Finite-State Automaton

To describe the behaviour of a 2DFA A = (Q, ¥,>,4, 6, Qo, F),
we introduce the notion of a crossing sequence.

We consider a computation of A on an input w € ¥*, observing the
path taken by the head of A. Each time the head crosses the boundary
between two tape squares we note down the new state underneath the
corresponding boundary. In this way we obtain a sequence of states
for each boundary. Such a sequence is called the crossing sequence
(CS) of Aon input w at the current position.

Example (cont.):

The 2DFA A executes the above computation on input w = 101001,
which yields the following graphical representation:
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Example (cont.):

Then (gy) is the CS between > and 101001 «,
(92, g3, G1) is the CS between 10 and 1001 «,
and (gz, g3, g1) is also the CS between 10100 and 1 «.
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Lemma 2.23

Let(qi,---,q;,) be a CS ofa 2DFA A on input w € ¥* between > wy
and w» <. Then the following statements hold:

(a) In state q;,, A performs a move-right step from the last letter of
> wy to the first letter of wo < .

(b) In states q;, where j = 1 mod 2, A performs move-right steps,
while in states q;, where j = 0 mod 2, it performs move-left steps.

(c) If w e L(A), then each CS of A on input w has odd length.
(d) Ifw € L(A), then q; # q;,,, forallj > 1 and allr > 1.

(c) holds, as A starts on the left delimiter > and accepts on the right
delimiter <, and (d) holds, as g = g;,,, would imply that A has reached
a cycle within its computation, that is, it will not terminate.
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2. Regular Languages and Finite Automata 2.5 Two-Way Finite-State Automaton

A sequence of states (g4, ..., gx) is called a valid CS, if k is odd, all
states with even index are pairwise distinct, and also all states with odd
index are pairwise distinct.

If s =1]Q)|, then a valid CS has length at most 2s — 1. Hence, there are
only finitely many valid CSs for A.

Theorem 2.24

A language is regular iff it is accepted by a 2DFA, that is,
REG = £(2DFA).

Proof.
We construct an NFA B from a given 2DFA A such that L(A) = L(B).
The states of B will correspond to the valid CSs of A.

For this construction we need to be able to check whether
neighbouring CSs are consistent with each other and with the actual
input symbol.
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Proof of Theorem 2.24 (cont.)
Let (g1, g, - - -, gk) be the left CS of a tape square containing the letter
ac X, andlet (p1,po,...,pr) be the right CS of that tape square.
We define right-matching and left-matching pairs of CSs:
The empty sequence left- and right-matches the empty sequence.
If (g3, - - ., gk) right-matches (p, ..., pr) and 5(qy, a) = (ge, L),
then (91, g2, g3, - . ., Q) right-matches (py, ..., pr).
If (Q2, . . .. qk) left-matches (pz, ..., pr) and (g, @) = (p1, R),
then (g1, qz, . . ., gk) right-matches (p1, po, . . ., Pe).
If (q1 peooy QK) left-matches (p37 00 c 7p€) and 5(p1 ) a) = (p27 R)s
then (qy,. .., qx) left-matches (py, p2, Ps3, - - . , Pe)-
If (g2, ..., Qqk) right-matches (po,...,p¢) and §(p1, a) = (qy, L),
then (g1, @2, . . ., k) left-matches (ps, p2, . . ., Pr).
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Example (cont.):

For the 2DFA A, we consider a tape square containing the letter 1.
The empty sequence left-matches the empty sequence and
(a1, 1) = (ge, R). Hence, by (3) (qg1) right-matches (gz).

As 6(g2,1) = (g3, L), (g2, g3, g1) right-matches (gz) by (2).

Proof of Theorem 2.24 (cont.)
Let A= (Q,X,»>,9,0,q0,F) and let B= (Q, X U {>,<},0,{qy}, F') be
the NFA that is defined as follows:

- @ consists of all valid CSs of A;

- 4o = ();

- F’ consists of all valid CSs that end in a state from F;

- 6/((q1a'- '7qk)’a) = {(ph'-'vpf) | (p17"'7p€) is a valid CS such
that (g, ..., qx) right-matches (p1, ..., p¢) for the input letter a }
forallae X U {r,«}.
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Proof of Theorem 2.24 (cont.)

While B reads the word > w < (where w € ¥*) letter by letter from left to
right, it guesses valid CSs of A and checks whether the current CS, the
new CS, and the current letter are compatible with each other.

It can now be shown that L(B) = - L(A) - <. Hence, the language

> - L(A) - «is regular, from which it can be concluded that L(A) is
regular. O

The 2DFA can be generalized to the nondeterministic two-way
finite-state automaton (2NFA).

Theorem 2.25

A language is regular iff it is accepted by a 2NFA, that is,
REG = L£(2NFA).
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2.6 Automata with Output

A Moore automaton is a DFA in which an output symbol is assigned to
each state. Accordingly, a Moore automaton A is given through a
6-tuple A= (Q,X%,A,d,0,q), where

— Qs afinite set of (internal) states,

— X is afinite input alphabet,

— A is afinite output alphabet,

— Qo € Qs the initial state,

— §:Qx X — Qis the transition function, and

— o0 : Q — Ais the output function.
Foru=ajas...an let g :=0(qv,a1a2...a),i=1,2,...,n,
that is, on input u, A visits the sequence of states qp, g1, @2, - . ., gn-
During this computation A generates the output

a(qo)o(a1)o(q) - - (qn) € A",
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Example:

Let A be the Moore automaton that is given by the following graph,
where the output symbols are written as external markings to the

various states:
o 1 1 0 p)
OBOENO=)
1 0

0
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Example (cont.):

Claim:

i .
If u= bybs...bp, then o(u) = rory ...y, where r; = > b;-2'~/ mod 3.

=1
n .

If u = bin(m), thatis, m =} b; - 2"/, then the last symbol r, of the
&~

j
output o(u) is just the remainder of m mod 3.

Proof.

Fori=0,1,2, 0(q;) = i. Hence, it suffices to prove the following:

n .

() Forall u = bybs...bn, 6(qo,u) = q;, where i = " b; - 2"~/ mod 3.
j=1

If n=0, then u= ¢, und é(qo, U) = Qo.

) ) [ qo, forby =0,
If n=1,then u = by € {0,1}. Hence, 5(qo, u) = { qi, forby =1.
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Example (cont.):

Proof (cont.)

Assume that the statement (x) has been verified for some n > 1, and
Then 5(qO, U) = (5(5(6}0, b1 b2 a0c bn), bn+1).

For i = n, the statement holds by the induction hypothesis.

For index n+ 1, the following can be checked by case analysis:

n41
3(5(qo, bybz . .. bn), bp1) = g, where i =" b;- 2"/ mod 3.
j=1
This completes the proof. O
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A Mealey automaton is a DFA that outputs a symbol during each
transition. Accordingly, a Mealey automaton A is specified by a 6-tuple
A=(Q,X, A6 0,q), Wwhere Q,x,A,d, and qy are defined as for a
Moore automaton, while o : Q x ¥ — A is the output function.

The output function o can be extended to a function o : Q x ¥* — A*:

o(g,e) = e forallg € Q,
o(q,ua) = o(q,u) o(é(q,u),a) forallge Quexr*ack.

Example:

Let A be the Mealey automaton given through the following graph:
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Example (cont.):
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Example (cont.):

Let L={0,1}*-{00,11}. Oninput u = bibs...bn € {0,1}7,
A produces output v = ¢iCo ... Cm € {y,n}™, where

o y, if bybo...bj € L,
T n, 1fb1b2b,€L

In state py or pq, A “stores” the latest input symbol.

Let A=(Q,%, A, 0,q) be a Moore automaton and

let B=(Q,X,A,d, 0, qp) be a Mealey automaton.

Foru € ¥, let F4(u) € A* and Fg(u) € A* be the output words
that are generated by A and B on input u.

Then |Fa(u)| = |u| + 1 and |Fg(u)| = |ul.

The automata A und B are called equivalent, if
Fa(u) = o(qo) - Fa(u)
forallu e ©*.
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Theorem 2.26
(a) For each Moore automaton, there exists an equivalent Mealey
automaton.

(b) For each Mealey automaton, there exists an equivalent Moore
Automaton.

Proof.

As an exercise!

In fact, the equivalent automata can be constructed effectively!
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A finite-state transducer (FST) T is given through a 6-tuple

T = (Q,Z,A,é, Qo F)v
where Q. %, A, and qg are defined as for a Mealey automaton,
F C Qs a set of final states,
and ¢ : D — 294" js the transition and output function.
Here D is a finite subset of Q x *, and
0 associates a finite subset of Q x A* to each pair (q, u) € D.

Example:

Let T be the following finite-state transducer:

b/101
aa/0 bJe a/0

Ol

\* ) bor
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For u e ¥*, v € A* is a possible output of T, if u admits a factorisation
of the form u = uyus - - - up such that there are states g1, Qo,...,gn € Q
and transitions

0(qo, u1) 3 (g1, v1),0(q1, U2) > (G2, V2), ..., 6(qn—1,Un) > (Gn, Vn)

suchthatg, e Fand v =vyvo - vp.
By T(u) € A* we denote the set of all possible outputs of T for input u.
In this way T induces a (partial) mapping T : ©* — 24",
A mapping ¢ : ¥* — 247 is called a finite transduction, if there exists a
finite-state transducer T such that T(w) = ¢(w) for all w € ©*.
Let T=(Q,%,A, 4, qo, F) be an FST.
For alanguage L C ¥*,
= U T(w

is the image of L w.r.t. T. wel
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For a language L C A*,
T YL ={uex | T(w)nNL#0}
is the preimage of L w.r.t. T.
By Rt C ©* x A* we denote the relation
Rr={(u,v)|veT(u)}.
Relations of this form are called rational relations.
Example (cont.):

T(aabb) = {010111,010110111},

T(bbba) = {101110,101101110,101101101110},
T(e) = 0,

T(aaab) = 0,

T({b, ba}) = {10111,101110},

T-'({10111,101110}) = {b™' b™'a|n>0}.
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Theorem 2.27 (Nivat 1968)

Let¥ and A be finite alphabets, and let R C ¥* x A*.

The relation R is a rational relation if and only if

there exist a finite alphabet ', a regular language L C T*, and
morphisms g : ™ — ¥X* and h : T* — A* such that
R={(g(w),h(w)) |welL}.

Proof.

=": Let R be a rational relation, that is,
R=Rr={(u,v)|luexX*andve T(u)}

for some FST T = (Q, %, A, 8, qo, F).
We must show that R = { (g(w), h(w)) | w € L} for some L € REG(I')
and morphisms g : '™ — X*and h: I — A*.

Prof. Dr. F. Otto (Universitat Kassel) Automata and Grammars 98 /294



2. Regular Languages and Finite Automata 2.6 Automata with Output

Proof of Theorem 2.27 (cont.)

Letl:={[q,u,v,p]| (p,Vv) € d(q,u) }.
From the definition of T it follows that I' is a finite set, the elements of
which we interpret as letters.

We define morphisms g : I'* — ¥* and h: ' — A* through
g([q,u, v, pl) := uand h([q, u, v, p]) := V.
Finally, let L C I'* be defined as follows:
(91, 1, V1, P1][Qe, Uz, V2, P2] - - - [Qn, Un, Va, Pn] € L iff
1 = o,
pn € F, and
foralli=1,...,n—1, pj = Qjs1.

One can easily define a DFA for this language, that is, L € REG(I').
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Proof of Theorem 2.27 (cont.)
The word

(91, U1, vi, p1][Q2, U, Vo, P2] - - - [Qn, Un, Va, Pn] € L

describes an accepting computation of T for input u := ujus - - - up
producing output v := vqVa - - - Vj.
Thus, if g £ F, then

R=Rr={(uv)|veT()}={(g(w)h(w))|weL}

If go € F, then we consider the language L' := L U {e}, since then the
empty computation is an accepting computation of T for input e that
produces the output e.
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Proof of Theorem 2.27 (cont.)

“<”:Now let R = {(g(w), h(w)) | w € L} for a regular language
L C T*. Then thereisa DFA A= (Q,T,J, qo, F) such that L(A) = L.
Let Tbethe FST T = (Q, %, A, ¢, qo, F) that is obtained from A by

Q(C)/ h(c)

replacing each transition q 5 q of Aby q q. Then

R={(gw),hw) |wel}={(uv)|veTw)}. O

Corollary 2.28
If T is a finite transduction, then so is T~ 1.

101/294
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Corollary 2.29

The class REG is closed under finite transductions and inverse finite
transductions, that is, if T C ¥* x A* is a finite transduction, then the

following implications hold:
IfL € REG(X), then T(L) € REG(A).
If L e REG(A), then T~'(L) € REG(X).

Proof.

By Corollary 2.28 it suffices to prove (1).

Let T C ¥* x A* be afinite transduction, and let L; € REG(X). We
must prove that T(Ly) € REG(A) ist.

By Theorem 2.27, there are an alphabet I', a language L € REG(T),
and morphisms g : '* — X* and h: ' — A* such that

T ={(g(w),h(w)) [weL}.
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Proof of Corollary 2.29 (cont.)

We obtain the following sequence of equivalent statements:

T(Ly) = {veA*|Jueli:veT(u)}
= {h(w)|weland3uely:g(w)=u}
= {h(w)|welandg(w)e L}
= {hw)[welng (L)}
= h(LNng (L))

By Theorem 2.13, g~'(L;) € REG(T),

by Theorem 2.8, REG is closed under intersection,

which yields LN g~'(Ly) € REG(T),

and by Remark 2.4(c), REG is closed under morphisms, that is,

T(Li) = h(Ln g~'(Ly)) is a regular language. O
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2.7 Regular Expressions

Let > be an alphabet, and let ' be the following alphabet:
M=U{0,e,+,% ()}

The regular expressions RA(X) on X are defined as follows, where a
language L(r) C X* is associated to each expression r:

(1) 0eRA(X)  L(0) := 0,

(2) €€ RA(Y) : L(e) == {e},

(3) VaeX:acRA(Y) : L(a) :={a}.

(4) Forallr,seRA(X),(r+s) e RA(X) :L(r+s):=L(r)UL(s)
(5) Forallr,s e RA(X),(rs) € RA(Y) : L(rs) .= L(r) - L(s).
(6) Forallre RA(Y),(r") € RA(Y) D L(r*) == (L(r))*.
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r=(0+1)*00(0 + 1)* . L(r)={ue{0,1}* | ucontains the
factor 00 }.
s=0+¢)(1+10)* . L(s) ={0,1}* < L(r).

t=(a+b)((a+b)a+b)* : Lit)={ue{ab}*||uy=1 mod2}.
If L={x1,%0,...,Xm}, thenL=L((x1 +(Xo+ (X3 + -+ Xn)---)))-

Theorem 2.30

From a regular expression r, an e-NFA A, can be constructed
such that L(Ar) = L(r).

Proof.

By induction on the number of operations used to build r:

(1) For r = 0, we take the DFA A;: —>
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Proof of Theorem 2.30 (cont.)

(2) For r = ¢, we take the DFA A,:
(3) For r = a (¢ T), we take the DFA A,: @ a

(4-6) By the induction hypothesis, there are e-NFAs A; and A, such that
L(r1) = L(Ay) and L(r2) = L(Ag). By Theorem 2.21, £(e-NFA) is closed
under union, product, and Kleene star. Hence, from A; and A, we can

construct e-NFAs for L(ry + r2), L(rir2), and L(r]).
Ul
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Theorem 2.31

From a DFA A, one can construct a regular expression r such that
L(A) = L(r).

Proof.

Let A=(Q,%,0,qo0, F) be a DFA for L = L(A) C ™.
Assume that Q = {qo, 91,92, - - -, Qn}-
Foralli,je {0,1,...,n}and all k € {0,1,...,n+ 1},
Rffj ={xe€x*|d(g,x) = q; andforallv,we T,
if x = vwando(qg;,Vv)=q then ¢ < k}.
i<k p<k

Thus, x € Rk iff the DFA A, starting in state g; and reading input x,
reaches state g;, and all states g, encountered during this computation
satisfy the condition that ¢ < k.
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Proof of Theorem 2.31 (cont.)

R ={acx|ia,a=q} (i#))

R) ={aex|d(g,a)=q}u{e}

Thus: R,‘.?j are finite languages, that is,
there exist regular expressions aﬂj for them.

k+1 _ pk Kk k k
Rij " = R U RW(Re «)" Rk,

k+1 . *
oif = (afy + ofi(of k) oK)
Now L= U Rg;',
gicF ’
thatis, it F = {qg;,,q;,---,qi,}, then
1 1 1
7= (agj, +(agy +-+ag;,)) =
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R i,j€{0,1},k € {0,1,2}.
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Example (cont.):

Hgoz{a b}, R81:{a} ROOZ(Z) R°1:{aab}
Rg)o:l?o Ft’o (Rgo) 00—{5 b} U {e, b} - {e,b}* - {e, b} = b*
R}, = Ry, URSO (RRo) - RS ={a}u{e, b} - {e,b}* - {a} = b*-
:‘-'1’11’0_,‘:?0Ul?10 (ngo)* ROO—Q)UQ) {e,b}* - {e,b} =0
Rl =R, UR),-(RSy)* RSy ={e,a b} UD-{e,b}* - {a} = {¢,a,b}
R2, =R, URL, - (Rl,)"- F{‘O_b*ub*a {e,a,b}* -0 =b*
RS+ =Ry URy (R, R, =

b*au b*a- {e,a,b}* ‘ {e,a,b} = b*a- {a, b}*
R2o =Rl UR!, - (Rl)*-Rly=0U....0=0

Ry =R URL (R Ry =
{sab}u{sab} {sab}* {e,a,b} = {a,b}*.

L(A)= RS, =b"-a-{a b} ={we{ab}||lwa>1} O
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Corollary 2.32 (Kleene’s Theorem)

A language L is regular iff there exists a regular expression r such that
L(r)=L.

A substitution ¢ : ¥* — 22" is called regular, if ¢(a) € REG(A) for all
acy.
Corollary 2.33

The language class REG is closed under regular substitutions, that is,
if Le REG(X) and if p : ¥* — 22" s a regular substitution, then
(L) € REG(A).

Proof.
For L € REG(X), there exists a regular expression r € RA(X) such that
L=L(r).

For each letter a € ¥, there exists a regular expression r; € RA(A)
such that p(a) = L(ra).
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Proof of Corollary 2.33 (cont.)

Let s € RA(A) be the regular expression that we obtain from r by
replacing each occurrence of each letter a € ¥ by the expression r;.

Claim:
L(s) = o(L).

Proof by induction on the structure of r:

If r=0,then L= = (L) and s = 0, that is, (L) = L(s).
If r=¢,then L= {c} = (L) and s = ¢.
If r=acX,then L= {a}and s =rs Hence,

p(L) = p(a) = L(ra) = L(s).
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Proof (cont.)

A lfr=(rn+nr)thenL=L(rr)UL(r) and s = (s1 + S2).
By the ind. hyp., L(s;) = ©(L(r;)), i = 1,2. Hence,

p(L) = @(L(r)) Up(L(r2)) = L(s1) U L(s2) = L(s).

If r=(rir2), then L= L(ry) - L(r2) and s = (5153).
By the ind. hyp., L(s;) = ©(L(r;)), i = 1,2. Hence,

p(L) = ¢(L(r1)) - ¢(L(r2)) = L(s1) - L(s2) = L(S)-

B Ifr=(ry), then L = (L(ry))* and s = (7).
By the ind. hyp., L(s1) = ¢(L(r1)). Hence,

p(L) = (p(L(r)))" = (L(s1))" = L(s)-

It follows that ¢(L) € REG(A).

L]
L]
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2.8 The Pumping Lemma

Theorem 2.34 (Pumping Lemma)

Let L be a regular language. Then there exists a positive integer n
such that each word x € L of length |x| > n admits a factorization of
the form x = uvw that satisfies all of the following properties:

(1) Ivi=1,

(2) |uv| <n,

(3) w'welforallieN.

Proof.

Let A=(Q,%,6,qo, F) be a DFA for L.
We choose n := |Q)|, and consider a word x € L satisfying |x| > n.

*
A:Q—q— —Qqnr1—>q—>q €F,
X1 X2 Xn—1 Xn bd

where x = xyXo... XpX', X1, X0, ..., Xp € X and x’ € £*.
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Proof of Theorem 2.34 (cont.)

Then there are r and s suchthat0 < r < s <nand g, = qs.
Hence, x can be written as x = uvw, where

‘U‘ = I,
1< v = s—r <n,
q(q07u) — ql'7
o(gr,v) = Qgs = qr,

5(gs,w) = q €F.

It follows that
S(qO’ uv'w w) = 5(Qr, 14 W) - 5(qS7 Vi 1W)
_6(qf7 VI 1W)76(q37 ) q/GF,
that is, uv'w € L(A) = L. O
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Example 1:

Claim: L={a"b™ | m>11}isnotregular.

Proof (indirect):

Assume that L were regular. Then L satisfies the Pumping Lemma,

thatis, 3ne NyVx e L: x| > n~ 3x = uvw :

lv|>1, |uv| <n, and uv'w e Lforalli>0.

Consider the word x := a"b" : x € Land |x| =2n> n.

Hence: 3Ix =uvws.t. |v|>1,|uv| < n,and uv'w € Lforalli > 0.
x =a"'b" = uvw, where |uv| < n

~ u=a,v=a’,andw=3a" 5 "b"

for certain integers r, s satisfyingr > 0,s> 1, r+s<n.

Thus: wOw = aa"5"b" = 3"%b" ¢ L, a contradiction!

As L does not satisfy the Pumping Lemma, it is not regular. O

Prof. Dr. F. Otto (Universitat Kassel) Automata and Grammars 116 /294



2. Regular Languages and Finite Automata 2.8 The Pumping Lemma

Example 2:

Claim: L= {0"| mis asquare number } is not regular.

Proof (indirect)

Assume that L were regular.

Let n be the constant for L from the Pumping Lemma.

Consider the word x := 0" : x € Land |x| = n? > n.

Hence: 3x =uvws.t. |v| > 1, |uv| < n,and uv'w € Lforall i > 0.

Now consider the word uvZw:

" = |uww| < |uvdw|
uw| +v| = r?+v|
< nP+n < mM+2n+1
= (n+1)?,
that is, |uv?w| is not a square number, and so, uv?w ¢ L.
This contradiction shows that L is not regular. a
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Example 3:
LetL={c"a"b" | m,n>0}U{a, b}*.
Claim: L satisfies the Pumping Lemma with the constant k = 1.

Proof.

Let x € L, where |x| > k.
(i) x € {a,b}* : obvious.
(i) x =cMa"b" for some m > 1:
Choose u:=¢, v:=c, w:=c™ 'a"b".
Then: x = uvw, 1 <|v|, luv| =1 <Kk,
uviw = ¢tmM=-1g"p" ¢ L for all i > 0. O

Claim: L is not regular.

Proof.
L has infinite index, and hence, by Theorem 2.12, it is not regular. [
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2.9 Decision Problems

The membership problem for a regular language:

INSTANCE : xeX*.
QUESTION : IsxinL?

This problem is solvable in time |x| using a DFA.
The emptiness problem for a DFA (NFA):

INSTANCE : A DFA (NFA) A.
QUESTION : s L(A) = 07

This is decidable in time O(|A|?), as L(A) # 0 iff a final state is
reachable from the initial state in the graph of A.
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The finiteness problem for a DFA (NFA):

INSTANCE : A DFA (NFA) A.
QUESTION : s L(A) finite?

This is decidable in polynomial time, as L(A) is infinite iff
Jqo initial state 3g;y3q final state: gg —* g1 =+ g1 —* @,
which can be checked using the graph of A.

The intersection emptiness problem for regular grammars (or NFAs):

INSTANCE : Two grammars G; and Go.
QUESTION : Is L(Gy) N L(Gy) empty?

This is decidable in quadratic time:
Construct an NFA (or a grammar) for L(G1) N L(G2)
and test for emptiness.
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The inclusion problem for regular languages:

INSTANCE : Two regular grammars Gy and Go.
QUESTION : Is L(Gy) a subset of L(G2)?

Decidable, as L(Gy) C L(Gy) iff L(G1) N L(Gz) = 0,
and a DFA for L(Gy) N L(Go) can be constructed from Gy and Go.

If L(Gy) and L(Go) are given through DFAs, then this problem is
decidable in quadratic time.

The equivalence problem for regular languages:

INSTANCE : Two regular grammars Gy and Go.
QUESTION : Are L(Gy) and L(Gy) equal?

Decidable, as L(Gy) = L(Gy) iff L(Gy) C L(Go) and L(G») C L(Gy).
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Chapter 3:

Context-Free Languages and Pushdown Automata
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3.1. Context-Free Grammars

A phrase-structure grammar G = (N, T, S, P) is called context-free,
if ¢ € N for each production (¢ — r) € P.

A language L C T* is called context-free, if there exists a context-free
grammar G satisfying L(G) = L.

By CFL(X) we denote the class of all context-free languages over ¥,
and CFL is the class of all context-free languages.

Obiously, we have REG C CFL.
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Let G= (N, T, S, P) be a context-free grammar, and
let ag g a1 —g ... =g an be aderivation in G.
Then there exist 8,7, € (NU T)* and (A; — r;) € P such that

aj = BiAryiand ajpq = Biry; (0<i<n—1).

This derivation is called a left derivation if | 5;| < |81 for all i,
it is called a right derivation if |;| < |vj.1| for all J,
and it is called a leftmost derivation if 3; € T* for all i.

If o — «j;1 is a step in a leftmost derivation, this is denoted as
O —2Im Ojy.

REINEE

If ag € N and o, € T*, then each left derivation ag — a1 — - -+ — anpis
necessarily leftmost.
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Example:

(@) Gy :=({A},{a}, A, {A— AA A — a}).

(b) Go:=({S},{a,b},S,{S— aSa,S — bSb, S — ¢}).

(©) Gs:=({AhL{lla# 1} A{A=[A#A|A—=[ATA],A— a}).
(a): The derivation A — AA — Aa — AAa — aAa — aaa

is neither a left nor a right derivation.

(b): Each derivation that starts with S'is a left and a right derivation.
(c): The derivation

A= [A#A] = [A#[AT A]l = [a#[AT A]] = [a#t[at All

is neither a left nor a right derivation, but the derivation
A— [A#A] — [a#A] — [a#[AT A]] = [a#[a 1 A]]

is a leftmost derivation.
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The grammar G = (N, T, S, P) is called unambiguous w.r.t. A € N if
there exists exactly one left derivation A —% « for each o € L(G, A).

It is called unambiguous if it is unambiguous w.r.t. all its nonterminals.
It is called ambiguous if it is not unambiguous.

A context-free language is called unambiguous if it is generated by a
context-free grammar G = (N, T, S, P) that is unambiguous.

A context-free language L is called inherently ambiguous if it is not
generated by any unambiguous grammar.
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Example (cont.):

(a) Gj is not unambiguous, as

A — AA — AAA — 3AA — aaA — aaa

and
A — AA — aA — aAA — aaA — aaa

are two different left derivations for aaa.
(b) Gy is trivially unambiguous.

(c) It can be shown that Gs is unambiguous.
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Example:

Let G= ({S,A, B},{a, b,c}, P,S), where
P:={S— aB,S — Ac,A— ab,B — bc}:

N N
N, LT,
G is ambiguous.

G = ({S},{a b,c}, {S — abc}, S) is unambiguous and
L(G) = L(G).

The language L := {a'b/ck | i = j or j = k } is inherently ambiguous.
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G

:({T}7{1727a97+a_}7{7—_> T+T| T_T‘1 ’2”9}77-)

T/I\T / \T
I N
| |

9 4 3 9 4 3

.
|
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G

=({T}7{1,2,---,9,+,—},{T—> T+T[T-T|1]2]---[9},T):

/|\ T
/|\ I
| |

9 4 3 9 4 3

I—\l

Prof. Dr. F. Otto (Universitat Kassel) Automata and Grammars 129 /294



3. Context-Free Languages and Pushdown Automata 3.1. Context-Free Grammars

G

=({T}7{1,2,---,9,+,—},{T—> T+T[T-T|1]2]---[9},T):

/|\ /|\
/|\ /|\
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Syntax Trees

Let G=(V,T,P,S) be a context-free grammar, and let
S=Xxp— Xy = X2 — ... = X, = x be aderivation in G for a word
x € L(G).

We can describe this derivation through a syntax tree:
Start: Introduce a root with label S.

Stepi: If ;.4 = UAv — urv = x;, where u,v € (VUZX)* and
(A — r) € P, then add |r| children to the node with label A
which are labelled from left to right with the symbols of r.

Prof. Dr. F. Otto (Universitat Kassel) Automata and Grammars 130/294



3. Context-Free Languages and Pushdown Automata 3.1. Context-Free Grammars

G=({S}.{a b},{S— aS,S— b},S):

AN
AN

S
|
a
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Beispiel:
LetG:({E7F7T}7{av*}aE,{E—> T,T—)F,T—) T*F,F—)a})
(1)E—-T—>T+«F—-F«xF—axF—axa

2)E—-T—TxF—+Txa— Fxa—axa

(1) Left derivation
(2) Right derivation
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Theorem 3.1

Let G= (N, T,S, P) be a context-free grammar.

(a) IfAe Nandx e (NUT)* such that A—* x, then there exists a
syntax tree with root labelled A and leaves labelled with x.

(b) If there exists a syntax tree with root labelled A € N and leaves
labelled with x € T*, then A —_ X.

(c) For each nonterminal A € N and each word x € L(G, A), the
number of leftmost derivations of x from A coincides with the

number of syntax trees with root labelled A and leaves labelled
with x.

Corollary 3.2

A context-free grammar G is unambiguous if and only if there exists a
unique syntax tree with root labelled A and leaves labelled x for each
A € N and each word x € L(G, A).
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We could consider rightmost derivations instead of leftmost
derivations. Theorem 3.1 also holds for rightmost derivations.

Thus, for each word w € L(G, A), there are as many leftmost
derivations as there are rightmost derivations.

A context-free grammar G = (N, T, S, P) is called proper, if it satisfies
the following conditions:

(1) VAe N: L(G A ={weT*|A=pw} #0,und

(2) VAe N3u,ve T*: S =5 UAv.

Thus, in a proper context-free grammar, there are no useless
nonterminals.

Lemma 3.3

It is decidable whether a given context-free grammar G = (N, T, S, P)
is proper.
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Proof of Lemma 3.3.

Inductively, we first determine the set of nonterminals
Viem = {A€ N | L(G,A) # 0 }:
Vi = {AeN|3IxeT":(A=>x)eP};
Viey, == ViU{AeN|Jac(ViUT)*:(A—=a)e P} (i>1).
Then Vierm = U,-21 Vi=Vn-
Next, we inductively determine the set of reachable nonterminals
Vreach = {A eN ’ aa,ﬂ € (VtermU T)* : S—)T;. OtA,B}I
Ui = {A€ Viem [Ja,8€ (VemUT)" :(S—aAB)e P}
Ui = UU{AE Vim |FBe Uida, 5 € (ViermU T)* :
(B—aAB)e P} (i>1).
Then Vreach — U,>1 UI U|N|

Now G is proper iff Vieach = Vierm = N. O
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Lemma 3.4

From any given context-free grammar G = (N, T, S, P), one can
construct a proper context-free grammar G' = (N', T, S, P") such that
L(G) = L(G).

Proof.
Just take N’ = V,caen @and

Then G’ is a proper context-free grammar and L(G') = L(G). O

A production (¢ — r) € Pis called terminal if r € T*.
It is called an e-production if r = e.

If e € L(G), then G must contain at least one e-production.
In fact, it can be required that (S — ¢) is the only e-production in G.
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Lemma 3.5

From a given context-free grammar G = (N, T, S, P), one can
construct an equivalent context-free grammar G' = (N', T, S’, P") such
that S' does not occur on the righthand side of any production in P,
and G' contains no -production with the only possible exception of
(8" = ¢). Infact, (S' — ) € P iffe € L(G) = L(G)).

Proof

First we consider the case that ¢ ¢ L(G).

Task: Elimination of all e-productions.
(1.) Determine Vi :={Ac N|A e}

V() = {AeN|(A—e)eP)
v v(’) U{AeN|3re V" . (A=) e P},
Then V; = U VI = VM.

(2.) Remove all e- productlons.
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Proof of Lemma 3.5 (cont.)

(3.) VB — xAy such that A € V; and xy # e:
Introduce the new production B — xy.

Then G = (N, T, S, P") does not contain any e-productions and
L(G) = L(G).

If e € L(G), then first apply the construction above, which yields a
context-free grammar G' = (N, T, S, P’) for L(G) ~ {e} without
e-productions.

Then introduce a new nonterminal S’ and the productions (S’ — ¢)
and (S’ — S), where S’ is taken as the new start symbol.

The resulting grammar G” = (N, T, S, P") generates L(G), (S' — ¢) is
the only e-production in P”, and the start symbol S’ does not occur on
the righthand side of any production. Ol
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Let G= (N, T, S, P) be a context-free grammar.
A production (A — B) € P, where A, B € N, is called a chain rule.

Example:

A grammar for arithmetic expressions with brackets:
G=(N,T,E,P),where N={E, T,F}, T={a,+,—,%,/,(,)},and
P contains the following productions:

E-T|E+T|E-T,

T—F|TxF|T/F,

F—al(E).

This grammar contains the chain rules (E — T) and (T — F).

Lemma 3.6

From a given context-free grammar G = (N, T, S, P), one can
construct an equivalent context-free grammar G' that does not contain
any chain rules.
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Proof of Lemma 3.6.

By Lemma 3.5, G does not contain any e-productions.

We define an equiv. relation ~on N: A~ Biff A=} Band B —p A.
Let [A] = {B € N | A~ B} denote the equivalence class of A.

For each A € N, choose a unique representative Ag € [A], replace all

occurrences of all nonterminals B € [A] within P by Ap, and delete all
productions of the form (Ay — Ap).

Let V = {A¢, Az, ..., An} be the remaining nonterminals. W.l.o.g. we
can assume for each remaining chain rule (A; — A;) that / < /.
Fork=n—-1,n-2,...,2,1:

If (Axk — Ax) € P (where kK’ > k) and if Ay — X1 | X2 | ... | xm are all
Ay -productions, then replace (Ax — Ak ) by Ak — X1 | X2 | ... | Xm.
(Bythe LH. |xj| >2o0rx; e T,i=1,2,...,m).

The resulting grammar is equivalent to G and it does not contain any
chain-rules. O]
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Example (cont.):

EST|E+T|E-T
T—F|T«F|T/F
F—al|(E)

Remove the chain rules (T — F)and (E — T):

There are no equivalent nonterminals.

We order the set N through E < T < F:

(T — F)isreplacedby: T —a|(E)| TxF | T/F,

(E— T)isreplacedby: E - a|(E)| T«F|T/F|E+T|E—-T.
Thus, the new grammar has 12 productions, while the given one had
only 8.
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Definition 3.7

Let T be a (terminal) alphabet, and letT:={a|ac T} be a set of
‘copies’ of T suchthat TN'T = ().

The Dyck language Dt on T is generated by the grammar
G=({S,A},TUT,S,P), where P contains the following productions:

P={S—AS5,S—¢A—aSalacT}
The words from the language Dt := L(G, A) are called Dyck primes.

Examples:
abaaba, aa, baab € Dr and abbabaab, s € D% \ Dr.

As T = {a, b} contains just two letters,
Dr and D7 are denoted as D, and Dj.
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Corollary 3.8

REG C CFL.

Proof.

As observed before, REG C CFL.

On the other hand,

Dyn{a"a” |nm>1}={a"a" | n>1}is notregular.

The class REG is closed under intersection (Theorem 2.8).

If D3 € REG, then also { a"a" | n> 1} € REG, a contradiction.

Thus, D7 € CFL . REG. O
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3.2. Normal Forms of Context-Free Grammars

A context-free grammar G = (N, T, S, P) is in weak Chomsky Normal
Form, if r € N*U T U {e} for each production (¢ — r) € P.

The grammar G is in Chomsky Normal Form (CNF),
if r € N2U T U {e} for each production (¢ — r) € P).

Theorem 3.9 (Chomsky 1959)

Given a context-free grammar G, one can effectively construct an
equivalent context-free grammar G’ that is in Chomsky Normal Form.
In addition, it can be ensured that the start symbol S' of G’ does not
occur on the righthand side of any production and that G' does not
contain any e-production apart from possibly (S' — ¢).
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Proof of Theorem 3.9.

From the previous subsection we recall that we can construct a
context-free grammar Gy = (Ny, T, Sy, Py) from G such that
L(Gy) = L(G) and Gj contains no chain rules and satisfies the
condition on e-productions.

Let Nj := { Aa| a € T } be a new alphabet of nonterminals.
We take Go := (No, T, Sz, P»), where

No := N, UN€7 S, =8, and P, = P271 U{Aa—>a|ae T}

Here P, 4 is obtained from P; by replacing in each righthand side r,
where |r| > 1, each occurrence of a terminal symbol a € T by A, € Nj.

Then P» contains three types of productions:
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Proof of Theorem 3.9 (cont.).

(1.) possibly the e-production (S, — ¢),
(2.) the terminal productions of the form (A — b) € Py, and
the new terminal productions (A; — a) (a€ T),

(8.) nonterminal productions of the form (A — r),
where r € N* and |r| > 2.

Thus, Go is in weak Chomsky Normal Form.

If (A— ByB,---Bp) is a nonterminal production s.t. m > 2, then we
introduce new nonterminals AW, A®@) . Al™=2) and we replace this
production by the following ones:

(A= B1AU)Y (A — B,A®)) .. (A2 5 B, {Bp).

We obtain a grammar G’ in CNF that is equivalent to G, and therewith
to G. In addition, G’ satisfies the condition on e-productions. O
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Example:
Let G= ({S,A B}, {a, b}, S, P), where P is the following system:
P:={S— bA|aB,A— bAA|aS|a B— aBB| bS | b}.

Then G is a proper context-free grammar.

The first step yields the grammar G, = (Ns, {4, b}, S, P2), where
No ={S,A B, Az, Ap} and

P, = {S— AA|AB A— AAA| AsS | a B— A.BB|AyS | b,
Az — a,Ap — b},

which is in weak CNF.
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Example (cont.):
From G, we obtain the grammar G' = (N', {a, b}, S, P’), where
N = {S,A, B, A, Ap, C1, Cg} and

P = {S— AA| AsB, A— AyCi | AsS | a,Cy — AA,
B — A;Co | AyS | b, Co — BB,
Az — a,Ap, — b}.

This grammar is in CNF, and it is equivalent to G.

A context-free grammar G = (N, T, S, P) isin
Greibach Normal Form,

if r € T - N* holds for each production (¢ — r) € P.
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Theorem 3.10 (Greibach 1965)

Given a context-free grammar G such that = ¢ L(G), one can
effectively construct an equivalent context-free grammar G'
that is in Greibach Normal Form.

Lemma 3.11

Let G= (N, T,S, P) be a context-free grammar, let (A — «1Bay) € P,
and let (B — f1),(B — B2),...,(B — pBr) € P be the set of all
B-produktions in G. Further, let G; = (N, T, S, Py) be the grammar that
is obtained G by replacing the production (A — «4Bay) by the
productions

(A= a1B1a2), (A= a1feaz), ..., (A — aifraz).
Then L(Gy) = L(G).
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Lemma 3.12

LetG= (N, T,S, P) be a context-free grammar and let
(A— Aay), (A— Aaz),...,(A— Aa,) € P

be the set of A-produktions the righthand side of which has the
prefix A. Let (A — B1),(A— B2),...,(A— Bs) € P be the other
A-productions of G. The grammar G; = (NU {B}, T, S, Py) is obtained
from G by introducing the new nonterminal B and by replacing the
A-productions of G by the following productions:

(A= B1), ..., (A—=08s), (A—=p51B), ..., (A— BsB),
B—ay), ..., B—=a), (B—>a1B), ..., (B— arB).

Then L(Gy) = L(G).
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Proof of Theorem 3.10.

Let G be in CNF with N = {Aq, Az, ..., An}.
(1.) Modify the productions such that (A; — Aja) € P implies i < j:
FORi:=1TO mDO
FORj:=1TOi—-1DO
FOR ALL (A; — Aja) € P DO
Let Ai — By | B2 | ... | Bn be all A-productions.
Add the productions A; — Sia | fear | ... | Bra
and delete (A; — Aja)
END;
END;
(2.) Remove left recursive productions using Lemma 3.12:

IF there is a production of the form (A; — Aja) THEN
use Lemma 3.12 with the new nonterminal B;
END
END.
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Proof of Theorem 3.10 (cont.).

(3.) The righthand side of each An,-production begins with a terminal
symbol. We now enforce this also for all A;-productions,
i=m-1m-2,...,1:

FOR i:= m—1 DOWNTO 1 DO
FORALL (Ai — Aja) € P, j> i, DO
Let A; — 31 | B2 | ... | Bn be all A;-productions.
Add the productions A; — Bia | fear | ... | Bna
and delete (A; — Aja)
END
END

(4.) Modify the B;-productions (B; — Aja) (1 < i < n):
Let A; — B1 | B2 | ... | Bn be all A;-productions.

Add the productions B; — Bia | Bear | ... | Bacx
and delete (B; — Aja). o
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Example:
Let G = ({A1, A2, A3}, {a, b}, A, P), where

P: (A1 — A2A3), (A2 — A3A1), (A2 — b), (A3 — A1A2), (A3 — a).
Step 1: The As- and As-productions are already in the correct form,
(A3 — A1 Ay) is replaced by (A3 — A2A3A2),

(A3 — AxA3Ap) is replaced by
(A3 — A3A1 A3A2) and (A3 — bA3A2)

Step 2: Lemma 3.12 is applied to the Az-productions:
(A3 = bA3A2), (A3 — a), (A3 = bA3Ang), (A3 — aB3),
(Bs — A1A3A), (B — A1A3A2Bs).
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Example (cont.):

Step 3: All A;-productions are brought into Greibach form:
(As = bA3Az), (As — a), (As — bA3AxBs), (As — aBs),
(A2 = bA3A2A1), (A2 — aA1), (A2 — bAzA2B3A),
(A2 — aBzAy), (A2 — b),
(A1 — bA3AA1A3), (A1 — aAiAs),
(A1 — bA3A2B3A1A3), (A1 — aB3A1A3), (A1 — bA3).

Step 4: The Bs-productions are brought into Greibach form:
(Bs — bA3A2A1A3A3AL), (Bs — aA1AzAzA),
(Bs — bA3A2B3A1A3A3Az), (Bs — aB3A1A3AzAz),
(B3 — bA3A3Az), (B3 — bA3A2A1 A3 A3A2Bs),
(B3 — aA1A3A3A2B3), (B3 — bA3A2B3A1A3A3A2Bs),
(B3 = aBgA1 A3A3AQB3), (Bg = bA3A3AgB3).

While G has only 5 short productions, G’ has 24 long ones. O
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A context-free grammar G = (N, T, S, P) isin
quadratic Greibach Normal Form,

if re T-N*and |r| <3 for each production (¢ — r) € P, that is,
r contains at most two nonterminals.

Theorem 3.13 (Rosenkrantz 1967)

Given a context-free grammar G such that « ¢ L(G), one can
effectively construct an equivalent context-free grammar G'
that is in quadratic Greibach Normal Form.
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3.3. A Pumping Lemma for Context-Free Languages

Theorem 3.14 (Pumping Lemma: Bar-Hillel, Perles, Shamir 1961)

Let L be a context-free language on .. Then there exists a constant k
that depends on L such that eachword z € L, |z| > k, has a

factorization of the form z = uvwxy that satisfies all of the following
conditions:

(1) |vx| > 1,
(2) |vwx| < kK,
(3) uv'wx’y e L foralli > 0.
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Proof of Theorem 3.14.

Let G= (N, %, P, S) be a context-free grammar in CNF
for L —{e}, and let n = |N]|.

We choose k := 2",

Now let z € L such that |z| > k.

We consider a syntax tree for z:
S

B <— binary tree

( ] < terminal productions

S
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Proof of Theorem 3.14 (cont.)

B has |z| > k = 2" leaves. Thus, B contains a path of length ¢ > n.
We consider a path Pa of maximal length ¢:

S

Pa
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Proof of Theorem 3.14 (cont.)

Pa contains ¢ + 1 > n+ 1 nodes labelled with nonterminals, that is, at
least one nonterminal occurs twice at the nodes of Pa.

We choose the first such repetition in Pa starting from the leaf.
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Proof of Theorem 3.14 (cont.)

S —* uAy

A — BC —* vAx

A—*w

Chomsky Normal Form : |vx| > 1

Height of upper node with label A < n: |vwx| < 2" =k

Pumping:
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Lemma 3.15

Let B be a binary tree, each inner node of which has two sons. If B has
at least 2" leaves, then B contains a path of length at least n.

Proof by induction on n:

n = 0 : Number of leaves is > 20 = 1.
B contains a path of length > 0.

n~>n+1:Bhas > 2" |eaves:

B
K ’
> 27 Jeaves

[.H.: B’ contains a path of length > n.
Hence: B contains a path of length > n+ 1. O
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Claim: L={a"b™mc™ | m=> 1} is not context-free.

Proof (indirect).

Assume that L is context-free. Then L satisfies the Pumping Lemma,
thatis, 3k e Ny Vz € L: |z| > k~ 3z = uvwxy :
lvx| > 1, |lvwx| < k, and uv'wx'y € Lforalli> 0.

Consider the word z := akb¥ck : z ¢ Land |z| = 3k > k.

Hence:

3z = uvwxy s.t. vx # ¢, |vwx| < k, and uv'wx’y € Lforall i > 0.

lvwx| < k:|vx|]a=0o0r|vx|c =0

~ uvOwx% = uwy ¢ L. Contradiction!

Thus, L is not context-free. O]
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Example:

The language L := { a’b™c"d™ | n,m > 1} is not context-free,
as for z = a*bkckdk, no factor vwx satisfying |[vwx| < k can possibly
contain as and c’s or b’s and d’s. O

Example:

Let L:= {ab/ckd’|i,j,k,¢>0, andi > 0impliesj =k = ¢},
and let n > 0 be a constant.

If z=b/ckd?, |z| > n, then we choose vwx as a factor of b/, cX or d’.
Forall m> 0, uv™wx™y € L.

If z=ab/lcd/, |z| > nand i > 0, then we choose vwx as a factor &,
and it follows that uv™wx™y € L for all m > 0.

Thus, L satisfies the Pumping Lemma, but we will see later

that L is not context-free. O]
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Theorem 3.16

Each context-free language over a one-letter alphabet is regular.

Proof.

Let L be a context-free language over {a}, and let k be the constant
from the Pumping Lemma for L:

VzeL:|z| >k~ 3z=uvwxy : vx #¢,|vwx| < k, and

uv'wx'y e Lfa.i> 0.
However: L C {a}* : |z|=m~ z = a".
Vm>k:3nl>0:m=n+¢1<(<k, and a"a* e Lfa.i>0.
Choose q := k! : Each ¢; divides q.
Choose @' > g such that the following condition is met:
Vm>qg:a"el~3g<p<qg:m=pmodganda® e L.
ThenL:={xel||x|<q}lu{adai|g<r<qg,a clL,icN},
which shows that L is regular. O
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3.4. Pushdown Automata

A pushdown automaton (PDA) is an e-NFA that has an additional

external memory in the form of a pushdown.

A PDA M is defined through a 7-tuple M = (Q, %, T, 6, Qo, 2o, F), where
— Qs afinite set of (internal) states,
— Y is a finite input alphabet,

[ is a finite pushdown alphabet,

— Qo € Qs the initial state,

— Zy €T is the bottom marker of the pushdown,

— F C Qs the set of accepting states, and

- 6:Qx (TU{e}) x I — 29T is the transition relation.
Foreachge Q,ac xuU{c},andbeT,
4(q, a, b) is a finite subset of Q x *.
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A PDA can be picturered as follows:

Input tape,
ay a as as e a contains a
word from *
—
Read/write head Read head
Finite-state
b control state g€ Q
by
Pushdown, contains a word from *
2y
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A configuration of M is a triple (g,v, w) € Q x I'* x ¥*, where
g is the current state,

~ is the current content of the pushdown, and

w is the remaining input.

Here the last symbol of v is the topmost symbol on the pushdown.

The PDA M induces a computation relation -3, on the set
CONF := Q x ' x ** of configurations, which is the reflexive and
transitive closure of the following single-step relation y:

(g,vZ,aw) Fy (p,yB,w), if (p,B)€d(q,a,Z),and
(g.vZ,w) bty (pyB,w), if (p,f)cd(q,e, 2).
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Let M = (Qv X, rv 5a Qo, ZOv F), where Q = {q07 a1, q2, q3}’ F = {q3}!
Y ={ab}, I ={A B, 4}, and let § be given by the following table:

5(q07a) ZO) = {(Q1,ZOA)},

6(qo, b, %) = {(g1,2B)},
6(qo. e, 20) = {(gs3,9)},
é(a,a,2) = {(q1,ZA)},
5(q‘|,b,Z) = {(Q1,ZB)},
(5(q1,€,Z) = {(q2,Z)},
6(qe,a,A) = {(q,9)},
5((.72,b, B) = {(q276)}7

6(q2,6,20) = {(gs,¢)}
On input abba, the PDA M can execute the following computation:

(qO’Z()vabba) t (q1szA7bba) + (q'laZOABaba) - (qzaZOAB7ba)
H (q2720A7a) k- (q2a207€) + (Q3,6,€)-
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Depending on its mode of operation, a PDA M accepts one of two
possible languages:

L(M) denotes the language
LIM):={weX"|(qv2L,w)Fy(p,v,c)forsomepec Fandy e},

that is, L(M) is the language that M accepts with final states,
and N(M) denotes the language

N(M) :={w € X" | (qo. Zo,w) Fjy (,c,€) for some p € Q },

that is, N(M) is the language that M accepts with empty pushdown.
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Example (cont.):
L(M) = N(M) = {uuf | uec{ab}*}.

Theorem 3.17
For each PDA My, there exists a PDA M, such that L(M;) = N(Mz).

Proof.
Let My = (Q,%,T,6,q0, 20, F), and let L = L(M;), that is,

L={weX"|(q,2,w)r}, (p,v,¢) forsome pc Fand~y el }.

The PDA M, will simulate the PDA M; step by step.
Essentially M> must solve the following two problems:

- M, must be able to recognize when My empties its pushdown without
being in a final state, as in this situation, M, must not accept.

- M> must empty its pushdown when M; accepts.
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Proof of Theorem 3.17 (cont.)

Let Mo = (QU {q, qp}, X, T U {Xo}, 0, qp, Xo, ) be defined as follows:
(1) 0'(qp. ¢, Xo) = {(q0, Xo20)},

(2) ¥(g,a,Z2) 26(q,a,2)forallge Q,ac X U{ec},and Z €T,

(3) ¥(q,e,Z) > (q, Z) forallg e Fand Z € T U {Xp},

(4) 8 (qu,e,Z) ={(qu,e)} forall Z e T U {Xp}-

By (1) M- enters the initial configuration of My, with the symbol Xj
below the bottom marker of M;.

By (2) M, simulates the computation of M; step by step.

If and when M; reaches a final state, then M, empties its pushdown
using (3) and (4). It follows that L(M;) C N(M>).

If My empties its pushdown without being in a final state, then M, gets
stuck in the corresponding configuration (q, Xo, aw).

It can now be shown that N(M,) = L(M;). O
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Theorem 3.18
For each PDA M, there exists a PDA M; such that L(M;) = N(Mj).

Theorem 3.19

From a given context-free grammar G, one can effectively construct a
PDA M such that N(M) = L(G).

Proof.

Let G= (N, %, S, P) be a context-free grammar. By Theorem 3.10 we
can assume that G is in Greibach Normal form. To simplify the
discussion we assume that ¢ & L(G).

We define a PDA M = ({q},%, N, d,q, S, () by taking
5(g,a,A) :={(q,7) | (A= ay) e P}forallac Xand Ac N.
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Proof of Theorem 3.19 (cont.)

Claim:
Vx € ¥*Va € N* : S = xaiff (g, S, x) 3, (g, af,€).

Proof.

By induction on i/, we will prove the following:

() If (g, S, x) Iy, (g,afl€), then S = xa.
Ifi=0,thena=Sand x =¢.

Assume that (%) has already been shown for some integer i — 1, and
assume that (g, S, x) Hy, ' (9, 87, x') Fm (g, oF,¢).

As M has no e-transitions, x = yaand x’ = afor some y € ¥'~! and
a € 1, that is, the computation above has the form

(9, S,ya) Fir' (9,87, a) Fu (g,a, ).
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Proof of Theorem 3.19 (cont.)

Proof of Claim (cont.)

Thus, on input y, M can execute the following computation:
(@S y) b’ (a.8%,¢).

By our I.H. this gives a derivation S —|-" y3.

As (q,6%,a) Fy (g,af,¢), B = yFAfor some A € N and
aff = 4Anf for a production (A — an) € P.

Hence, we obtain the following derivation in G:
S o' ¥B = yAy —m yany = xa.

This proves the implication from right to left.
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Proof of Theorem 3.19 (cont.)

Proof of Claim (cont.)

Now we establish the converse implication:

(x) If S =1 xa, then (g, S, x) F, (g,af, ¢),

again proceeding by induction on J.

Ifi=0,thenx=cand a=S.

As (g, S,¢) 9, (g, S, €), the claim holds in this situation.

Assume that the implication has already been proved for some integer
i—1,andlet S —!~1 yAy =, yan be a derivation in G, where
(A—an) e P.

Then x = yaand o = 7y. By our L.H. (g, S, y) Fiy, ' (g,77A, ), which
yields (g, S, x) = (g, S, ya) Fy, ' (g,77A, a).
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Proof of Theorem 3.19 (cont.)

Proof of Claim (cont.)

Because of the production (g, 1) € (g, a, A), we obtain the following
computation of M:

(a,8.x) = (q.S.ya) k' (9,77A @) Fu (9,771, ) = (g,05,¢).

L]
For all x € ¥, we have the following sequence of equivalent
statements:
x € L(G) iff S—| xforsomei>1
iff (g,S,x) )y, (qg,e,e) for some i > 1
iff x € N(M).
Thus, N(M) = L(G) follows. O
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Example:

(S— aBC),(B— bC),(C — cDD),(D — a) € P:

S — aBC — abCC — abcDDC —? abcaaC — abcaacDD —?
abcaacaa.

Computation of M:
(g, S,abcaacaa) + (q,CB,bcaacaa)l- (q,CC, caacaa)
+ (q,CDD, aacaa) \- (q, CD, acaa)
+ (q,C,caa)F (q,DD, aa)
F (g,D,a)F (q,¢,¢).

Thus, each context-free language is accepted by a PDA that has only
a single state and that uses no e-transitions.
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Theorem 3.20

The language N(M) is context-free for each PDA M.

Proof.
Let M= (Q,%,T,0,q0,#, F) be a PDA, and let L = N(M).
W.l.0.g. we can assume the following:
Forall (¢/,B1B.--- Bk) € §(q, a, A), we have k < 2.
Otherwise, we replace (q', B1B> - - - Bx) € §(q, a, A) (k > 2)
by the following transitions:

(q17B1 BZ) S 5(q7 a, A)a

{(q27BZB3)} = 5(q17€7 32)7

{(q',Bk-1Bx)} = 0(Gk—2,¢, Bk_1),
where g1, Qo, . . ., Qx_1 are new states.
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Proof of Theorem 3.20 (cont.)

Idea: A grammar G that simulates the computations of M through
leftmost derivations.
Let G:= (N, %, P, S), where
N {StulQxT x Q,
P = {S-(q#49) |qecQ}
U {lg.Aq]—al(q.c)€di(q,aA)}
U {l9.Aq]—alg1,B.q]|(q:1,B) €(q.a,A),q € Q}
U

{[9,A.q'] — ala1, C, @:][q2, B, q] |
(q1 5 BC) S 5(qa a, A)v q/7 QZ S O}

Vp,q e QVAcTVYx e X*:[q,A p] =, Xiff (q,A x) F}y (p.€,€).
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Proof of Theorem 3.20 (cont.)

Proof of Claim.

First we prove by induction on i that
(g, A, x) Fy, (p, e, ) implies that [g, A, p] =1, x.
Fori=1,
if (9,A,x) Fum (p,e,e), then (p,e) € §(q, x,A) and x € X U {e}.
Hence, G contains the production [q, A, p] — X, and so, [q, A, p] —m X.
Now assume that the above implication has been established for i — 1,
let x = ay, and let
(qa A, ay) Fm (q1 , B2By, .y) l_;'\;1 (p7 €, 5)7

that is, (g1, B2By) € 6(q, a, A).
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Proof of Theorem 3.20 (cont.)

Proof of Claim (cont.)

As M can only read and replace the topmost symbol on the pushdown,
it follows that y = y1y», and that the above computation can be
factored as follows:

(q1aB1ay1) |_l;/1, (q27575) and (q27 827.y2) |—§/2, (p7675)a

where g € Q,and k1 + ko =i — 1.
From the |.H. we obtain the leftmost derivations

[91, B1, G2] =X y4 and [go, Ba, p] =12 ys.
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Proof of Theorem 3.20 (cont.)

Proof of Claim (cont.)

Because of the transition in step 1, we have
([q7 Aa p] — a[q1 ) B1 ) CI2][Q2» BZHD]) S Pa
and therewith we obtain the following leftmost derivation in G:

[q’ Av p] —1lm a[q'l ) B1 ) ‘-72] [q27 827 p]
—m ay1lae, Bz, p]
—>ﬁfl ayr1y. = ay = X,

that is, we have [g, A, p] =1 x.
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Proof of Theorem 3.20 (cont.)

Proof of Claim (cont.)

Now we prove the converse implication, again by induction on J.
Fori=1,][q, A, p] - x implies that x € X U {e} and (p,¢) € i(q, x, A),
thatis, (g9,A, x) Fu (p, e, ¢).

Now assume that the implication has been proved for i — 1, and
assume that

[qa Avp] — a[q1>B1>C72][C72; 827p] _>llr;‘I X € PIN

Then x = axqxo, where [qy, By, Qo] aﬁ}l X1, [Q2, Bz, p] %f‘nﬁ Xo,
and ky + ko =i —1.

From the I.H. we obtain (g1, By, Xq) H\‘} (g0, ¢,¢) and

(9. B2, x2) i (Pre, ).
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Proof of Theorem 3.20 (cont.)

Proof of Claim (cont.)

Hence, we have
(q1 ) BQB‘I ) X1) l_;\(/11 (q27 827 E)‘
As (g1, B2By) € 4(q, a, A), this yields the following computation:

(9,Ax) = (CII{,A, axixz) Fuy l((CI1,BzB1,X1X2)
|_/\/1] (Q2, BQ7X2) l_/\; (p75a5)a

that is, we have (g, A, x) i, (p, €, €). O
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Proof of Theorem 3.20 (cont.)

For all x € ¥* we have the following equivalent statements:

xel(G) iff S—,x _
iff S — [qo, #,.q] —, X forsomege Qandi> 1
iff (q07#’x) |_;\/I (q7575)‘

It follows that L(G) = N(M). O

Corollary 3.21

For each language L C ¥*, the following statements are equivalent:

(1) L € CFL(X), that is, L is generated by a context-free grammar.
(2) L is generated by a context-free grammar in CNF.

(3) L is generated by a context-free grammar in Greibach NF.

(4) There exists a PDA M such that L = N(M).

(5) There exists a PDA M such that L = L(M).
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3.5. Closure Properties

Theorem 3.22

The class of context-free languages CFL is closed under the
operations of union, product, Kleene star, and morphism.

(a) Let G1 = (N1,Z, P1,S1), Gg = (NQ,Z, Pg, Sg), Ny N> = 0.
For G3 := (N1 UN, U {S}, Y, PLUPU {S — S5 ‘82}, S),
we have L(Gs3) = L(Gy) U L(Gp).

(b) For Gy := (N1 UN U {S}, Y, PLUPU {S — S 82}, 5)7
we have L(Gy) = L(Gy) - L(G2).

(c) W.l.o.g.: S; does not occur on the right-hand side of P;.
For Gs := (N U{S}, X, P U{S — ¢|S51|SS1} ~ {S1 = ¢}, S),
we have L(Gs) = (L(Gy))*.
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Proof of Theorem 3.22 (cont.)

(d) Let h: * — I'* be a morphism.
For Gg := (Ny,,{A— h(r)| (A—r) € Py},S1), where his
extended to a morphism h: (N; UX)* — (Ny UT)* by taking
h(A) = Afor all A € Ny, we have L(Gg) = h(L(Gy)). O

Theorem 3.23

The class CFL is not closed under intersection nor under complement.

Proof.

Ly :={abd|ij>0}ecCFLand Ly :={ab'c/|i,j>0} e CFL,
but Ly N Ly = {ab'c'|i>0} ¢CFL, that is,

CFL is not closed under intersection.

LiN Ly = (L4 ULy), thatis,

CFL is not closed under complement, either. O]
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Theorem 3.24

The class CFL is closed under intersection with regular languages,
thatis, if L € CFL and R € REG, then LN R € CFL.

Proof.

Let M =(Q,X%,T,6,q0, 2, F) be a PDA, and

let A= (P,%,n,po, G) be a DFA.

We definea PDAM = (Q x P,X,T,d, (9o, Po), Zo, F x G) by taking

d'((g,p),a,A) = {((d,p), ) |(q,a)ei(q,aA),p =n(p,a)},
§'((g,p),e,A) = {((d,p),a)|(d,a)€d(q,eA)},

where 9.4 € Q,p,p € P,ac X,AcTl,and a € I'*.
Then it is easily seen that L(M’) = L(M) N L(A). O
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Theorem 3.25

Let L C ¥* be a context-free language, and let w € ¥*. Then the
left quotient w \ L :={u € ¥* | wu € L} is a context-free language.

Proof.

Let M =(Q,X,T, 4, qo, £y, F) be a PDA without e-transitions,
and let w € *. Actually, we only consider the special case that
w=>bex.

We definea PDA M := (QU {po}, X, T,d, po, Zy, F) by taking

&'(po,€,Z0) = 6(Qo, b,2) and
8(q,a,A) = 6(q,a,A)forallge Q,ac X, andAcT.

Then N(M') = b\ N(M). O
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Remark:
We saw in Section 3 that the language
L:={abckd’|ij, k,t>0,andi>0impliesj=k="/}

satisfies the Pumping Lemma for context-free languages.

Claim:
L is not context-free.

Proof.
Assume that L is context-free. Then also the language

L':=Lna-b*-c*-d"={ab’c"d" | n>0}

is context-free, and so is the language a\ L' = { b"c"d" | n > 0},
which, however, is not context-free by the Pumping Lemma,
a contradiction!

Thus, it follows that L is not context-free. O]
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Theorem 3.26

The class CFL is closed under inverse morphisms, that is,
if L € CFL(A), and if h: ¥* — A* is a morphism, then
h='(L) = {w e £* | h(w) € L} € CFL(X).

Proof.

Let h: X* — A* be a morphism, and

let M =(Q,A,T,6,q0, 2y, F) be a PDA s.t. L(M) = L.
We constructa PDA M’ = (Q', %, T, ¢, g4, Zo, F') for
LU'=h"(L)y={wex*|h(w)elL}:

- @ = {[g9,x]|ge€ Q,and x is a suffix of h(a),ac X },
- Q@ = [9€],
- F = {lg.e]lg€F} and

— ¢ is defined by:
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Proof of Theorem 3.26 (cont.)

(1) d(lg,ax],e,A) = {(lp,x],7) | (p,7) € 0(q,a A)}
U{(lp;ax],7) | (p,7) € 6(q,¢,A) },
2) d(lg.el,a,A) = {([9,h(a)],A)} forallac x.

The second component of the states of M’ is used as a “buffer” for
storing the word h(a) for a letter a € X read. This word is then
processed through a simulation of a computation of M.

It follows that h='(L) C L(M").

Concersely, let w = ajay - - - a, € L(M').

A transition reading a letter a € ¥ can only be applied if and when the
buffer is empty, that is, each accepting computation of M’ on input w
can be written as follows:
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Proof of Theorem 3.26 (cont.)

([90.¢€], 2o, @1a2 - - - an)

o ([p1,el, o, a1a2---ap)  (simulating e-transitions of M)
Fve ([P1,h(a1)], 1,82 ---an) (h(ay) is “read”)

Fw o ([P2.€l,00,a ... an) (for (p1, a1, h(ay)) Fyy (P2, a2, €))
Fave o ([P, h(an)], an, €) (h(an) is “read”)
l_Xd’ ([pﬂ+17‘€]7an+17€) (for (pn,anah(an)) l_X/I (pn+1,an+1,€)).

It follows that

(9o, 20, h(a1az - - - an)) = (qo, Zo, h(ar)h(az) - - - h(an)) = (Pns1, anit, €)-
As M’ accepts, pni1 € F, which implies that M accepts, too.

Thus, L(M") = h~'(L), which yields h~'(L) € CFL(X). O
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In analogy to Corollary 2.29 we have the following closure property.
Corollary 3.27

The class CFL is closed under finite transductions, that is, if
T C ¥* x A* is a finite transduction, and if L € CFL(X), then
T(L) € CFL(A).
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3.6. Decision Problems

Theorem 3.28

The following Emptiness Problem is decidable in polynomial time:

INSTANCE: A context-free grammar G.
QUESTION: IsL(G) #0?

Proof.

Let G= (N, T, S, P) be a context-free grammar. In polynomial time we
can determine the set Vi, Of usefull nonterminals of G (Lemma 3.3),
where

Viem = {A e N | L(G,A) #0}.
As L(G) # 0 iff S € Vier, this yields the desired algorithm. O
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Theorem 3.29

The following Finiteness Problem is decidable:

INSTANCE: A context-free grammar G.
QUESTION: Is L(G) a finite language?

Proof.

First we transform the given grammar into a grammar

Gy = (N, T,S,P)inCNF s.t. L(Gy) = L(G) N T* (Theorem 3.9).

In addition, we can assume that Gj is proper and that it contains no
g-productions.

From G; we construct a directed graph (V, E) as follows:

— V := N, that is, there exists a node for each nonterminal, and

— (A — B) € E iff there exists a nonterminal C such that P contains
the production A — BC or A — CB (or both).
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Proof of Theorem 3.29 (cont.)

Claim:
The language L(G) is infinite iff the graph (V, E) contains a cycle.

Proof.
If Ag, Aq,...,Am,Agis acyclein (V, E), then we have a derivation of
the following form in Gj:
Ao —p atA1Br —p aqaeABeft —p - —p ag - amAmBm - -+ B
—p a1 ammi1AoBmit - B,
where «;, 8; € N* and |oj| + |Bi| =1foralli=1,2,... . m+1.
As G; is proper, S —5 UgAgVp for some ug, v € T*
ando; —p Ui e T, Bi—=pvie T i=1,2,...,m+1.
As Gy contains no e-production, it follows that |u;v;| > |aj| + |5i| = 1.
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Proof of Theorem 3.29 (cont.)

Proof of Claim (cont.)

Thus, we obtain the following derivations in G;:
S —p UpAoVo —p Ul -+ - U1 AoVt -+ Vi Vo
=% Ug(Ur -+ Umi1)K Ao (Vingt - - 1)K v
=5 Uo(Us - - Ut )X (Vg -+ 1)K vp € T
forsome x € T*andall k > 1. As |u1 - Upy1Vmet - V4| > m+1,
all these words differ from one another, that is, L(G) is infinite.

If (V, E) does not contain any cycle, then each path in each syntax
tree of each derivation from S to some word v € T* has length at most
IN| + 1. Thus, there are only finitely many syntax trees for G, and
hence, L(G) is finite. O

It is decidable in time O(|N|?) whether (V, E) contains a cycle. O
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Example:
Let G= ({S,A,B,C,},{a b}, S, P), where
P={S— AB,A— BC,A— a,B— CC,B— b,C— a}.

G is a proper context-free grammar in CNF without e-productions.
The directed graph(V, E) for G looks as follows:

(V, E) does not contain any cycle, that is, L(G) is finite.
In fact, it is easily seen that L(G) = {ab, &%, a®b, ba®, bab, a°}. O
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Theorem 3.30
The following Membership Problem is decidable in polynomial time:

INSTANCE: A context-free grammar G in CNF,
and a word w € T*.
QUESTION: Isw € L(G)?

Proof.

Let G= (N, T,S, P) be a context-free grammar in CNF, let

N = {Ay,As,...,An},and let S = A;.

We can assume that (S — ¢) is the only e-production (if any), and that
A1 does not occur on the righthand side of any production.

Hence, € € L(G) iff (A1 — ¢) € P.
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Proof of Theorem 3.30 (cont.)

Let w = xyxo--- xp, Where xq,%0,..., X, € T.

Forallie {1,2,...,n}andje {1,2,....,n+1— i},

let V;; € N be defined as follows:
Vij:={AEN|A—=p XiXis1 - Xij1 }-

Then w € L(G) iff S = Ay € Vqp.

We now compute all the sets V; ; through the method of dynamic
programming.

This algorithm goes back to J. Cocke, T. Kasami, and D. Younger
(1967).
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Proof of Theorem 3.30 (cont.)

procedure CKY;
begin
fori:=1tondo Vi1 :={A|(A— X)) € P};
forj:=2tondo
fori:=1ton—j+1do

begin
Vij:=0;
(%) fork :=1toj—1do
Vij=VijU{A| (A= BC)e P,Be Vix,Cc Viixj«k}
end

end.

As A —)T; Xj- e Xigj—1 iff H(A — BC) € Pst. B —)73 Xi+ o Xigtk—1 and
C —% Xivk -+~ Xiyj—1, the set V; ; is computed correctly in (x).
Obviously, this algorithm runs in polynomial time.
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LetG=({S,A,B,C,D,E,F},{a,b,c},P,S),
where P={S - AB,A— CD,A— CF,B— ¢,B — EB,
C—aD—bE—cF—AD}

Let x = aaabbbcc.

= alala|b|b|bjc|c

Ioale c D| D [B,EB,E|

vy A B
3 F
4 A
5 F
6] A
708
JEl

As S € Vg, it follows that x € L(G). O
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Theorem 3.31

The following problems cannot be solved algorithmically:
INSTANCE: Two context-free grammars Gy, Go.

(1
(2.
(3.
(4.
(5.
(6.
(7.
(8.
O.

Proof: Later!

) QUESTION:
) QUESTION:
) QUESTION:
) QUESTION:
) QUESTION:
) QUESTION:
) QUESTION:
) QUESTION:
) QUESTION:

IsL(G))NL(G2)=07?
Is|L(Gi)NL(G2)| =00 ?

Is L(G1) N L(Go) context-free ?
IsL(Gy) C L(Go)?

IsL(Gy) =L(Go)?

Is Gy unambiguous?

Is L(G;)¢ context-free?

Is L(Gy) regular?

Is L(Gy) deterministic context-free?
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3.7. Deterministic Context-Free Languages

APDAM=(Q,%,T,0,Qqo, 2, F) is deterministic, that is, M is a DPDA,
if in each configuration there is at most one applicable transition.

This is equivalent to the following two conditions,

wherege Qand z € T:

(1) Forallae X u{e}, [6(q,a,2)| <1.

(2) Ifé(q,e,2z) #0,then é(q,a,z) =0 forallac x.

A language L is deterministic context-free, if there exists a DPDA M
such that L = L(M).

DCFL denotes the class of deterministic context-free languages.

For a DPDA M, if L' = N(M), that is, L is accepted by empty
pushdown, then L’ is prefix-free: forallu e L', u- XN L = 0.

Hence, at # N(M) for each DPDA M.

Prof. Dr. F. Otto (Universitat Kassel) Automata and Grammars 205 /294
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Example:
L:={a"bma"b" | m,n> 0} € DCFL,
but L # N(M) for each DPDA M.

ADPDAM=(Q,%,T,d,qo, 2, F) is in normal form, if one of the
following statements holds for each §(q, a, z) = (p,7):
(i) v =¢, thatis, the symbol z is popped from the pushdown,
(i) v = z, that is, the pushdown is not changed, or

(i) v = zZ' for some Z' € T, that is, the symbol Z’ is pushed onto the
pushdown.

Theorem 3.32

If L € DCFL(X), then there exists a DPDA M in normal form such that
L=L(M).
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Let M be a DPDA, and let u € L(M).
Then M reads input u completely and accepts.

For v € ¥* ~ L(M), M will in general not read input v completely.
In fact, one of the following cases can occur before M has read v
completely:

— M reaches a configuration to which no transition applies,

— M empties its pushdown completely,

— M enters an infinite computation consisting entirely of
e-transitions.

Lemma 3.33

For each DPDA M, there exists an equivalent DPDA M’ that always
reads its input completely.
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Proof of Lemma 3.33.

Let M =(Q,%,T,4,qo, 2y, F) be a DPDA in normal form.

- We introduce a new pushdown symbol Xy and a new initial state g
together with the transition §(qy, €, Zp) = (o, X02o)-

- We add a new state d s.t. 6(d,a,z) = (d,z) forallae Xand z € T.
If (g, a,z) Ud(q,e,z) =0 forsomege Q,ac X, and z €T, then we
take 4(q, a,z) = (d, 2).

The resulting DPDA M; accepts the same language as M.

If My does not read an input completely, this means that, starting in
some state g, My executes an infinite sequence of e-transitions without
removing the topmost symbol z from the pushdown.

- In this situation we take §(q, ¢, z) = (d, z), provided that no final state
is reached through this sequence of ¢-steps.

If, however, a final state is reached, then we take 6(q, ¢, z) := (e, z) for
a new final state e and (e, ¢, z) := (d, 2).

The DPDA M’ obtained in this way has the desired property. O
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Remark:
The construction in the proof of Lemma 3.33 is effective.

Theorem 3.34

The language class DCFL is closed under complementation, that is,
for each L € DCFL(X), L° := (X* \ L) € DCFL(X), too.

Proof.
Let M =(Q,X%,T,6,qo, 2y, F) be a DPDA such that L(M) = L, and
assume that M always reads its input completely.

Unfortunately, L¢ does in general not coincide with the language
accepted by the DPDA M’ = (Q, %, T, 4, o, 2o, Q ~ F), as M may have
a computation of the following form:

(90, 20, W) Fiy (q,a,¢) Fum (G, B,¢) forsome g € Fand q' & F.
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Proof of Theorem 3.34 (cont.)

We must ensure that the DPDA M cannot execute e-transitions in a
final state.
We define a DPDA M; = (@, %, T, 41, g1, 2y, F1) as follows:

- Qi :={[g.k]|geQand k€ {1,2,3} },

,1], ifgg € F,
—qui={ folh RREE R = (eallqc ),
—and the transition function 44 is defined by:

(1) 51([q7 k],{:‘,Z) = ([p> k,]a'Y) if (S(Q,E,Z) :-l(p’;yz(’ k 16 {1>2} =
, , ifk=1orpeF,
S :{ 2, otherwise,
(2) 61([g.2],¢,2) := ([q,3],2) ifd(q,a z)=(p,7),

(3) d1(9,1],a,2) == (Ip, k],’v)} it5(q,a,2) = (p.7)

51(19.3).2.2) == (0.1 [ ana k= { 1> TPEF,
2, otherwise.
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Proof of Theorem 3.34 (cont.)

Claim:

L(M;) = T* ~ L.

Proof.

Let u=ajas---ap € L. Oninput u, M executes a computation of the
following form:

(do: 2o, U) Fay (P1s v, @n) Fu (P2, B, €) Fiy (Ps, v, €) where p3 € F,
but p» and the subsequent states before ps are from Q \ F.
For M;, we have the following computation:

([90, -], 2o, U) =, ([P1,]; @, @n) "/%412 ([p2,2], B, ) b, ([P35 11,75 €),
that is, further e-transitions cannot lead to a final state of M;.
Thus, L(M;) € X* N L.
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Proof of Theorem 3.34 (cont.)

Proof of Claim (cont.)

Conversely, for u = a1a> - - - ap € L, M has a computation of the form:

(q07ZOa U) l_X/l (p1,0£, an) |_M (p275’5) l_X/l (p3”77€)7 where P2,...,P3 ¢ F,

and in (ps, v, <), no further e-transition is applicable.

As M reads each input completely, there exists a letter a € ©
s.t. 0(ps, a,top(y)) is defined. Hence, M; executes the following
computation:

(190 -], Zo, u) By, ([P2,2], B, €) By, ([03,2],7,€) bmy ([P3, 3], 7, €)
where [ps, 3] € Fq, thatis, X* ~ L = L(My). O

This shows that L € DCFL(X). O
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Corollary 3.35

Each language L € DCFL is accepted by a DPDA that does not
execute any e-transitions in any final state.

Corollary 3.36

The class DCFL is closed under intersection with regular languages.

Proof.
Let Ly € DCFL. The there exists a DPDA M that accepts L and that
reads each input completely.

For L, € REG, there exsists a DFA A such that L(A) = Lo.

From M and A, one can construct a DPDA for L{ N Lo, that is,
Ly N L, € DCFL. O
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Obviously, DCFL C CFL. Now we will prove that this is a proper
inclusion. Let

Lo = {wew"¢w | w e {a b}*}
be the so-called Gladkij language [Gladkij 1964].

Using the Pumping Lemma 3.14 it is easily shown that Lg, is not
context-free.

Let Lgﬂ = ({a, b,¢}* N LGI)-
Lemma 3.37

LE, € CFL ~ DCFL.
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Proof

If LE, € DCFL, then by Theorem 3.34, Lg; € DCFL.
As Lg ¢ CFL, we see that LE, ¢ DCFL.

It remains to prove that Lg, € CFL.

Foraword w € {a, b,¢}*, we have w € L, iff
one of the following conditions is met:

) ]W]¢ #2,0r
(2) w = wi¢watws, where wi? £ wy, or
(3) w = wi¢watws, where wi # ws.

Let Hy = {ue{ab¢}*|\w\¢;£2}
Ho = {wid¢watws | wy, wo, w3 € {a, b}*, W1 # W } and
Hy = {wi¢watws | wy, wp, ws € {a b}, wfl # wa }.

Then H; € REG and H», H3 € CFL, implying that
LE, = Hy U H, U Hz € CFL.
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Corollary 3.38
DCFL ¢ CFL.

Each DFA can be interpreted as a DPDA that does not use its
pushdown. As { a"b" | n > 1} € DCFL . REG, we obtain the following
proper inclusion.

Corollary 3.39
REG ¢ DCFL.
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‘

Theorem 3.40 (Ogden’s Lemma for DCFL (see Har78))

Let L € DCFL(X). Then there exists a constant k that depends on L

such that each word z € L containing 6(z) > k marked positions has a

factorization z = uvwxy that satisfies all of the following properties:

(1) v#e,

(2) uv'wx'y e Lforalli >0,

(3) u,vandw orw,x and y contain marked positions,

(4) o(vwx) <Kk,

(5) ify # ¢, then the following equivalence holds for all m,n > 0 and
all o € ¥*: uv™"wx"a € L iff uv™wa € L.
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Theorem 3.41
L:={a"b",a"?" | n>1} ¢ CFL ~ DCFL.

Proof.

It is easily seen that L is context-free. In fact, L is the union of the two
deterministic context-free languages L1 := {a"b" | n>1} and
Ly:={a"b®" |n>1}.

We claim that L is not deterministic context-free.

Assume that L is deterministic context-free.
Let k be the corresponding constant from Thm. 3.40, and let p := k!.
Let z := aPbP ¢ L, where we mark all occurrences of b.

Then z = aPbP has a factorization z = aPbP = uvwxy that satisfies
conditions (1) to (5) of the theorem.

As Z/ = uwy € L, we have v = & und x = b’ for some i € {1,2,...,k}.
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Proof of Theorem 3.41 (cont.)

Because of (3) this implies that w, x and y contain marked positions,
that is,
u=a", v=a, w=2a""""b, x=1b and
y =bP~'"Jforsomej € {1,2,... k}.
In fact, we have i + j < k. In particular, we have y # .
Now we choose m = 1 and n = 1, and we take a = b°/+P*/, Then
uv™Mxo — g™ ai~23p—n1—ib/'bibp—j+p+i _ ap+ibp+i+p+i €L,
but uvmwa = @t aaP—Mm—IplpPItPt = gPpPtP — PPt | g
contradiction!
Thus, it follows that L ¢ DCFL. O
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Corollary 3.42

The language class DCFL is not closed under union.
By using the same technique it can be shown that
L':={a"b"c,a"b*"d | n>1}
is not in DCFL. On the other hand, the language
LR = {eba, db?a | n>1}
belongs obviously to DCFL.
Corollary 3.43

The class DCFL is not closed under reversal.
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Also L" := { ca"b",da"b?" | n > 1} is in DCFL.
The morphism ¢ : ¢+ ¢,d — ¢,a— a,b+— bmaps L” onto L.

Corollary 3.44

The class DCFL is not closed under morphisms.

Theorem 3.45
The class DCFL is closed under inverse morphisms.

Theorem 3.46
The class DCFL is not closed under product and Kleene star.
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Theorem 3.47
The following problems are decidable:

(1) INSTANCE: L e DCFL(T) and R € REG(X).
QUESTION: IsL = R?

(2) INSTANCE: L e DCFL(X) and R € REG(X).
QUESTION: IsRC L?

(3) INSTANCE: L € DCFL(X).
QUESTION: IsL°=0?

(4) INSTANCE: L € DCFL(Y).
QUESTION: Is L regular?

(5) INSTANCE: Ly, L, € DCFL().
QUESTION: IsLy = L,?
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Proof.
(1) Let Ly := (LN R°) U (L° N R).
Then L = Riff L1 = 0.

From a DPDA for L and a DFA for R one can construct a PDA for L.
By Theorem 3.28 it is decidable whether Ly = ().

(2) RC Liff L°n R = 0. In analogy to (1) this is decidable.

(8) This is obvious, as by Theorem 3.28 emptiness of context-free
languages is decidable.

(4) See (Stearns 1967).
(5) See (Senizergues 1997). 0
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4. Turing Machines and R. E. and Context-Sensitive Languages

Chapter 4:

Turing Machines and Recursively Enumerable
and Context-Sensitive Languages
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4.1. Turing Machines

The Turing machine is a mathematical model of a computing device.
Informally, it looks as follows:

finite-state control

C
‘ head 1
--- tape 1
head k
--- tape k
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Formally a Turing machine (TM) with k > 1 tapes is defined
through a 7-tuple M = (Q, %,T, 0,6, qo, 1), where

Q is a finite set of (internal) states,

¥ is a finite input alphabet,
— I 2 X is a finite tape alphabet,
— O el ~\ X isthe blank symbol,
- 6:Qx Tk~ QxTkx{L,0,R}¥is the transition function,
— Qo € Qis the initial state, and
— @q € Qs the halting state.
A TM works in discrete steps, where each step consists of 4 parts:
read current symbols under the heads,
write new symbols using the heads,
move the heads,
change the state.
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ATMM = ({qo, - --, g3}, {1,2},{1,2,0},0,4, qo, g1) for computing the
function +1 on dyadic presentations:

CI01 — %1 R CIQ1 — QQ1 L Q31 — QQ2L
qu — q02R CIQZ — q22L CI32 — CI31 L
Q0 — gs0OL @0 — qi0R Bt — q110

read/write head

~lal1]2][1]1]2]1]|o]o]-
\
Jo

finite-state control
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ATMM = ({qo, - --, g3}, {1,2},{1,2,0},0,4, qo, g1) for computing the
function +1 on dyadic presentations:

CI01 — %1 R CIQ1 — QQ1 L Q31 — QQ2L
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<
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finite-state control
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ATMM = ({qo, - --, g3}, {1,2},{1,2,0},0,4, qo, g1) for computing the
function +1 on dyadic presentations:

CI01 — %1 R CIQ1 — QQ1 L Q31 — QQ2L
qu — q02R CIQZ — q22L CI32 — CI31 L
Q0 — gs0OL @0 — qi0R Bt — q110

read/write head

~Jaf1]2]1]1]2]1]|o]o]-

|

Jo

finite-state control
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ATMM = ({qo, - --, g3}, {1,2},{1,2,0},0,4, qo, g1) for computing the
function +1 on dyadic presentations:

CI01 — %1 R CIQ1 — QQ1 L Q31 — QQ2L
qu — q02R CIQZ — q22L CI32 — CI31 L
Q0 — gs0OL @0 — qi0R Bt — q110

read/write head

~Jal1]2]1]1]2

7

Jo

finite-state control

1|E||E||-~-
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ATMM = ({qo, - --, g3}, {1,2},{1,2,0},0,4, qo, g1) for computing the
function +1 on dyadic presentations:

CI01 — %1 R CIQ1 — QQ1 L Q31 — QQ2L
qu — q02R CIQZ — q22L CI32 — CI31 L
Q0 — gs0OL @0 — qi0R Bt — q110

read/write head
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o

Jo
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ATMM = ({qo, - --, g3}, {1,2},{1,2,0},0,4, qo, g1) for computing the
function +1 on dyadic presentations:

CI01 — %1 R CIQ1 — QQ1 L Q31 — QQ2L
qu — q02R CIQZ — q22L CI32 — CI31 L
Q0 — gs0OL @0 — qi0R Bt — q110

read/write head

~Jaf1]2]1]1]2]1]0o

P

Jo

finite-state control

ol
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4. Turing Machines and R. E. and Context-Sensitive Languages 4.1. Turing Machines

ATMM = ({qo, - --, g3}, {1,2},{1,2,0},0,4, qo, g1) for computing the
function +1 on dyadic presentations:

CI01 — %1 R CIQ1 — QQ1 L Q31 — QQ2L
qu — q02R CIQZ — q22L CI32 — CI31 L
Q0 — gs0OL @0 — qi0R Bt — q110

read/write head

~Jol1]2]1]1]2]1]o]o

P

Jo

finite-state control
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4. Turing Machines and R. E. and Context-Sensitive Languages 4.1. Turing Machines

ATMM = ({qo, - --, g3}, {1,2},{1,2,0},0,4, qo, g1) for computing the
function +1 on dyadic presentations:

CI01 — %1 R CIQ1 — QQ1 L Q31 — QQ2L
qu — q02R CIQZ — q22L CI32 — CI31 L
Q0 — gs0OL @0 — qi0R Bt — q110

read/write head

~Jaf1]2]1]1]2]1]0o

P

gs

finite-state control

ol
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4. Turing Machines and R. E. and Context-Sensitive Languages 4.1. Turing Machines

ATMM = ({qo, - --, g3}, {1,2},{1,2,0},0,4, qo, g1) for computing the
function +1 on dyadic presentations:

CI01 — %1 R CIQ1 — QQ1 L Q31 — QQ2L
qu — q02R CIQZ — q22L CI32 — CI31 L
Q0 — gs0OL @0 — qi0R Bt — q110

read/write head

SEIREEIREE

o

07

finite-state control

olo]-
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4. Turing Machines and R. E. and Context-Sensitive Languages 4.1. Turing Machines

ATMM = ({qo, - --, g3}, {1,2},{1,2,0},0,4, qo, g1) for computing the
function +1 on dyadic presentations:

CI01 — %1 R CIQ1 — QQ1 L Q31 — QQ2L
qu — q02R CIQZ — q22L CI32 — CI31 L
Q0 — gs0OL @0 — qi0R Bt — q110

read/write head

~Jal1]2]1]1]2

7

07

finite-state control
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4. Turing Machines and R. E. and Context-Sensitive Languages 4.1. Turing Machines

ATMM = ({qo, - --, g3}, {1,2},{1,2,0},0,4, qo, g1) for computing the
function +1 on dyadic presentations:

CI01 — %1 R CIQ1 — QQ1 L Q31 — QQ2L
qu — q02R CIQZ — q22L CI32 — CI31 L
Q0 — gs0OL @0 — qi0R Bt — q110

read/write head

~laf1]2]1]1]2]2]|o]o]-

|

07

finite-state control
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4. Turing Machines and R. E. and Context-Sensitive Languages 4.1. Turing Machines

ATMM = ({qo, - --, g3}, {1,2},{1,2,0},0,4, qo, g1) for computing the
function +1 on dyadic presentations:

CI01 — %1 R CIQ1 — QQ1 L Q31 — QQ2L
qu — q02R CIQZ — q22L CI32 — CI31 L
Q0 — gs0OL @0 — qi0R Bt — q110

read/write head

~Jaf1]2]1]1]2]2]|o]o]-

<

07

finite-state control
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4. Turing Machines and R. E. and Context-Sensitive Languages 4.1. Turing Machines

ATMM = ({qo, - --, g3}, {1,2},{1,2,0},0,4, qo, g1) for computing the
function +1 on dyadic presentations:

CI01 — %1 R CIQ1 — QQ1 L Q31 — QQ2L
qu — q02R CIQZ — q22L CI32 — CI31 L
Q0 — gs0OL @0 — qi0R Bt — q110

read/write head

~Jaf1]2][1]1]2]2]|o]o]-
\
07

finite-state control
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4. Turing Machines and R. E. and Context-Sensitive Languages 4.1. Turing Machines

ATMM = ({qo, - --, g3}, {1,2},{1,2,0},0,4, qo, g1) for computing the
function +1 on dyadic presentations:

CI01 — %1 R CIQ1 — QQ1 L Q31 — QQ2L
qu — q02R CIQZ — q22L CI32 — CI31 L
Q0 — gs0OL @0 — qi0R Bt — q110

read/write head

~Jal1]2]1]1]2]2]|o]o]-

T

07

finite-state control
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4. Turing Machines and R. E. and Context-Sensitive Languages 4.1. Turing Machines

ATMM = ({qo, - --, g3}, {1,2},{1,2,0},0,4, qo, g1) for computing the
function +1 on dyadic presentations:

CI01 — %1 R CIQ1 — QQ1 L Q31 — QQ2L
qu — q02R CIQZ — q22L CI32 — CI31 L
Q0 — gs0OL @0 — qi0R Bt — q110

read/write head

~Jaf1]2][1]1]2]2]|o]o]-
\
a1

finite-state control
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4. Turing Machines and R. E. and Context-Sensitive Languages 4.1. Turing Machines

Example:

A TM M for deciding membership in { w € {a,b}* | w = w' }.

On input w = abaabaaba, the TM M starts with the following tape
contents: |

Start: -.-- |0 | a | b | a| a| b| a| a| b | a/|O

Letl = {D, a, b} and Q = {Qaa Qb; qla7 q;)a Qo, d1, Q2, q3}’ where
these states are to be used as follows:

ga (gp): Remember a (b) and move right.

95 (q;): Make one step to the left and test for a (b).

Qo : Start and remember the first letter.

gs : Halt.

g- : Test was positive, return to the left.

gs : Test was negative, move left, erase the tape, and halt.
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4. Turing Machines and R. E. and Context-Sensitive Languages 4.1. Turing Machines

Example (cont.):

The transition function ¢ is defined as follows:

Q- — ga0 9.0 — @ao Q@b — qbl
Qa — QaUR gpa — QpaR 0 — qUR
Qb — gpOR gb — qbR Ga — gs0L
Qa8 — QaaR gt — qgy0L @b — goL
Gab — QqabR gpa — QgsoL 0 — g1b0
g0 — qg,0L ab — qOL
ga — QoL g0 — @gi1a0
q:b — g0l a — qal
read/write head
~|olalb[b]b]b]aln]-
Qo

finite-state control
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4. Turing Machines and R. E. and Context-Sensitive Languages 4.1. Turing Machines

Example (cont.):

The transition function ¢ is defined as follows:

Q- — ga0 9.0 — @ao Q@b — qbl
Qa — QaUR gpa — QpaR 0 — qUR
Qb — gpOR gb — qbR Ga — gs0L
Qa8 — QaaR gt — qgy0L @b — goL
Gab — QqabR gpa — QgsoL 0 — g1b0
g0 — qg,0L ab — qOL
ga — QoL g0 — @gi1a0
q:b — g0l ga — qal
read/write head
~|ole]blo]b]b]aln]-
Qa

finite-state control
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4. Turing Machines and R. E. and Context-Sensitive Languages 4.1. Turing Machines

Example (cont.):

The transition function ¢ is defined as follows:

Q- — ga0 9.0 — @ao Q@b — qbl
Qa — QaUR gpa — QpaR 0 — qUR
Qb — gpOR gb — qbR Ga — gs0L
Qa8 — QaaR gt — qgy0L @b — goL
Gab — QqabR gpa — QgsoL 0 — g1b0
g0 — qg,0L ab — qOL
ga — QoL g0 — @gi1a0
q:b — g0l ga — qal

read/write head

~|ole]blo]b]b]aln]-
Qa

finite-state control
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4. Turing Machines and R. E. and Context-Sensitive Languages 4.1. Turing Machines

Example (cont.):

The transition function ¢ is defined as follows:

Q- — ga0 9.0 — @ao Q@b — qbl
Qa — Qqi0OR gpa — QqpaR 0 — qOR
Qb — gpOR gb — qbR Ga — gs0L
a8 — QaaR gt — g,0OL @b — gOL
Gab — QqabR gpa — QgsoL 0 — g1b0
g0 — qg,0L ab — qOL
g,a — @qOL g0 — qia0
q:b — g0l ga — qal

read/write head

SEIEDEDE

/

qa

finite-state control

alo]-
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4. Turing Machines and R. E. and Context-Sensitive Languages 4.1. Turing Machines

Example (cont.):

The transition function ¢ is defined as follows:

Q- — ga0 9.0 — @ao Q@b — qbl
Qa — Qqi0OR gpa — QqpaR 0 — qOR
Qb — gpOR gb — qbR Ga — gs0L
a8 — QaaR gt — g,0OL @b — gOL
Gab — QqabR gpa — QgsoL 0 — g1b0
g0 — qg,0L ab — qOL
g,a — @qOL g0 — qia0
q:b — g0l ga — qal

read/write head

[ofo]elb[b]b]a

o

qa

finite-state control

o]
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4. Turing Machines and R. E. and Context-Sensitive Languages

Example (cont.):

4.1. Turing Machines

The transition function ¢ is defined as follows:

QoU
Qoa
Qob
Gad
Qab
gal
qa
qab

R

q1aO
g.0R
qpOR
gaaR
gab R
q,0L
Q0L
qs0L

q;0
qna
Qb
gp
qpa
apb
qp0
goa

T T

g1a0
QpaR
QbR
q,0L
qs0L
Q0L
g:a0
qeal

qzb
20
gza
qsb
gzt

read/write head

-~~‘D|D|b|b|b|b|a|ﬂ
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4. Turing Machines and R. E. and Context-Sensitive Languages 4.1. Turing Machines

Example (cont.):

The transition function ¢ is defined as follows:

Q- — ga0 9.0 — @ao Q@b — qbl
Qa — Qqi0OR gpa — QqpaR 0 — qOR
Qb — gpOR gb — qbR Ga — gs0L
a8 — QaaR gt — g,0OL @b — gOL
Gab — QqabR gpa — QgsoL 0 — g1b0
g0 — qg,0L ab — qOL
g,a — @qOL g0 — qia0
q:b — g0l ga — qal

read/write head

[ofo]elb[b]e]afo]-

P

qa

finite-state control
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4. Turing Machines and R. E. and Context-Sensitive Languages 4.1. Turing Machines

Example (cont.):

The transition function ¢ is defined as follows:

QoU
Qoa
Qob
Gad
Qab
gal
qa
qab

R

q1aO
g.0R
qpOR
gaaR
gab R
q,0L
Q0L
qs0L

q;0
qna
Qb
gp
qpa
apb
qp0
goa

— @g1a0 Qb
— QhaR G20
— QgvbR Gsa
— q[/)DL gsb
— q30OL 30
—  @O0L
— q1a0
— @pal

read/write head

-~~‘D|D|b|b|b|b|a|ﬂ
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4. Turing Machines and R. E. and Context-Sensitive Languages

Example (cont.):

4.1. Turing Machines

The transition function ¢ is defined as follows:

QoU
Qoa
Qob
Gad
Qab
gal
qa
qab

R

g1a0 9.0 — @ao gab
qa0R gpa — QpaR G20
QR gb — qbR Gsa
gaaR gt — qgy0L gsb
gab R gpa — g0l Q30
qé\jl_ q;)b — QQDL
q20L %o — @al
qs0L Ga — @qal
read/write head
~|ele|s|b[b]b[a]a]-

Prof. Dr. F. Otto (Universitat Kassel)
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4. Turing Machines and R. E. and Context-Sensitive Languages 4.1. Turing Machines

Example (cont.):

The transition function ¢ is defined as follows:

Q- — ga0 9.0 — @ao Q@b — qbl
Qa — Qqi0OR gpa — QqpaR 0 — qOR
Qb — gpOR gb — qbR Ga — gs0L
a8 — QaaR gt — g,0OL @b — gOL
Gab — QqabR gpa — QgsoL 0 — g1b0
g0 — qg,0L ab — qOL
g,a — @qOL g0 — qia0
q:b — g0l ga — qal

read/write head

SEIEDEDE

/

Q-

finite-state control

o[a]-
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4. Turing Machines and R. E. and Context-Sensitive Languages 4.1. Turing Machines

Example (cont.):

The transition function ¢ is defined as follows:

Q- — ga0 9.0 — @ao Q@b — qbl
Qa — QaUR gpa — QpaR 0 — qUR
Qb — gpOR gb — qbR Ga — gs0L
Qa8 — QaaR gt — qgy0L @b — goL
Gab — QqabR gpa — QgsoL 0 — g1b0
g0 — qg,0L ab — qOL
ga — QoL g0 — @gi1a0
q:b — g0l ga — qal

read/write head

~|ole]blo]b]b]o]a]-
Q2

finite-state control
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4. Turing Machines and R. E. and Context-Sensitive Languages 4.1. Turing Machines

Example (cont.):

The transition function ¢ is defined as follows:

Q- — ga0 9.0 — @ao Q@b — qbl
Qa — QaUR gpa — QpaR 0 — qUR
Qb — gpOR gb — qbR Ga — gs0L
Qa8 — QaaR gt — qgy0L @b — goL
Gab — QqabR gpa — QgsoL 0 — g1b0
g0 — qg,0L ab — qOL
ga — QoL g0 — @gi1a0
q:b — g0l ga — qal
read/write head
~|ole]blo]b]b]o]a]-
Q2

finite-state control
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4. Turing Machines and R. E. and Context-Sensitive Languages 4.1. Turing Machines

Example (cont.):

The transition function ¢ is defined as follows:

Q- — ga0 9.0 — @ao Q@b — qbl
Qa — QaUR gpa — QpaR 0 — qUR
Qb — gpOR gb — qbR Ga — gs0L
Qa8 — QaaR gt — qgy0L @b — goL
Gab — QqabR gpa — QgsoL 0 — g1b0
g0 — qg,0L ab — qOL
ga — QoL g0 — @gi1a0
q:b — g0l a — qal
read/write head
~|ole]elo]b]b]o]a]-
Q2

finite-state control
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4. Turing Machines and R. E. and Context-Sensitive Languages 4.1. Turing Machines

Example (cont.):

The transition function ¢ is defined as follows:

Q- — ga0 9.0 — @ao Q@b — qbl
Qa — QaUR gpa — QpaR 0 — qUR
Qb — gpOR gb — qbR Ga — gs0L
Qa8 — QaaR gt — qgy0L @b — goL
Gab — QqabR gpa — QgsoL 0 — g1b0
g0 — qg,0L ab — qOL
ga — QoL g0 — @gi1a0
q:b — g0l ga — qal
read/write head
~|ole]blo]b]b]o]a]-
Qo

finite-state control
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4. Turing Machines and R. E. and Context-Sensitive Languages 4.1. Turing Machines

Example (cont.):

The transition function ¢ is defined as follows:

Q- — ga0 9.0 — @ao Q@b — qbl
Qa — Qqi0OR gpa — QqpaR 0 — qOR
Qb — gpOR gb — qbR Ga — gs0L
a8 — QaaR gt — g,0OL @b — gOL
Gab — QqabR gpa — QgsoL 0 — g1b0
g0 — qg,0L ab — qOL
g,a — @qOL g0 — qia0
q:b — g0l ga — qal

read/write head

~~~‘D|D|D|b|b b|D|D|~~~

|

Qb

finite-state control
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4. Turing Machines and R. E. and Context-Sensitive Languages 4.1. Turing Machines

Example (cont.):

The transition function ¢ is defined as follows:

Q- — ga0 9.0 — @ao Q@b — qbl
Qa — Qqi0OR gpa — QqpaR 0 — qOR
Qb — gpOR gb — qbR Ga — gs0L
a8 — QaaR gt — g,0OL @b — gOL
Gab — QqabR gpa — QgsoL 0 — g1b0
g0 — qg,0L ab — qOL
g,a — @qOL g0 — qia0
q:b — g0l ga — qal

read/write head

~~~‘D|D|D|b|b|b

/

Qb

finite-state control

o[a]-

Prof. Dr. F. Otto (Universitat Kassel) Automata and Grammars 229 /294



4. Turing Machines and R. E. and Context-Sensitive Languages 4.1. Turing Machines

Example (cont.):

The transition function ¢ is defined as follows:

Q- — ga0 9.0 — @ao Q@b — qbl
Qa — Qqi0OR gpa — QqpaR 0 — qOR
Qb — gpOR gb — qbR Ga — gs0L
a8 — QaaR gt — g,0OL @b — gOL
Gab — QqabR gpa — QgsoL 0 — g1b0
g0 — qg,0L ab — qOL
g,a — @qOL g0 — qia0
q:b — g0l ga — qal

read/write head

~~~‘D|D|D|b|b|b|lﬂ

o

Qb

finite-state control

o]
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4. Turing Machines and R. E. and Context-Sensitive Languages 4.1. Turing Machines

Example (cont.):

The transition function ¢ is defined as follows:

Q- — ga0 9.0 — @ao Q@b — qbl
Qa — Qqi0OR gpa — QqpaR 0 — qOR
Qb — gpOR gb — qbR Ga — gs0L
a8 — QaaR gt — g,0OL @b — gOL
Gab — QqabR gpa — QgsoL 0 — g1b0
g0 — qg,0L ab — qOL
g,a — @qOL g0 — qia0
q:b — g0l ga — qal

read/write head

~~~‘D|D|D|b|b|b|D|D

i

Qb

finite-state control
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4. Turing Machines and R. E. and Context-Sensitive Languages 4.1. Turing Machines

Example (cont.):

The transition function ¢ is defined as follows:

Q- — ga0 9.0 — @ao Q@b — qbl
Qa — Qqi0OR gpa — QqpaR 0 — qOR
Qb — gpOR gb — qbR Ga — gs0L
a8 — QaaR gt — g,0OL @b — gOL
Gab — QqabR gpa — QgsoL 0 — g1b0
g0 — qg,0L ab — qOL
g,a — @qOL g0 — qia0
q:b — g0l ga — qal

read/write head

~~~‘D|D|D|b|b|b|lﬂ

o

b

finite-state control

o]
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4. Turing Machines and R. E. and Context-Sensitive Languages 4.1. Turing Machines

Example (cont.):

The transition function ¢ is defined as follows:

Q- — ga0 9.0 — @ao Q@b — qbl
Qa — Qqi0OR gpa — QqpaR 0 — qOR
Qb — gpOR gb — qbR Ga — gs0L
a8 — QaaR gt — g,0OL @b — gOL
Gab — QqabR gpa — QgsoL 0 — g1b0
g0 — qg,0L ab — qOL
g,a — @qOL g0 — qia0
q:b — g0l ga — qal

read/write head

~~~‘D|D|D|b|b|D

/

Q-

finite-state control

o[a]-
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4. Turing Machines and R. E. and Context-Sensitive Languages 4.1. Turing Machines

Example (cont.):

The transition function ¢ is defined as follows:

Q- — ga0 9.0 — @ao Q@b — qbl
Qa — Qqi0OR gpa — QqpaR 0 — qOR
Qb — gpOR gb — qbR Ga — gs0L
a8 — QaaR gt — g,0OL @b — gOL
Gab — QqabR gpa — QgsoL 0 — g1b0
g0 — qg,0L ab — qOL
g,a — @qOL g0 — qia0
q:b — g0l ga — qal

read/write head

~~~‘D|D|D|b|b

|

Q-

finite-state control
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4. Turing Machines and R. E. and Context-Sensitive Languages 4.1. Turing Machines

Example (cont.):

The transition function ¢ is defined as follows:

Q- — ga0 9.0 — @ao Q@b — qbl
Qa — QaUR gpa — QpaR 0 — qUR
Qb — gpOR gb — qbR Ga — gs0L
Qa8 — QaaR gt — qgy0L @b — goL
Gab — QqabR gpa — QgsoL 0 — g1b0
g0 — qg,0L ab — qOL
ga — QoL g0 — @gi1a0
q:b — g0l ga — qal
read/write head
SEIEECEEIEIE S
Q2

finite-state control
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4. Turing Machines and R. E. and Context-Sensitive Languages 4.1. Turing Machines

Example (cont.):

The transition function ¢ is defined as follows:

Q- — ga0 9.0 — @ao Q@b — qbl
Qa — Qqi0OR gpa — QqpaR 0 — qOR
Qb — gpOR gb — qbR Ga — gs0L
a8 — QaaR gt — g,0OL @b — gOL
Gab — QqabR gpa — QgsoL 0 — g1b0
g0 — qg,0L ab — qOL
g,a — @qOL g0 — qia0
q:b — g0l ga — qal

read/write head

~~~‘D|D|D|b|b

|

Qo

finite-state control

o|ofof -
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4. Turing Machines and R. E. and Context-Sensitive Languages 4.1. Turing Machines

Example (cont.):

The transition function ¢ is defined as follows:

Q- — ga0 9.0 — @ao Q@b — qbl
Qa — Qqi0OR gpa — QqpaR 0 — qOR
Qb — gpOR gb — qbR Ga — gs0L
a8 — QaaR gt — g,0OL @b — gOL
Gab — QqabR gpa — QgsoL 0 — g1b0
g0 — qg,0L ab — qOL
g,a — @qOL g0 — qia0
q:b — g0l ga — qal

read/write head

To[o[o[o]s]o

/

Qb

finite-state control

o[a]-
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4. Turing Machines and R. E. and Context-Sensitive Languages 4.1. Turing Machines

Example (cont.):

The transition function ¢ is defined as follows:

Q- — ga0 9.0 — @ao Q@b — qbl
Qa — Qqi0OR gpa — QqpaR 0 — qOR
Qb — gpOR gb — qbR Ga — gs0L
a8 — QaaR gt — g,0OL @b — gOL
Gab — QqabR gpa — QgsoL 0 — g1b0
g0 — qg,0L ab — qOL
g,a — @qOL g0 — qia0
q:b — g0l ga — qal

read/write head

To[o[o[a]s]o]s

o

Qb

finite-state control

o]
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4. Turing Machines and R. E. and Context-Sensitive Languages 4.1. Turing Machines

Example (cont.):

The transition function ¢ is defined as follows:

Q- — ga0 9.0 — @ao Q@b — qbl
Qa — Qqi0OR gpa — QqpaR 0 — qOR
Qb — gpOR gb — qbR Ga — gs0L
a8 — QaaR gt — g,0OL @b — gOL
Gab — QqabR gpa — QgsoL 0 — g1b0
g0 — qg,0L ab — qOL
g,a — @qOL g0 — qia0
q:b — g0l ga — qal

read/write head

To[o[o[o]s]o

/

b

finite-state control

o[a]-

Prof. Dr. F. Otto (Universitat Kassel) Automata and Grammars 229 /294



4. Turing Machines and R. E. and Context-Sensitive Languages 4.1. Turing Machines

Example (cont.):

The transition function ¢ is defined as follows:

Q- — ga0 9.0 — @ao Q@b — qbl
Qa — Qqi0OR gpa — QqpaR 0 — qOR
Qb — gpOR gb — qbR Ga — gs0L
Qa4 — QaaR gD — q,BL @b — qzOL
Gab — QqabR gpa — QgsoL 0 — g1b0
g0 — qg,0L ab — qOL
g,a — @qOL g0 — qia0
q:b — g0l ga — qal

read/write head

To[o[o]o]o

|

Q-

finite-state control

o|ofof -
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4. Turing Machines and R. E. and Context-Sensitive Languages 4.1. Turing Machines

Example (cont.):

The transition function ¢ is defined as follows:

Q- — ga0 9.0 — @ao Q@b — qbl
Qa — Qqi0OR gpa — QqpaR 0 — qOR
Qb — gpOR gb — qbR Ga — gs0L
a8 — QaaR gt — g,0OL @b — gOL
Gab — QqabR gpa — QgsoL 0 — g1b0
g0 — qg,0L ab — qOL
g,a — @qOL g0 — qia0
q:b — g0l ga — qal

read/write head

To[e[o[a]o]o

/

Qo

finite-state control

o[a]-
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4. Turing Machines and R. E. and Context-Sensitive Languages 4.1. Turing Machines

Example (cont.):

The transition function ¢ is defined as follows:

Q- — ga0 9.0 — @ao Q@b — qbl
Qa — Qqi0OR gpa — QqpaR 0 — qOR
Qb — gpOR gb — qbR Ga — gs0L
a8 — QaaR gt — g,0OL @b — gOL
Gab — QqabR gpa — QgsoL 0 — g1b0
g0 — qg,0L ab — qOL
g,a — @qOL g0 — qia0
q:b — g0l ga — qal

read/write head

To[o[o[o]a]o

/

ai

finite-state control

o[a]-
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4. Turing Machines and R. E. and Context-Sensitive Languages 4.1. Turing Machines

Let M =(Q,X,I,0,6,q0,q1) be a k-tape TM, let g € Q, and let
ais,a,...,am € x be input symbols.

By S(q,aiaz - - - am) we denote the configuration of M, in which M is in
state g and in which the contents of the tapes and the head positions
are as follows:

m] aj a am | O a --- tape 1
| | | O O O -+ tape 2
O O O O O O --- tape k
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4. Turing Machines and R. E. and Context-Sensitive Languages 4.1. Turing Machines

Definition 4.1

(a) LetM = (Q,Z, r,oO,oé, Qo, Q1) beaTM, i C ¥~ {*},
where x is a symbol from ¥, ¥ C ¥, and n > 0.
A function f : (X3)" ~ ¥ is computed by M, if the following holds
forall x1,xp, ..., Xp € ¥
(i) Iff(x1,x2,...,Xn) is defined, then starting from the configuration
S(qo, x1 * X2 % - - - x Xp), M will eventually reach the configuration
S(qg1, f(x1, X2, ..., Xn))-
(i) Iff(xq1,x2,...,Xn) is undefined, then starting from the configuration

S(qo, X1 * X2 * - - - * Xp), M will not halt at all, or it will halt in a
configuration that is not of the form S(qy,y) forany y € ©*.

(b) Afunction f: (X7)" ~ ¥} is called (Turing) computable, if
there exists a TM that computes f.
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4. Turing Machines and R. E. and Context-Sensitive Languages 4.1. Turing Machines

Definition 4.1 (cont.)

(c) A function f : N" ~» N is called (Turing) computable, if the following
dyadic encoding ¢ : ({1,2}*)" ~ {1,2}* is (Turing) computable:

Qﬁ(X1 y X2, ... 7Xn) — dya(f(dya_1 (X1 )7 dya_1 (XZ)? 000 7dya_1 (Xn)))
(d) T™ denotes the class of functions that are (Turing) computable.
Instead of the dyadic encoding one could choose an r-adic encoding
for any r > 2. As the functions
dyacad;':{1,2,...,r}* = {1,2}*
and

ad,odya™': {1,2* > {1,2,....r}*
are (Turing) computable, the same class TM would be obtained.
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4. Turing Machines and R. E. and Context-Sensitive Languages 4.1. Turing Machines

Example (cont.):

The function S(x) := x + 1 is (Turing) computable.

A 1-Turingmachine (1-TM) is a TM with a single tape that is
unbounded to the right only:

l

a | a am | O O -+ Half tape

A transition ga; — q'bL has the same effect as ga; — 1'b0.
The global situation above is denoted by S(q, a1az - - - am).

Using 1-TMs, we obtain the class 1-TM of functions on N that are
computable by 1-TMs.
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4. Turing Machines and R. E. and Context-Sensitive Languages 4.1. Turing Machines

Lemma 4.2

Let f be an n-ary function that is (1-) Turing computable. Then there
existsa (1-)TMM = (Q,X,T,0,6, qo, 1) that computes f and that
satisfies the following condition:

VX1, X2, ..., Xn € X3 . M halts eventually starting from the configuration
S(Qo, X1 * Xo * -+ - x Xp) if and only if f(x1, X2, . . ., Xn) IS defined.

Theorem 4.3
T™M C 1-TM.
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4. Turing Machines and R. E. and Context-Sensitive Languages 4.1. Turing Machines

Proof of Theorem 4.3.
Let M =(Q,X,I,0,6,qo, q1) be a TM with k tapes that computes the
function f: (X7)" ~ X5, where X1 C X~ {x}and Xp C X.

By Lemma 4.2 we can assume that, for all Xy, xo,..., xp € X7,

M halts eventually starting from S(qo, X1 * Xo * - - - % Xp)

iff f(x1, Xo, ..., Xn) is defined.

We describe a 1-TM M’ = (Q', X, I, 0, ¢, g4, q7) that computes the
function f by simulating M.

The alphabet X’ includes X together with the following symbols:

mV, ¢

On the tape of M, each configuration of M is encoded in a special way.
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4. Turing Machines and R. E. and Context-Sensitive Languages 4.1. Turing Machines

Proof of Theorem 4.3 (cont.)

Assume that M is in the configuration that is given by the state g € Q
and the following tape situation:

T ] 1 1 1 il gl g |-
apel: .-~ o | O | al |a aj a, | o| o

T 2. 2 a2 22 2 | ol ol - -
apec: --- O | O | O & > o R (O[O

T . k K K Kl g lg |
apek:--- O | O | 0O | af| a ay ag | o| o
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4. Turing Machines and R. E. and Context-Sensitive Languages 4.1. Turing Machines

Proof of Theorem 4.3 (cont.)

This configuration is encoded by the configuration of M’ that
is given by the state (g,1) € @ and the following tape situation:

(EE A B EE EE EL [ EE FE

The 1-TM M’ proceeds as follows.
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4. Turing Machines and R. E. and Context-Sensitive Languages 4.1. Turing Machines

Proof of Theorem 4.3 (cont.)

(1) At first the initial configuration

1 ol

’X1*X2*-~*Xn

is transformed into the encoding of M’s initial configuration:

J'(QO-,U
’l‘V‘XMXz*---*Xn ‘O‘V
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4. Turing Machines and R. E. and Context-Sensitive Languages 4.1. Turing Machines

Proof of Theorem 4.3 (cont.)

(2) Then M’ simulates the TM M step by step. For simulating a single
step of M, M"’s head moves from left to right across the tape and
stores the symbols currently read by M into M”’s finite-state
control.

As soon as all symbols have been read, M’ moves its head back to
the left, updating the symbols read and the positions of M’s heads.

Observe that each transition of M may increase the length of the
contents of some of its tapes.

Hence, M’ must adjust the space provided for encoding these
tapes by moving the corresponding suffix of its tape contents to
the right.
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4. Turing Machines and R. E. and Context-Sensitive Languages 4.1. Turing Machines

Proof of Theorem 4.3 (cont.)

(3) If M does not halt on input x; * xo * - - - % Xp,, then neither does M'.
If, however, M halts eventually, then M’ halts with a tape contents
of the following form:

¢(q|~ 1)

[e[el Tefv]te - ofe] Je[efo] Jo[v]a] Ja]e[ e Je[v]e] [ofa]e]

This tape contents must now be reformated as follows:

o
lf(X|.X2.---.Xn) [D[D[D[

It follows that M’ computes the function f. O
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4. Turing Machines and R. E. and Context-Sensitive Languages 4.1. Turing Machines

A nondeterministic Turing machine (NTM) M with
k > 1 tapesis given by a 7-tuple M = (Q, %,I,0,4, qo, 1),
where Q,%,I,0, gy and gy are defined as for TMs, and

5 Q % I—k N 2Q><rk><{L,0,R}k

is the transition relation. If

5(q, a1, a, ..., ak) = { (", 6, .. 6D md L omDy =1, Y,

then M has r options for its next step, if it is in state g reading symbol
gjontape j (1 <j < k).
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Assume that M is in state g € Q and that the tape contents and head
positions are as given in the following diagram:

L

o o t a V1 O O ... Tape 1

O O m| Up ap Vo m| O O .- Tape 2

O O Uk ax Vk O O --- Tape k

This configuration is encoded as

(u1Qar vy, UpqaoVa, . . ., UxQax Vi)
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4. Turing Machines and R. E. and Context-Sensitive Languages 4.1. Turing Machines

Let CONF be the set of all encodings of all configurations of M.
Then M induces a binary relation -3, on CONF.

The language L(M) accepted by M is defined as

L(M) = {weX*|3K e CONF: (qWw,q,--.,q)Fy K,
and K contains the halting state g1 }.

Each k-tape-(N)TM can be simulated by a 1-(N) TM.

Theorem 4.5

For each NTM M, there exists a TM M’ such that L(M) = L(M").
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Proof of Theorem 4.5.

W.l.o.g. let M be a 1-NTM.
We construct a 2-tape-TM M’ that simulates M.

Start of the simulation: Tape 1 contains the initial configuration of M,
and tape 2 is empty.

A step of the simulation: Tape 1 (or 2) contains a list of all
configurations that M can reach within 2/ (2/ + 1) steps from the given
initial configuration, and the other tape is empty.

For each configuration of M stored on tape 1 (2), all immediate
successor configurations are written onto tape 2 (1).

As soon as a halting configuration is encountered, M’ halts; otherwise,
tape 1 (2) is erased.

Now tape 2 (1) contains all configurations that M can reach within
2i +1 (2i + 2) steps from the given initial configuration, and the next
step of the simulation can be executed.

It follows that L(M') = L(M). O
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4. Turing Machines and R. E. and Context-Sensitive Languages 4.1. Turing Machines

Let L(NTM) denote the class of languages that are accepted by NTMs,
and let £(TM) be the class of languages that are accepted by TMs.

Corollary 4.6
L(NTM) = L(TM).
Alanguage L C ¥* is called recursively enumerable (r.e.), if there

exists a TM M such that L = L(M). By RE we denote the class of all
recursively enumerable languages, that is, L(NTM) = £(TM) = RE.

A language is called L C X* recursive, if there exists a TM M satisfying
the following conditions:

-Vwel DoQow kil
-vyweX*~L : qowky, g40.

By REC we denote the class of all recursive languages.
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Theorem 4.7

(1) REC C RE.
(2) The class REC is closed under complementation.

Theorem 4.8

A language L is recursive iff L and L¢ are recursively enumerable.

Proof.

If Lis recursive, then L and L€ are obviously r.e..

It remains to prove the converse implication.
Let M; be a TM such that L(M;) = L, and let M> be a TM such that
L(My) = X* \ L. W.l.o.g. we can assume that My and M, are 1-TMs.
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4. Turing Machines and R. E. and Context-Sensitive Languages 4.1. Turing Machines

Proof of Theorem 4.8 (cont.)

Let M’ be the 2-tape-TM that proceeds as follows:

(1) At first M’ copies its input from tape 1 onto tape 2.

(2) Ontape 1, M’ simulates the TM My, and on tape 2, it simulates the
TM M. These simulations are executed in parallel, step by step.
If My reaches its halting state g, then M’ produces output 1 and
halts, as then w € L(M;) = L,
if M> reaches its halting state gy, then M’ produces the output 0
and halts, as then w € L(M,) = L°.

Since L(M;)U L(M,) = £*, exactly one of these two cases occurs
for each input w € ¥*. Thus, M’ decides correctly whether or not
w belongs to L, which shows that L is recursive. O
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4. Turing Machines and R. E. and Context-Sensitive Languages 4.2. Undecidability

4.2. Undecidability

A decision problem is called undecidable, if there does not exist a TM
that answers each instance correctly after finitely many steps.

If L C ¥*, then the Membership Problem for L is the following decision
problem:

INSTANCE: A word w € ©*.
QUESTION: Isw e L?
Thus, this problem is decidable iff the language L is recursive.

In what follows we are interested in the Halting Problem for TMs:

INSTANCE: A TM M and an input word w € ©*.
QUESTION: When starting with input w, will M halt eventually?
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4. Turing Machines and R. E. and Context-Sensitive Languages 4.2. Undecidability

In order to study this problem we must encode the instance (M, w) in

some way.
Let M =(Q,{0,1},{0,1,0},0,6,qo,qn) be a1-TM on
Y ={0,1},andlet Q ={qo,q1,---,qn}

We will encode M through a word ¢(M) € £+.

Leto = {(qi1 5 ai1 ) qj1 ) aj1 ) mj1 )7 ceey (Qim, aima qjm7 ajmv mjm)}a
where g, g, € Q, a,,a, € ZU {0}, and m;, € {L,0, R}.

Each 5-tuple (q;., a;,, q;., &,, m;,) is encoded as
C(Qiea aie? qje’ aje’ mje) = o’e+1 106 Fie) O]e+1 106 a/e)1oe(m/e)

1, ifa; =0, 1, ifm=1L,
where e(g;)) =< 2, ifa =1, pande(m):=< 2, ifm=0,
3, ifai=0, 3, ifm=R.
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4. Turing Machines and R. E. and Context-Sensitive Languages 4.2. Undecidability

The function ¢ is interpreted as a sequence of 5-tuples.
Assuming that this sequence is sorted in lexicographical order,
we take

c(M) = 1110"™""11111 - c(q;, a;,, g;,, &, m;,) - 11-
o1 -c(q,-m,a,-m,q,-m,ajm,mjm)-111.
The set
{c(M)|Misa1-TMon¥ ={0,1} and I = {0,1,0} }

is recursive.
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4. Turing Machines and R. E. and Context-Sensitive Languages 4.2. Undecidability

Proof of Lemma 4.9.
Let w € {0,1}*. If w is not an element of the regular language

13_0n+1 .15.(01§i§n.1 .01§I’§3.1 _01§i§n+1 1 .01§I’§3.1 .01§i§3‘11)§3~n'1’

then w is not the encoding of a 1-TM.

If, however, w is an element of the above regular language, then one
can try to reconstruct M from w. This reconstruction is successful iff
w describes a function

53{CIOa--‘7Qn—1}><{0717D}’\”{QO;-~-7CIn}X{071aD}X{L707R}-

This function ¢ then yields the TM M satisfying c(M) = w. O
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4. Turing Machines and R. E. and Context-Sensitive Languages 4.2. Undecidability

By M., we denote the following TM, which does not halt on any input:

({q0> Q1}» {O, 1}7 {Oa 17D}7 U, {(qu a, qo, 4, O) | ac {Oa 1)D}}a Qo, Ch)

With each word w € X*, we now associate a TM M,,:

Mo . M, if c(M) = w,
YT M, if w is not the encoding of any TM.

By Lemma 4.9, the TM M,, can be reconstructed from w.
Now let K C {0, 1}* be the following language:

K:={we{0,1}" | My halts on input w }.

Theorem 4.10

The language K is not recursive.
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Proof of Theorem 4.10.

Assume to the contrary that K is recursive. Then there exists a 1-TM
My that decides membership in K, that is,

q(()o)w Mo q$°)1, ifweK,

and
aw ki, aiV0, ifw & K.

By modifying My we obtain a new TM M; that behaves as follows:

Qealm, geaty, ---, ifa=1,

Oy 1t O
Go W Fiw 0w, { a0, ifa=0.
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4. Turing Machines and R. E. and Context-Sensitive Languages 4.2. Undecidability

Proof of Theorem 4.10 (cont.)

Hence, for all w € £*: M; halts on input w iff
gy w i, 20, that s, iff w ¢ K.

Now let u := ¢(M;). Then M, = M;, and we have the following
sequence of equivalent statements:

M; halts on input v iff u ¢ K
iff M, does not halt on input u
iff My does not halt on input u, a contradiction!

This contradiction shows that the language K is not recursive. Ol

Corollary 4.11
K € RE ~ REC and K¢ ¢ RE.
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Corollary 4.12

The Halting Problem for TMs is undecidable.

Proof.

Let H be the following language:
H:={ (w,u) | My halts on input u }.

Then w € K iff (w, w) € H.

If H were recursive, then K would be recursive, too.

Thus, H is not recursive, that is,
the Halting Problem for (1-)TMs is undecidable. O]
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Let § be a set of recursively enumerable languages on {0, 1}.
We interpret S as a property of recursively enumerable languages.

We say that a language L has property S, if L € 8.
The property 8 is called trivial, if § = 0 or § = RE({0, 1}).
Finally, let Ls := { ¢c(M) | L(M) € S }.

Theorem 4.13 (Rice 1953)

The language Lg is non-recursive for each non-trivial property 8 of
recursively enumerable languages, that is, given a TM M, it is in
general undecidable whether the language L(M) has property S.
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Proof of Theorem 4.13.

W.l.o.g. we can assume that () ¢ 8, as otherwise we could consider the
set 8¢ := RE({0,1}) \ S instead of 8.

As 8 is non-trivial, there exists a language 0 # L € 8.

Let M, be a TM such that L(M,) = L.

Assume that the language § is decidable, that is, Ls € REC({0, 1}).
Then there is a TM M;s for deciding Lg.

From M; and Ms, we now construct a TM for the halting problem H.
Let M be a TM, and let w € {0, 1}* be an input word.

From M and w, we can construct a TM My, , that, on input x € {0, 1},
executes the following program:

(1) simulate M on input w;
(2) if M halts on input w then simulate M, on input x.
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Proof of Theorem 4.13 (cont.)

, 0, if w & L(M),
Then L(My, ,) = { L, if we L(M).

By our hypothesis, ) ¢ S and L € 8.

Hence, c(My, ,,) € Ls iff w € L(M).

Thus, the TM Ms accepts on input ¢(My, ,,) iff w € L(M),

and otherwise, Ms rejects this input.

It follows that the TM Ms decides membership in H.

As H is undecidable, this is a contradiction!

Hence, Lg is non-recursive. O
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Corollary 4.14

The following properties are undecidable for recursively enumerable
languages:

— emptiness,

— finiteness,

— regularity,

— context-freeness.
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Let M =(Q,X,I,0,6,q90,91) be a 1-TM, and
let A ;=T UQU{#}, where # is an additional symbol.
A valid computation of M is a word of the form
W= Wi HWS H Wt W, - fwgn #(Wom 1 #) € AT,

2m, ifu=0
2m+1, ifpu=1 |’
that satisfies the following conditions:

where € {0,1} and n :=

1)y vi=1,2,...,n: w; el -Q-T*, where w; does not end with the
symbol O;

(2) wq = qox for some x € ¥*, that is,

wy is an initial configuration of M;
(3) wpel™*.qq-I* thatis, wy is a halting configuration of M;
(4) Vi = 1,2,...,[’7—1 S Wibky Wigt1.

By GB(M) we denote the language on A that consists of all valid
computations of M.
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Lemma 4.15

From a given 1-TM M, one can effectively construct two context-free
grammars Gy and G, such that L(Gy) N L(G2) = GB(M).

Let L3 be the language
Ly :={y#zf|y,ze™.Q T suchthaty -y z}.

From M one can easily construct a PDA that accepts L3.
From L3 we obtain the language L:

Ly=(Ls-#)"-({epu (- qi - T7- 7).

From M we can construct a context-free grammar for the language L
(Theorem 3.20, Theorem 3.22).
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Proof of Lemma 4.15 (cont.)

Further, let L4 be the language

Ly ={yf#z|y,zel*-Q - suchthaty -y z},
and let L, be obtained from L4 as follows:

Lo:=qox" - #-(La-#)" - ({efUu (M- g1 - T - #)).

From M we can construct a context-free grammar for L.

LinLy, = GB(M)
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Proof of Lemma 4.15 (cont.)

Proof of Claim.

Let w = wy#wS# - - - #wp# such that n = 1 mod 2.

If w € GB(M), then properties (1) to (4) imply that w € Ly N L.
Conversely, if w € Ly N L,, then we see from the definitions of L; and
L, that w satisfies (1) and (4).

As w € Ly, wy = gox for some x € *, and

aswe Ly, w,el.q " thatis, w € GB(M).

For w = wy# - - - #w/# such that n = 0 mod 2, the proof is analogous.
Thus, Ly N Ly = GB(M). O

Ol
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Let Mbe a 1-TM.

Then L(M) # 0 iff GB(M) # 0.

Now let G; and G, be two context-free grammars such that
L(G1) N L(G2) = GB(M).

Then L(M) # 0 iff L(Gy) N L(G2) # 0.

As emptiness is undecidable for L(M), this yields the following result.

Corollary 4.16

The following Intersection Emptiness Problem is undecidable:

INSTANCE: Two context-free grammars Gy and Go.
QUESTION: IsL(G)NL(G2) =07
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The set A* \ GB(M) = GB(M)¢ is called the
set of invalid computations of M.

Lemma 4.17
For each 1-TM M, GB(M)¢ € CFL(A).

As L(M) =  iff GB(M)¢ = A*, we obtain the following undecidability
result.

Corollary 4.18

The following Universality Problem is undecidable:

INSTANCE: A context-free grammar G on A.
QUESTION: IsL(G) = A*?
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Theorem 4.19

The following problems are undecidable:

(1) INSTANCE: Two context-free grammars Gy and Go.
- QUESTION:Is L(Gy) = L(G2)?
- QUESTION:Is L(Gy) C L(G2)?
- QUESTION:Is L(Gy) N L(G>) context-free?
- QUESTION:Is L(G1) N L(Gy) regular?
(2) INSTANCE: A context-free grammar G
and a regular set R.
- QUESTION:Is L(G) = R?
- QUESTION:Is RC L(G)?
(3) INSTANCE: A context-free grammar G.
- QUESTION:Is L(G)° context-free?
- QUESTION:Is L(G)° regular?
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Proof.

Let G; be a context-free grammar s.t. L(Gy) = R =X".
Then the following holds for each context-free grammar Go:

R=L(G)=L(G)iff R=L(Gy) C L(Gp) iff L(Go) = T*.

It follows from Corollary 4.18 that the first two problems of (1) and the
two problems of (2) are undecidable.

The language GB(M) is finite and therewith regular, if L(M) is finite; on
the other hand, if L(M) is infinite, then GB(M) is not even context-free,
which can be shown by the Pumping Lemma (Theorem 3.14), if M
makes at least 3 steps on each input.

Prof. Dr. F. Otto (Universitat Kassel) Automata and Grammars 267 /294



4. Turing Machines and R. E. and Context-Sensitive Languages 4.2. Undecidability

Proof of Theorem 4.19 (cont.)

Let M be an arbitrary 1-TM. From M one can construct a 1-TM M’ that
accepts the same language as M, but that executes at least 3 steps on
each input.

Now L(M) is finite iff GB(M') = (GB(M')°)¢ is context-free (regular).
Further, from M’ we obtain two context-free grammars Gy and G, such
that L(Gy) N L(G2) = GB(M').

As finiteness of L(M) is undecidable, it follows that the questions of
whether (GB(M')°)¢ or L(G1) N L(Gz) are context-free (regular) are
undecidable, too. O]
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4 3. General Phrase-Structure Grammars

A phrase-structure grammar is a 4-tuple G = (N, T, S, P), where
PC(NUT)" x(NUT)*is afinite semi-Thue system on NU T such
that |¢|y > 1 for all (¢ — r) € P (see Section 2).

Theorem 4.20

For each phrase-structure grammar G, the language L(G) is
recursively enumerable.

For G= (N, T, S, P) we describe a 2-tape-NTM M that accepts the
language L(G): The input w is stored on tape 1, and on tape 2,

M guesses a derivation of G, starting from S.

As soon as a terminal word z has been generated on tape 2, M checks
whether z = w holds. In the affirmative, M halts, while in the negative,
M enters an infinite loop. Hence, L(M) = L(G). O
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Theorem 4.21

If L is a recursively enumerable language, then there exists a
phrase-structure grammar G such that L(G) = L.

LetLC ¥*bere.,andlet M= (Q,%,I,0,6,q0,91) be a1-TM
s.t. L(M) = L. We construct a grammer G = (N, X, Ay, P) by taking

N:=((Zu{e}) xNUQU{A, Az, A3},
and defining P as follows:
(1) A = QoA (4 Az —  [e,0]As,
2) A2 — J[aagAxforallacx, (5) A3 — e
(3) A2 — As,
Using these productions G generates a sentential form
Qolar, ai][az, @] - - - [an, an][e, O] - - - [e, O]
foraword w = aia> - - - @, € X*. This sentential form encodes the initial
configuration of the TM M on input w.
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Proof of Theorem 4.21 (cont.)

Further, P contains the following productions for simulating M:

(6) gla, X] — [a, Y]p, it 6(q,X) = (b, Y, R),

(7) [b,Z]qla, X] — p[b,Z][a, Y] forallbe X U{c}and Z €T,
it 6(q, X) = (p, Y, L),

(8) gla, X] — pla, Y. if 6(q, X) = (p, ¥, 0).

If qowD™ k3, upv holds for some u,v € I'*, p € Q,and m > 0, then
Qolat, ai][az, @] - - - [an, an][e, O] —p

[a1 ) U1] U [ak7 uk]p[ak+17 V1] T [an7 Vn—k][Ea Vn—k+1] T [87 Vn+m—k]7

where u=uils ... ugand v =viVvo ... Vorm k-
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Proof of Theorem 4.21 (cont.)

Finally, P also contains some productions for treating halting
configurations:
[a, X]g1 — qgragy
(9) aila,X] — qiaqy ; forallae X u{e}and X eT.
ai — €
If qow 3, ugqv, thatis, if w € L(M), then:

Ay =" qola1,ai]laz, az] - - - [an, an][e, O]"
—* a1, 1] - [k, Uk]G1[@k+1, V1] - - - [@ns Vik] - - - [€; Vg m—k]
—* aja---ap=w,
which shows that L(M) C L(G).

Conversely, if w € L(G), then we see from the construction above that
M halts on input w, which implies that L(G) = L(M). O
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Corollary 4.22

A language L is recursively enumerable if and only if it is generated by
a phrase-structure grammar.

From the various characterizations of the class of r.e. languages, we
obtain the following closure properties.

Corollary 4.23

(a) The class RE is closed under union, intersection, product, Kleene
star, reversal, and inverse morphisms.

(b) The class RE is not closed under complementation.
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4.4. Context-Sensitive Languages

A grammar G = (N, T, S, P) is context-sensitive if each production

(¢ — r) € P has the form a X — aus, where X € N,

a,B,ue (NUT)*, and u # ¢. In addition, G may contain the production
(S — ¢), if S does not occur on the right-hand side of any production.
A language L is called context-sensitive if there exists a
context-sensitive grammar G such that L = L(G).

By CSL(X) we denote the set of all context-sensitive languages on ¥,
and CSL denotes the class of all context-sensitive languages.

A grammar G= (N, T, S, P) is called monotone if |¢| < |r| holds for
each production (¢ — r) € P. Also a monotone grammar may contain
the production (S — ¢) if S does not occur on the right-hand side of
any production.

Prof. Dr. F. Otto (Universitat Kassel) Automata and Grammars 274 /294



4. Turing Machines and R. E. and Context-Sensitive Languages 4.4. Context-Sensitive Languages

Theorem 4.24

(a) For each context-sensitive grammar G, there is a monotone
grammar G' such that L(G') = L(G)

(b) For each monotone grammar G/, there is a context-sensitive
grammar G such that L(G) = L(G').

(a) = (b): By definition each context-sensitive grammar is monotone.
(b) = (a): Let G = (N, T, S, P") be a monotone grammar.
From G’ we construct G" = (N”, T, S, P") by taking

N'" =N U{AzlacT}and P":=h(P)U{As—alacT},
where his defined through A— A(Ace N)anda— Az (ac T).
G" is monotone, and all the new productions are context-sensitive.

It remains to replace the productions in h(P’) by context-sensitive
productions.
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Proof of Theorem 4.24 (cont.)

Let Ay ---Am — By ---Bn (2 < m < n) be a production from h(P’),
where A;, B; € N". We introduce new nonterminals Z, 2, ...,Zy and
replace the above production by the following ones:
A1 Am — Z1A2~-~Am
Z1A2~ : ~Am — Z122A3 . ~-Am

212y Zm 1Am — 2L+ ZpBmi1--- By
Zi- - ZnBmit- By — BiZo-- ZmBmt - Bn

Bi---Bn-1ZmBmny1---Bn  — Bi---Bn_1BnBmy1 - Ba.
The new productions are context-sensitive. It's obvious that they
simulate the old production. On the other hand, the new productions
can only be used for this purpose, as the new nonterminals
Zy, 25, ...,2Zm do not occur in any other production. By repeating the
process above for each production from h(P’), we obtain a
context-sensitive grammar G such that L(G) = L(G) O
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Example.
Let G be the following monotone grammar:

G=({S,B},{a,b,c},S,{S— aSBc, S — abc,cB — Bc,bB — bb}).

We claim that L(G) = L := {a"b"c" | n>1).

Claim 1:
LC L(G).

Proof of Claim 1.

We show that a"b"c"” € L(G) by induction on n.

For n= 1, we have S — abc.

Assume that S —* a"b"¢" has been shown for some n > 1.
We consider the following derivation:

S — aSBc —* a- a'b"c" - Bc —* a1 p"Bct! — gt pntientt,
]
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Example (cont.)

Claim 2:
L(G) C L.

Proof of Claim 2.

By applying production 1 repeatedly, we obtain a sentential form
a"S(Bc)", which is rewritten into a sentential form a”Sa by

production 3, where a € {B, c}* and |a|g = |a|c = n.

In order to get rid of S, production 2 must be applied, that is,

we obtain a"Sa — a™' beo.

To get rid of all nonterminals B in «, all occurrences of ¢ must be
moved to the right and then all B are rewritten into b by production 4,
that is, @™t 'bca —* a"t1bB ¢t —* gnt1pntientl

Hence, L(G) C L. O

]

Together Claims 1 and 2 show that L(G) = L.
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Each context-free grammar in CNF (Theorem 3.9) is context-sensitive.

On the other hand, { a"b"c" | n > 1} ¢ CFL (see the first example
after Theorem 3.14).

Corollary 4.25
CFL ¢ CSL.

A grammar G= (N, T, S, P) is in Kuroda Normal Form, if it only
contains productions of the following forms:

(A—a),(A— BC),(AB — CD), whereac T and A,B,C,D € N.
With respect to the production (S — ¢), we have the same restriction
as before.
Theorem 4.26

Given a context-sensitive grammar G, one can effectively construct an
equivalent context-sensitive grammar G’ that is in Kuroda Normal
Form.
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Proof of Theorem 4.26.

As in the proof of Theorem 3.9 we can first revise G in such a way that
terminals only occur on the right-hand side of productions of the form
(A— a).

Next we replace productions of the form (A — BiBs--- Bp) (n > 2) by
new productions

(A — B1 ZQ), (ZQ — 3223), 500 (Zn_1 — Bn_1 Bn),

where Z», Z3, ..., Z,_1 are new nonterminals.

Finally, let (A1Az--- Am — By --- By) be a productions s.t. m > 1 and
m+ n > 4. We choose new nonterminals £, Zs, ..., Z,_1 and replace
the production above by the following productions in Kuroda form:
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4.4. Context-Sensitive Languages

Proof of Theorem 4.26 (cont.)

(A1A2
(Z2A3

(me1 Am
(Zm
(Zm+1

(Zn—1

S 4

Ll

—

Bi12),
B>Z7;),

Bm71 Zm),
BmZm+1 )7
Bm+1 Zm+2)7

Bn—1 Bn)-

The new productions can simulate the old one. On the other hand,
they cannot be used in any other way, as the new nonterminals do not

occur in any other productions.

By repeating this process for all productions of the form above, we
obtain a grammar G’ in Kuroda Normal Form s.t. L(G') = L(G). O
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A linear-bounded automaton (LBA) M is a 1-NTM
M - (07 za r7 D7 57 q07 q1)
with two special symbols ¢,$ € T.
For w € ©*, qo¢ w$ is the initial configuration of M on input w, and
LM):={weX"|3a,f el qtwstytagis$}
is the language accepted by M.
An LBA can be depicted as follows:

¢ a as as e an—1| an $

read/write head

finite-state
control
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Theorem 4.27

For each L € CSL, there exists an LBA M such that L = L(M).

Proof.

We proceed as in the proof of Theorem 4.20, only that here our NTM
M has a tape with two tracks instead of two tapes:

On track 1, the input word w is stored, and on track 2, a derivation of
the context-sensitive grammar G is simulated nondeterministically.

For doing so, we can assume that G is in Kuroda Normal Form.

If the simulated derivation generates the word w, then M accepts.

If another terminal word is obtained, or if the space provided by the
length of the input w does not allow for another step, then M enters an
infinite loop.

Thus, M is an LBA such that L(M) = L. O
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Theorem 4.28

For each LBA M, there exists a context-sensitive grammar G such that
L(G) = L(M).

Proof.

Here we proceed as in the proof of Theorem 4.21, that is, from a given
LBA M, we construct a grammar G that simulates the computations

of M.

Given aword w = ajax - - - ap € £* as input, the corresponding initial
configuration go¢ w$ of M is encoded by the word

(vime) (&) () (Bs)

¢qoar ) \a an—1) \an$)’

which is derived from the start symbol S of G by applying some
context-free productions.
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Proof of Theorem 4.28 (cont.)

Then a computation of the LBA M is simulated on the lower track only
using productions (¢ — r) satisfying |¢| = |r|.
If w e L(M), then a word of the following form can be derived:

(eon) (52) () (or2) (5
¢b1 b2 (of b,' bn_1 bn$ ’
which can be rewritten into the word ajas - - - a,_1a, = w by using

monotone productions.
Hence, G is a context-sensitive grammar satisfying L(G) = L(M). [

Corollary 4.29

A language L is context-sensitive iff there exists an LBA M such that
L(M) = L.
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A language L is called deterministic context-sensitive if it is accepted
by a deterministic LBA. We denote the corresponding class of
languages by DCSL.

Obviously, CFL € DCSL C CSL, but it is still open whether the
inclusion DCSL C CSL is proper.
This is the famous LBA Problem (see [Hartmanis, Hunt 1974]).

Corollary 4.30

CSL C REC, that is, each context-sensitive language has decidable
membership problem.

Proof.

Let G be a context-sensitive grammar. In order to decide whether

w € L(G) it suffices to generate all sentential forms « of G that satisfy
the condition |a| < |w| and that can be derived from the start symbol S.
If wis found in this way, then w € L; otherwise, w ¢ L. O
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Corollary 4.31

For each recursively enumerable language L on ¥, there exists a
context-sensitive language L' onT 2 ¥ such that Ny (L") = L. Here
My : ™ — X* is the morphism that is defined by

a—~a(acxr)andb—e(bel \X).

Proof.

Let L be ar.e. language on . Then there exists a 1-TM
M=(Q X ,A, 0 q,q) s.t. L(M) = L.
We take I' := X U {$} and

L' :={w$" | w e L and M accepts w in space |w|+ n }.
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Proof of Corollary 4.31 (cont.)

For w € ¥* and m € N, M is given the input w$™.

Now M runs until it either accepts, which implies that w$™ € L,

or until it needs more space than |w| + m, or until it gets into a loop.
In the latter two cases, w$™ & L.

From M we easily obtain an LBA that accepts L.
Hence, L’ € CSL and L = My (L). O

Because of Corollary 4.31, CSL is called a basis for the class RE.

Corollary 4.32

The class CSL is not closed under morphisms.

This follows from the inclusion CSL C REC ¢ RE and from
Corollary 4.31. N
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Theorem 4.33

The class CSL is closed under union, product, Kleene star, and c-free
morphisms.

Theorem 4.34

The class CSL is closed under intersection and inverse morphisms.

Theorem 4.35 (Immerman 1987, Szelepczenyi 1987)

The class CSL is closed under complementation.
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Corollary 4.36
CSL ¢ REC.

Actually, the membership problem for a context-sensitive language is
decidable in exponential time.

On the other hand, Corollaries 4.14 and 4.31 imply that the following
problems are undecidable for CSL:

finiteness,
emptiness,
regularity,
context-freeness,

inclusion, and
equality.
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Summary
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Summary on Characterizations:

Language classes Grammars  Automata
Typ 3 (regular) regular DFA
NFA
det. context-free DPDA
Typ 2 (context-free) context-free PDA
Typ 1 (context-sensitive) monotone LBA
Typ O (recursively enumerable) general ™
NTM
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Summary on Closure Properties:

Operation REG | DCFL | CFL | CSL | RE
Union - +
Intersection
Intersection with REG
Complementation
Product

Kleene star
Morphism

Inverse Morphism

+ |+ |+

+
+ -

[+ |+ |+ ]+
1

|+ |+ ||+ ]|+ +

1
+ 1+ |+ |+
++ |+ |+
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Summary on Decision Problems:

Decision REG | DCFL | CFL | CSL | RE
problem

Membership + + + + -
Emptiness + + + - -
Finiteness + + + — -
Equality + + - - -
Inclusion + - - - -
Regularity + + - - -

+ decidable
— undecidable
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